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Abstract
Manipulationis a key capability for mobile robotsto per-
form a greatervarietyof usefultasks.In this paper, we con-
sider mobile robotsequippedwith low degree-of-freedom
“palm manipulators.” The advantageof using this sort of
nonprehensile(i.e. nongrasping)manipulatoris its simplic-
ity andversatility. Althoughin generalmultiple robotsmay
beneeded,theinitial work describedin this paperconsiders
only a singlerobot. We formulatethe mechanicalanalysis
for manipulatingobjectsanddescribea plannerfor a single
robotwith a palmmanipulator. We concludewith detailsof
ourexperimentalimplementationandpreliminaryresults.

1 Intr oduction
Mobile robotsare increasinglyandsuccessfullybeingsent
into environmentsinhospitablefor humans. However, un-
lessteleoperated,theserobotshavehadonly rudimentary(if
any) manipulationcapabilities. Therearenumerousappli-
cationsfor autonomousmobilemanipulators:planetaryex-
ploration,hazardouswastecleanup,materialtransport,con-
structionassistants,personalrobots,andsoon. Theonewith
thebestcostjusti�cations isplanetaryexploration;wewould
like to land robotson a planetandspecifyhigh-level tasks
involving manipulationfor themto perform.

Theserobotsshouldbe very robust becauseof the high
costof puttingrobotsonanotherplanet.Wesubscribeto the
approachof achieving mechanicalrobustnessthroughuseof
simplehardware.Applied to themanipulator, this minimal-
ist philosophyleadsus to considerlow degree-of-freedom
(DOF) nonprehensilemanipulators.

In nonprehensilemanipulation,the manipulatordoesnot
graspthe object. The main advantagesare that it requires
only a simplemanipulatorandit permitsmanipulationof a
wide varietyof objects.(A gripperlimits thesizeandshape
of objectsthatcanbemanipulated.)On theotherhand,the
robotmusthave someunderstandingof thetaskmechanics,
andwemayneedmultiplenonprehensilemanipulatorsto ac-
complisha task. Thechallengein nonprehensilemanipula-
tion is to formulaterobustalgorithmsfor manipulationplan-
ning andexecution;the focusof our researchis to develop
suchalgorithmsfor nonprehensilemobilemanipulators.

Figure1 showsapictureof oneof ourrobots.It isasimple
differential drive robot equippedwith a 2-DOF “palm ma-

Figure1: Oneof our “PalmBots.”

nipulator.” This manipulatorconsistsof parallel armsthat
canberaisedor loweredanda plateat theend(the“palm”)
whichcanrotated.

Oureventualgoalis to createamultiple-robotsystemthat
canpick up an objecton the �oor , carry it to a goal loca-
tion, and set it down in a speci�ed orientation. To com-
plete this task, the robotsmay needto pick up the object,
reorientit, andtransferit to otherrobots. In additionto the
researchissuesin multiple robot cooperation,we expectto
�nd a numberof researchissuesarisingfrom the coupling
betweenmanipulationandmobility, particularlybecauseour
mobile manipulatorsarenonredundant.For example,dead
reckoningerrorsandnonholonomicmotionconstraintswill
affect manipulation,andmanipulationcanprovide both in-
formationandconstraintsthatwill affectmobility.

For now, however, we have focusedon thesimpletaskof
having asinglerobotwith apalmmanipulatorpick upabox
in acorner(i.e.onthe�oor andagainstawall). In Sections2
and3, wedescribehow to analyzethemechanicsof this task
andformulatea plannerto �nd a sequenceof actionsfor the
robot to pick up thebox. We have madesomeassumptions
in orderto simplify our initial explorationsin this domain.
The two main assumptionsare that the problemis planar
(asviewed from theside)andthat the robot's manipulation
will be quasistatic— inertial forcesare not consideredin
our analysis.In Section4, we reportimplementationdetails
of our plannerandexperimentalresultsfrom executingan
automaticallygeneratedplan.

1.1 Previous work
Mobile manipulationand even nonprehensilemobile ma-
nipulationhave previously beenstudiedin the roboticsre-



Figure2: The threedifferent typesof contactbetweenthe
palm andthe object,shown with the friction conesusedto
representthecontactforces.

searchcommunity. Many researchershave studied mo-
bile manipulators[2, 8, 7, 13, 17, 20], however this re-
searchhaslargely focusedon controlsformulationsfor rel-
atively high-DOF manipulators. In the realm of nonpre-
hensilemanipulation,many researchershave usedmobile
robots(evenmultiple mobile robots)to pushobjectson the
�oor [6, 14, 9, 12, 15, 16, 18]. In our research,however,
wewill focusonnonprehensilemanipulationusinglow-DOF

manipulators.
There are several recentworks that are closely related

to our research.SugarandKumar [19] developeda three-
DOF compliantmanipulatorwith stiffnesscontrol.They use
this manipulatorto carry a box squeezedbetweenthe ma-
nipulatorsof two mobile robots. The compliantmanipula-
tor compensatesfor smallvariationsin thedistancebetween
therobotswhile allowing desiredcontactforcesto bemain-
tained. SugarandKumarformulatea controllerfor a “fol-
lower robot” to maintaina nominal distancefrom a “lead
robot.” DesaiandKumar[3] addressnonholonomicmotion
planningandcontrol for this system.Masonet al. [11] de-
scribetwo differentdesktoprobotsthathaveatight coupling
betweenmanipulationandmobility; bothrobotsusewheels
for manipulationandmobility.

Erdmann's study of nonprehensiletwo-palm manipula-
tion [4] wasthe inspirationandfoundationfor themechan-
icsanalysispresentedhere.Erdmanndescribedanalysisand
planningfor manipulatingobjectsusingtwo �at palms.His
quasistaticanalysiswasbasedonfriction conesandresultant
forces.

There are several differencesbetweenErdmann's work
andtheanalysispresentedhere.Thebasisof our quasistatic
analysisis the force dual methodof Brost and Mason[1]
which allows us to have threeor morecontacts.(However,
thereareotheralternativessuchasErdmann'scon�guration
spacefriction cones[5] andMason'smomentlabeling[10].)
We permittypesof contactsthatErdmannexcludes,namely
betweenthe palm faceor palm edgeand the object face.
In Erdmann's work, there is always one sticking contact
whereasfor our problem,therearesituationswhereall con-
tactsmaybesliding. In addition,we have foundtheneedto
performkinematicanalysisatseveralsteps.

2 Multicontact quasistaticanalysis
In the courseof manipulationplanning, we will want to
know how an objectmovesin responseto a palm motion.
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Figure3: Kinematicanalysis(with Reuleaux's method)of
the wall and �oor contacts.Pointsconsistentlylabeledby
bothcontactsaregroupedaccordingto thecontactmodethey
entail. In theboxesfor eachgroup,thesignof therotationis
givenfollowedby thecontactmodefor thewall, thenfor the
�oor . Seethetext for abbreviations.

In this section,we describeour analysiswhich proceedsby
testingthepossiblecontactmodesfor kinematicconsistency
andthenfor stableequilibrium betweenthe frictional con-
tactsand gravity. Thoughthis analysisis more generally
applicable,we illustratethe stepswith the exampletaskof
pickingupabox on the�oor in a corner.

2.1 Assumptions
As statedearlier, we assumethat the problemis planaras
viewedfrom theside.This is equivalentto assumingthatthe
object is an extrudedplanarshape.Our analysisis instan-
taneous,so thereis no needto assumea polygonalshape.
However, we implicitly assumea polygonalobjectfor mo-
tion planning.Ourexamplesin thissectionusearectangular
box.

The main assumptionthat we make is that the object is
in a con�guration that is staticallystable,i.e. if thereis no
palmmotionthentheobjectwill remainat rest. We further
assumethatthepalmis requiredfor this staticstability. The
consequenceof this assumptionis that a manipulationplan
maybestoppedat any point.

We considerthreetypesof contactbetweenthepalmand
the object: betweenthe palm faceandan objectedge;be-
tweenthe palm edgeandan object face; and betweenthe
palmfaceandanobjectface.Theseareillustratedfor a box
in Figure2. Althoughour examplesshow only the�rst type
of contact,ouranalysisonly needsto know thecontactpoint
locationsandnormals,soany of thesecontacttypeswill do.

2.2 Kinematic analysisof �xed contacts
We �rst perform a kinematicanalysisto determinewhich
motions(andassociatedcontactmodes)areconsistentwith
the �x edcontactssuchaswith the �oor andwall in our ex-
ampletask. We do this by applyingReuleaux's methodfor
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Figure4: Valid velocitycentersfor right slidingmotion.The
velocitycentersthatproducevelocityalongagivenvectorlie
on thenormalto that vector. Pointsto theright arelabeled
negative, thoseto the left, positive. Sweepingthe velocity
vectorfrom oneedgeof the coneto theotherproducesthe
regionsof positiveandnegativevelocitycentersshown.

the given object con�guration. For eachcontact,we con-
siderevery point in the planeasa possiblevelocity center
for a motion and label the point with the signsof rotation
thatdonotviolatethecontactconstraint.Wethendetermine
the setof points labeledconsistentlyby all contacts.If we
assumethecontactnormalpointsinto theobject,thenpoints
to its left will belabeledpositive;pointsto its right, negative;
andpointsonthecontactnormal,bothpositiveandnegative.

Foreachconsistentlylabeledpoint,wecanthendetermine
thecontactmodeof eachcontact.If thevelocity at thecon-
tact point is zero, then it is a sticking (ST) contact. If the
velocity is perpendicularto thecontactnormal,thenit is ei-
therleft sliding (SL) or right sliding (SR). If thevelocityhas
any componentalongthecontactnormal,thenit is a break-
ing (BR) contact.Figure3 shows theresultsof this analysis
for ourboxexample.

2.3 Addition of the palm motion
We mustnow considertheconstraintsthat thepalmmotion
placesuponthe possiblevelocity centersand,moreimpor-
tantly, uponthevalid contactmodes.Thepalmvelocityand
thevelocityof thecontactpoint (ontheobject)canbediffer-
ent;giventheformer, thelatteris determinedby thecontact
mode.Sincewehaveassumedthatthepalmis necessaryfor
staticstability, this contactcannotbea breakingcontact.If
thecontactis sticking,thenthevelocityof thecontactpoint
is thesameasthatof thepalm.

If thecontactmodeis right or left sliding, thentheveloc-
ity of thecontactpoint will bea positive linearcombination
of thepalmvelocity andvelocity alongthepalm(in theap-
propriatedirection). The exact velocity will be determined
by theactualobjectmotion.At thispoint,wecanonly elim-
inatethekinematicallyinconsistentcontactmodesandmust
wait for the stableequilibrium analysisto determinewhat
motionoccurs.

We canlabel the pointsin the planewith the sign of the
rotation(if any) thatproducesa velocity in theconede�ned
by thepalmvelocity andvelocity alongthepalm. Figure4
givesanexampleof this setof labeledpointsfor asingleSR

palmcontact.In Figure5, this labelingis combinedwith the
labelsfor the�x edcontactsfrom Figure3.
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Figure 5: Kinematic analysisfor the �x ed contactsand a
SR palm contact(for a palm velocity to the left). The la-
beledvelocity centersarethosethatareconsistentlylabeled
in Figures3 and4.
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Figure 6: Constructinga force dual. For the given force
vector, we constructthe normal from the origin to the line
de�ned by the force. If the lengthof this normalis ( , then
thedualis thepointadistanceof )+*+( ontheothersideof the
origin.

2.4 Stableequilibrium analysis
We now testeachkinematicallyconsistentcontactmodefor
quasistaticstability andusethe resultsof this testto deter-
minetheobjectmotion.

We test for quasistaticstability using the force dual
methodof Brost andMason[1]. The advantagesof using
this methodare that any numberof contactforcescan be
easilycombinedandthatbothtakinga forcedualandcom-
bining two forcedualscanbedescribedassimplegraphical
operations.We useforcedualsto computea representation
of all possiblewrenchesthecontactforcescanexert on the
object. It is thensimpleto testwhetherthe negative gravi-
tationalforce lies within this set. If so,theobjectwill bein
staticequilibriumunderthegivencontactmode.

Weaddressdeterminingtheobjectmotionfrom thestable
contactmodeat theendof this section.

2.4.1 Forceduals

The force dual methodmapsa planarwrench(a force and
a torqueaboutthe origin) to a point which is labeledpos-
itive or negative accordingto the sign of the torque. In
practice,constructinga force dual is very easy; seeFig-
ure 6 for an example. More formally, the force dual
mapsa wrenchto theorientedplane: ,�-/.0-/132547698;:

,=<?>�-/1
*

254A@B<'-+.
*

254�@C698 ; seeMason[10] for further de-
tails.
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Figure7: Forcedualanalysisfor theST–ST–ST contactmode
(i.e. a sticking contactat the wall, �oor , andpalm respec-
tively). This con�guration is stablebecausethe negative
gravity dual(whichproducespositiverotationabouttheori-
gin) lies in the region of forcedualswith positive rotations
from thecontactforces.

Combiningforcedualsis donewith theconvex hull oper-
ation.Theconvex hull of two forcedualsrepresentsall pos-
itive linear combinationsof two wrenches.The force dual
of a friction coneis a line — a friction coneis thepositive
linear combinationof two forcesde�ning the edgesof the
cone;the forcedualof eachof theseforceswill bea point;
andtheir convex hull will be a line. For multiple frictional
contacts,the force dual of all possiblecontactwrenchesis
formedby taking the convex hull of the lines representing
theforcedualof thefriction coneat eachcontact.

The convex hull operationfor force dualsrequiressome
explanation.If two pointshave thesamelabel (i.e. rotation
sign), the convex hull consistsof the (closed)straightline
segmentbetweenthem.If thetwo pointshaveoppositerota-
tion signs,thentheconvex hull consistsof all pointson the
line connectingthemexceptfor the(open)segmentbetween
thetwo points.Theconvex hull of two setsof forcedualscan
be foundby takingall possiblepairsof pointsandforming
theunionof their convex hulls.

Figure7 showsanexampleof thisanalysis.Wechoosethe
origin to bethecornerof thewall andthe�oor . Thissimpli-
�es thecomputationof the forcedualsof thefriction cones
for thewall and�oor contact— they arehorizontalandver-
tical lines respectively. The force dual of the gravitational
forcewill lie on thenegative ( axis.

2.4.2 Determining the motion

Of all the kinematically feasiblecontactmodes,only one
shouldbe stablefor a given con�guration andpalm veloc-
ity. However, it is possiblethatthisstablecontactmodecor-
respondsto a setcontainingmorethanonevelocity center.
This occurswhenall contactsareeitherslidingor breaking;
theexactmotionof theobjectwill bedeterminedby therel-
ative velocitiesat thesliding contacts.Onesituationwhere
this occursin thebox exampleis whenthepalmmoveshor-
izontally to the left andthecontactmodeis SL–BR–SR, i.e.
the box is sliding up the wall and the palm, and the �oor
contactis breaking.Essentiallythebox is being“squeezed”
upwards,andthe exact motion dependson the relative ve-
locitiesat thewall andpalmcontacts.

Sincethestateof theobjectis unknown at theendof such
anaction,wewill only consideractionsthatresultin motion
abouta singlevelocity center. Note that this doesnot pre-
cludeall contactsfrom sliding simultaneously. Our actions
thereforeresulteither in translationof the objectalongthe
wall or �oor , or in rotationaboutthewall contact,�oor con-
tact, or the intersectionpoint of the wall and �oor contact
normals.

3 Manipulation planning
For planningmanipulationtasks,weneedto understandhow
therobot'sactionsaffect thecon�gurationof theobject.We
will thensearchthroughpossiblesequencesof actionsto �nd
onethataccomplishesthetask.

Wewill requiretheactionsthatweusetomaintainasingle
contactmode. We must �rst determinewhat actions(i.e.
palmvelocities)areinstantaneouslyconsistentwith a given
contactmodeandobjectcon�guration.Thenwemustensure
that this contactmodeis maintainedover the courseof the
action,evenasthecon�gurationsof thepalmandtheobject
change.

3.1 Determining possiblepalm velocities

In Section2, weshowedhow to determinetheinstantaneous
object motion and contactmodesgiven the palm velocity.
Here, we will show how to determinethe allowable palm
velocitiesfor a givencontactmode.

Givenacontactmode,wecandeterminethevelocitycen-
ter for theobjectmotionandtherebycalculatethe instanta-
neousvelocityof theobject-palmcontactpoint.

If the palm contactmodeis sticking, then the palm ve-
locity mustbe exactly the sameasthe contactpoint veloc-
ity. If thecontactis sliding, thenthecontactpoint velocity
mustbea positive linearcombinationof thesliding velocity
(alongthepalm)andthepalmvelocity. Therefore,thepos-
siblepalmvelocitiesarecontainedin theinteriorof thecone
de�nedby thenegativeslidingvelocityandthecontactpoint
velocity. Figure8 showsanexample.
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Figure8: Determiningthe possiblepalm velocitiesfor the
SR–SR–SR contactmode.Thevelocity centeris at theinter-
sectionof the �oor andwall contactnormals. The contact
mustslideright alongthepalm,andthecontactpoint veloc-
ity (

�

 

) mustbecontainedwithin aconede�ned by thepalm
velocityandtheslidingvelocity (

�

!

).

3.2 Continuousactions
Thus far, all our analysishasbeeninstantaneous.To en-
surethatanactionhasthedesiredeffect,at every instantthe
object statemust be stableand the palm velocity must be
consistentwith thecontactmode.

If theregionof stablecon�gurationsunderacontactmode
wereconvex andour actionsfollowedstraightline pathsin
thecon�gurationspace,it would suf�ce to checkthestabil-
ity of the endpointsof any potentialpathgeneratedby the
action. (Thevalidity of thepalmvelocity would have to be
checkedseparately.) Althoughneitherof theseassumptions
is strictly true, we have found that the con�guration space
pathsfor oursimpleactionsarecloseto linear, andthestable
con�gurationregionsareconvex in our regimeof operation.

4 Implementation
We have implementedtheabove analysisanda plannerthat
createsa sequenceof actions.This sectiondescribesthede-
tails of our implementationandour experimentalresultsin
accomplishingthetaskof pickingupa box in a corner.

4.1 Action set
Any combinationof robot,arm, andpalm motion could be
usedasan action,but for simplicity we have chosento use
thesix decoupledactions:

" PUSH andPULL whichtranslatethepalmby driving the
robotforwardsandbackwards;

" LIFT andLOWER which move thearmwithout chang-
ing thepalmangle;and

" TILT-UP andTILT-DOWN whichrotatethepalmtowards
andaway from therobot,respectively.

For the task we considerhere, we only incorporatedthe
PUSH, LIFT, TILT-UP, andTILT-DOWN actionsinto ourplan-
ner. We restrict thecontactmodesfor theseactionsto SR–
SR–SR for PUSH, LIFT, and TILT-DOWN; to SL–SL–SL for
TILT-UP.

4.2 Planner details
Ourplannersearchesin therobotcon�gurationspacewhich
is speci�ed by the palm angle,the arm angle,and the dis-
tanceof therobotfrom thewall. A uniqueboxcon�guration
andpalmcontactcanbedeterminedfor eachrobotcon�gu-
ration. The appropriatecon�guration spaceis thenusedto
checkwhichcontactmodesarestable.

In order to pick up a box from a corner, we seeka goal
statewith a stablecontactmodeSL–BR–SR wherethepalm
faceis in contactwith thebox face.Oncethis con�guration
and contactstatehave beenreached,postprocessingsteps
canbeaddedto slidethepalmunderthebox (alsosliding it
up the wall) until a TILT-UP canbe doneto breakthe wall
contactandleave thebox restingon thepalm.

A discretizedversionof the con�guration spaceis used
for the search. One dif�culty with this is that this dis-
cretizedversioncannotrepresentthe exact set of con�gu-
rationswherethefaceof thepalmis in contactwith anedge
of the box. We circumvent this issueby usinggoal states
thatarelessthana “whole step”away from theactualgoal
state.Theremainingactioncanthenbecomputedasa post-
processingstep.

The goal statesform a surfacein the robot con�guration
space,andwe seektheshortestpathfrom thestartcon�gu-
rationto any goalcon�guration. We usetheA* searchwith
the following heuristic. A boundingbox is createdfor the
goal states. For con�gurationsoutsidethe boundingbox,
theheuristicvalueis thedistanceto theclosestpoint on the
boundingbox. Insidetheboundingbox, theheuristicvalue
is zero.

We have implementeda basic version of the analysis
methodsand a plannerin C++. Finding a plan takes less
than15secondsonaSunSPARC Ultra 10.

4.3 Experimental results
Figure9 shows the computedplan andpicturesof its exe-
cution on our robot. The automaticallygeneratedplan has
threemain actions: TILT-UP, PUSH, andLIFT. Therearea
small LIFT andPUSH at theendof theplanwhich bring the
palmcloserto afull facecontactwith thebox. After theplan
hasbeenexecuted,a combinationof LIFT andPUSH actions
from thepostprocessingareexecutedto bring thepalmun-
der thecenterof massof thebox. The�nal TILT-UP action
resultsin thebox restingsolelyon thepalm.

5 Conclusions
We have outlinedan approachto nonprehensilemanipula-
tion from mobile robotsusing robotsequippedwith low-
DOF “palm manipulators.” Our analysisof the mechanics
of this modeof manipulationcharacterizesobjectmotionin
responseto palmmotionandalsodetermineswhatpalmve-
locities arepermissiblefor a givencontactmode. We have
usedthe resultsof this analysisto formulatea plannerand
have demonstratedpicking up a box from a cornerusingan
automaticallygeneratedplan.
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Figure9: A planfor lifting aboxoutof acornerandpicturesof its executiononour robot.The�rst four columnsshow steps
from theplan generatedby our planner. The �nal columnis the con�guration after someof the postprocessingstepshave
beenexecuted.The�nal actionis a TILT-UP whichwill breakcontactwith thewall, leaving thebox restingon thepalm.

Therearemany directionsfor our futurework. Our anal-
ysis caneasilybe extendedto the two robot case,andwith
multiple robots,we will needto addressissuesin coopera-
tive actions.We expectthereto be many interestingissues
in thecourseof thiswork regardingtheclosecombinationof
manipulationandmobility.
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