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Abstract

We considerL 1-isotonic regression andL 1 isotonic and unimodal regression. ForL 1-
isotonic regression, we present a linear time algorithm when the number of outputs are
bounded. We extend the algorithm to construct an approximate isotonic regression in
linear time when the output range is bounded. We present linear time algorithms for
L 1 isotonic and unimodal regression.

1 Introduction

Isotonic regressionin the Lp norm, p > 0, is de�ned as follows. Letx = [ x1; x2; : : : ; xn ]; x i 2
R, be given. The task is to construct a corresponding sequencew = [ w1 � w2 � : : : � wn ]
so that Ep(w) is minimized for some givenp, where

Ep(w) =

8
><

>:

1
n

nP

i =1
jx i � wi jp 1 � p < 1 ;

max
i

jx i � wi j p = 1 :

The regression isunimodal if w1 � w2 � � � � � wi � wi +1 � � � � � wn , for somei ; x i is
denoted acrossoverpoint. The pre�x-isotonic regression problem is to construct the isotonic
regression for all pre�xes ofx. We study the casesp = 1 and p = 1 . The casep = 1 is
sometimes denoted isotonic median regression. We will refer to E1(w) or E1 (w) as the error
of the regression when the context is clear. The e�ciency of an algorithm is measured in
terms of n.

In this paper, we provide two output sensitive isotonic median regression algorithms and
algorithms for L1 regression. More speci�cally,

i. Suppose thatx i 2 X where jX j = K . Then, L1-isotonic regression can be performed in
O(n logK ) time, linear in n. In the worst case,K = n and we haveO(n logn).

ii. Suppose that x i 2 [a; b]; 8i . Given � > 0, we construct an approximateL1-isotonic
regression with error at most the optimal plus� in time O(n log(b� a

� )).
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iii. We give linear time algorithms for L1 pre�x-isotonic and unimodal regression.

Applications of isotonic regression can be found in [12, 11]. Isotonic and unimodal re-
gression are both examples of nonparametric shape constrained regression. Such regressions
are useful when prior knowledge about the shape but not the parametric form of a function
are known. The importance of isotonic regression stems fromthe fact that it is often the
case in statistical estimation or learning that one wishes to estimate a function that is known
to be monotonically increasing (say), even though the data will not necessarily exhibit this
behavior, on account of noise, [6, 13]. Examples include theprobability of heart attack as
a function of cholesterol level, [6]; the \credit worthiness" as a function of income, [13]. To
illustrate, suppose that we would like to determine cholesterol level thresholds at which a
heart attack becomes more prevalent, and we have a sequence of patients with cholesterol
levels c1 < c2 < : : : < c n . Associated to each patienti , let x i be the number of heart
attacks they had within the following year, x i = 0; 1; 2; : : : ; K for some small value ofK .
The isotonic regression determines thresholds for the cholesterol levels that identify di�erent
severities for heart attack risk.

The outline of the remainder of the paper is as follows. Firstwe summarize the previous
work in this area. Then, we present some results onL1 isotonic regression that lead to the
�nal O(n logK ) algorithm. Lastly, we cover L1 isotonic regression, from which theL1

unimodal regression naturally follows. We give all algorithms in their respective sections.

1.1 Previous Work

L2 isotonic regression can be performed e�ciently in linear time using some variant of a
Pooling Adjacent Violators (PAV) algorithm [1, 11, 12]. For L1 isotonic regression, algo-
rithms in the e�ciency class O(n logn) are known. Some approaches to isotonic regression
are given in [2, 9, 10, 12].

The L1 and L2 pre�x-isotonic regression problems have been solved optimally in [14].
For L2, the runtime is O(n), which is clearly optimal, and forL1 it is O(n logn), which, by
a reduction from sorting, is optimal [14]. WhileO(n logn) is optimal for L1 pre�x-isotonic
regression, it is not known whether the apparently simpler isotonic regression problem can
be performed faster thanO(n logn). We take a �rst step in this direction by obtaining a
linear bound in terms of the size of the output (K).

Unimodal regression has been studied extensively in [14], where the author gives a linear
time algorithm for the L2 case, and anO(n logn) algorithm for the L1 cases. This result was
a signi�cant improvement over the exponential and quadratic algorithms that existed prior
to this work [4, 5, 7, 8].

A general PAV type algorithm, [14], relies on the ability to e�ciently update a suitably
de�ned \mean". Such an algorithm is easily applicable to theL1 and L2 cases, however, for
p > 2, the \Lp-mean" is not conveniently updated. For the casep = 1 it is not clear what
this \mean" should be, and hence, the algorithm cannot be applied.

We are unaware of any published work regarding theL1 case. Our algorithms forL1

pre�x-isotonic and unimodal regression are linear time, and hence optimal.
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2 L1-Isotonic Regression

We use the notation [i; j ] to refer to the interval of integersf i; i + 1; : : : ; j g, and x[i; j ] to
represent the sequence [x i ; : : : ; xj ]. In this section, the isotonic regression will always refer
to L1-optimal isotonic regression. Without loss of generality,we can represent the isotonic
regression by a collection of monotonically increasinglevel sets, or intervals to each of which
is associated a value orlevel: C = f I � ; h� gK

� =1 . EachI � is an interval of the formI � = [ i � ; j � ].
We assume thati1 = 1, j K = n, i � +1 = j � + 1 and h� < h � +1 for 1 � � < K . The isotonic
regression that is induced byC is given by assigningwi = h� for all i 2 I � . We de�ne the
error for C, E1(C), as the error E1(w) of the corresponding induced isotonic regressionw.
The example below illustrates all this notation for the sequencex = [2; 1; 2; 1; 2].

wi

1 5432

2

1

i

wi

1 5432

2

1

i

wi

1 5432

2

1

i

C = f ([1; 4]; 1); ([5; 5]; 2)g C= f ([1; 2]; 1); ([3; 5]; 2)g C= f ([1; 5]; 2)g
w = [1; 1; 1; 1; 2] w = [1; 1; 2; 2; 2] w = [2; 2; 2; 2; 2]

E1(C) = 2 E1(C) = 2 E1(C) = 2

Note that the isotonic regression is not unique. To remove this ambiguity, we will only con-
sider the isotonic regression in which the sum of thewi is minimized (the leftmost regression
in the �gure). We de�ne the weight of the isotonic regression byW(C) =

P
i wi , wheref wi g

is the isotonic regression induced byC. Thus if C is an isotonic regression, andC0 is any other
monotonically increasing collection of level sets, thenE1(C) � E 1(C0), and if E1(C) = E1(C0),
then W(C) < W (C0) (we will show later that the isotonic regression is indeed unique).
Throughout, we will refer to the unique isotonic regressionby C = f I � = [ i � ; j � ]; h� gK

� =1 ,
and in general, we will useI � to refer both to the interval [i � ; j � ], as well as to the set of
points f x i � ; : : : ; xj � g.

We de�ne the median of a level setI = [ i; j ], M (I ), to be the median of the points
f x i ; x i +1 ; : : : ; xj g, where the median is de�ned in the usual way:

M (y1 � y2 : : : � ym ) = ybm +1
2 c

Note that M (I ) = xk for somek 2 [i; j ]. Further, note that if M (S1) � M (S2) for any S1; S2,
then M (S1) � M (S1 [ S2) � M (S2). It is also well known that the median is a minimizer
of the L1 error. Since we require the weight of the isotonic regression to be minimum, we
conclude that the level of each level set has to be the median of the set:

Proposition 2.1 h� = M (I � ) for all � 2 [1; K ].

Proof: Suppose thath� < M (I � ) for some � . This means that there are strictly more
points in I � aboveh� than below. By raisingh� we can decrease the error, contradicting the
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optimality of the isotonic regression. Suppose thath� > M (I � ) for some� . In this case, by
the de�nition of the median, there are at least as many pointsbelow h� as there are above.
In this case, we guarantee not to increase the error by lowering h� , and at the same time
decrease the sum of thewi contradicting the minimality of W(C).

In particular, h� = xk for somek 2 [i � ; j � ], i.e., every level is one of thex i 's. Note that
since,h� < h � +1 , we immediately have that the sequence of medians must be increasing.

Corollary 2.2 M (I � ) < M (I � ) for 1 � � < � � K .

The next proposition is one of the crucial properties that wewill use. It essentially states
that the isotonic regression for a set of points is the union of the isotonic regressions for two
disjoint subsets of the points. Considerany level setI � in the isotonic regression and de�ne
the left and right subsets of the points with respect to this level set bySl = f x1; : : : ; xi � � 1g
and Sr = f x i � ; : : : ; xng. We de�ne the left and right isotonic regressionsCl and Cr as the
isotonic regressions for the respective left and right subsets. ThenC = Cl [ C r . We will need
the following lemma to prove the proposition,

Lemma 2.3 For any � , with I � = [ i � ; j � ] 2 C,

(i ) M (f x i � ; : : : ; xj g) � M (I � ); for all j � i � :
(ii ) M (f x i ; : : : ; xj � g) � M (I � ); for all i � j � :

Proof: (i) Let I � be the last level set for which there exists aj � i � , with M (f x i � ; : : : ; xj g) <
M (I � ). Supposej > j � . Then, M (x i � +1 ; : : : ; xj ) < M (I � ) < M (I � +1 ) and so I � is not the
last level set with this property. Thus, j < j � . Decompose (I � ; h� ) into two level sets:
(I 1 = f x i � ; : : : ; xj g; max(h� � 1; M (I 1))) and (I 2 = f x j +1 ; : : : ; xj � g; h� ). The decomposition
guarantees not to increase the error, while lowering the weight of the regression, contradicting
the fact that C has minimum weight among optimal isotonic regressions.

(ii) Let I � be the �rst level set for which there exists ani � j � , with M (f x i ; : : : ; xj � g) >
M (I � ). Supposei < i � . Then, M (x i ; : : : ; xj � � 1 ) > M (I � ) > M (I � � 1) and so I � is not
the �rst level set with this property. Thus, i > i � . Decompose (I � ; h� ) into two level sets:
(I 1 = f x i � ; : : : ; xi � 1g; h� ). and (I 2 = f x i ; : : : ; xj � g; min(h� +1 ; M (I 2))). The decomposition
strictly decreases the error, contradicting the fact thatC has minimum error.

Proposition 2.4 C= Cl [ C r

Note that the proposition is valid for any level setI � that is used to constructSl ; Sr .

Proof: Let C0 = Cl [ Cr = f I 0
� ; h0

� gK 0

� =1 . Since h0
� = M (I 0

� ), it will su�ce to show that
I 0

� = I � for all � 2 [1; K ]. Suppose to the contrary and let� � be the �rst level set for which
I � � 6= I 0

� � . Further, suppose without loss of generality thatjI � � j > jI 0
� � j (a similar argument

holds for jI � � j < jI 0
� � j). Therefore,

I � � = I 0
� � [ I 0

� � +1 [ � � � [ I 0
� � + L [ P;
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where P is a pre�x of I 0
� � + L +1 : Note that I � � ; : : : ; I 0

� � + L +1 are either all in Cl or all in Cr .
Without loss of generality, assume they are all inCl . We know that h0

� � + i = M (I 0
� � + i ) for

i 2 [0; L + 1] and by construction, h0
� � + i < h 0

� � + i +1 for i 2 [0; L]. From Lemma 2.3, we
know that M (P) � M (I 0

� � + L +1 ) (since Cl is the isotonic regression forSl ). By Lemma 2.3,
we also have thatM (I � � ) � M (I 0

� � ), and similarly from the optimality of C, we have that
M (I 0

� � ) � M (I � � ), hence that M (I 0
� � ) = M (I � � ). Therefore, we have that

M (I � � ) = M (I 0
� � ) < M (I 0

� � +1 ) < � � � < M (I 0
� � + L ) < M (I 0

� � + L +1 ) � M (P):

SinceP is a su�x of I � � , by the optimality of Cand Lemma 2.3, we have thatM (P) � M (I � � )
which is the desired contradiction.

An immediate consequence of this proposition is that the isotonic regression is unique, by
choosing (for example)Sl = x and Sr = fg .

Corollary 2.5 The isotonic regression is unique.

Suppose we are given a constant
 , we would like to �nd the �rst level set whose height is
at least 
 . In particular, we would like to �nd the �rst point of this lev el set. We call this
point a pivot point for 
 . More speci�cally, let C be the isotonic regression, and let� be
such that h� � 
 and if � > 1, then h� � 1 < 
 . We would like to �nd x i � . Note that if all
the levels are< 
 , then x i � does not exist, in which case we can default toi � = n + 1. We
know from Lemma 2.3 that it is necessary forx i � to satisfy two conditions:

i. for every sequenceS begining at x i � , M (S) � h� � 
 ;

ii. for every sequenceS0 ending at x i � � 1, M (S0) � h� � 1 < 
 .

The content of the next proposition is that these conditionsare also su�cient.

Theorem 2.6 Let C be the isotonic regression. Given
 , let I � be the �rst level set with
h� � 
 . Then, x i is the �rst point in I � (i.e., x i = x i � ) if and only if for any sequenceS
begining atx i and any sequenceS0 ending at x i � 1, M (S0) < 
 � M (S):

Proof: It only remains to prove that if M (S0) < 
 � M (S) for any two sequences as
described, theni = i � . We know that i must belong to one of the level sets,i 2 I � for some
� with 1 � � � K . We need to show three things: (i)h� � 
 ; (ii) i = i � ; (iii) h� � 1 < 
 .

(i) Suppose that h� < 
 . Then, considerS = f x i ; : : : ; xj � g. By Lemma 2.3,M (S) �
h� < 
 . By construction of x i , M (S) � 
 , a contradiction.

(ii) Suppose that i is not the �rst point in I � . Then considerS0 = f x i � ; : : : ; xi � 1g. By
Lemma 2.3,M (S0) � h� � 
 (by (i)). By construction of x i , M (S0) < 
 , a contradiction.

(iii) Suppose that h� � 1 � 
 . Consider S0 = f x i � � 1 ; : : : ; xi � 1g. From (ii), this is exactly
I � � 1. By construction of x i , M (S0) = M (I � � 1) = h� � 1 < 
 , a contradiction.
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Thus to �nd the �rst point of the �rst level set with height at l east a given
 , we only need
to search for anx i that satis�es the conditions of Theorem 2.6. The remainder of this section
is devoted to developing a linear time algorithm to �nd this point. This algorithm will be
the basis of our isotonic regression algorithms that we discuss in the next section.

De�ne the following three quantities for any interval [i; j ].

N + (i; j ): the number of points � 
 in the set S[i;j ] = f x i ; : : : ; xj g.
N � (i; j ): the number of points< 
 in the set S[i;j ] = f x i ; : : : ; xj g.
� r (i; j ): min

t2 [i;j ]
(N + (i; t ) � N � (i; t )).

� l (i; j ): max
t2 [i;j ]

(N + (t; j ) � N � (t; j )).

Note that the median of the setS[i;j ] is � 
 if and only if N + (i; j ) � N � (i; j ) > 0. From this
observation, we get the following lemma.

Lemma 2.7 xk satis�es the conditions of Theorem 2.6 if and only if one of the following
hold:

i. k = 1 and � r (k; n) > 0;

ii. k > 1, � r (k; n) > 0 and � l (1; k � 1) � 0.

If no such xk exists, then the levels of all the level sets are< 
 .

We show how to �nd such anx i in linear time. Start two pointers pl = 0 and pr = n + 1.
The initial conditions of the algorithm are:

N + (pr ; n) = 0; N � (pr ; n) = 0 ;
N + (1; pl ) = 0; N � (1; pl ) = 0 :

Let x l = x[1; pl ], x r = x[pr ; n], and S = x[pl + 1; pr � 1]. Initially, x r = x l = fg ; and S = x.
If M (S) � 
 , then we know that xpr is not our solution, so we decrementpr by 1 and update
x l ; x r ; S. On the other, if M (S) < 
 , then xpl +1 is not our solution, so we incrementpl

by 1 and updatex l ; x r ; S. We continue this process of decreasingpr or increasingpl until
pr = pl + 1. We now prove that this algorithm correctly computes the pivot point. The
nature of the algorithm is to movepr (resp. pl ) until M (S) switches from� 
 (resp. < 
 )
to < 
 (resp. � 
 ). Denote a phase in the algorithm as the period when one of thepointers
begins to move and then stops.

Lemma 2.8 The following invariants are maintained at the end of every phase.

i. The median of every pre�x ofx r is � 
 .

ii. The median of every su�x of x l is < 
 .
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Proof: We prove the claim by induction on the phase number. Initially the invariants hold
by default sincex r and x l are empty. Suppose the invariants hold up to some phase, and
consider the next phase, i.e.,pl + 1 < p r .

Suppose thatpl ! p0
l and x l ! x0

l in this phase. By construction,M (x[k; pr � 1]) < 

for pl + 1 � k � p0

l . Since pl stopped moving, there are two cases. (i)p0
l = pr � 1, in

which case the median of every su�x ofx[pl + 1; p0
l ] is < 
 . (ii) p0

l < p r � 1, in which case
M (x[p0

l + 1; pr � 1]) � 
 . But since M (x[k; pr � 1]) < 
 for pl + 1 � k � p0
l , it follows that

M (x[k; p0
l ]) < 
 , or once again, the median of every su�x ofx[pl + 1; p0

l ] is < 
 . Every su�x
of x0

l is either a su�x of x[pl + 1; p0
l ] or the union of x[pl + 1; p0

l ] with a su�x of x l . Since
M (S1) < 
 and M (S2) < 
 implies M (S1 [ S2) < 
 for any S1; S2, invariant ( ii ) now follows,
i.e., the median of every su�x of x0

l is < 
 . Sincepr did not move in this phase, invariant
(i ) was unchanged.

Similarily, suppose instead thatpr ! p0
r and x r ! x0

r in this phase. This means that
M (x[pl + 1; k])ge
 for p0

r � k � pr � 1. Once again, there are two cases,p0
r = pl + 1 and

p0
r > p l + 1. In both cases it follows using similar arguments that themedian of every pre�x

of x[p0
r ; pr � 1] is � 
 . Invariant ( i ) follows from the facts that any pre�x of x0

r is the union
of pre�xes of x[p0

r ; pr � 1] and x r , and M (S1) � 
; M (S2) � 
 =) M (S1 [ S2) � 
 . Since
pl did not move in this phase, invariant (ii ) was unchanged.

Thus when the algorithm concludes, �r (pr ; n) > 0 and � l (p1; l) � 0 and we have the pivot
point. The e�ciency of the algorithm hinges on being able to determine if M (S) is larger
or smaller than 
 . Since M (x[i; j ]) � 
 if and only if N + (i; j ) � N � (i; j ) > 0, we need
to maintain N � (pl + 1; pr � 1). The following update rules allow us to do this e�ciently.
Suppose we have computedN � (i; j ) for 1 � i < j � n

N + (i + 1; j ) = N + (i; j ) � 1; N � (i + 1; j ) = N � (i; j ) if x i � 
:
N + (i + 1; j ) = N + (i; j ); N � (i + 1; j ) = N � (i; j ) � 1 if x i < 
:

N + (i; j � 1) = N + (i; j ) � 1; N � (i; j � 1) = N � (i; j ) if x j � 
:
N + (i; j � 1) = N + (i; j ); N � (i; j � 1) = N � (i; j ) � 1 if x j < 
:

The entire algorithm is summarised in Algorithm 1.
We de�ne an operation as a comparison, a 
oating point operation or an assignment.

Step 3 can be computed in 3n operations. An update (steps 6,8) takes 6 operations, andn
updates need to be made. We thus have the following theorem.

Theorem 2.9 Given x = f x i ji 2 [1; n]g and 
 2 R, the pivot point for 
 can be found using
at most Cn operations, whereC � 9.

Summary. The pivot point x i for any value 
 can be found in linear time.x can then be
partitioned into two disjoint subsets, x l = x[1; i � 1] andx r = x[i; n ]. The isotonic regression
Cl of x l will have level sets all of whose levels are< 
 , and the isotonic regressionCr of x r

will have level sets all of whose levels are� 
 . Further, the isotonic regressionCof x is given
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Algorithm 1 Algorithm to compute a pivot point.
1: // Input: x = f x i ji 2 [1; n]g and 
 2 R.
2: // Output: i such that x i is the pivot point for � 
 .
3: Set pl = 0, pr = n + 1 and using a single scan computeN � (pl + 1; pr � 1);
4: while pl + 1 6= pr do
5: if N + (pl + 1; pr � 1) � N � (pl + 1; pr � 1) > 0 then
6: pr  pr � 1, and updateN � (pl + 1; pr � 1);
7: else
8: pl  pl + 1, and update N � (pl + 1; pr � 1);
9: end if

10: end while
11: return pr ;f pr = n + 1 if all levels are < 
 .g

by C = Cl [ C r . This result already has applications. Suppose we would simply determine a
threshold x where the response function exceeds a given value,
 . This can be accomplished
by �nding the pivot point for 
 .

2.1 L1-Isotonic Regression: Algorithms

The importance of Proposition 2.4 and Theorem 2.9 from the algorithmic point of view can
be summarised as follows. Suppose we have the inputx for which the isotonic regression can
only have levels in the setf m1 < m 2 < � � � < m K g { for example, this would be the case ifx i

can only take values in this set. Letp be the index of the pivot point for 
 = mi , i 2 [1; K ].
This pivot point, which can be found in linear time, partitions x into x l = x[1; p � 1] and
x r = x[p; n] (one of these may be empty). By Proposition 2.4, it then su�ces to recursively
compute the isotonic regressions forx l and x r . Further, by construction of p, all the levels
in x l will be < 
 = mi , and all the levels inx r will be � 
 . We obtain an e�cient algorithm
by choosing
 to be the median of the available levels each time in the recursion. The full
algorithm is given in Algorithm 2.

The correctness of this algorithm follows from the results in the previous section, specif-
ically Proposition 2.4. What remains is to analyse the run time. It is enough to analyse
the runtime of ISOTONIC(x; m; [i; j ]; [k; l ]). Let T(n; K ) be the worst case runtime when
j[i; j ]j = n and j[k; l ]j = K . Then in the worst case, the algorithm will call itself on a left
set of size� with dK=2e levels and on a right set of sizen � � with bK=2c levels, for some
0 � � � n. As already discussed, the pivot step to perform this partition takes at mostCn
operations (step 9), so we have the following recursion forT(n; K ):

T(n; K ) � max
� 2 [0;n]

�
T(�;

�
K
2

�
) + T(n � �;

�
K
2

�
)
�

+ Cn:

For K = 2 l , a straight forward induction shows thatT(n; K ) � Cn logK . By monotonicity,
T(n; K ) � T(n; 2dlog K e), which givesT(n; K ) � CndlogK e, yielding the following theorem.
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Algorithm 2 Algorithm to perform the full isotonic regression.
1: // Wrapper to call the recursive function.
2: // Input: x = f x i ji 2 [1; n]g and m = f m1 < m 2 < � � � < m K g.
3: // Output: Isotonic regression,C = f (I � ; h� )g
4: Call ISOTONIC( x; m; [1; n]; [1; K ]);

1: ISOTONIC (x; m; [i; j ]; [k; l ])
2: // Output: Isotonic regressionC = f (I � ; h� )g for x[i; j ], given all levels are inm[k; l ].
3: if j < i then
4: return fg ;
5: else if k = l then
6: return f ([i; j ]; m[k])g
7: else
8: Let q = k + 1 +

�
l � k

2

�
; f q is 1+the median of [k; l ]g

9: Let p=index of pivot point for x[i; j ] with 
 = m[q];
10: Cl =ISOTONIC( x; m; [i; p � 1]; [k; q � 1]); Cr =ISOTONIC( x; m; [p; j ]; [q; l]);
11: return Cl [ C r ;
12: end if

Theorem 2.10 The isotonic regression forn points with K possible levels can be obtained
in O(n logK ) time.

If the K levels are not known ahead of time, they can be determined andsorted using
standard data structures, such as a balanced binary seach tree inO(n logK ) time, [3]. This
does not a�ect the asymptotic running time. In the worst case, K = n and our algorithm
is no worse than existing algorithms. However, there can be signi�cant improvement in the
e�ciency when K is �xed and small.

Approximate isotonic regression. The algorithm that we have given can be run with
any set of levels supplied { the pivot point is de�ned for any
 . It is not required that the
true isotonic regression levels all be from this set in orderto run the algorithm. Ofcourse,
if the true levels are not from the set of levels supplied to the algorithm, then the result
cannot be the true isotonic regression. If the levels chosenare close to the true levels, then
the approximate isotonic regression should be close to the true one.

In particular, suppose that a � x i � b for all i 2 [1; n]. Consider the levelsmi = a + i� ,
where� = ( b� a)=K and i 2 [0; K ]. Suppose that [i � ; j � ]; h� is a (non-empty) level set output
by the algorithm, h� = a+ i � � . Then x i � is a pivot point, for which all the levels of thetrue
isotonic regression to the right are� h� . Further, all the levels to the left of the next level
set that is output are < h � + � . Therefore, the error of a point from its corresponding level
output by the algorithm di�ers from its error with respect to the true isotonic regression
level by at most � . Thus, the additional error contributed by every point is at most � , for
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a total error increase of at mostn� , increasingE1 by at most � . Further, the runtime is
O(n logK ) = O(n log((b� a)=�)), establishing the following theorem.

Corollary 2.11 Suppose thata � x i � b for i 2 [1; n] and let w be the isotonic regression.
Then, an approximate isotonic regressionw0 can be computed inO(n log((b � a)=�)) time
with E1(w0) � E 1(w) � � .

3 L1 -Pre�x-Isotonic Regression

In this section, we will refer to theL1 -optimal isotonic regression more simply as the isotonic
regression (which is not necessarily unique). For any sequence of pointsx = [ x1; x2; :::; xn ],
de�ne a Maximally Violating Pair (MVP) to be a pair of points that maximally violates the
monotonicity requirement, i.e., anMV P is a pair (x l ; xr ) with l < r , x l > x r , and 8i < j ,
x l � xr � x i � x j . If x i � x j for all i < j , then no such pair exists. Ifx has anMV P (x l ; xr ),
we de�ne the distortion of x, D(x), to be (x l � xr ), and D(x) = 0 if x does not have an
MV P. Note that by de�nition of an MV P, x i � x l for all i < r and x j � xr for all j > l .

Let C be an isotonic regression forx and let (x l ; xr ) be anMV P. Either wl � (x l + xr )=2
or wr � wl > (x l + xr )=2, so we conclude thatE1 (C) cannot be less thatD(x)=2. The next
proposition shows that this lower bound is achievable.

Proposition 3.1 Let C be an isotonic regression forx. Then E1 (C) = D(x)=2. Further, if
(x l ; xr ) is an MV P, then wl = wr = ( x l + xr )=2.

Proof: If D(x) = 0, then x is a monotonically nondecreasing sequence.wi = x i is the
optimal regression withE1 = 0. Suppose thatD(x) > 0. We will construct (by induction) an
isotonic regression with errorD(x)=2. It then follows immediately that wl � (x l + xr )=2 � wr ,
and by monotonicity, wr � wl from which we getwl = wr = ( x l + xr )=2.

The induction basis is whenx = fg , x = [ x1] or x = [ x1; x2], in which cases the claim is
obvious. Suppose that an optimal regression exists with error D(x)=2 wheneverjxj � N , and
consider any sequencex with jxj = N +1 and D(x) > 0. Let (x l ; xr ) be anMV P, and de�ne
the left and right sequences:x l = [ x1; x2; : : : ; xl � 1]; and x r = [ xr +1 ; xr +2 ; : : : ; xN +1 ]. Note
that D(x l ) � D(x) and D(x r ) � D(x). Let Cl and Cr be the isotonic regressions forx l and x r

respectively. Since the left and right sequences are strictly shorter than x, by the induction
hypothesis, we have thatE1 (Cl ) = D(x l )=2 � D(x)=2 and E1 (Cr ) = D(x r )=2 � D(x)=2.

We now show how to construct the isotonic regression forx with error D(x)=2 from Cl , Cr

and one additional level setC� = f (I = [ l; r ]; h = ( x l + xr )=2)g. Consider all level sets inCl

with level � h. Reduceall these levels toh, and call this new isotonic regressionC0
l . We claim

that E1 (C0
l ) � D(x)=2. We only need to consider the level sets whose levels were altered.

Let x be any point in such a level set with heighth0 � h. x � x l by de�nition of the MV P
(x l ; xr ). x � xr , because ifx < x r , then D(x l )=2 � h0 � x > h � xr = D(x)=2 � D(x l )=2,
which is a contradiction. Thusxr � x � x l and so the error for any such point is at most
D(x)=2 for the regressionC0

l . The error for all other points has remained unchanged and
was originally at mostE1 (Cl ) = D(x l )=2 � D(x)=2, so we conclude thatE1 (C0

l ) � D(x)=2.
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Similarily, consider all level sets ofCr with level � h. Increaseall these levels toh and call
this new isotonic regressionC0

r . Once again any pointx in any level set with a level change
must satisfy xr � x � x l and so we conclude thatE1 (C0

r ) � D(x)=2.
Consider the regressionC0 = C0

l [ C � [ C 0
r . E1 (C0) = max fE1 (C0

l ); E1 (C� ); E1 (C0
r )g =

D(x)=2. The isotonic regressionC is constructed fromC0 by taking the union of all level sets
with the height h (these must be consecutive level sets), which does not alterthe error.

Proposition 3.1 immediately yields a recursive algorithm to compute the isotonic regression.
Unfortunately, this recursive algorithm would have a run time that is quadratic in n. We
now show how to construct this regression from left to right,using a single pass. This will
lead to a linear time algorithm for the pre�x-isotonic regression problem. Letx i = x[1; i ].
Let Ci be an isotonic regression forx i . The pre�x-isotonic regression is given byfCi gn

i =1 .
Note that E1 (Ci +1 ) � E 1 (Ci ) sinceD(x i +1 ) � D(x i ). We will construct Ci +1 from Ci .

Let Ci = f I � = [ i � ; j � ]; h� gK
� =1 . Let inf � = min k2 I � xk , and sup� = max k2 I � xk . De�ne

the distortion of level set I � , D(I � ) as the distortion of the sequencex[i � ; j � ]. The Ci that
we construct will all satisfy the following properties:

P1: 8� 2 [1; K ], h� = 1
2(sup� + inf � ).

P2: 8� 2 [1; K ], D(I � ) = sup � � inf � .

P3: 8� 2 [2; K ], h� � 1 < h � .

Property P3 is just a restatement of the monotonicity condition. From property P2 it follows
that for any i 2 I � , jx i � h� j � D(I � )=2. SinceD(I � ) � D(x), it follows from Proposition
3.1 that any regression that has propertiesP2 and P3 is necessarily optimal. Therefore,
properties P1-P3 are su�cient conditions for an isotonic regression. Suppose that Ci has
been constructed, satisfyingP1-P3. Now consider adding the pointx i +1 . Let I K +1 = f i +1g,
hK +1 = x i +1 . Note that D(I K +1 ) = 0, and by construction, I K +1 satis�es P1 and P2.

Lemma 3.2 If hK +1 > h K , let Ci +1 = Ci [ f (I K +1 ; hK +1 )g. Then Ci +1 satis�es P1-P3.

If hK +1 � hK , then to get Ci +1 , we mergeI K +1 with I K . We need to ensure that properties
P1 andP2 continue to hold. We will prove this in general for any two consecutive level sets.
Suppose that (I k ; hk) and (I k+1 ; hk+1 ) both satisfy propertiesP1 and P2, and suppose that
hk+1 � hk . De�ne the new level setI 0

k by

I 0
k = I k [ I k+1 inf 0

k = min(inf k ; inf k+1 ) sup0
k = max(supk ; supk)

h0
k = 1

2(inf 0
k + sup0

k)

Lemma 3.3 I 0
k satis�es propertiesP1 and P2.

Proof: By construction, P1 is satis�ed. We show thatD(I 0
k) = sup0

k � inf 0
k , from which

P2 follows.
Suppose that infk+1 � inf k . Thus, inf0

k = inf k+1 . Since the �rst maximum in I k+1 occurs
before the last minimum inI k+1 (as I k+1 satis�es P2), and the maximum in I k occurs before

11



any point in I k+1 , it follows that the �rst maximum in I 0
k occurs before its last minimum,

thus I 0
k satis�es P2.

Suppose, on the other hand, that infk+1 > inf k . Thus, inf0
k = inf k . Sincehk+1 � hk , we

have that supk+1 + inf k+1 � supk + inf k =) supk+1 < supk , and so sup0k = supk . Thus,
the �rst maximum in I 0

k is the �rst maximum in I k and the last minimum in I 0
k is the last

minimum in I k . SinceI k satis�es P2 then so doesI 0
k .

The idea of the algorithm should now be clear. The addition ofa new point creates a new
level set satisfyingP1 and P2. If this new level set also satis�esP3, then we are done, and
have constructed the isotonic regression for the sequence augmented by this one point. If
not, then we merge the last two level sets, maintainingP2 and P3, and not altering any of
the other level sets. We continue to merge untilP3 is satis�ed for the last level set, which
must eventually happen. At this point we have a regression that satis�es P1-P3 and so it is
the isotonic regression for the augmented sequence.

Note that I K is the right most level set ofCi , i.e., I K = [ iK ; i ]. This rightmost level set is
the union of i with some number (possibly zero) of the level sets (from right to left) of Ci � 1.
The remaining level sets ofCi will be the level sets ofCi � 1 that remain after the merging. In
fact, the remaining level sets will be exactly the level setsof Ci K � 1, where it is understood
that Ci K � 1 = fg if iK = 1.

Proposition 3.4 Ci = Ci K � 1 [ f I K ; hK g.

Proof: If i = 1, there is nothing to prove. Assume thati > 1 and that the claim holds for
all Cj with j < i . Let Ci = f I � = [ i � ; j � ]; h� gK

� =1 . By construction, Ci � 1 is given by

Ci � 1 = f (I 1; h1); : : : ; (I K � 1; hK � 1); (S1; h0
1); : : : ; (SM ; h0

M )g; (*)

where M is possibly zero, andI K = [ i Si [ f ig. Let Si = [ � i ; � i ], where � 1 = iK and
� M = i � 1. By the induction hypothesis,

Ci � 1 = C� M � 1 [ f SM ; h0
M g;

C� M � 1 = C� M � 1 � 1 [ f SM � 1; h0
M � 1g;

C� M � 1 � 1 = C� M � 2 � 1 [ f SM � 2; h0
M � 2g;

...

C� 2 � 1 = C� 1 � 1 [ f S1; h0
1g:

Combining these equalities and using the fact that� 1 = iK , we get that

Ci � 1 = Ci K � 1 [ i f Si ; h0
i g:

using (*), we identify that Ci K � 1 = f (I 1; h1); : : : ; (I K � 1; hK � 1)g; concluding the proof.
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Algorithm 3 Algorithms for L1 pre�x-isotonic regression.
1: // Algorithm to perform L1 -Pre�x-Isotonic Regression.
2: // Input: x = f x i ji 2 [1; n]g.
3: // Output: L; H; D . f L[i ] = l i , H [i ]=level of [l i ; i ] in Ci , D [i ]=distortion of x i g
4: I 1 = [1; 1], inf1 = x1, sup1 = x1, h1 = x1, K = 1; f Initialization g
5: L[1] = 1, H [1] = h1, D [1] = 0; f Initialization of outputs g
6: for i = 2 to n do
7: K  K + 1
8: I K = [ i; i ], inf K = x i , supK = x i , hK = x i , D [i ] = D[i � 1];
9: while hK � hK � 1 and 1< K do

10: I K � 1  I K � 1 [ I K ; inf K � 1  min(inf K � 1; inf K ); supK � 1  max(supK � 1; supK );
11: K  K � 1; hK = 1

2(inf K + supK ); D [i ] = max( D[i ]; supK � inf K );
12: end while
13: L[i ]=left endpoint of I K ; H [i ] = hK ;
14: end for

1: RECONSTRUCT(m)
2: // Output Cm , the isotonig regression forxm , assumingL; H are global.
3: if m = 0 then
4: return fg ;
5: end if
6: return RECONSTRUCT(L[m] � 1) [ f [L [m]; m]; H [m]g;

3.1 L1 -Pre�x-Isotonic Regression: Algorithms

Here, we will give the linear time algorithm forL1 -pre�x-isotonic regression that follows from
the results of the previous section, along with the analysisof its run time. Our algorithm will
process points from left to right. After processing the new point x i , we will have constructed
the isotonic regressionCi as discussed in the previous section by merging the rightmost two
intervals until P1-P3 are satis�ed.

By Proposition 3.4, to reconstructCi , we only need to knowl i , the index of the �rst
point of its rightmost level set, the level,hi , of this rightmost level set, and how to construct
Cl i � 1. This can be recursively achieved by only storing the parameters l i and hi , for every
i . The algorithms are given in Algorithm 3. The correctness ofthis algorithm follows from
the results of the previous section, speci�cally Lemmas 3.2, 3.3. Further, E1 (Ci ) is stored in
D[i ]. By Proposition 3.4, the output of the algorithm stores allthe necessary information to
extract Cm as shown in the recursive functionRECONSTRUCT.

What remains is to analyse the computational complexity of the algorithms. First con-
sider the pre�x-isotonic regression. lines 7,8,13 constitute 8 operations, thus contributing
about 8n operations to the total run time. The merging while loop, lines 9-12, uses 6 oper-
ations. The maximum number of intervals isn. Each time a merge occurs, this maximum
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drops by 1. Since this maximum is bounded below by 1, this means that there are at most
n � 1 merges, so thetotal time spent merging is about 6n operations, and the condition
of the while loop is checked at most 2n times, so the runtime of this algorithm is bounded
by Cn where C � 14. There are at mostn level sets at any time, and each level set needs
to store 5 numbers,i � ; j � ; inf � ; sup� ; h� . The additional space forL; H; D is 3n, for a total
memory requirement bounded byC0n, whereC0 � 8.

It is not hard to analyse the recursion forRECONSTRUCT, and a straightforward
induction shows that the runtime isO(m).

4 L1 Unimodal Regression

As pointed out in [14], a pre�x-isotonic regression can easily be modi�ed to yield the op-
timal unimodal regression. The next proposition shows thatthe crossover point in theL1

unimodal regression can always be chosen at a maximum in the sequence (any maximum).
Thus, a simpler algorithm that follows directly from the pre�x-isotonic regression is to �rst
�nd a maximum in x (linear time). Now perform isotonic regression on the sequence to the
left of the maximum and the reversal of the sequence to the right. More speci�cally, suppose
that the maximum is xm . Now consider the sequencesx l = x[1; m], x r = x[m; n], and let xR

r

be the reversal ofx r . Let Cl and CR
r be the isotonic regressions forx l and xR

r respectively.
Then the union, Cl [ C r (where Cr is the reversal ofCR

r ) is the unimodal regression, with the
merging of the last level set ofCl and the �rst level set of Cr , as they will have the same level,
equal to the maximum. All that remains is to prove that the crossover point can always be
chosen at a maximum.

Proposition 4.1 The crossover point in the unimodal regression ofx can always be chosen
to be a maximum (any maximum) ofx.

Proof: Let C be the unimodal regression, and letx i be the crossover point, so

w1 � w2 � � � � � wi � wi +1 � � � � � wn :

Let x l = x[1; i ], x r = x[i; n ]. Sincew[1; i ] is an isotonic regression forx l and wR [1; n � i + 1]
is an isotonic regression forxR

r , the error of the regression isE1 (C) � 1
2 max(D(x l ); D(xR

r )).
Let xm be any maximum not equal tox i (if x i is a unique maximum, then we are done,
otherwisexm exists). Without loss of generality, since a unimodal regression forxR is CR ,
we can suppose thatm > i . Let x1 = x[1; m], let x2 = x[m; n], and let xc = x[i; m]. For the
unimodal regression constructed from the two isotonic regressions onx1 and xR

2 , xm will be
a crossover point. We show that the error of this regression cannot be more than the error
of C. The error of this regression is given by max(D(x1); D(xR

2 )). Since xm is a maximum,
D(xR

r ) = max( D(xR
c ); D(xR

2 )), so E1 (C) = max( D(x l ); D(xR
c ); D(xR

2 )). D(x1) is given by

D(x1) = = max
1� k� m

f max(x[1; k]) � xkg

= max
�

max
1� k� i

f max(x[1; k]) � xkg; max
i � k� m

f max(x[1; k]) � xkg
�

14



The �rst term on the right hand side is D(x l ). Sincexm is a maximum, the second term is
bounded by maxi � k� m f xm � xkg = D(xR

c ). Thus D(x1) � max(D(x l ); D(xR
c )), and so

max(D(x1); D(xR
2 )) � max(D(x l ); D(xR

c ); D(xR
2 )) = E1 (C):

5 Conclusion

For L1-isotonic regression we presented an output sensitive algorithm whose running time is
linear in n when the number of possible values that the levels of the isotonic regression can
take is bounded byK . In the worst case,K = n and the algorithm is no worse than existing
algorithms. The open question that remains is whether the median isotonic regression can
be computed in linear time, or to prove that it cannot. Our algorithms can be extended
without much e�ort to the case of minimizing a weightedL1 error. In this case, all the
results remain true, with minor modi�cations, by replacing the standard median with the
weighted median.

For L1 isotonic and unimodal regression, we have given simple (notrequiring sophisti-
cated data structures) linear time algorithms. We are unaware of any other published results
relating to the L1 regression.

References

[1] M. B. Ayer, H. D., G. M. Ewing, W. T. Reid, and E. Silverman. An empirical dis-
tribution function for sampling with incomplete information. Annals of Mathematical
Statistics, 1955.

[2] N. Chakravarti. Isotonic median regression, a linear programming approach.Math. of
Oper. Research, 1989.

[3] T. H. Cormen, C. E. Leiserson, R. L. Rivest, and C. Stein.Introduction to Algorithms.
Mcgraw-Hill, 2001.

[4] M. Fris�en. unimodal regression.The Statistician, 1980.

[5] Z. Geng and N.-Z. Shi. Isotonic regression for umbrella orderings. Applied Statistics,
1990.

[6] M. Magdon-Ismail, J. H.-C. Chen, and Y. S. Abu-Mostafa. The multilevel classi�cation
problem and a monotonicity hint. Intelligent Data Engineering and Learning (IDEAL
02), Third International Conference, August 2002.

15



[7] R. A. Mureika, T. R. Turner, and P. C. Wollan. An algorithm for unimodal isotonic
regression with application to locating a maximum. Technical report, Department of
Mathematics and Statistics, University of New Brunswick, 1992.

[8] G. Pan. Subset selection with additional order information. Biometrics, 1996.

[9] P. M. Pardalos and G.-L. Xue. Algorithms for a class of isotonic regression problems.
Algorithmica, 1999.

[10] P. M. Pardalos, G.-L. Xue, and L. Yong. E�cient computation of an isotonic median
regression.Appl. Math. Lett., 1995.

[11] T. Robertson and P. Waltman. On estimating monotone parameters.Ann. Math. Stat.,
pages 1030{1039, 1968.

[12] T. Robertson, F. T. Wright, and R. L. Dykstra. Order Restricted Statistical Inference.
Wiley Series in Probability and Statistics. Wiley, new York, 1988.

[13] J. Sill and Y. S. Abu-Mostafa. Monotonicity hints. In M. C. Mozer, M. I. Jordan,
and T. Petsche, editors,Advances in Neural Information Processing Systems (NIPS),
volume 9, pages 634{640. Morgan Kaufmann, 1997.

[14] Q. F. Stout. Optimal algorithms for unimodal regression. Computing Science and
Statistics, 32, 2000.

16


