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On the Stability and Instantaneous
Velocity of Grasped Frictionless Objects

Jeffrey C. Trinkle

Abstract—Grasp and manipulation planning of slippery objects
often relies on the “form closure” grasp, which is stable regardless
of the external force applied to the object. Despite its importance,
an efficient quantitative test for form closure valid for any
number of contact points has not been available. The primary
contribution of this paper is the introduction of such a test
formulated as a linear program, the optimal objective value of
which provides a measure of how far a grasp is from losing form
closure. When the grasp does not have form closure, manipulation
planning requires a means to predict the object’s stability and
instantaneous velocity, given the joint velocities of the hand.
The “classical” approach to computing these quantities is to
solve the systems of kinematic inequalities corresponding to all
possible combinations of separating or sliding at the contacts.
All combinations resuiting in the interpenetration of bodies or
the infeasibility of the equilibrium equations are rejected. The
remaining combination (sometimes there are more than one)
is consistent with all the constraints and is used to compute
the velocity of the manipulated object and the contact forces,
which indicate whether or not the object is stable. Our secondary
contribution is the formulation of a linear program whose solu-
tion yields the same information as the classical approach. The
benefit of this formulation is that explicit testing of all possible
combinations of contact interactions is usually avoided by the
algorithm used to solve the linear program.

I. INTRODUCTION

N grasp and manipulation planning, the two most important

classes of grasps are known as “form closure” and “force
closure” grasps. These terms are borrowed from the field of
machine design in which they have been in use since 1875
when Reuleaux [23] studied the mechanics of some “early
machines.” One machine was the water wheel, whose axel
was usually laid in a groove of semicircular cross section.
The proper operation required the weight of the wheel to
maintain or “close” the contact between the groove and the
axel. Thus, the terminology “force closure” came to describe
contacts whose maintenance depended on an externally applied
force. If, instead, the contact was maintained by virtue of
the geometry of the contacting elements (as would be the
case of an axel in a cylindrical hole), then the term “form
closure” was adopted. This terminology is still in use today in
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the mechanisms research community (see [11]) and was first
introduced into the robotics research community by Salisbury
[24]. Since then, motivated by the mathematical interpretation
of “closure,” some authors (notably, Nguyen [18], Mishra er
al. [17], and Li [12}) have chosen to use “force closure” to
mean what Reuleaux and Salisbury meant by form closure.
In this paper, we follow the precedent set by Reuleaux and
Salisbury by adopting the following definitions.

Definition: Form Closure: A fixed set of contacts on a rigid
body is said to exhibit form closure if the body’s equilibrium is
maintained despite the application of any possible externally
applied wrench (force and moment). Equivalently, the con-
tacts prevent all motions of the body, including infinitesimal
motions. :

Definition: Force Closure: A fixed set of contacts on a rigid
body is said to exhibit force closure if the maintenance of the
body’s equilibrium requires the application of an externally
applied wrench. Equivalently, the contacts do not prevent ali
infinitesimal motions of the body.

Note that, in the remainder of this paper, we wiil use the
words “body” and “object” interchangeably.

While the open literature abounds with papers on grasp-
ing and grasp planning (see [21] for a good bibliography
of grasping literature published before 1988), an efficient
quantitative test for form closure valid for any number of
contact points is not available. Reuleaux {23] studied the
form-closure problem for rigid lamina restricted to move in
a plane. He showed that at least four higher-pair (point)
contacts were required to prevent all motion of the lamina.
He also provided a graphical technique to test a set of four
contacts for form closure. These ideas were used by Nguyen
to develop algorithms to synthesize form-closure grasps of
given rigid lamina and were extended for use with three-
dimensional objects [18]. The conditions for form closure of an
arbitrary three-dimensional rigid body were first given in 1900
by Somoff [26], who established that a minimum of seven
point contacts was necessary. Much later, Lakshminarayana
[11] described an approach to synthesizing form-closure grasps
of three-dimensional frictionless objects, and he gave an
insightful physical interpretation of the associated equations.

Mishra et al. [17] were the first to prove the existence of
a small upper bound on the number of discrete points needed
for a form-closure grasp of a frictionless object. They showed
that if the object was “nonexceptional” (i.e., the object’s
surface was not one of revolution), then 2n, contact points
were sufficient to balance all possible external wrenches,
where n, is the number of degrees of freedom of motion of
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the uncontacted object. This bound, however, seemed loose
to Markenschoff er al. who succeeded in “closing the gap”
[15]. They proved the stronger result that any nonexceptional
frictionless object can be grasped in form closure with only
seven contact points. They stated that their proof, which was
based on infinitesimal perturbations of the contact points away
from the maximal inscribed sphere, can be used as the basis
for algorithms for synthesizing form-closure grasps, and it
would seem reasonable, too, that form-closure tests could
also be developed, but no algorithms were presented. For the
purpose of grasp synthesis, Nguyen [18] and Mishra et al.
[17] developed grasp tests that indicated only the existence
or nonexistence of form closure. However, the binary nature
of the tests motivated Kirkpatrick et al. [10] to formulate
a quantitative test for “positive grips” with form closure
based on Steinitz’s theorems. Unfortunately, these results are
restricted to frictionless grasps of polyhedra with at least 2n,
contacts occurring only at “nonsingular” points on the object’s
surface, where singular points are those for which the surface
normal is ill-defined. These restrictions are seen as significant
drawbacks since in dexterous manipulation it is common (and
occasionally desirable) for fewer contacts to occur and for
some of them to be on vertices of the object.

A. Contributions

The primary contribution of this paper is the formulation
of a quantitative test, based on purely geometric information,
for detecting form closure. This test takes the form of a linear
program and produces a crude measure (qualitatively similar
to Kirkpatrick’s) of how “far” a grasp is from losing form
closure. In contrast to Kirkpatrick’s test, our test is valid for
frictionless grasps with any number of contacts as long as
their locations and normal directions are known. The problem
of contacts occurring at nondifferentiable surface points is not
a consideration here, because a unique, computable normal is
available in all but the ephemeral and pathological cases of
a convex vertex in contact with either a convex edge (spatial
case only) or another convex vertex. The test is also valid for
frictional grasps, but due to its dependence on purely geometric
quantities, does not quantify the stabilizing friction effects.
However, the test can be modified to quantify the friction
effects [31].

The maintenance of form closure during manipulation re-
quires compliant control of the hand. In this situation, com-
puting the velocity of the object is straightforward since the
applicable kinematic constraints must be chosen to perform
the compliant motion. To maintain force closure, compliant
motion is not required, so the applicable kinematic constraints
are not known. As a result, the determination of the object’s
motion due to finger motions typically proceeds via the
“classical” approach in which each possible set of applicable
kinematic constraints is hypothesized and then tested for
consistency with the equilibrium relationships. The secondary
contribution of this paper is the derivation of a linear program
that can be used to predict the instantaneous velocity of
a frictionless object more efficiently than solution by the
classical approach. Based on the linear program, we prove

sufficient conditions for characterizing the object’s stability
and for the uniqueness of the object’s instantaneous velocity
and the contact forces during manipuiation.

B. Paper Layout

This paper is organized as follows. In Section II, we present
our assumptions and derive a linear program that can be used
to predict the quasi-static motion of a grasped frictionless
object. In Section III. we consider the stability of form-
and force-closure grasps and develop our quantitative form-
closure test. We also identify a subclass of force-closure
grasps called strong force-closure grasps and develop a test
for their recognition. Section IV is devoted to indeterminacies
in the linear program derived in Section II; we present several
theoretical results pertaining to object stability and to the
existence and uniqueness of the contact forces and the object’s
velocity.

II. QUASI-STATIC FRICTIONLESS MECHANICS

In this section, we derive a linear program that can be used
to predict the instantaneous quasi-static motion of a frictionless
object, where by “quasi-static” we imply that dynamic effects
are negligible [16]. Our derivation depends on the following
list of assumptions, which are quite restrictive. In ongoing
work [32], the assumptions of perfect knowledge and control
have been removed, and linear approximations of the effects
of errors on the velocity of the object and the contact forces
have been derived.

Assumptions:

1) All bodies are rigid polyhedra.

2) The surface geometry and the position of the center of
gravity within each body are known.

3) Friction is negligible.

4) The object is acted upon by a gravitational force.

5) Dynamic effects are negligible.

6) The points of contact and their normal directions are
known.

7) The kinematic parameters of the manipulators are known.

8) Controller errors are negligibie.

Let the position and orientation of the grasped object,
relative to an inertial frame, be denoted by the vector g € E™s,
where E™ represents m-dimensional Euclidean space and
ng is the number of degrees of freedom of motion of the
uncontacted object (six in the spatial case). Then g represents
the position of the origin of a body-fixed frame (not necessarily
coincident with the object’s center of mass) and the orientation
of its axes, expressed with respect to the inertial frame. Further,
we define § € E™ to be the vector of joint displacements of
the hand, where ny is the number of joints. Together g and 6
define the configuration of the hand/object system. Assuming
that the hand is composed of a set of independent manipulators
in point contact with a single object, then the dynamic model
of the hand can be written by combining the equations of
motion for the individual fingers to yield

T = Mnand(0)0 + Vhana(8.0) + G(8) + Jo(0,9) e (1)
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where T € E™ is the vector of joint torques, Mhand €
EmeXne is the positive definite inertia matrix, Vyana € E™
is the vector of Coriolis and centripetal torques, G € E™*
is the vector of gravity torques, J, € E™* X" is the global
grasp Jacobian matrix [9] relating normal force components (or
wrench intensities) at the contacts to joint torques, ¢, € E™< is
the vector of the normal components of the forces acting at the
contacts, the superscript T represents the matrix transposition
operation, and the overdot indicates differentiation with respect
to time.

The dynamics of the grasped rigid object are given by the
Newton—Euler equation

W(q, o)ncn + Gext = Moqu + Vobj (qv q) (2)

where W, € E™X"< is the global grasp wrench matrix
[9), Mob; € E™*™e is the inertia matrix of the object,
Vobj € E™ is the vector of angular velocity products arising
in Euler’s equation, and g.,, € E™¢ is the external wrench
acting on the object.

The dynamic differential equations (1) and (2) are coupled
through contacts that give rise to kinematic velocity constraints
[9] that prevent the interpenetration of bodies during motion

wWTlg-J.0>0. (3)
Neglecting the inertial terms in (1) and (2) yields the

equilibrium equations, which must be satisfied by all quasi-
static system motions:

Jen=7-G “
Wocn = ~Gexe &)
chn20 6)

where inequality (6) implies that contact loads must be com-
pressive.

Assuming that the hand controller is always stable, (3), (5),
and (6) can be used, in what we call the “classical” approach,
to determine the quasi-static, instantaneous velocity of the
object caused by the instantaneous joint velocities. This is
accomplished by considering all 2" possible combinations
of contact interactions (i.e., sliding or breaking). For each
combination, one must solve the for the object velocity ¢,
check that the contacts presumed to be breaking satisfy the
kinematic constraints (3), and finally test the feasibility of the
equilibrium equations, (5) and (6). As an alternative to the
classical approach, we now derive a linear program whose
solution is identical to that of the classical approach.

Let r be the homogeneous vector representing the position
of the center of gravity of the object expressed with respect to
its body-fixed frame, and let T'(q) represent the homogeneous
transformation describing the position and orientation of the
body-fixed frame with respect to the inertial frame. Further, let
g be the homogeneous form of the gravitational acceleration
vector, and let m be the mass of the object. Given these def-
initions and the assumptions stated above, stable equilibrium
configuration(s), denoted by ¢*, of an object within a hand
of fixed known configuration @* can be determined as the
solution(s) to the following optimization problem:

mqin y=-mrTT(g)Tg Q)
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Fig. 1. Two convex polygons.

subject to

g€ Cvalid(o') (8)

where the objective function is equivalent to the usual mgh,
but was written in the above form to expose the homogeneous
transformation matrix. Cl,;4 is the subset of configuration
space corresponding to nonpenetrating configurations of the
hand and object, i.e., the geometrically valid configurations.
This subset is the union of the sets normally called the “free”
space and “contact” space and can be defined through various
logically linked combinations of C-function inequalities [4].
The C-functions, introduced by Lozano-Perez {13], represent
the relative proximity of the vertices, edges, and faces of
the object and hand. For example, consider the two convex
polygons shown below (see Fig. 1). The C-function f(q,0") is
the distance between edge ej; and vertex vp; (measured from
e11 to vo; along the outward-pointing normal, f1). A necessary
condition for contact is that f equal zero. However, to restrict
the contact to lie between the ends of e;;, the C-functions
relating ejo t0o vo; and e;z to vp; must be nonpositive.
Also, to ensure that the polygons do not interpenetrate, the
C-functions relating eoo to vy; and ep; to vyz must be
nonnegative. Naturally, ve; may separate from e;;. This
condition is indicated by f becoming positive, at which
point the additional four constraints discussed above become
meaningless. Thus, in the planar case, five C-functions, all
nonlinear functions of q and 8, are required to define ail valid
contacts between an edge and a vertex of convex polygons.
C-function constraints for the spatial case are more numerous
and more complicated in form, but their use in defining valid
contacts is conceptually identical to their use in the planar case.
Note that the number of C-functions required to define C.,}iq is
the number of object and hand features that could ever possibly
be in contact. However, the following development will show
that, to determine the instantaneous motion or stability of the
hand/object system, we need only consider the current set of
contacts.

The nonlinear problem formulation given by relationships
(7) and (8) cannot be used effectively for the prediction
of the quasi-static motion of frictionless objects partially
because the representation of the set Cy,jiq is not conducive
to efficient optimization techniques and partially because,
when the configuration of the grasped frictionless object
is “far” from an equilibrium configuration, its motion will
be dominated by dynamic.effects. These problems can be
alleviated by employing the following line of reasoning. Since
quasi-static dexterous manipulation will take place slowly,
the object will never be “far” from a stable equilibrium

configuration (unless it becomes unstable). T i
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effect on the nonlinear optimization problem, suppose that the
system is in a stable state defined by ¢* and 8 and further
suppose that the system is subjected to an infinitesimal joint
angle perturbation df. In the example discussed above, only
the C-function describing the distance between the elements
e11 and vy constrains the perturbations of ¢. Since. at a
contact, f equals zero, then valid differential changes in
g and @ are constrained by the inequality df > 0. The
other constraints, however, are not “tight,” and thus will
not be violated by any differential perturbation. Therefore,
in linearizing the nonlinear optimization problem, we need
only consider those zero-valued C-functions corresponding to
the actual contacting elements. Thus, the perturbation in the
object’s configuration dg corresponding to the perturbation in
the hand’s configuration df can be determined by solving the
following linearized problem:

min -mdg"T7 (g)g ©)
subject to
olgey L O of
S — >
flg".07) + 3¢ | a=a- dg + o a=e- ad >0 (10

where T',(q) is the velocity transformation matrix relating the
velocity of the center of mass to that of the origin of the
body-fixed frame and f is the set of zero-valued C-functions
corresponding to the contacts. The objective function now
represents the differential change in the potential energy due to
a differential change in its configuration. Note that associating
TT with g allows us to interpret dg as the (spatial transpose of
the) differential twist of the body and the product mTT(q)g as
the external wrench g.,, acting on the body [8]. Therefore, the
objective function can be viewed as the virtual work expended
on the object.

Realizing that. for contact points. the corresponding ele-
ments of f(g*.8") are zero. the above linear program reduces
to the following one:

min —dg" gy (1)
subject to
of of
hC = de >0 12
oq |e=a" a0 |a=9- - (12)
a-6- 9=6"

where f represents the current set of active nonintersection
constraints (i.c., contacts). Here we note that the rows of
0f/9q are the unit wrenches cormresponding to the normal
components of the velocities of the contact points on the object
[1]. Similarly. the rows of 8f/06 are the negatives of the
rows of the Jacobian matrices corresponding to the normal
components of the velocities of the contact points on the hand
[20]. Next, if we view g and @ as functions of time, then we
may rewrite linear program (11) and (12) in terms of time
derivatives as follows

—ngext (13)

min
q
subject to

Wl(g.0%)q > Ja(g".07)0. (3

This formulation is called the velocitv formuiation ' of the
frictionless object motion problem and can also be derived
from Peshkin’s minimum power principle [29]. Given the
instantaneous joint velocities #, the solution of this linear
program provides not oniy the instantaneous velocity of the
object ¢ but also the wrench intensities and the nature of the
contact interactions. These may be determined by noting that
the elements of the vector of Lagrange multipliers (i.e., the
optimal dual variables) associated with inequality (3) are the
wrench intensities..While not considered in detail here, the
effects of errors in 8 (control errors) can be readily determined
through solution sensitivity analyses, which are well developed
in the field of linear programming [14]. However, it is quite
common during manipulation that W, is nonsingular, in which
case the exact error relationship is given as
bq=W;TJ.560 (14)
where éq is the error in the predicted object velocity due to
the error 66 in the joint velocity.
The dual linear program, called the force formulation, is
written in terms of the unknown vector of wrench intensities
¢, and is stated as follows:

T T
max 0 J,c, (15)
subject to
Waen = “Gex: (5)
c, > 0. 6)

In this formulation, the input 6 has moved to the objective
function, the primal variables are the elements of the wrench
intensity vector. and the vector of dual variables is equivalent
to g. According to the theory of linear programming, both
formulations are equivalent, so either one may be soived
for the wrench intensities and the instantaneous velocity of
the object. The theory of linear programming also ailows
us to deduce an important property of these formulations as
follows. The primal’s objective function represents the power
expended in lifting the object’s center of gravity, while the
dual’s represents the power input by the contact wrenches. The
duality theorem of linear programming states that the primal
and dual objective functions are equal at feasible bounded
solutions. Thus, we see that the linear programs derived above
predict motions that conserve energy [14]. Also, since primal
and dual constraints are satisfied at a feasible optimal solution,
solving either formulation results in a solution satisfying both
the kinematic constraints and the equilibrium equations. Note
that the error in the wrench intensities éc,, due to errors in the
external wrench 6g,,, can also be determined using sensitivity
analysis. In the case that W, is nonsingular, the expression
analogous to (14) is
§en = ~W 5 6guc (16)
We conclude this section with one final consideration. Smale
[25] has shown that the “average” time complexity of the
simplex algorithm in solving linear programs with a fixed



number of constraints is proportional to the the number of
unknowns. Since the force formuiation of the object motion
problem always has n, constraints. we expect the average
solution time to be proportional to n.., the number of contacts,
also the number of unknown elements in the wrench intensity
vector ¢,. To determine the instantaneous velocity of a quasi-
statically manipulated object via the classical analysis, it is
necessary to consider 2" systems of equations and inequai-
ities. Even chosing to forgo the possibility of degenerate
solutions one must still solve the (,':q) systems corresponding
to the possible ways to maintain n, contacts. This number,
(::), is also the maximum number of systems solved by
the simplex method (through basis change operations) in
the worst case for both formulations. Therefore, for grasp
configurations with a large numbers of contacts, one would
expect the solution of the force formulation via the simplex
algorithm to be much more efficient than solutions com-
puted via an algorithm based on the “classical” solution
approach.

These two approaches were implemented in “C” using code
provided in [22] and were used to compare the computation
time for 10 000 frictionless planar grasps with from 3 to 18
contacts per grasp. The computation time for the solution of
the force formulation increased linearly with n. while the
computation time for the solution of the classical formulation
appeared to increase exponentially. We found, however, that
the solution of the linear programming algorithm imposed
a large overhead cost, so that, on average, grasps with nine
or fewer contacts, were solved more quickly by the classical
method. Grasps with more than nine contacts were solved more
quickly using the linear programming algorithm (10 times
faster for grasps with 18 contacts).

[II. STABILITY

In grasp and dexterous manipulation planning, the qualities
with which we are most concerned are known as form closure
and force closure. Form-closure grasps (or the objects so
grasped) are stable in the face of all possible external wrenches
acting on the grasped object, whereas force closure grasps are
only stable for a subset of all possible external wrenches [11],
[16], [23]. One reason that this distinction is important is that
maintaining form closure requires some form of compliant
control. '

To help distinguish between form- and force-closure grasps.
in Section III-A, we present a new quantitative test for form
closure, the output of which indicates whether or not a grasp
has form closure, and if it does have form closure, the objective
value provides a crude measure of how far the grasp is
from losing form closure. In Section III-B, we show that
the existence of a unique. bounded, feasible solution to the
velocity formulation of the frictionless object motion problem
is sufficient for stability. In Section III-C, we define strong
force-closure grasps and present a test for its identification and
quantification. Finally, in Section III-D, we present sufficient
conditions for the instability of force-closure grasps based
on the linear programming formulation of the object motion
problem.
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A. Form Closure

According to the definition of Reuleaux and Salisbury. given
in the Introduction. a grasp has form closure if and only

if object equilibrium is possible regardless of the external
wrench. that is, the following relationships hold:

Woen = ~goxes for all g, € E™ )
cn 20 (6)

The dual statement of form closure was previously derived
(1], {11}, [16], [19] using the concepts of contrary, reciprocal,
and repelling screws. However, it can also be derived from the
“theorem of the alternative,” which can be stated as follows.

Theorem 1 (from Strang [27]): Given the matrix A, =z,
and z, either Az = b has a solution with all elements of =
nonnegative or else there exists a vector z such that z7 A > 0
and 274 < 0.

Replacing A. z, and b with W ,,, c,,, and —GJext» TESPECtively,
we see that either a solution to the equilibrium equations exists
such that all elements of ¢, are nonnegative or a vector z exists
satisfying the following relationships:

2TW, >0 @17
-z7g,,. <0. (18)

Interpreting z as the instantaneous velocity ¢ of the grasped
object implies the following. If there exists an external wrench
Gext Such that equilibrium is infeasible, then there must
exist a kinematically admissible motion that will reduce the
object’s potential energy. For form closure, however, the
contact points must balance every possible external wrench.
As a consequence, the theorem of the alternative implies that
no ¢ may exist that satisfies the following system of linear
inequalities:

wig>o0 (19)
-gl.a<0 (20)

which, in turn, implies that a grasp has form closure if and
only if inequality (19) admits only the trivial solution.! Since
inequality (19) represents the special case of inequality (3),
with @ set equal to zero, we may restate form closure as
follows: a grasp is said to have form closure if, when locking
the hand’s joints, it is impossible to move the object, even
infinitesimally, regardiess of the external wrench applied to
the object.

From Somoff’s work, a necessary condition for form closure
is that the wrench matrix W, has more columns than rows
and, therefore, a nontrivial null space. Thus, we may rewrite
the form closure requirements as follows:

W nCnrow = —Goxts for all g, € E™* (21)
Wncn.null 0 (22)
Cn.row + Cn,null 2 0 (23)

where ¢, qun € E™ and ¢p 0w € E™ are elements of the
null and row spaces of W, respectively. With relationships

1To see that this is so, suppose that a nonzero ¢ exists satisfying inequality
(19). Then inequality (20) defines all external wrenches that cannot be
balanced by the grasp.
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(21)«23) in mind. Salisbury showed that a sufficient condition
for form closure is the existence of a vector ¢,, with all
positive elements. This is equivalent to the result of Mishra
et al. requiring that the origin of the wrench space lie strictly
within the convex hull defined by the columns W, [17]. Next
we use the facts that W, and its pseudoinverse provide one-
to-one and onto mappings between the spaces of g, and
Cn.row, and that g, . is arbitrary. As such. any or all elements
of ¢, row Can be made negative by the proper choice of g,,.
This places the onus of ¢,,’s nonnegativity squarely on ¢p nuil.
Therefore, form closure requires that (22) admit at least one

strictly positive solution, i.e., the following relationships must
be feasible:

Wncn,null =0
Cn,null > 0

(22)
24

If no such solution exists, then one can easily find a g,,, that
cannot be balanced. If a strictly positive cp nun does exist,
then it may be arbitrarily scaled to make ¢, nonnegative for
any finite choice of g,,.. In fact, in this case, all wrench
intensities may be increased without bound, which in turn,
implies that the joint torques may be increased without bound,
too. This observation turns out to be quite useful in trajectory
planning for dexterous manipulation. as it implies that we can
squeeze as hard as we like without disturbing the form-closure
character of the grasp. This fact considerably reduces the
accuracy required of the controller. However, it is important
to note that Cutkosky has shown that compliant effects can
cause grasp instability as the joint torques increase [3].

The form-closure measure we propose is the scalar value d
of the minimum element of ¢}, ,;,, where c;, ; is the vector
satisfying inequalities (22) and (24) with maximum minimum
element. If d is strictly positive, then the grasp has form
closure. This measure is the objective value of the following
linear program:

max d (25)
subject to
Wocnmu =0 (22)
Cn.null — d 2 0 (26)
d>0 27N
Acn.null 2 h (28)

where d is essentially a slack variable. and d is a vector with
all elements equal to d. Inequality (28) may be any set of
constraints that is feasible for ¢, _nu = 0. Its purpose is merely
to prevent the linear program from becoming unbounded.

If inequality (28) approximates the unit sphere, then our
measure is quite similar to the efficiency given in [10].
However, Kirkpatrick’s measure is valid only for grasps with
2n4 (i.e.. 12 for the spatial case) or more contact points,
whereas our measure is valid for grasps with any number of
contact points.

Example 1: Consider a rectangle subjected to a planar grasp
with four contact points as shown in Fig. 2. This grasp has
form closure if 1.032 < a < =/2. If & < 1.052, then the

T a
o*
;
%
A A
«— ¢ —>

1 ©)
Fig. 2. Rectangie with four frictionless contact points.

TABLE I
QUANTIFICATION OF FORM CLOSURE

x d Closure Type
104 0.0
1.06 0.020
11 0.097
12 0.300
1.3 0.267
1.4 0.170
15 0.071
1.56 0.010
1.5707 0.0
1.58 0.0

object may rotate counterclockwise. If a = w/2, then the
object may translate vertically. Table I illustrates how our
form-closure measure varies with a. For this example, A was
chosen so that inequality (28) would represent a cube with
edges of length 2. Using the coordinate directions shown and
summing the moments about the upper right-hand corner of
the rectangle, the wrench matrix is given by '

0 0 1 —cos(a)
W,=|1 1 0 -sin(a)
-1 o % 0

The grasp “furthest” from losing form closure is the one which
maximizes d, i.e., a = 1.2 rad.

One might think that it should be possible to test for form
closure during prediction of the velocity of the object using
the frictionless .object motion problem. This is nor possible.
Consider using the velocity formuiation to predict the motion
of a grasped object. Any planned finger motions would either
tend to crush the object (kinematically infeasibie motions)
or release it (kinematically feasible motions). If the pianned
joint motions would tend to crush the object, then the finger
motions would be prevented by the system’s rigidity. This
occurrence would not signal that the current grasp has form
closure, because kinematic infeasibility can also occur with
some force closure grasps. If the planned joint motions would
release the object, then the fingers’ motions would proceed and
form closure would be lost. Since the object motion probiem
only predicts the imminent state of the grasp, the fact that the



object was in form closure just prior to finger motion would
not be revealed.

B. Force Closure

In the case of form closure, the grasp is stable regardless
of the external wrench applied to the object. In contrast,
a force-closure grasp can only satisfv the object’s equilib-
rium relationships for a specific subset of possible external
wrenches. The dual statement is that, when locking the hand’s
joints, it is possible to move the object. By definition, then,
even grasps with one contact point have force closure. Thus,
knowledge that particular grasp has force closure is not, in
itself, particularly useful. What is important, both for static
grasping and quasi-static manipulation, is whether a grasp
with force closure will exhibit stable equilibrium under the
application of a particular external wrench.

Given our assumptions, a grasped object will be stable if
and only if its configuration corresponds to a local minimum
of the constrained potential energy. However, we would prefer
to not solve the nonlinear optimization problem given by (7)
and (8) just to check stability. What we will conclude below
is that if the object motion problem has a unique, bounded,
feasible, solution ¢, then the object is guaranteed to be stable;
however, if the solution is not unique, then the object may or
may not be stable. In the case of a unique 4, the stability is
of first order in the sense that all infinitesimal perturbations
of the object’s configuration increase the potential energy
infinitesimally (e.g., a ball at rest inside a cubical container
tilted so that one comer is lower than all others). In the case
of nonunique ¢°, if the object is stable, it is due to higher order
effects in the sense that at least one infinitesimal perturbation
of the object’s configuration does not increase the potential
energy even though a finite perturbation in the same direction
does (e.g., a ball at rest in a hemispherical container). As one
might expect, higher order stability may not be determined
by solving the linear program but requires examination of the
full nonlinear problem given by (1) and (2). The following
definitions are relevant to the statement and proof of Theorem
2 below.

Definition: A set of contacts is said to be linearly indepen-
dent if and only if the rank of the associated wrench matrix
W, is equal to the number of contacts.

Definition: A frictionless grasp is stable to first order, or is
first-order stable, if the object’s configuration corresponds to a
stationary point of its constrained potential energy and if every
feasible infinitesimal perturbation of the object’s configuration
away from that stationary configuration strictly increases the
potential energy.

Definition: A frictionless grasp is stable to higher order, or is
higher-order stable, if the object’s configuration corresponds
to a relative minimum of the object’s constrained potential
energy and the grasp is not first-order stable.

Theorem 2: A frictionless grasp is first-order stable if and
only if the velocity formulation of the object motion probiem
has a unique, bounded. feasible solution.

Proof: If the frictionless object motion problem does not
have a bounded. feasible solution, then the grasp configuration
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is either unstable or the requested finger motions are kinemat-
ically infeasible. If the object motion problem has a bounded.
feasible solution, then the corresponding object confizuration
g, represents a stationary point of the constrained potential
energy function, because the equilibrium relationships 13) and
(6) present in the force formulation must also be satisfied.

Given stationarity, the grasp will be first-order stahle |
every infinitesimal, kinematically feasible perturbaticn of the
object’s configuration away from g, infinitesimally increases
the object’s potential energy. Let the augmented potential
energy F' be given by

F =y(q) - AT f(q)
A>0

(29)
(30}

where A is a vector of Lagrange multipliers and f(g) is the
vector of C-functions for which each zero element corrzsponds
to a point of contact between the object and the hapd. Note
that, for this proof, we need not make use of the dependence
of the C-functions f on 6, so henceforth, the dependence will
not be explicitly indicated.

Next, recall that a positive Lagrange muitiplier always
corresponds to a tight noninterference constraint () and.
therefore, to a point of contact, i.e., if A; > 0, then filgl=0.
Then since f; must be nonnegative, differential changes in
the object’s configuration ¢ are constrained by the fellowing
system of linear inequalities:

af;

dfj=a quO-

=9,

forall j € (| A; >0} (31)

Casting inequality (31) into matrix form yields
Wi.(g.)dg > 0

where W,. has dimension (ng. X ng),nq is the number
of active contacts (those corresponding to A; > Il}, znd
maintenance of the jth contact is indicated when 1he jth
element of the product W7 _dg is zero. The differential chinge
of the the augmented objective function F due to difierential
changes in the objective function and the constraints ¥ields
the following equation:

dF = dy(q)

(32)

- ’\Z‘cdfac(q) [55}
where Ao is the vector of Lagrange multipliers formed by
removing the zero-valued elements from A. Equatior (33) is
required to be zero at the stationary point g, [2]. 70 show
how the potential energy depends on perturbations i @, e
rearrange (33) as

dy(q,) = AW i.(q,)dg.

Applying inequalities (32) and (30), we see that every [easible
perturbation results in a nonnegative change in y. HOWGver,
for first-order stability, dy must be strictly positive fiT CVELY
feasible nonzero perturbation. Since all elements of Aqe are
positive, then dy will be strictly positive if at least one ﬂjl'm_'v'ﬂl
of the product W7 _dg is positive. In other words, if ther® cx1sls
dg # 0 that satisfies (35) below, then there exists a fcasible
perturbation of ¢ such that the objective function does mot

(3]
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!1-'1::1!:;:5&. Thus. the grasp will have first-order stability if and
hniy if the following equation has only the trivial soluton:

Wi.lg,)dg = 0.

g Therefore. the rank of W, must be equal to n,, which
£is equivalent to requiring that the grasp has n, linearly
Zindependent active comacts. These contacts are active, since
8 their corresponding Lagrange multipliers are positive.

! Tﬂ cast the al:u_we resull lnlu the i:ghL of the vclocm' IDEI‘HU—

(35)

_Ihat the ruqulrumem to have a bounded, i:.as:l:rln.. mlalmn is
& equivalent 1o n:quiring stationarity of the grasp configuration.

i a_ugrt of the abjective fum.tmn if the concspundmg constraint
is rf:lamd wh:le all others are m:l.I.IZIL'].LIlEd If, ata mn_'itrmned

mrresnundmg tn T I.:m:arhr mdependeur contacts, and W,
has a trivial nuoil space, then the minimum, q°, is guaranteed
to be a local minimum [6]. Since the wvelocity formulation
Lis a linear program, the local minimum is the unigue global
¥r: minimum [14]. In other words, first-order stability corresponds
¥ 10 nondegeneracy of the velocity formulation. Q.E.D.
Corollary 2.1 A grasp is stable if it has first-order stability.
5 Proof: The conditions stated above for first-order stabil-
- Aty are clearly sufficient for stahbility, Q.ED.
The most imporiant practical implication of Theorem 2
is that the uniqueness of the instantaneous velocity of the
object is guaranteed if there are n, positive wrench intensities.
3 Typically during manipulation, there will be n, contacts.
= However, if there are more contacts, but n, wrench intensities
remain positive, then the instantaneous velocity of the object
can be determined uniguely even though the wrench intensities
| are statically indeterminate. On the other hand, if there are
fewer than n, contacts, then there cannot be n, positive
wrench intensities, which implies that neither stability nor the
instantaneous velocity of the object may be determined with
first-order information alone.

C. Strong Force Closure

The wrench intensities of a form-closure grasp can be
increased indefinitely while the grasp maintains equilibrium.
For force-closure grasps, all wrench intensities have finite
bounds. In terms of velocities, manipulation maintaining form
closure requires compliant finger motion, whereas maintaining
force closure usually does not. In this section, we define the
strong force closure grasp. It is the subset of force-closure
grasps for which some wrench intensities can be increased
indefinitely. This class of grasps deserves recognition, because
its maintenance during manipulation requires compliant mo-
tion, as does a form-closure grasp, but it can become unstable
since it is, in fact, a force-closure grasp.

Definition: A grasp is said to have strong force closure if it
has force closure and a subset of the contact wrench intensities
can be increased without bound.

Given the definition of strong force closure, it is clear
that no strictly positive solution of (22) may exist (ie.,

relationships (22) and (24) are infeasible) but that at least
one nonnegative solution must exist (i.e., relationship (24)
is relaxed by allowing equality with zero). If a nonnegative
solution does not exist, then no wrench intensity can be
increased indefinitely.

Theorem 3: A grasp has strong force closure if and only if it
does not have form closure and there exists a nontrivial vector
Cn.nui i0 the null space of W, with all nonnegative elements
such that if the ith element of ¢, ;0w is negative, then the ith
element of ¢y, nuil is positive.

Proof: The quasi-static assumption implies that the grasp
under consideration is in equilibrium and therefore satisfies
the relationships (5) and (6). Solving (5) and substituting into
inequality (6) yields

€n = Cprow + Crn,null 2 0

where ¢, qu = tWigut,cn‘nuu = (WiW,. - I)fc;a,a is
a positive scalar, Ic{ is an arbitrary unit vector of compatible
dimension, and W, is the psuedoinverse of W,,.

If ¢ nanl > O exists, then by definition, the grasp has form
closure: not force closure. Next, note that ¢, 5,y with all
nonpositive elements (i.e., ¢, nun < 0) prevents the unbounded
increase of ¢, nuit. Therefore, for a grasp to have strong force
closure, it is necessary that a nontrivial ¢, o, exist such that
Cn,null 2 0. Finally, let ¢, row be the ith element of ¢, row. It
is clear from (36) that if ¢;n row is negative, then ¢in nun must
be positive. Q.E.D.

In light of the above proof, a test for frictionless strong
force closure must allow some of the elements of ¢, yun to
remain zero while encouraging others to be positive. This can
be accomplished with the following linear program:

max 1Tcn.null (37)

Cn,null

subject to

Wncn,null =0 (22)
Wncn,row + Wncn,null = —Gext (38)
Cn,row + Cn,null >0 (23)
Cnnuil = 0 (39)
Acn,null 2 h (28)

where 1 is a vector with all elements equal to 1.

As illustrated in example 2 below, this strong force-closure
test is binary in nature. This comes from the fact that the null
space components of some wrench intensities are zero-valued.
However, a quantitative result similar to that given earlier for
form closure could be formulated in two stages. First, apply
the binary test to identify the nonzero components of ¢, nuil
and then apply the form closure test with the slack variable d
added only to those components.

Example 2: Consider a rectangle subjected to a planar grasp
with four contact points as shown in Fig. 3. It can be shown
that this grasp has strong force closure if —~1.00 < a < 1.00,
but not form closure, since the object may translate vertically.
Table II illustrates how the components of ¢, puit and €n row
vary with a. For this example, A was chosen so that inequality



®
le—
rot &
e

Fig. 3. Square in strong force closure grasp.
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TABLE II
DETECTING STRONG FORCE CLOSURE
(22;:1:1 Closure Type Cn.nuli,l Cn.pull2 Cn.null3 Cn.null.4
-1.001 0.0 force 0.0 0.0 00 00
-1.000 2.0 strong force 0.0 0.0 1.0 1.0
0.5 20 strong force 0.0 0.25 0.75 1.0
0.0 2.0 strong force 0.0 0.5 0.5 1.0
0.4 2.0 strong force 0.0 0.7 0.3 1.0
0.7 2.0 strong force 0.0 0.85 0.15 1.0
1.00 2.0 strong force 0.0 1.0 0.0 1.0
1.001 0.0 force 0.0 0.0 0.0 0.0

(28) would represent a cube with edges of side 2. Using the
coordinate directions shown and summing the moments about
the object’s center of mass yields the following wrench matrix:

0 -1 -1 1
W.=|1 0 0 0
0 -1 1 a

Note that the nonzero components of ¢, nuii €an be increased
indefinitely by squeezing.

During manipuiation under compliant control, the matrix
W, is typically of full rank and often has more than ng
contacts. If the nullity of W, is one, then the solution of
the above linear program indicates which wrench intensities
may be increased and which may not. When the nullity is
greater than one, then the solution returned is just one of
many possible and will not necessarily reflect which intensities
may be increased. Brute force circumvention of this problem
could be achieved by solving the linear program one time
for each contact with the objective being to maximize the
corresponding component of ¢y nui rather than the sum of the
elements.

D. Instability

If the object is not in form closure during manipulation,
then it must be stable in force closure or unstable. As we
have seen, the frictionless object motion problem may be
used as a sufficiency test for stability. If the velocity for-
mulation has a unique, bounded, feasible solution, then the
grasp is stable. If the velocity formulation has a nonunique,
bounded, feasible solution (indicated by fewer than n, positive
wrench intensities), then the nonlinear optimization problem
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(7) and (8) must be used to determine stahulity. If the objeer's
configuration corresponds to a relative minimum, then, by
definition, the grasp has higher order stability, However, i
the grasp configuration does not represent a local minimum,
then the equilibrium of the object is unstable and dvnamic
effects would be required to determine the object’s subsequen
motion. Finally, if the velocity formulation has an unboundsd
solution (or equivalently, the force formulation is infeasible),

then the grasp is unstable and again dynamic information s
required for motion prediction.

Theorem 4: A grasp is unstable if the force formulation
of the frictionless object motion problem is infeasible or,

equivalently, if the velocity formulation is unbounded.
Proof: The Kuhn-Tucker necessary condition for sta-
tionarity of the object’s configuration is composed of the
equilibrium relationships [2]. Satisfaction of these equations
is necessary for the object’s stability, and therefore, their
infeasibility is a sufficient condition for grasp instability. Since
the infeasibility of the force formulation is equivalent to an
unboundedness of the velocity formulation, this condition 15
also a sufficient condition for grasp instability. Q.ED.
The physical interpretation of infeasibility of the force
formulation is rather straightforward. However, the dual in-
terpretation is less obvious. The physical interpretation of
unboundedness in the velocity formulation is that there exists
a feasible velocity of the object that causes reduction of
the object’s potential energy. Object motion in that direction
increases the rate of potential energy reduction in direct pro-
portion to the magnitude of ¢, and thus the velocity formulation
is unbounded. An example of such an unstable grasp is an
object on a frictionless plane that is not perpendicular to the
vector of gravitational acceleration.

IV. INDETERMINACIES

In the case of first-order stability, the object is stable, and its
instantaneous velocity can be determined uniquely by solving
the frictionless object motion problem. Typically, the matrix
W, is square and nonsingular, providing a unique solution
to the wrench intensities also. In this section, we consider
the cases in which things do not work out quite so nicely.
We comment briefly on the well-studied case of statically
indeterminate wrench intensities but concentrate primarily on
the less well known case of velocity indeterminacy.

A. Force Indeterminacies

Rigid-body models lead to grasp configurations that are
statically indeterminate with respect to the wrench intensities
(see, for example, [16] and [7]). This happens when the wrench
matrix W ,, possesses a nontrivial null space. Practically speak-
ing, for the frictionless case, this situation occurs when there
are more contacts n. than the number of degrees of freedom
of the object nq (i.e., when the wrench matrix W, has more
columns than rows). However, as a frictionless grasp evolves
quasi-statically, this indeterminacy is often resolved by the
breaking of redundant contacts. In some situations, though, it
may be desirable to maintain “extra” contacts by compliant
control, in which case it may be possible to determine the
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¢ following system of equations:
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Wﬂ 0 Cn e Gext

JU 1l |r|” | @
?ﬁhere I € E™*n¢ g the identity matrix and 0 € E™e*"e
b i.s the zero matrix. Even still, if n. is greater than ng 4 n,

8. the contact wrenches will be statically indeterminate. For a
% complete discussion of force indeterminacies, see [9].

§ B. Velocity Indeterminacies

tion problem described by (7) and (8) cannot provide a unique
solution for the instantaneous velocity of the object. In this
case, we say that the velocity of the object is starically
indeterminate. If the velocity formulation of the frictionless
object motion problem has a nonunique, bounded, feasible
solution (i.e., a degenerate solution), then we say that the
velocity is statically indeterminate to first order.

Definition: The instantaneous velocity of a manipulated
frictionless object is said to be statically indeterminate to first
order if the velocity formulation of the frictionless object
motion problem has a nonunique, bounded, feasible solution.

In this case, if the object remains stable, then the velocity
of the object may usually be computed uniquely by deter-
mining the local minimum of the original nonlinear problem
in the neighborhood of the current stationary configuration.
However, we would prefer to identify and avoid these grasp
configurations, so, we characterize them mathematically.

Fig. 4 shows a frictionless planar grasp with first-order
statically indeterminate velocity but with statically determinate
wrench intensities. Note that if the finger is rotated counter-
clockwise, the object will translate to the left. However, the
velocity and force formulations cannot predict the speed of
the leftward motion, because leftward transiation at any speed
does not affect their objective values. In this case, even the
nonlinear optimization problem cannot be used to determine
the object’s velocity without an auxiliary ad hoc condition
such as minimizing the object’s kinetic energy.

In the above example, the indeterminacy appears to arise
from the fact that the palm’s surface is perpendicular to
the direction of gravity. Theorem S provides a more general
statement of this condition.

Theorem 5: The instantaneous velocity of a frictionless
object is statically indeterminate to first order if and only
if the velocity formulation of the object motion problem is
degenerate.

T* Under certain geometric conditions, the noniinear optimiza-
¥
P
4
£
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Proof: Suppose we solve the velocity formulation for the
grasp in question. The result will be one of the following:
no solution, an unbounded solution, or a bounded feasible
solution. The result of concern here is that of a bounded
feasible solution, at which there will always be a subset of
the kinematic constraints that are active (i.e., corresponding to
maintained contacts) and thus satisfy

Wia —Jub=0 (41)
where W;,, € Em™ek*%e and J,. € E™*xX"s are constructed
from W, and J, by removing the rows corresponding to
the inactive kinematic constraints (i.e., those corresponding
to kinematic inequalities satisfied by strict inequality and
therefore corresponding to breaking contacts), nqk is the
number of active kinematic constraints, and @ is fixed and
known. From the theory of linear programming, we know
that any kinematic constraints corresponding to zero-valued
elements of the Lagrange multiplier vector A may be relaxed
without affecting the objective value. Removing those rows
from Wi and J,; yields the following system of equations

that the set of minimizing instantaneous velocities of the object
must satisfy:

Wlg-J,.0=0

where n,. is the number of active contacts (those correspond-
ing to positive elements of A), and WT, & E™<*"s and
Jac € E™<XMe are the wrench and Jacobian matrices of
the active contacts. If (42) has a unique solution, then the
velocity formulation is said to be nondegenerate, implying that
the velocity formulation has a unique solution. Otherwise, the
velocity formulation is degenerate, implying that the object’s
velocity is statically indeterminate to first order with

@ =Whlrbd+(whtw,.-nk, @)

Wii;zacq‘ - Jina.ca > 0

where Winae and Jina. are the partitions of W, and J,
corresponding to the inactive contacts (those corresponding
to the zero-valued elements of A) and k,, is an arbitrary vector
of compatible length. Q.E.D.
Corollary 5.1: A sufficient condition for the instantaneous
velocity to be statically indeterminate to first order is that there
be fewer than ng contacts.
Proof: WT_ has dimension (ngc X ng). Since nac < ng,
the rank of W,. must be less than n,. Therefore, W,
will have a nontrivial left null space and ¢* will statically
indeterminate to first order, as shown by relationships (43)
and (44). Q.E.D.
Note that usually n,. is equal to the number of contacts,
so that, practically speaking, the instantaneous velocity of a
grasped object will be statically indeterminate to first order
if it has fewer than n, contacts; it is rare that the velocity
formulation will be degenerate when there are n, or more
contacts. If this case does arise, reorientation of the palm will
typically remove the problem.



Corollary 5.2: A necessary condition for stable quasi-static
manipulation of a frictionless object with first-order statically
indeterminate velocity is that the external wrench applied to
the object be orthogonal to every nontrivial vector lying in the
the left null space of the global grasp wrench matrix.

Proof: Continuing from the proof of Theorem 5, we may
write the objective function by premuitiplying both sides of
(43) by gZ,, yielding

Ioed” = 95 (W) T8 + gT (WT)TWT, _ Ik,. (45)

Since static indeterminacy is manifested in objective insensi-
tivity to changes in ¢*, and since varying k, is equivalent to
varying ¢" (see (43)), we see that the condition of first-order
static indeterminacy of velocity is equivalent to the condition
that the second term on the right-hand side of (45) be zero for
all values of k. Equivalently, the external wrench applied to
the object g,,, must be orthoganal to the null space of wT,
Also, since the null space of W, is equivalent to the left null
space of Wy, and since the column and the left null spaces of
a matrix are orthogonal complements, it is clear that Corollary
5.2 is a statement of equilibrium—a necessary condition for
stability. Q.E.D.

Corollary 5.3: For a stable grasp with first-order stati-
cally indeterminate velocity, if the active contacts are linearly
independent, then the wrench intensities may be computed
uniquely.

Proof: If the object’s velocity is indeterminate to first
order, then all solutions to the velocity formulation imply
the maintenance of the contacts corresponding to the matrix
W .. Other contacts could be maintained, but their wrench
intensities must be zero since the velocity formulation is de-
generate. Also, because the velocity formulation has a bounded
feasible solution, the dual relationship of the velocity and
force formulations implies that the equilibrium relationships
can be satisfied. If, in addition, the active contacts are linearly
independent, then the solution of the equilibrium equations is
unique and provided by the dual variables. Q.E.D.

A typical planar configuration particularly relevant to The-
orem 5 is shown in Fig. 5. Note that the center of gravity
of the object is directly below the intersection of the two
contact normals. An infinitesimal rotation of the object about
the instantaneous center of rotation (the point marked “COR”
in Fig. 5) does not raise the object’s center of gravity: the
source of the static indeterminacy. However, a small finite
rotation in either direction does. Corollary 5.2 suggests that
to avoid static indeterminacy of the object’s instantaneous
velocity, W, be changed with respect to g,,,. In the situation
depicted in Fig. 4, rotating the palm clockwise infinitesimally
has the desired effect. In the case shown in Fig. 5, the object
will respond to a rotation of the palm by moving to maintain
stable equilibrium. However, if the palm is rotated far enough,
the object will become stable with a third contact, thus making
its velocity statically determinate.

Grasps with statically indeterminate velocity have arisen
approximately 5% of the time during our simulations of
the manipulation of random convex polygons [28], but their
appearance clearly depends on the joint trajectories. This
suggests that manipulation planners could be developed to
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Fig. 5. Stable grasp with first-order statically indeterminate velocity.

e e

Fig. 6. Planar grasp with completely, statically, indeterminate velocity.

recognize such grasps and to avoid using them when solving
planning problems.

C. Completely Statically Indeterminate Velocity

Completely statically indeterminate velocity configurations
are those for which the nonlinear optimization problem (7) and
(8) has a nonunique minimum, i.e., the object may move in
a number of directions all consistent with our assumptions.
In this situation, higher order effects canmot indicate the
correct solution. Instead, the actual value of ¢* depends on
unmodeled effects and uncertain parameters. A planar grasp
with completely statically indeterminate velocity is shown
in Fig. 6. If the fingers are spread slowly, then the object
will rotate cither clockwise or counterclockwise maintaining
three contacts, but the direction of rotation is indeterminate
as predicted by the “voting rule” proposed by Mason and
Salisbury [16]. If the object’s surface were curved at the
contact, then higher order information available in the C-
function constraints (8) could possibly be used to resoive
the ambiguity. Unfortunately, we have found no good math-
ematical characterization of this type of grasp and are unable
to estimate how often they arise. However, since we have
not observed them in simulations, we conjecture that their
rate of occurrence will depend on the manipulation planning
algorithm employed.

V. CONCLUSION

A desire to solve frictionless manipulation planning prob-
lems has highlighted the need for efficient computational
procedures for predicting the contact wrench intensities and
the instantaneous velocity of a grasped rigid object. Toward
this end, we have derived dual linear programs called the
velocity formulation and the force formulation whose solutions
provide the instantaneous velocity of a frictionless object
moving quasi-statically in contact with frictionless points.
In the case of force-closure grasps, these linear programs
are particularly useful, because usuaily both linear programs
are nondegenerate, implying that the instantaneous velocity
and the wrench intensities have unique solutions. Also, we
showed that when the velocity formulation is nondegenerate,

TR
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.object’s stability is guaranteed and its velocity may be
i gquely determined even i the wrench intensities are statl-
Rally indeterminate {i.e.. the force formulation is degenerate),
¥ der the antithetical condition that the velocity formulation is
perate, the first-order information provided by the linear
brograms is insufficient to determine either stability or the
Jocity. In such cases, the full nonlinear optimization problem
ust be solved. but even then there are pathological situations
fthat defy prediction. Interestingly, if the velocity formulanon
Ba-statically indeterminate but the acuve contacis are linearly
ndependent (which is the case when manipulating with fewer
an 11, contacts), then the wrench intensities can be uniguely
termined.
velocity and force formulations also provide a suf-
:ent condition for instability. If the velocity formulation
siunbounded (equivalently, the force formulation is infea-
Biiblc), then the grasp is unstable. Somewhat nonintuitively
g though, infeasibility of the velocity formulation does not imply
fthat the grasp has form closure, since a subset of force-
E closure grasps called strong force-closure grasps can also
s be responsible for kinematic infeasibility. In mamipulatuon
887 planning, the distinction between form closure and strang force
closure is imporant, because while form-closure grasps are
- always stable, strong force-closure grasps are not. Thus, during
%' manipulation planning, if the grasp has form closure, one need
% not be concemned with the external wrench applied to the
.- object, whereas otherwise, knowledge of the external wrench
% is crucial. Therefore, we have developed rwo tests: one capable
i;“ of distinguishing strong force-closure grasps from other force-
"~ closure grasps and a second capable of distinguishing between
% force-closure and form-ciosure grasps. To our knowledge, the
form-closure test is the first quantitative test valid for any
number of contact points.

A. Future Work

The work presented here depends on a quite restrictive set
of assumptions. In particular, the ~frictionless” assumption
leads to the formulation of the quasi-static motion problem
as a linear program, which usually yields a unique solution
for the object’s velocity. When friction is significant. the
linear program is invalid, and the “classical” approach must
be used [30]. The assumption of perfect knowledge of part
geometry is also too restrictive. Therefore, the sensitivities of
the contact forces and the object’s velocity to control, sensing,
and modeling errors are currently being explored for both the
frictional and frictionless cases.

In future work, we plan to address the problem of de-
termining bounds in the coefficients of friction, which if
satisfied. would allow the successful execution of dexterous
manipulation plans generated under the frictionless assumption
in the presence of significant friction. For preliminary results,
refer to 5}
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