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. INTRODUCTION Delaunay complex, that has high-order topological structures
) ) o (such as Delaunay triangles) compared with graphs that do
The location of sensor nodes is an indispensable componggt (having only vertices and edges). The combinatorial De-
for both network operation and sensor data integrity. lis th!aunaycomplex may be globally rigid when the combinatorial
paper we study the network localization problem for a larggye|aunaygraph is not. See Figure 1 for an illustration.

scale sensor network with a complex shape. We do not assume u Py Py,

any anchor nodes with known locations and use only network

connectivity information to recover the relative posiiiog of

all the nodes. Thus we require no extra hardware supplements v w »
v v v

(e.g., for angle or distance measurements) and mvesmgatsig. 1. Two Delaunay triangleg\uvw and Auwvp sharing an edge. The first
fundamental problem: can the network geometry be recaiyure is the only valid embedding, for in a simplicial complevo simplices
structed using network connectivity alone? This is a simpf@n only intersect at a common face. The graph is not globigigl.

yet very challenging setting for network localization. Our work in[5] sheds some light on providing reasonable
The Challenge of Localization A major challenge in anchor- Iocal_lzatlon results when the network has Io_w node Fjensny.
free localization is to handle possible flip ambiguities.oTw,BUt 'FS dependency on the boundary dgtectlon algorithm, to
triangles sharing an edge can be embedded in two possi ntify the network boundary nodes first and then selects

ways, with the two triangles on the same side, or on oppos I_and_marks, pUtS Iimi_tations on the applicability of the
sides of the common edge. In general, whether a graph %%allzatlon algorithm as in the case of extremely low dnsi

a unique embedding or not is investigated in graph rigidit'\%eﬁ\l’vorks’ wr|1ere fboundar;; c:]etection algorithmi do not work
theory [4]. A graph is rigid in 2D if a realization of the ell. Exam_p es of some of these cases were show]in
Qtur Contribution The main contribution in this paper is an

graph in the plane cannot be continuously deformed witho tal landmark selecti lqorithm that d of
changing the lengths of the edges. A graph is globally rifjid jcrementafiandmark selection aigorithm that does nalrass

it has a unique embedding in the plane given the edge Iengt]ﬁ'%OMedge of the network boundary. In particular, we start
Graph rigidity in 2D has been relatively well understoo .|th no knowledge of the network topology (whether there are

It is however not trivial to apply these rigidity results in oles or how many there are, etc.) and develop local comsitio

the development of efficient localization algorithms. Give EIE) teft v;hethEr a nlodte ghmild b”e ingludtetd ?ﬁ alneV\: Iandma}[rk.
graph with the edge lengths specified, finding a valid grap ?han n:ar T(se _etﬁe Ea ;]Jra i;a a{o Of | edoca kgegrger
realization inR? for a fixed dimensioni is an NP-complete of the network, with a nigner density of fandmark nodes
problem[2], [3], [6]. selected in regions with more detailed and complex features

Pioneer Work The pioneer work of using rigidity theory This new landmark selection algorithm greatly enhances the

. ; e : obustness of our algorithm in cases of extremely sparse or
in network focuses on identifying special graphs that dg o : .

) . - . S . .even non-rigid networks, or networks with very complicated
admit efficient localization algorithms. The first idea is tg

use trilateration graphs. A trilateration graph is a stleungShapeS thatare challenging for boundary detection algost

condition than global rigidity, and thus may require morges! We are not aware of any other localization algorithms using

. .qnly connectivity information with comparable performanc
than necessary to uniquely embed the graph. The second i . .
: . . . o e demonstrate the improved performance of our algorithm
is to examinel-uniquely localizable graphs. However, it is not

yo . .. ._in various network settings in the simulation section.

known whetherd-localizability is a generic property and it is
not clear whether there is a combinatorial characterinatio II. LOCALIZATION BY DELAUNAY COMPLEX
graphs that are-localizable. Both approaches require that the In this section we use a continuous setting to go though
network has sufficiently many edges to be globally rigid. the framework of network localization by the combinatorial

The work in this paper is a follow-up of our previous workDelaunay complex and provide the theoretical foundation of
[5] in which we proposed an algorithm for landmark selectiothe incremental Delaunay refinement algorithm. The sensor
to guarantee that the generated combinatorial Delaunay cdield is assumed to be a continuous dom&nec R? with
plex is globally rigid and admits a unique realization in theerhaps some interior holes.
plane. In contrast with the previous rigidity work @naphs, The main result in5] is a proof that when the landmarks
[5] focus on the global rigidity property of theombinatorial are selected as a-sample of the domairR with v < 1,



the Delaunay complexDC(L) is globally rigid and thus :
admits a unique realization in the plane. This establishes
foundation of the localization algorithm as we can now emb
the Delaunay complex incrementally and then localize tl%,
entire network with the Delaunay complex as a structut e
skeleton. : M (i (i) Vi)
L Fig. 3. Step by Step Incremental Delaunay Refinement Method. Thebeum

For localization, we also want that the Delaunay complex nodes is 3887. The connectivity follows a unit disk grapbdel with
provides good ‘coverage’ of the sensor field in the sense tlzg¢rage node degree 7.5. (i) The Voronoi diagram when no iaatémarks
every node is not very far from the Delaunay complex, so thed” lgﬁ dsnﬁﬁf(ts‘fd('iv()")EE‘segdeifg”sgsﬁﬁg‘(*j) %}rﬁgfgsf{g&ﬂmm cells of
the Delaunay complex faithfully represents the networkpsha
In particular, we take5 to denote the union of all the Voronoi selected is not covered by any landmark withinI LFS(q),
balls, andl/ the shape of the union of these balls. We prove: = §/(2 + 9).
the v-sample guarantees that the union of Voronoi balls is a
good approximation ol and the approximation is improved
as the density of landmarks increases. See Figure 2 (ii)rfor a The basic idea of the algorithm implementation is to select
example. Using the union of the Voronoi balls to approximatandmarks incrementally in the network until both the globa
the shapeR was initially proposed in geometric processingigidity and the coverage property are satisfied as destribe
and computer graphids]. However, we cannot directly applyin Section Il. The biggest difference between this paper and
the results in1] as there are a couple of differences with oupur previous one is that the new landmark selection algarith
setting. does not depend on the success of boundary detection or the
knowledge of the local feature size. Thus the new algorithm
is more robust in practice, and yet still captures the gegmet
of the network. The main steps (Figure 3) include: 1). Select
Initial landmarks; 2). Compute Voronoi diagram and Select
more landmarks incrementally until no more landmarks can be
selected; 3). Extract Delaunay complex; 4). Embed Delaunay
complex; 5). Network localization.

IIl. I NCREMENTAL DELAUNAY REFINEMENT

Fig. 2. Left: The Voronoi graph (shown in dashed lines) and the Delgu IV. SIMULATION

f\?en:t?gg;foédagzgf (:Ii;ngdlzsérgfanh&?obnﬂ;ng‘?e@ 'sg:deg?ﬁ:'a%ﬂiy jr']'i]:)?]"coefs We conducted extensive S|mula_t|ons under various scenario
Voronoi balls approximately covers the domaih to evaluate how well our algorithm extracts the network
Based on the previous discussion, there are two desiratipology and how performance is effected by different festo
criterions, namely, global rigidity and coverage, for theafi such as node density, or communication model (quasi-UDG,
Delaunay complex. Now, we investigatecal conditions for probabilistic model, etc.). Typically our examples have an
landmark selection to guarantee both rigidity and good covewverage node degree of around 10, but we even get good per-
age of the induced Delaunay complex: formance for average degree as low as 6. We also demonstrate
1) Local Voronoi edge connectivity: The Voronoi edges @ good result for a special case where nodes are aligned on a
for each landmark, form a connected set. perfect grid having an average degree of 4. We evaluate the
2) Local Voronoi ball coverage: Each nodex inside a communication cost of our algorithm at the end.
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