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Abstract

In this paper, we examine alittle-studied method of manip-
ulation — manipulation by striking an object and letting it
dide. Therearetwo partstothisproblem: Thelnverse Sid-
ing Problem, determining the vel ocitiesrequired to send an
object to adesired configuration, and The Impact Problem,
determining how to strike the object in order to achieve
those velocities. We will present a solution to these two
problems for the class of rotationally symmetric objects
and conclude with some observations about this method of
manipul ation.

1 Introduction

M ost robotstoday manipul atean object by graspingit, mov-
ing, and then releasing the object. A few robots make use
of pushing strategiesto manipul ate objects. However, there
hasbeen very littleexploration of another method of manip-
ulation, striking an object and letting it dide until it comes
to rest—amethod of manipulation which isnot uncommon
inour daily lives.

Imagine atwo dimensional world in which a robot ma-
nipul ates objects using this method. The robot strikes the
object, which gives it some initial trandational and angu-
lar velocity. The object then dides, slowing down due to
Coulomb friction, until it comesto rest.

The planning problem for arobot in thisworld consists
of two parts:

1. Thelnverse SidingProblem: What initia trand ational
and rotationa velocities are required in order to send
an object to adesired final configuration?

2. The Impact Problem: How can the robot strike the
object in order to generate those velocities?

After reviewing some related work, we will present so-
[utions to these two problems for the class of rotationally
symmetric objects. We will close with some discussion on
our observations about this method of manipulation.

2 Reated Work

Inregard to the Inverse Sliding Problem, Voyenli and Erik-
sen have examined the motion of a homogeneous circular
ring or disk siding on a plane under the action of Coulomb
friction in [4]. They make some interesting observations
regarding the evolution of this system in state space which
we build upon in this paper.

In[1], Goydl et a. formulate alimit surface representa
tionwhichisuseful for visualizing therel ationship between
theforce and torqueduetofriction and thetrang ational and
angular velocities of an object.

The solution to the Impact Problem makes straightfor-
ward use of Routh’s graphical method for computing the
impulse resulting from acollision. See [5] for a discussion
of Routh’s method and related issues.

In regard to potential applications of thismethod of ma-
nipulation, see [2]. In this paper, Higuchi presents work
using an electromagnetic coil to deliver an impulse to an
object in order to do linear micropositioning. Histechnique
could be extended to do micropositioning in position and
orientation using the analysisin this paper.

3 Thelnverse Sliding Problem

The Inverse Sliding Problem can be formally stated as fol-
lows:

A rigid planar object of known geometry, support dis-
tribution, and frictional properties dideson a uniformsur-
face, dowing down and coming to rest only dueto Coulomb
friction. Given aninitial configuration (positionand orien-
tation) of the object, the problemisto determine theinitial
trandational and angular velocities required in order for it
to come to rest at a desired final configuration.

This paper addresses the class of rotationally symmetric
objects — those objects whose pressure and mass distri-
bution are invariant with respect to rotation. Rotationally
symmetric objects, such as ringsor discs, have the property
that the net force duetofrictionis:

¢ independent of orientation
o aways paralle to the trandationa velocity
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Figure 1. Notation: The frames O, and O; are theinitial
and final configurationsfor the object. The body coordinate
frame O, trand ates and rotates with the object as it travels
from O, to O;. The object’s position and orientation are
specified by x and ¢ (with respect to O,), its velocities by
v and w. The fina configuration can be expressed as a
distance d and an orientation o with respect to O,,.

Though the second property may seem obvious, itisonly
true for rotationally symmetric objects. Non-rotationaly
symmetric objects will generally have some component of
the net frictiona force perpendicular to the velocity. See
section 5.1 for further discussion.

3.1 Notation

Given an initia and fina configuration, place the global
coordinate frame O, at the center of mass (COM) of the
object in the initial configuration, so that its z axis points
tothe COM of the object in thefina configuration.

Attachthebody frame O; tothe object so that it coincides
with the global frame O, intheinitial configuration. Place
the final coordinate frame O; so that it coincides with the
body frame when the object is in the fina configuration.
Seefigure 1.

Sincethenet frictiona forcewill be paralld tothetrans-
lationa velocity of the object, the COM of the object will
travel inastraight line along the « axis of the global frame.
Therefore, the state of the object can be represented by its
position along the = axis, its orientation, ¢ with respect to
the global frame, and itsvelocities, v = # and w = 6.

Thefinal configuration can be represented astrandation
of d alongthe » axisand an orientation of « with respect to
the global frame.

The object is of mass M and has a moment of inertia /
about the COM.

3.2 Preiminaries
The velocity of apoint +* on the object is given by:
U=vE+wzxTF (1)

The direction of thisvelocity is:

R VTt WwIXT z
U= —
z
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Note that the direction of this velocity is dependent only
upon thetheratio of angular vel ocity to trand ational veloc-
ity, ¢, and the vector 7.

The differential force duetofriction at this point (adopt-
ing the convention that —d}’ is the force that acts on this
point) is:

df = pdmgi (3)
Since the net force will lieaong the z axis, we can write:
P =| [ | =o [ wian] ()

The net torque is given by:

T(2) = ‘/de} = g/,ﬁxadm‘ (5)

The equations of motion that govern this system are:

Mi = —F(2) (6)
L = —1(2) @
r = v ©)
0 = w €)

3.3 Monotonicity of Force and Torque

Asnotedinthe previoussubsection, thenet forceand torque
are functions of only 3. Mason [3] has shown that the net
forceis strictly monotonic decreasing and the net torqueis
strictly monotonic increasing (with respect to ).

Intuitively, we can see thisfrom thefollowing argument.
The magnitude of the frictiona force at any given point is
fixed; itsdirectionisdetermined by theratio . For afixed
velocity v, when w = 0 (¢ = 0), al the frictional forces
oppose trandation, so there will be maximum force and
zero torque. As w increases (% increases), the frictional
forces will increasingly oppose the rotational motion. This
resultsin increasing torque and decreasing force.

3.4 MoreNotation

We now turn our attention tothetotal distanceand anglethe
object traverses. Let thetotal distanceand angletraveled by
the object be denoted by =y and ¢, which will befunctions
of theinitial trandational and angular velocities, vg and wo.
Mathematicaly, thisis:

ty
xf(‘vo,wo):/ vdt (10)
0

ts
Hf (‘vo, (.d()) = / wdt (11)
0

wherew(t) andw(t) aresol utionstothe equationsof motion,
subject to theinitial conditions:

v(0) = vo w(0) = wo (12)



Figure 2: Graphs of z; and ¢; for a disc of radius 0.05
meters and mass 0.1 kg; the coefficient of friction is 0.25.
vp 1SN meters/sec, wo in radians/sec, x; in meters, and ¢
inradians.

and wheret; is defined as the time such that:

u(t;) =0 w(ty) =0 (13)
Although z; and ¢; cannot be computed analyticaly, we
can deduce certain properties about them.

3.5 Monotonicity of z s and 8

The functions z ¢ (vo, wo) and 6 (vo,wo) are monotonicin
vo and wo. If we pick some point (vo, wo) (Where vg > 0
and wo > 0), the function «; increases as we increase v,
holding wo constant, and vice versa. The same statement
applies to the function ;. See figure 2 for an example of
Ty and 9f .

Intuitively, if you givethe object agreater initial vel ocity
it will dide further. This means that it will take more time
for the object to come to rest, so it will aso rotate more.
Similarly, if you give the object a greater initia angular
velocity, it will rotate more and a so dide further.

Moreformally, we have:

i > xp, 14
05, > 0, (15)
i > xp, (16)
05, > 0y, a7)

v, > V0,, Wo, = wo,
Vo > Vo, WO, = W0,

Vo, = V0,, Wo, > w0,

Ly

Vo, = Vg,, Wo, > Wo,

We can prove this by reasoning about a pair of traecto-
ries. If for somet; we have

V1 > U2 w1 > W2 (18)
thenfor al ¢ > ¢4,
vy > U2 w1 > w2 (19)

Theonlyway that equation 19 couldbeviolatedisif v1(t)
crossed va(t) or wi(t) crossed wo(t). Both of these cross-
ings cannot happen simultaneously because the derivatives
v and w are uniquely defined by the equations of motion.
However it could be possible for v1(t) to cross v,(t) while
w1(t) > wo(t), or viceversa

But in order for v1(t) to cross v»(t), a some point we
must have v1 = v,. Sincewy > w», weknow that ‘;j—ll > ‘;—;
From monotonicity of (), we know that

P(S) < F(5E) (20)

This means there will be more force to decelerate object 2,
sowewill once again have the conditionthat v1(¢) > va(¢).

Similarly, if weconsider w1(t) crossingws(t) whilevy >
v, & the instant that w; = wy, there will be more torque
to decelerate the rotation of object 2, so we will once again
have the condition that w1(¢) > wa(t).

When vo, > vg, and wo, = wg,, weknow that at ¢ = 0F,
we will have vy > v, and wy > wy. For al time after this,
we will have v1 > vp and w1 > wy. These inequalities,
taken altogether, imply:

/ Tt di > / " ua(t) dt (21)

/ Tt dt > / " wa(t) dt (22)
or 0 0

-fL‘f(Uol,(.dol) > xf (UOZJWOZ) (23)

gf (Uol,wOl) > lgf (Uoz’woz) (24)

which proves equations 14 and 15. Similar reasoning can
be employed to prove equations 16 and 17.

3.6 Leved Curves& Solutions

In addition to knowing that the functions z; and 6; are
monotonicincreasing, we can easily determine their values
when vg = 0 or wg = 0. For these cases, the coupling
between trangdlationa and rotationa motion disappears, the
problem isreduced to e ementary physics, and we get:

;l‘f(o,(_do) = 0 (25)
07(v0,0) = O (26)
L2
z¢(vo,0) = 229 27
#(v0,0) g (27)
17,2
lgf (0, (.do) = —2z 7 Wo (28)

,ugf |7|dm
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Figure3: Level curvesof x; and d; from figure 2.

Although we cannot solve for level curves of z; and ¢
algebraicaly, we can deduce some facts about them from
monotonicity and from equations 25 — 28. To find a level
curve of z; at a height d, we start on the vo axis. There,
we can solved = ¢ (vo,, 0) for v, using equation 27. We
know that x ; increases as we move upwards, paréllel tothe
wo axis, and since z y is0 along thewo axisand isincreasing
alongthe positivevg axis, thelevel curve must lieto theleft
of theline vg = vo, . Furthermore, we also can deduce that
this curve, given by d = z(vo,, 0), is monotonic in the
sense that as its vg coordinate decreases, its wq coordinate
increases. See figure 3.

By similar reasoning, we can deduce that thelevel curve
of 6 a some height o« must lie below the line wo = wo,
where we can solve the equation o = 6(0,wq,, ) for wo,
using equation 28.

These two level curves must cross somewhere in the
region below the line wg = wg_ and to the left of theline
vo = vo,. The coordinates of thisintersection point are the
desiredinitia conditionsto achieve adisplacement of d and
arotation of «.

We can find the coordinates of thisintersection point by
employing a variation on bisection. For any point, we can
do forward integration of the equations of motion. Com-
paring x; with d and 6; with « tells us whether this point
is above or below each of the level curves. Using thisin-
formation, we can eliminate certain regions of wqovg Space.
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Figure 4: Determining the Initia Conditions. We can find
the coordinates of the intersection point of the two level
curves by employing a variation on bisection. The co-
ordinates of this point correspond to the required initia
conditionsto traverse a distance d and an angle «.

Figure 5: Notation for the Impact Problem. A striker of
infinite mass strikes the object (initially at rest) with some
velocity ¥. We attach a coordinate frame to the point of
impact such that the » axisistangentia to the surfaces and
the y axisnormal.

By repesting this process, we can zero in on the coordi-
nates of theintersection point. Seefigure4. Like bisection,
convergence islinear.

4 Thelmpact Problem

Once we know the initid velocity and moment required,
we want to determine whether we can attain those initial
conditions by striking the object.

Assume we use a striker of infinite mass to strike the
object. Seefigure5. The object startsat rest, and the striker
has some velocity ¥. We attach a coordinate frame to the
point of impact so that itsz axisistangentia to the surfaces
at theimpact point and so itsy axisis normal.

Using Routh’'s method for analyzing collisions, as de-
scribed in [5], we have calculated that the condition on the
impulse we can achieveis:

|Pe| < Py (29)



where P, and P, are the impulses generated aong the «
and y axes, and y is the coefficient of friction between the
striker and the object. The velocities of the striker required
to generate that impulse are:

r2

1
vy, = (—4+ —)FP; 30
o = (24D (@)
v = 1 P (3D
T o m(l4e) Y

where m, r, and [ are the mass, radius, and moment of
inertia of the object, and ¢ is the coefficient of restitution
between the object and the striker.

Thisimpulse will givethe object itsinitia velocities:

vo, = & (32)
m
voy = & (33)
m
Pyr
wo = ; (34)

We can transform these equations into a constraint in
the woup plane. The desired initia angular velocity will
determine P, by equation 34. P, in turn determines vo,
(equation 32), so we can write:

I
vo, = 202 (35)

© rm

Combining equations 29, 32, and 33, we get:

|vo, |
I

vo, >

Y

So, the total velocity is:

1 2
Vo = 14 /'UéZ —|— ’Ugy Z |U0z| 1+ (;) (37)

Substituting from equation 35, we get:

I 1\?
w2 fool-1y 1+ (1) (39)
rm I

This equation describes a region in wovg space bounded
by two lines whose dopes are only dependent upon the
parameters of the object and thefriction between the striker
and the object. Seefigure 6 for an illustration.

Because z; and §; cannot be expressed analytically, we
cannot trandlate this constraint directly into a relation be-
tween z; and 0. However, it does show uswhat regionsof
wovp Space are accessible, so we could modify our search
for initia conditions (to achieve a desired z; and ¢;) ac-
cordingly.
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Figure 6: Impact constraint in wovg space (wo > 0).

5 Discussion

5.1 Non-rotationally Symmetric Objects

The Inverse Sliding Problem becomes more difficult for the
case of hon-rotationally symmetric objects. Thisversion of
the problem is of a higher dimension than the rotationaly
symmetric case. More importantly, the monotonicity prop-
erties that were used to solve the rotationaly symmetric
case do not carry over to the non-rotationally symmetric
case.

However, insimulationsof a2D barbell (amasslessrigid
rod with a point masses at each end), we have observed that
the net frictional force perpendicular to the velocity tends
to be very small and has a correspondingly small effect on
the total distance and angle traversed. In order to develop
more insight into the non-rotationally symmetric case, we
have begun some physical experiments.

5.2 Separation of Task and Actuator M echanics

By grasping an aobject, a robot can exert total control over
that object. The price of that control is that the kinematics
and dynamics of therobot are atered by holdingthat object.

A robot that strikes an object in order to manipulate it
does not exert tota control over the object; the object is
left to evolve according to the task mechanics of diding.
Consequently, we need to consider the mechanics of the
actuator only when solving the Impact Problem, not the
Inverse Sliding Problem.

5.3 The Effect of Error

With themechani cs of thismethod of manipulationin hand,
we can examine the effects of errorsin our actionsand in
the abject parameters.

By tracing through the Inverse Sliding Problem, we can
trandate bounds on p (still assuming p is constant) into
boundsonz; and d;.

Errorsin the direction and magnitude of the velocity of
the striker are more complicated to analyze but can aso
be translated into bounds on z; and ¢;. However, in this



case, the direction of theinitial trandational velocity of the
object will aso vary, increasing the range of possible final
configurations.

For these two types of errors, the resulting bounds on
zy and 0 are proportiona to the magnitude of = ; and 6;,
respectively. Sincex; and 0y increase at |east quadratically
withwg and vg, the smaller the amount of energy transferred
to the object, the smaller the error.

5.4 On Performable Tasks

Giventhemechanics of thisworld and how errorspropagate
through these mechanics, we can determine what tasks are
performable by arobot using this method of manipulation.

For a robot using a single strike to accomplish a po-
sitioning task, there are three answers to the question of
performability:

1. No: The desired final configuration requires an ini-
tial trandationa and angular velocity that we cannot
achieve by striking the object.

2. Maybe: There are two cases.

(8 The bound of the error is greater than the toler-
ance of the task.

(b) Theboundsontheinitid transational and angu-
lar velocity straddl ethe divisionbetween achiev-
able and unachievable vel ocities.

3. Yes. Thebound of the error islessthan or equal to the
tolerance of the task.

One manipulation strategy in this world is to use one
object to strike another object. However, it is not clear
whether this adds any capabilitiesto a robot in thisworld.
We suspect it does not because the game of pool would be
much easier to play if you could shoot ballsinto the pockets
directly, without using the cue ball.

Multiple step strategies are another dimension to con-
sider. If there were no errors, we believe that multiple step
strategieswould not add to the capabilities of arobot inthis
world, except that al configurations could then be reached
in two steps.

However, if there are errors, the error can be minimized
by using a sequence of smaller impacts, as noted in the
previous subsection. Now, there is a different set of three
answers to the question of performability:

1. Maybe: Multiple steps do not guarantee that the task
will ever be completed.

2. Eventually: We will eventually complete the task, but
the number of steps is not bounded, perhaps because
of an error governed by a probability distribution.

3. Yes. The task can be done in a bounded number of
steps.

6 Summary

In this paper, we have examined a little-explored method
of manipulation—manipulation by striking an object and
letting it dlide. We have presented a solutionto the Inverse
Sliding Problem and the Impact Problem for the class of ro-
tationally symmetric objects. Althoughthe Inverse Sliding
Problem cannot be solved analytically, we have described
amethod for computing what initial velocities are required
for an object to dideto agivenfina configuration. The Im-
pact Problem reveal ed that thereare certain initial velocities
that cannot be achieved by striking the object.

We discussed how some types of errors and how ma-
nipul ation strategies affect what tasks are performable by a
robot using thismethod of manipulation. Some open ques-
tionsin thisarea are the case of non-rotationally symmetric
objects and the effect of alowing inter-object collisions.
We have begun some physica experimentsin order to gain
further insight into this domain.
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