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Introduction1

Propelled by advances in medical imaging technol-
ogy, clinicians and researchers are generating vast
amounts of complex 2D and 3D shape data describ-
ing the brain, the heart, and other critical organs
in both diseased and normal patients. Such shape
data is often modelled as points on manifolds. Thus,
characterizing such data requires us to extend sta-
tistical notions of centrality to manifold-valued data.
In previous work [2, 6, 13], the notion of centrality of
empirical data was defined via the Fréchet mean [7],
which was first developed for manifold-valued data by
Karcher [8]. Although the mean is an obvious central
representative, one of its major drawbacks is its lack
of robustness, i.e. sensitivity to outliers.

Our Contributions One of the most common ro-
bust estimators of centrality in Euclidean spaces is
the geometric median, or the 1-median. In this paper
we extend the notion of geometric median to gen-
eral Riemannian manifolds, thus providing a robust
statistical estimator of centrality for manifold-valued
data. We prove some basic properties of the gen-
eralization and exemplify its robustness for data on
common manifolds encountered in computer vision.
Although the methods presented herein are quite gen-
eral, for concreteness we will focus on the following
explicit examples: i) the space of 3D rotations, ii) the
space of positive-definite tensors, and iii) the space of
planar shapes.

The Riemannian Geometric Median

Let M be a Riemannian manifold. Given points
x1, . . . , xN ∈ M and corresponding positive real
weights wi, . . . , wN , with

∑
i wi = 1, define

the weighted sum-of-distances function f(x) =
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∑
i wid(x, xi), where d is the Riemannian distance

function on M .
We define the weighted geometric median, m, as the

minimizer of f , i.e., m = arg minx∈M

∑N
i wid(x, xi)

When all the weights are equal, wi = 1/N , we call m
simply the geometric median.

Theorem 1. The weighted geometric median defined
above exists and is unique if (a) the sectional curva-
tures of M are nonpositive, or if (b) the sectional
curvatures of M are bounded above by ∆ > 0 and
diam(U) < π/(2

√
∆).

The Weiszfeld Algorithm for Manifolds

For Euclidean data the geometric median can be com-
puted by an algorithm introduced by Weiszfeld [14]
and later improved by Kuhn and Kuenne [10] and
Ostresh [12]. We adapt this to general Riemannian
manifolds. The gradient of the Riemannian sum-of-
distances function is given by

∇f(x) = −
N∑

i=1

wi Logx(xi)/d(x, xi), (0.1)

where we require that x is not one of the data points
xi. This leads to a natural steepest descent iteration-
median:

mk+1 = Expmk
(αvk),

vk =
∑
i∈Ik

wi Logmk
(xi)

d(mk, xi)
·
(∑

i∈Ik

wi

d(mk, xi)

)−1

. (0.2)

Theorem 2. If the sectional curvatures of M are
nonnegative and the conditions (b) of Theorem 1 are
satisfied, then limk→∞mk = m for 0 ≤ α ≤ 2.
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Figure 1: Computation of the geometric median for 3D
rotations with example rotations (top) and outliers (bot-
tom). The geometric median results with 0, 5, 10, and 15
outliers.

Figure 2: Computation of the geometric median for 3D
tensors with example tensors (top) and outliers (bottom).
The geometric median results with 0, 5, 10, and 15 out-
liers.

Figure 3: Geometric median computation for data from
the hands database[4] with example hands (top) and out-
lier ellipses (bottom). Results are shown with 0, 5, 10, 15
outliers
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