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In the shortest anisotropic path (SAP) prob-
lem [7], the goal is to minimize the weighted length
of a path on a triangulated terrain, where the weight
of a path segment ab depends both on the face con-
taining ab and the direction of ab. The problem
is a generalization of the weighted region problem.
Several papers [3, 5, 8, 9] give approximation algo-
rithms for SAPs. It is known (see, e.g., Lanthier
et al. [5]) that a SAP can have many bends in the
interior of a face, and there can be infinitely many
SAPs even between two points in a common face. In
practice, however, not all of these SAPs are equally
good. For example, for robot motion planning, a
SAP with fewer bends is preferable because a robot
needs extra time and energy to change its direction
at a bend. It is therefore natural to look for a SAP
with a limited number of bends. We show here that
the problem is hard:

Theorem. Deciding if there exists a SAP of length
at most L that has at most k bends is NP-complete.

Our proof uses a reduction from 3-SAT following
the idea of Canny and Reif’s hardness result [2] for
shortest paths among obstacles in 3D, though our
gadgets are different as our paths lie on a 2D surface.

Our problem is a bicriteria shortest path problem.
See Mitchell [6, Sec. 4] for a survey and Daescu et
al. [4] for more recent approximation algorithms.

Many shortest path problems including
anisotropic and bicriteria problems share the
interesting feature that although approximation
algorithms are the best results known, hardness
proofs seem elusive. For example, the complexity
of finding a shortest k-link path in a polygon is still
open. Arkin et al. [1] give some hardness results
for bicriteria shortest path problem, in particular
proving that in a polygon with holes, minimizing
length and total turn is NP-hard.

Construction

We use a simple direction-dependent weight func-
tion, defined as follows. Given an angle ψ ∈ [0, π

2
),
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a line segment is steep if it makes an angle less than
ψ with a vertical line. For any two points a and b

in a common face, the weight of segment ab is |ab| if
ab is not a steep segment, and is infinity otherwise.

A direction in a face is called a critical direction
if it makes an angle ψ with a vertical line. A bend
on path P is a point where P changes its direction.
To be precise, segments ab and bc bends at b if ab

and bc are not collinear (our proof works even when
a bend is defined in a planar unfolding of the faces).

We use two elementary gadgets in our construc-
tion. The first one is a Splitter which “splits” a
SAP into two SAPs with exactly two bends each.
A Splitter consists of three faces bounded by edges
parallel to the x-axis, as shown in Fig. 1(a). Faces
f0 and f2 are horizontal, and the slope of face f1

is such that the angle between the two critical di-
rections in this face is π

2
. Clearly, any SAP from a

point p0 ∈ e0 to edge e3 leaves e0 along the direction
of the y-axis and reaches e3 in the same direction.
Moreover, the SAP reaches e3 at a point in p3p

′

3
.

Now the SAP from p0 to any point in the interior
of p3p

′

3
has at least three bends, but the SAP from

p0 to either p3 or p′
3

has exactly two bends. Thus
each SAP from a point in e0 to edge e3 splits into
two SAPs with two bends. Using the same gadget,
two SAPs from edge e0 to edge e3 can be merged
together to reach a single point in e3. We can have
any desired gap between the two SAPs in f2 since
the gap is twice the distance between e1 and e2.

The other elementary gadget is a Blocker, which
is simply a rectangular hole in a horizontal face,
as shown in Fig. 1(b) (we can also use rectangular
pyramids instead). Any SAP from e0 to e1 that
encounters the Blocker must travel around it, which
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Figure 1: (a) A Splitter. (b) A Blocker.
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costs more in terms of length and bends.

Given a 3-SAT instance with n variables and m

clauses, we first construct as follows a polynomial
sized terrain that has exactly 2n SAPs with a limited
number of bends. We pick two points s and t on
the y-axis, and then add n Splitters near s and n

Splitters near t as shown in Fig. 2(a), so that we
have from s to t exactly 2n SAPs with 4n bends each
(note that for the ease of discussion, we unfold our
Splitters onto the xy-plane). We call this sequence
of SAPs the path bundle.

The paths in the path bundle are then labeled
with the integers from 0 to 2n −1, from right to left
in Fig. 2(a). Each path now represents one possible
truth assignment for the n variables, with the ith bit
of the label giving the “value” of the ith variable.

We then add to the middle face of the terrain in
Fig. 2(a) a sequence of Clause Filters, one for each
of the m clauses—a SAP can pass through such a
filter if the truth assignment corresponding to the
SAP satisfies the clause corresponding to the filter.
A Clause Filter consists of the following gadgets: (i)
A Tripler that splits the path bundle into three bun-
dles, each containing the labeled paths in their orig-
inal ordering. The Tripler consists of two Splitters
and a Blocker. (ii) A Reverse Tripler that merges
the three bundles from a Tripler into one path bun-
dle. It is similar to a Tripler. (iii) Three Literal Fil-
ters, one for each literal in the corresponding clause.

A Literal Filter in a Clause Filter blocks the SAPs
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Figure 2: (a) The path bundle in the initial terrain.
(b) Clause Filters along the path bundle.

whose truth assignments do not conform to the cor-
responding literal. A Literal Filter consists of a
Blocker and a sequence of n Shufflers. A Shuffler
makes a perfect shuffle of the paths in the path bun-
dle (Fig. 3). The position of the Blocker in a Literal
Filter depends on the corresponding literal, in the
same manner as in Canny and Reif [2].

The paths in the path bundle that “survive” all
the blockers (i) have exactly 4mn + 8m + 4n bends
each, and (ii) are of equal length. Although each
Shuffler halves the gap between consecutive paths
in the path bundle, each coordinate in the entire
construction can still be specified using an O(mn)-
bit integer. The proof of the theorem follows.
(We thank Anil Maheshwari for useful discussion.)
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Figure 3: A Shuffler.
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