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Sensor Selection in Arbitrary Dimensions

Volkan Isler, and Malik Magdon-Ismail

Abstract—We address the sensor selection problem which estimate the location of the target. On the other hand, power
arises in tracking and localization applications. In sensor se- and bandwidth limitations may prevent the utilization ofaage
lection, the goal is to select a small number of sensors whose

measurements provide a good estimate of a target's state (such .
: ) . researchers focused @ensor selectiorso as to choose a small
as location). We focus on the bounded uncertainty sensing model

where the target is a point in thed dimensional Euclidean space. number of sensors while guaranteeing high quality estisnate
Each sensor measurement corresponds to a convex, polyhedral 1N€ Sensor selection problem is typically formulated aeies.
subset of the space. The measurements are merged by intersagt We are given the location of the sensors as well as prior
corresponding sets. We show that, on the plane, four sensorsinformation about the location of the target. In additiore are

are sufcient (and sometimes necessary) to obtain an estimate given a sensing model, which gives us the quality of an estima
whose area is at most twice the area of the best possible estimate0
(obtained by intersecting all measurements). We also extend this
result to arbitrary dimensions and show that a constant number
of sensors suf ce for a constant factor approximation in arbitrary
dimensions. Both constants depend on the dimensionality of the ~We address the sensor selection problem in the bounded un-
space but are independent of the total number of sensors in the certainty sensing model. In the planar version of this moeleth
network. sensor measurement corresponds to a convex subset of tiee pla
Note to Practitioners We merge measurements by intersecting corresponding tsubse
o _ o ) and the quality of the estimation is inversely proportiotzathe
In many applications, sensing and communication constraints MAY.. of the intersection. This formulation generalizesinadiy to

render using all available sensors infeasible. In such scenariost-sele. . . . .
) 9 _ ﬁ_lgher dimensions: The state of the target is representedioynt
ing a small number of sensors — whose collaborative performancelrlln

number of sensor nodes at a given time. Consequently, many

f the target's state (e.g. position) for a given set of chasnsors
and the target's true state. The goal is to select a small Bumb
of sensors so that the quality of the estimate is high.

RY. The measurement from a sensddenti es a subset of the

estimating the state of a target is comparable to the best poss@pl)%ceU(s) RY which contains the true state of the target. For

achievable error — becomes important. This paper focuses on sensor . L .
example, in camera-network applicatioh(s) is a proper cone

whose measurements can be speci ed as an intersection of halfsp?ﬁe:a)_ In general, the target's state can be higher dimenasigior

e.g. cameras, whose measurements correspond to conesyoNes . A . . .
g P ) P example, it can contain its location and additional attelsusuch

that a “small” set of good sensors can be selected from an arbitrarg/. . . o
as its temperature. If a single sensor node contains boitiqros

and temperature sensors, it is natural to minimize the nurobe

the two casesd = 2. (where four sensors suf ce for a good estimategctive sensor nodes so as to minimize the total communicatio

ndd = igh nsors are en h). L . -
andd =3 (eight sensors are enough) the network. Therefore, sensor selection in arbitrary disiens
Index Terms— Sensor networks: camera networks and sensor

selection; Computational Geometry and Object Modeling: Geo- may be of interest in cert.a|n.appl|cat|ons. )
metric algorithms, languages, and systems: minimum enclosing Recently, sensor selection in the bounded uncertainty hinade

set of measurements in any dimensgrOf practical importance are

simplex, polytope approximation. been addressed in [14]. The authors showed that when the mea-
surements correspond to convex, polygonal subsets of dreepl
I. INTRODUCTION one can choose six sensors such that the resulting undgrtain

. . . . from these measurements is at most twice the uncertainty tha
A sensor-network consists of sensing devices with communi-

would have been obtained by queryiatj the sensors [14] — no
cation, computation and sensing capabilities. One of tiagry y queryiel [14]
applications of sensor-networks is tracking. In most syste
multiple nodes participate in the tracking task and coltabeely

matter how large the number of sensors is, six sensors siifice
a 2-approximation. In the present work, we improve on thisiite
in the following directions.
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2-approximation. We also show that this result is tightr¢he



RPI CS TECHNICAL REPORT 07-03 2

2) In the 3-d case (e.g. cameras in 3d space), we show tha degrees of freedom of minimal simplices in [25]. There ar
8 sensors sufce for a 9-approximation, and at le@sare no results on nding minimum enclosing simplices ef cieptior
needed to guarantee bounded approximation. generald By the result of Klee [16], any minimum simpleX

3) In higher dimensions, we obtain an analogous result. Liettersects the convex body at every one of its facet centroids.
n be the number of sensors in the network ahdbe the The centroidal simplexS: with vertices at these centroids has
dimensionality of the space. We show that witlt@anstant volume equal tovolume(S)=d® (this folklore result may be
number of measurements, independent pobne can obtain deduced from the result in [7], alternatively see the probf o
a constant factor approximation, also independent of Lemma 6.3). By convexitySc C, and so it immediately
Both constants depend ah The main tool we use is a follows that the minimum enclosing simplex is & volume
construction of an enclosing simplex of a convex polygorapproximation toC. We give an explicit construction for an

which may be of independent interest. enclosing simplex with a better volume bound by an extraofact
of d. Our construction goes throughl@cally maximal inscribed
Il. RELATED WORK simplex. Dudley [9] gives an ef cient construction of ensiog

Sensor selection has received signicant recent attentigpPlytopes for a convex polytope in arbitrary dimension, wehe
In [10], a selection algorithm is presented where the mimmuth€ approximation ratio is a decreasing function of the nemb
mean squared error of the best linear estimate of the obgesit p Of vertex points in the approximating body. In particulam, i
tion in 2-D is the metric for selection. The work in [5] addses 2 and 3 dimensions, a polytope with(1=) vertices suf ces
a generic utility-based sensor selection scheme and fisdegn (constructive) for ar0( ) approximation. We study what can be
factor approximation algorithms for a class of set-weighuélity ~done with a small (constant) number of vertices.
functions. Sensor selection in the bounded uncertaintyeinod ~ Other useful, simple enclosing bodies are parallelepipetis-
the plane was studied in [14]. The present work improves @n tt$0ids and balls, which have been the focus of signi cantaese
result and generalizes it to arbitrary dimensions. Minimal enclosing parallelepipeds in 2 and 3 dimensions are

In [21], an information driven sensor quergpproach was Studied in [2], [23], [26]. Approximations to minimal ensling
proposed. In this approach, at any given time, only a singk&lls have been studied in arbitrary dimension [18], [28] & is
sensor (leader) is active. After obtaining a measuremér, tshown in [13] that the ellipsoid method can be used to coostru
leader selects the most informative node in the network ag@ afne transformation such that the unit baIIpis contairied
passes its measurement to this node which becomes the h@@convex body which in turn is contained in tied ball. This
leader. In subsequent work, researchers addressed ldadgore Immediately gives a construction for an enclosing elligsaith
state representation, and aggregation issues [20], [2&msor Volume approximation®=2. Ef cient (1+ )-approximations to
selection method based on the mutual information principle Minimum volume ellipsoids are given in [19] and it is shown
presented in [11]. Recently, @ntropy based heuristic approachin [15] that the minimum volume ellipsoid gives @ volume
was proposed [27] which greedily selects the next sensedioce  @Pproximation to the convex polytope. There is no bound on
overall uncertainty. The bounded uncertainty model, whigh the number of intersection points of the convex body and the
focus on in this paper, is frequently used for localizatiortie €nclosing ball or ellipsoid, thus simplices and parallgdeds are

robotics and sensor-networks literature. Examples carobadf More suited to obtaining good volume approximations with a
in [8], [24]. small subset of the halfspaces. Other types of constrasmtsh
as axial symmetry [3], have also been studied. Applicatiohs
constructions which tightly enclose a set of points or balse
. . . . become prevalent, e.g. proximity based algorithms andekern
Here we consider enclosing a convex polytope given by its re- .
. . . . . methods for clustering [4], [12].
dundantH -representation (linear inequalities). Enclosing convex
objects is a well researched topic. Typically the convexeobijs
given by a redundar¥ -representation (convex hull of vertices).
The typeV andH canonical representations of convex polytopes, In this section, we formulate the sensor selection probMife.
and moving between the two are discussed in [1]. are given a set of sensors as well as an estimate of the sttte of
Optimal, or near optimal, linear algorithms exist for contarget. A query to a senserlocalizes the object to a subset of the
structing enclosing simplices in 2 and 3 dimensions, [23D]] spaceU(s) RY which contains the state of the target. We call
The centroidal property of minimum enclosing simplicesdin  U(s) the measuremertorresponding to senser We assume that

dimensions was given in [16] which was exploited in analgzinU(s) is an intersection of halfspaces, i.e., the region to which a

A. Related Geometric Results

IIl. PROBLEM FORMULATION
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sensor localizes an object is given by a convex polytopes{plys Lemma 1 part (i) holds even if the convex polygenis replaced
unbounded). This certainly applies to many sensor modelshwhby an arbitrary bounded convex shafe Lemma 1 part (ii) is
identify the sensed region with a proper cone. proven in the next section. The remainder of the argument to
After querying a subse@ of the sensors, the target can bestablish the advertised result using Lemma 1 is analogntiet
“localized” to the set\ s;qU(s). It is natural to de ne the analysis in [14]. We paraphrase some of the results in [1#\be
uncertainty of the measurement aslume(\ s qU(s)). Since Theorem 2 (Isler, Bajcsy [14])Suppose that for any convex
intersection is monotonic, it is optimal to query every sBns polygonP, one can nd a minimum enclosing convex polygon
Unfortunately, in most sensor-network applications, tisisnot Q with r edges satisfying the following two properties:

feasible due to communication and power constraints. Weystu (i) area(Q) area(P):
what can be achieved with querying only a small, speci cally(ii) at leastk r edges ofQ intersectP at edges and the
constant, number of sensors. ha| Ns remaining (at mostj  k edges intersed® at a vertex.

We restrict thesensor ha Then, for any set of measuremertis there exists a subset®
selection  problem to with jH  2r K for whicharea(H9)  area(H).
haI.fSpace measure.rhents. he The basic idea in the proof is that for the edgesQifwhich
This de nition h, . .
) ) ] intersect edges ¢, one selects the measurements corresponding
immediately  generalizes hy to those edges iR. The remaining edges @ intersect vertices

to measurements which
of P and each vertex d? corresponds to two measurements. Let

are arbitrary convex polytopes, since any convex polytepani S
) ) y i polytop y polytap k be the number of edges @ which intersect edges of
intersection of a nite number of halfspaces. Lt¢tbe a set oh .
. d . o P. Then the total number of measurementsnis- 2(r m) =
halfspaces irR", whose intersection is bounded and non-empty.
o 2r k. To conclude, note that these measurements form
Each halfspacé; 2 H as a measurement. The setup is illustrated o
) ) ) a convex polygon which is enclosed @ and therefore has area
in the gure above, where is the target object. For any subset
0 ) at most that ofQ.
of the measurements${® H , we de ne the uncertaintfg(H 9 . . .
] ] ] ) Corollary 4.1: Any set of measurements in 2-dimensions can
as thed-dimensional volume of the intersection of all halfspaces . .
) 0 e e ) 0. o be 2-approximated with a subset of at most 4 measurements.
in H” (if it is nite, and 1 otherwise).H" is a -approximation . .
) Proof: Apply of Lemma 1 withr =3, k=2 and =2 in
toH if E(HY E(H).
Theorem 2. [ ]
Isler and Bajcsy [14] used a result similar to Lemma 1 for
. minimum enclosing parallelograms with = 4, k = 2 and
We rst consider the 2-d problem and show that 4 mea- . .
= 2 which gave that six measurements was enough. One of

surements are enough for a 2-approximationHo These 4 _— . .
) 4 ) our contributions is to reduce the number of required senbgpr
measurements can be determine®{m®) by selecting the subset . o N .
2, without sacri cing on the approximation ratio.

of size 4 with minimum uncertainty. Practically, this medhat .
v y Finally, we note that h hs

No matter how many sensors are available, a carefully .~ oo acit —
is optimal, i.e., there exist

settings where any collec- h2 =
In 2 dimensions, the volume of a convex polytope is its area, §gon of three measurements ' t

. - . h
E(HY = area(HY. We will explicitly usearea as the uncertainty cannot provide a constant !

measure in the results of this section. We also assume fram ng,.tor approximation to the error. To see this, consider the
on that the uncertainty when using all the hyperplanesiims 5y rangement of four measurements shown on the right, with th
bounded, i.e., the hyperplanex H dene a convex polygon. (4rget object localized in the shaded box. Intuitively, tmea-

The main tool which will establish our result is Lemma 1 whicly ;rements serve to localize the position in one of the difpess
bounds the area of the minimum enclosing triangle (MET) fofnq the other two localize the position in the other dimemsio
any convex polygon. It is easy to verify that any subset of 3 measurements has an

Lemma 1 (Minimum Enclosing Triangle (MET))et P be ,nhounded uncertainty, and hence an in nite approximaioor.
any convex polygon. Then, there is a trianglewhich contains

P satisfying the following two properties:

IV. SENSORSELECTION ON THEPLANE

chosen set of four sensors suf ces to localize to within
twice the uncertainty attainable using all the sensors

It is natural to extend this result to higher dimensions, tmos
practically 3 dimensions. The comments above suggest Wt t
(i) area(T) 2 area(P); sensors are needed to localize in each dimension, and irafact
(i) at least two edges of are parallel to two sides d?. similar example shows that at leaat sensors are necessary for



RPI CS TECHNICAL REPORT 07-03 4

a bounded approximation id dimensions. We conjecture thatthus, we conclude that
this is also an upper bound on the required number of sensors 500 LZO
to obtain a constant factor approximation, however, outyaig YZ
will only yield an upper bound ofi(d + 1) for generald. Therefore, area(A%B °C9 area(ABC) and AB%C? is an
enclosing triangle with at least one more edge intersecing

A. Proof of the MET Lemma edge ofP. Iterating this argument, propertyi) follows.

We have not found any published proof of Propefiy.
Therefore we present a proof here which will be easy to géinera

BC BC:

Let T be an MET for a convex polygoR with area(P)=1.
We can assume that every edgeTomust intersect with an edge
or vertex ofP (if not we can accomplish this by shrinking).
First, we show that one can always select a new triam§levith
area(T% area(T) satisfying propertyii) of Lemma 1. Then,
all that will remain is to show that there exists at least oragle
satisfying property(i) of Lemma 1. The basic proof idea is to
take any enclosing triangl& and alter it to an enclosing triangle
T without increasing the area and such thhad one additional the base offo opposite the vertex, ¢
side ush with P. Repeating this argument one more time theWr if not then we can move the

to arbitrary dimension. We now show that there exists a gte@an
that enclose® with area at most 2. LeTyp be amaximumarea
triangle that is enclosed Hy. Without loss of generality, we can
assume that the verticds B; C of Tg are also vertices a®. (If
not, then some vertex dfp is on an edge oP.

This edge must be parallel to A

gives part(ii ) of Lemma 1. The situation is illustrated below. vertex in the direction of increas- 5
N A A° ing height, increasing the area of a
To, which is a contradiction. If the
c edge is parallel to the base, then wE can move the vertex along
v % . h the edge to a vertex &f, without changing the area d%.) The
20 nal arrangement is illustrated in the gure to the right.
hy hx&< Construct the linesa ;g ; ¢ passing throughi; B; C respec-
B°B a co C tively and parallel to the edges b; c respectively. LefT be the

) ) ) _ triangle formed by a; g ; ¢ as illustrated in gure (a) below.
Let the vertices off be A;B;C with respective opposite edgeslf any point of P lies outsideT, thenTp is not a maximum area

a;b;cand suppose that fewer than two edged dftersect with ;oo triangle, so every point & must be insideT, hence
edges ofP. We now show how to increase the number of edgels encloses

of T which intersect with edges & by at least one. So suppose

that two edges;c of T intersectP at the verticesX;Y of P.

Orient the triangle with base and consider the heights ; hy

of X;Y with respect to the basa. The setup is illustrated in

the gure above. Without loss of generality, we can assuna th

hy hy and leth be the height ofA abovea. Draw the line

* throughA parallel toa and consider the poim® which is A

shifted towardX on . As we shiftA®, we consider the triangle

AB%in which AB? passes througly, A%CP passes through .

X andB%is on the line passing through As we shiftA°, () (b)

either A% © will intersect the upper edge & atY or A% will

intersect the lower edge ¢ at X. We stop shiftingA® when The trianglesTy; T»; T illustrated in gure (a) above are all

one of these situations occurs (both conditions could atswro congruent toTg, hencearea(T) = 4 area(Tp). Thus, if

simultaneously). Suppose thatcintersects the lower edge Bf  area(To) % thenarea(T) 2 and we are done. So suppose

atX (A%B°may or may not intersect the edgeYat An identical that area(To) > % We use a different construction to obtain

argument applies in the other case in whisfB © intersects the T. We de ne three trianglesa; Tp; Tc as shown in gure (b)

upper edge oP at Y. Construct the line parallel ta through above. Let o be the line parallel t@ and tangent t& at vertex

Y which intersectsAC at Z and A°%C® at zZ°with YZ® YZ X. Thus, Ta is the triangleBCX . Note thatP is divided into

(equality occurs ithy = hy ). two sub-polygons bya (one which containsA and one which
AY Z and ABC are similar, thereforeh=hy = BC=Y Z; does not). The sub-polygon which does not containcould

A% z%and AB %P are similar thereforehi=hy = BIC=YZz% be empty, and sd@a could be empty. This does not affect the
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argument.BCX is a maximum area triangle with basethat that nding the maximum enclosed simplex for a convex pohgo

can be embeded into the sub-polygonPothat does not contain is NP-hard [17]. However, nding a locally maximal simplex
A. Tp and Tc are constructed similarily. Note tharea(P) = (De nition 6.1) is a differentiable local optimization pbéem,

1 area(Tp) + area(Ta) + area(Tp) + area(Tc): Let ha be and hence can be solved ef ciently using convex optimizatio
the altitude inTo from A to a, and similarily de nehg;hc. techniques [6]. Tightly enclosing convex bodies using $emp
Let hy be the altitude fronX to a in Ta, and similarily de ne geometric objects is an important problem, especially asea p
hy ;hz. Thenarea(Ta) = area(Tp) hyx =ha, and similarily for cursor to collision detection of point sets, with applicat in

area(Ta); area(Tp). Thus, we have computational geometry, machine learning, etc. By Lemntae,
feasible set of any number of linear inequalities (assunitn
1 area(Tg) 1+ h—X+ h—Y+ hz . (@H)] Y . . a ( . ®
ha hg he non-empty and bounded) is approximated by the feasiblefset o

Sincearea(To) > 3 by assumption, we have thgg- + fi-

pZ < 1. TrianglesABC andA% °%C° are similar. We now bound MY be of independent interest.

area(ABCY. Consider enlarginghBC into ABCC in three Proof Sketch:We begin with the locally largest simpleM
steps through a sequence of similar triangeBC | Auv ! which can be inscribed inside. If volume(M ) is small (at most

1 . .
ywC® 1 ABOKO Let the three length scale factors for thesd): then analogous to the 2-dimensional case, we show how to
cover P with a simplex whose volume g9 times larger than

volume(M ). Thus, anyMES has volume at most*volume(M ).
On the other hand, ¥olume(M) is large (at Ieas%), we show
how to expand every height (perpendicular length from aexei

+ constant number of carefully chosen inequalities. Thusiia 3

enlargements bey; 2; 3. Itis easy to verify that

hx hy hz

=1+ = 2=1+ ;3= ly ———

' ha 1hg 1 2hc
The length scale factor for the entire enlargem&®C !
AB%Ois ; , 3 which after some manipulation reduces té face) inM slightly so as to enclose. This results in a new sim-

O . .

L2 3= 1 ot E% = .+ %+ h% -1+ %Jr %+ hz . gince PlEXM “whichis a homothe_tdf/l .d\Ne show that the length s_cale
factor for the enlargement s+ j_, {-; where for each height

he * h hs © hc -
hi in M, the corresponding height i %is h; + i, increased by

area scales as length squaracka(T) = ( 1 2 3)° area(To),
we have that

h h h, 2 i. Thus, in this enlargement, the volume increases by a factor
- X Y z _ . .
area(T) = 1+ m Fhe T he area(To) a+ 9, )9, Sincevolume(M ) is large, the ;s are not large,
(a) 14 hx . hy , hz _ N and infact it is the case thatl + id:O p- volume(M) 1:1t
Xy vy 1z : P p
ha  hs  hc then follows thavolume(M Y= 1+ &4/ - volume(M)

14" 4, & “ . The result follows becauseolume(M )
Landsa+ & i d.Lemma3givesa® '-approximation
for the measurement selection:

In this section we show thaf(d + 1) measurements sufce to  Theorem 4:There exists a subset’® H with jH(ﬁ d(d+1)
obtain ad® *-approximation for sensor selection®d. For2and andg(H%) d¢ ! E(H).
3 dimensions, tighter results can be shown. We have seenrthat i  Proof: The simplexS is the intersection ofi+ 1 halfspaces
2-dimensions, 4 measurements suf ce for a 2-approximatile. fq;::::f4, with boundaries@#;:::; @f. Each hyperplane@f

will shortly show that in3-dimensions, 8 sensors (as opposed tgan be chosen to intersect wikh, i.e. @f contains a facey of

concluding the proof (inequality (a) above follows from)(1)

V. ARBITRARY DIMENSION

12) suf ce for a9-approximation. P with0 deg(g)) d 1 (inthe worst case@f contains only
The main tool we will need is a bound on the volume of a vertex ofP); g; is de ned by the intersection of deg(g;)
minimum enclosing simplex (MES), which is given in the lemm#alfspaces irH, denoted bynil; D hij deg(gi)" ThereforeP
below. \jhj fi,and hence® \ 5 h; \ ;f; = S. Using Lemma
Lemma 3:Let P be a bounded convex polytope Rf' with 3, we havevolume(\ ij hi) volume(S) d? ' volume(P).
minimum enclosing simplexS. Then volume(S) gd ! To conclude, letH° = l‘h]i gij and note thaiH§ = idzo d
volume(P). deg(gi) d(d+1). |
We present here a sketch of the proof of Lemma 3. The proofThe sumdeg(S) = idzo d deg(g) which determinegH 9

idea is analogous to the 2d-case, and we defer the full teahniin the proof above is often referred to #ee number of degrees
details to Section VI. Our proof constructs an enclosingpsix of freedomof the enclosing simples. If S is minimal, tighter
with the required volume bound fromlacally maximal inscribed upper bounds (than the triviald + 1) ) for deg(S) can be used
simplex. In our context? is a bounded convex polytope, howeveto strengthen the result. In particular, fdr = 2, deg(S)

our proof applies to an arbitrary bounded convex body. We not [22], and ford = 3, deg(S) 8 [25]. Therefore, in2
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dimensions, we have a-approximation with4 measurements;
in 3 dimensions, &@-approximation with8 measurements; and,
ford> 3,ad’ ®-approximation withd(d+1) measurements. By
considering hyperplanes supporting the faces dfdimensional
parallelepiped a#i (jHj = 2d), we immediately get the lower
bound of2d measurements to obtain a bounded approximation.
Thus, the results fod = 1; 2 are tight. Further, by lettin@ be a
ball, it is clear that one cannot expect more than an expa@aient
approximation ratio with a constant number of halfspaces.

VI. PROOF OFLEMMA 3 Fig. 1. The re ected homothetic simplex correspondindstofor d = 2 ; 3.

. P .
A simplex S(vo;:::;vq) = fx = id:O ivii i 2

+ . d o . .
R"; g i = 1g is the convex closure ofi + 1 points z e >v e. Forany 2 (0:1] letz( )= vi+ (z vi). Then

z() & >vj €, ie.the simple>68 in which v; is replaced by
z( ) has larger height above, and hence larger volume (because
Ai, the hyperarea of;, is not changed). Since is convex, and
vi;z 2 P, z() 2 P, and hence the simple$8 P for all

the context is clear, and will use; to refer to the vector of
coordinates of the vertices of the simplex as well as theoest
themselves.) The hypervolume 8fis given by

volumegy(S(vo;:::;vy)) = éjdet(vl Vo;V2 Vo;iii;Vg Vo)i; 2 (0;1]. Every ball of radius aboutv; containsz( ) for
and henceSp cannot have maximum volume among all

where the subscripd (which will usually be omitted) indicates ) T o o
choices ofv; in this ball, contradicting the maximality &,. |

that the volume isl-dimensional. For each vertax, we de ne
the opposite facd; as the convex closure of the remainidg
vertices, and leg; be a unit normal td; in the direction ofv;.

By Lemma 6.2, the simple$; = \ jq" containsP, and hence

we can construct an enclosing simplex framy MIS. We refer

to S; as there ected homothetic simplexorresponding tdSg

— since all the faces o, are parallel to faces 0%, S; is a
hé)mothet ofSp. We illustrate the re ected homothetic simplex
for the 2 and 3 dimensional cases in Figure 1. The next lemma

vertices de ningf;. f; de nes ad 1 dimensional space, and by
projectingu; onto an orthogonal basis for this space, we obtain
(d 1)-dimensional simplex whos@ 1)-dimensional volume

we de ne as thed 1 dimensional hyperarea df, denoted by boundsvolume (Sy) in terms ofvolume(So).

Lemma 6.3:volume(S1) = d? volume(So).

volume(S) = % hi A Proof: We refer to the notation in Figure 1. Sin& and

Let S be a minimum enclosing simplex (MES) for the convexso are homothets, the lemma amounts to the length scale factor
polygonP with volume(P) = 1. We can assume that every edg@€ingd. Ford =2, itis clear thaf; partitionS; into 4 congruent
of S must intersecP (if not we can shrinks). Our proof on the friangles, and so the length scale factor is 2.
volume bound ofS will be to construct an enclosing simpl&®  We proceed by induction od, so suppose that the claim holds
with small volume. Our construction will usenaaximal inscribed in d 1 dimensions ford 3 (i.e., the length scale factor is

simplex d 1), and consided dimensions. Consider any vertex of
De nition 6.1 (Maximal Inscribed Simplex (MIS))A simplex So and its opposite facé;; the facef{ is parallel tof; and
So(vo;:::;vy) inscribed inP is maximalif for every v;, and Passes througlj. Now consider any other vertex;, and its

some suf ciently small balB (v;) centered at;, So(vo;::::vg) Corresponding hyperplarfe® parallel to its opposite facg and
has maximum volume among all other simplices whose vartex Passing througl; . This hyperplané ? intersects the hyperplane
is replaced by any other; 2 B (vi)\ P. containingf; at thed 2 dimensional hyperplane denoted py
From now onSo(Vo;:::;Vvg) will denote an MIS forP. We now in Figure 1. In 3 dimensiongy is a line as illustrated in Figure
present a useful property of an MIS, which allows us to censtr 1. We will consider thed  2-dimensional surfacesp; g for all
enclosing simplices from it. j 8.

Lemma 6.2:Let f°be the hyperplane parallel tp and passing ~ Vertex v; is a vertex of thed 1 dimensional simplex;.
throughv; for the MIS Sy. Let ¢ denote the closed halfspaceSince f; and fj° are parallel, so are their intersections with
bounded byf io which containsvi. Thenqi+ containsP. the hyperpland;. Thus, for the(d 1)-simplexf;, p; is the

Proof: Suppose thatj” does not contait, so some point (d 2)-dimensional hyperplane parallel to tte 2)-dimensional
z 2 P resides in the complementary open halfspacej'to So opposite face of the vertex; in the simplexf;. Let hj+ be the
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Lemma 6.5:Let Sp be an arbitrary simplex, and Ief be
the homothetic simplex obtained fro®y by translating each
face out by a height;. Then,volume(T) 1+ {_; f
volume(Sp):

Proof: It suf ces to prove that the length scale factor relating
toSpis1+ & f-- To see this we view the transformation
from Sp to T as a sequence of enlargements, the rst is centered
at v with scale factor o = (ho+ ¢)=hp, which corresponds to
pushing out the facky to the plane containing, by a distancey.

In this enlargement, all other faces get enlarged, but nemithe
same plane. The next enlargement is centered at the nevioposit
of v1 and has scale factor such that the new enlarged faiceis

(d 1)-dimensional halfspace bounded pywhich containsf;. ~Pushed out to the plane containigg by an amount . Sincehy
Then, the(d 1)-simplexSy 1 = \ jh{ containsf; in exactly the increased too hy, we conclude that; =( 1+ o h1)= o hi.
same way thaB; containsSp, i.e.Sy 1 is the enclosing re ected We continue with an enlargement centered at the new position
homotheticd 1-simplex for the(d 1)-simplexf;, to which we ©f vz with scale factor , =( 2+ o 1 h2)= 0 1 hi; and so

can apply the induction hypothesis. Thus, the length sealtof ©0On, we have enlargements succesively at the the new pasition

Fig. 2. Expansion og to the enclosing simpleX ind=2;3.

fromf; t0Sy 1is(d 1). of vs;:::; vy until we nally obtain T. Suppose that the scale
Now consider the simples® de ned by the vertices o5y ; factor for the rstk enlargements iso;:::; « 1. Thqyktrle scale
andw;, the vertex ofS; oppositef 2. SCis clearly a homothet of factor for the(k + 1) th enlargement is = %khélko‘lifjl' =
S1, and hence is also a homothet®f. The base o8%is Sy ; 1+ W: 'g1e scale factor for the transformation frdbg
and the base o is f;, and these two bases are related by the T is given by E:o . We evaluate this product as follows:
length scale factofd 1), which must therefore also be the IengttQE:O K= d ngol = 1+ . of . ngol K=
scale factor for the heights. Thuseight(S% = (d 1) h;. Since ngol « + p&: It follows by induction Itzﬁat E:o =1+
height(S1) = h; + height(SY, we conclude thaheight(S;) = P id=0 o condcluding the proof. -

d h;j, i.e. the length scale factor relatirgy to S; is d. [ ] The next lemma bounds the suim id=0 o which appears
in the lemma above.

Continuing with the proof of Lemma 3, ifolume(Sp) %
then S; which enclosesP has a volume at most® ®. We Lemma 6.6:volume(Sy) 1+ P id:0 o 1:
now consider the caseolume(Sp) > % In this case we USe @ gt Na na the cimmlicacT -« '
different construction to obtain an enclosing simplex.sT$gcond convex closure op; andf; — T; is a simplex with basé; and
construction does not require that the simpxbe an MIS. height ;. The bodyQ = So[ To[ [ Ta is enclosed inP,
Let Sp be any simplex enclosed iR (eg. an MIS), with the hencevolume(Q)  volume(P) = 1. The simplicesT, and T,
are disjoint except on a set of measure zero. This followmfro
the fact that the height gf; abovef; is at least as large as the
height ofp; abovef; (and vice-versa) and Lemma 6.9 which is
a technical result which we will prove later. Hene®jume (T; \
Tj) = 0. Similarly T; andSp intersect atf; which has measure
zero, hencevolume(Q) = volume(So)+ &, volume(T;) 1.

e is directed fromf; towards its corresponding vertex. Let
pi 2 P be a maximizer of p; ej, i.e. a point of maximum height
in P which is belowf;. Let ; = p; e€j be the height ofp;
belowf;, and consider the hyperplageparallel tof; containing
pi. Let q* be the halfspace bounded loy which containsv;.

Analogous to the proof of Lemma 6.2, sinpg has maximum To conclude, note that by (VI)olume(T;) = % Aj = ﬁ
height belowf;, it follows thatq” must containP. Therefore, volume(So) -
we have An immediate corollary of LemmasP6.5 and (61561 is
. — +
Lemma 6.4:LetT =\ g . ThenP T. Corollary 6.7: volume(T) 1+ id:O A
Lemma 6.4 gives another construction of an enclosing sixaplerq complete the proof of Lemma 3, suppose thaitime(Sg) >
Further, T is a homothet ofSy (all its facesq are parallel to %; then, by Lemma 6.8 + 9:0 F- <d, and by Corollary 6.7,

fi, pushed out by a distance). We refer toT as theexpanded we have thatolume(T) < d® 1. We recap all these results in
homothetic simplexorresponding t& andP. The next lemma the following theorem.

bounds the volume of . The situation is illustrated in Figure 2 Theorem 6.8:Let P be a bounded convex polytope. Then the
for d=2;3. setting. following algorithm constructs an enclosing simplgsatisfying
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HC i.e.G intersectH, andH, atH andG intersectsH Y andH 9
atH® F; andF, lie on opposite sides 0B, as doH? \ HY"
andp». Note thatG separate$i, \ H; containsFi and since
H? \ HY' is a translate oH, \ H; along a line joiningH
to HO, it follows thatF; andH? \ HS" are on the same side
of G. Sincepy 2 HY \ HY" | it follows thatF; andpi are on
the same side o6, and soG separate$; [ p1 from F2 [ pa.
SinceG separate$1 [ p1 from F2 [ po, it also separates their
convex closures. Thus, the intersection of their convesuies is
a subset ofG, and sincevol(G) = 0, this intersection must also
have zero volume. [ ]

Fig. 3. Disjointness of simplices subtended by non-parédleés.
A. Algorithm Analysis

We briey discuss the running time of the algorithm sum-

volume(s) d? * volume(P). marized in Theorem 6.8. The rst step to compute a single
1: ConstructSp, a locally maximal inscribed simplex fa?. maximal inscribed simplex is a local optimization proble o
2: if volume(Sp) then a differentiable objective over a convex set. Since it is @alo
3: Let'S be the re ected homothetic simplex correspondingearch problem, it can be solved efciently, and we discuss
to So. some approaches to this in Section VI-B. Computintume (Sp)
4: else involves computing a-dimensional determinant which @&(d®).
5 LetS be the expanded homothetic simplex correspondinge will shortly show that all the other tasks that need to beesb
to Sp andP. can be reduced to solvin@(d) d-dimensional linear programs

A Technical Lemma on the Disjointness of Maximum Heighfith n = jHj inequality constraints. Solving one such program
Simplices.: We now present the technical lemma which is usegkesO(d’n) operations, hence the entire running time is given
in the proof of Lemma 6.6. This lemma shows that theare by M (n;d)+ O(d®n), whereM is the complexity of nding the
disjoint. To be speci c, leH1 andH be two non-paralleld 1)- maximal inscribed simplex.
dimensional hyperplanes with unit normadsg; e». Let H; and We now walk through the tasks in the algorithm.

H, intersect at thed 2 dimensional hyperplanéi. Let Hj If volume(Sp) %, we construct the re ected homothetic
andH; be two halfspaces de ned bty andH. De ne two  simplex for So. This can be accomplished because: we can
regionsR = H;j \ Hj, and its complemenR = H] [ H;. computee; by projectingvi v; to the space orthogonal t@ in
Assume thake;;e; are in the direction oHy ;H; respectively. O(d®); (vi;ej) then de nesf® which in turn gives the re ected
LetF; andF; be sets of points iR which reside orH; andH2  homothet. However, it is not the re ected homothet which we
respectively. For a point 2 R, we de ne its heights abovel;  desire, but its intersection point with. This task can be solved
andH; respectively afi1(p) = p ey andhp(p) = p e2. by simply augmentingd with an additional equality constraint
Let p1;p2 2 R be two points such thapy is higher thanpz  (x v;) e =0 and nding a feasible point which is a linear
with respect tdH; and the reverse is true with respectHe, i.e. program. Thus, we havéd + 1) linear programs, each with
hi(p1)  hi(p2) andhz(p1)  ha(p2). Let T1 be the convex constraints.

closure ofF1[ p1 andT, the convex closure df2[ pz. ThenT; If volume(Sp) > %, we do not actually need the expanded

and T are disjoint (up to a set of measure zero). The situatigibmothet. We only need its points of intersection withwhich

is illustrated in Figure 3. are exactly the points; described in the previous section. Tine
Lemma 6.9:vol(T1\ T2)=0. are exactly the solutions to tifd+1) linear programsninx x €;

Proof: Dene H, asH;1[ f and similarilyH, . Consider such tha 2 H, again(d+1) linear programs witm constraints.
point p» and letH? be the hyperplane containingy which is Once the points of intersectiom; have been constructed, it
parallel toHq, and similarily deneHY. Let HO = H?\ HY only remains to recover the constraints Hh which are active.
which is parallel toH. Also dene HY" ;H? ;HI" ;HY ina For eachp;, this is anO(dn) task, for a total timeD(d?n). One
similar way. Sinceh1(p1) hi(p2) andh2(p1) h2(p2), p1 nal note is that more thaml active constraints may be recovered
must be lie inHY \ HS+ as illustrated by the shaded region irfor each point of intersection. In this case, any subset ef th
Figure 3. Now consider the hyperpla@ewhich containdH and active constraints of sizel whose interesction is contained in
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the corresponding halfspaqf—? suf ces. At least one such subset [3] G. Barequet and V. Rogol. Maximizing the area of an axisws\etric

exists. polygon inscribed by a convex polygonProc. 4th Israel-Korea Bi-
National Conf. on Geometric Modeling and Computer Graphipages
141-146, 2003.

B. Constructing a Maximal Inscribed Simplex [4] A. Ben-Hur, D. Horn, H. Siegelmann, and V. Vapnik. Suppeector
clustering. Journal of Machine Learning Researck:125-137, 2001.

The rst step in our construction is to obtain a locally max- [5] F. Bian, D. Kempe, and R. Govindan. Utility based sensdectn.

imum inscribed simplex. This is a standard, differentialoleal In IPSN '06: Proc. 5th Int. Conf. on Information Processing iarSor
optimization problem Networks pages 11-18, New York, NY, USA, 2006. ACM Press.
[6] S. Boyd and L. Vandenberghe.Convex Optimization Cambridge
max detV; such thatv 2 H; University Press, New York, 2004.
v [7] B. Carter. The i-centroid of an n-simple{he American Mathematical
whereV =[v1 vp;::i:;vq VvolandV 2H iff vi 2H for all Monthly, 68(9):914-917, November 1961.
i =0;:::;d. The domain ol is convex, as is easily veri ed, and [8] C. Detweiler, J. Leonard, D. Rus, and S. Teller. Passivditlaaobot

. . . . . . localization within a xed beacon eld. InProc. Int. Workshop on the
the determinant is differentiable, hence ellipsoid altjonis can
P Algorithmic Foundations of Roboticdlew York, New York, 2006.

be used to obtain a local minimum. From a practical perspeati [9] R. M. Dudley. Metric entropy of some classes of sets witfiedéntiable

is better to maximizéog detV " V. An added bene t of choosing boundaries.Journal of Approximation Theoryl0(3):227-236, 1974.

log detVTV is thatlog det is concave OFSEJ, (positive de nite [10] A. Ercan, A. E. Gamal, and L. Guibas. Camera network noderten

for target localization in the presence of occlusionsS&mSys Workshop

on Distributed Cameraspage to appear, November 2006.

of S{, is a convex optimization problem. [11] E. Ertin, J. W. F. Ill, and L. C. Potter. Maximum mutual infioation
principle for dynamic sensor query problems.2nd Int. Workshop on
Information Processing in Sensor Netwgrk€03.

[12] A. Goel, P. Indyk, and K. R. Varadarajan. Reductions agndigh

In the bounded uncertainty model, using measurements flom a  dimensional proximity problems. I8ymposium on Discrete Algorithms

sensors gives the optimal uncertainty for localizing agart this pages 769-778, 2001.

r we showed that. on n alw | tannumber of 13] M. Grotschel, L. Lowasz, and A. SchrijverGeometric Algorithms and
paper, we snowe at, one can always se annumber o Combinatorial Optimization Springer, New York, 1988.

sensors and guarantee a localization uncertainty closettm@ [14] v, Isler and R. Bajcsy. The sensor selection problem Hounded
(bounded by a constant times optimal). In particular, wenstb uncertainty sensing models.IEEE Tran. Automation Science and
that 4 sensors suf ce for a 2-approximation in 2-dimensiand Engineering 2006.

8 f f 9 imation in 3-di . ] F. John. Extremum problems with inequalities as subsjdianditions.
SENsors surce for a 9-approximation in s5-dimensions. In Studies and Essays, in Honor of R. Courgpeiges 187-204. Inter-

these sensors sets can be computed ef ciently. We also showe science, New York, 1948. see also: Fritz John, Collec. RapMoser
how these results can be generalized to arbitrary dimessiod ed., Birkrauser, vol 2., 1985.

[16] V. Klee. Facet-centroids and volume minimizatiddtudia Scientiarum
Mathematicarum Hungariga21:143-147, 1986.

I. Koutis. Parameterized complexity and improved inagpr@bility for
but are independent from the total number of available gsnso computing the largest j-simplex in a V-polytopeformation Processing

An important issue which remains unaddressed is robustitess ~ Letters in press, 2006.

this paper, we assumed that the locations of all sensor rk [18] P. Kumar, J. S. B. Mitchell, and E. A. Yildirim. Approximat&ini-
' mum enclosing balls in high dimensions using core-selsurnal of

Sensor selection in the presence of uncertainties regasginsor Experimental Algorithmics8:1.1, 2003.
locations is an important future research direction. [19] P. Kumar and E. D. Yildirim. Approximate minimum volume endiap
ellipsoids using core setdournal of Optimization Theory and Applica-
tions 126(1):1-21, July 2005.
[20] J. Liu, M. Chu, J. Liu, J. Reich, and F. Zhao. Distributsthte
The proof of Lemma 1(ii) arose out of discussions with Ling representation for tracking problems in sensor networkBrdic. 3rd Int.
Symp. on Information Processing in Sensor Netwopleges 234-242.
ACM Press, 2004.
him for other some pointers to useful references. [21] J. Liu, J. Reich, and F. Zhao. Collaborative in-netwpriocessing for
target tracking. EURASIP JASP4:378-391, 2003.

symmetric matrices), hence maximizing it on any convex stbs

VII. CONCLUSION

that a constant factor approximation can be obtained by astanh
number of sensors. Both constants depend on the dimeris}onetb]

VIIl. A CKNOWLEDGMENTS

Li of the Caltech Learning Systems Group. We also like to khan

REFERENCES [22] J. O'Rourke, A. Aggarwal, S. Maddila, and M. Baldwin. Aoptimal
algorithm for nding minimal enclosing trianglelournal of Algorithms
[1] D. Avis, K. Fukuda, and S. Picozzi. On canonical repréatons of 7:258-269, 1986.
convex polyhedra. In A. Cohen, X.-S. Gao, and N. Takayamapesli [23] C. Schwarz, J. Teich, A. Vainshtein, E. Welzl, and B. lvaBs. Minimal
Mathematical Software, ICM$ages 350-360. World Scienti c, 2002. enclosing parallelogram with application. IBCG '95: Proc. 11th
[2] G. Barequet and S. Har-Peled. Ef ciently approximatifg tminimum- Symposium on Computational Geometpages 434-435, New York,
volume bounding box of a point set in three dimensiodsurnal of 1995. ACM Press.

Algorithms 38:91-109, 2001. [24] J. Spletzer and C. Taylor. A bounded uncertainty apgro@ multi-



RPI CS TECHNICAL REPORT 07-03

[25]

[26]

[27]

(28]

[29]

[30]

robot localization. InProc. Conf. on Intelligent Robots and Systems
(IROS 2003)2003.

G. Vegter and C. Yap. Minimal circumscribing simplices. Rroc. 3rd
Canad. Conf. Comput. Geonpages 58-61, 1991.

F. Vivien and N. Wicker. Minimal enclosing parallelepih in 3d.
Computational Geometry: Theory and Applicatipr9(3):177-190,
2004.

H. Wang, K. Yao, G. Pottie, and D. Estrin. Entropy-bassghsor
selection heuristic for target localization. Froc. 3rd Int. Symp. on
Information Processing in Sensor Netwarkgges 36—45. ACM Press,
2004.

F. Zhao, J. Liu, J. Liu, L. Guibas, and J. Reich. Collaiwe signal and
information processing: An information directed approaloceedings
of the IEEE 91(8), 2003.

G. Zhou, K.-C. Tohemail, and J. Sun. Efcient algorithmer fthe
smallest enclosing ball problenComput. Optim. Appl.30(2):147-160,
2005.

Y. Zhou and S. Suri. Algorithms for a minimum volume enclasin
simplex in three dimensionSIAM J. Comput.31(5):1339-1357, 2002.

10



