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Abstract— Contemporary time-stepping methods used in the
dynamic simulation of rigid bodies suffer from problems in
accuracy, performance, and robustness. Significant allowances
for tuning, coupled with careful implementation of a broad
phase collision detection scheme is required to make dynamic
simulation useful for practical applications. A recently developed formulation method is presented herein that is more
robust, and not dependent on broad-phase collision detection
or system tuning for its behavior.
Several uncomplicated benchmark examples are presented to
give an analysis and make a comparison of the new Polyhedral
Exact Geometry time-stepping method with the well-known
Stewart-Trinkle time-stepping method. The behavior and performance for the two methods are discussed. This includes
specific cases where contemporary time-steppers fail, and how
they are ameliorated by the new method presented here. The
goal of this work is to complete the groundwork for further
research into high performance simulation.

I. I NTRODUCTION
Multibody dynamic simulation is used in a broad range of
engineering, research, and entertainment fields. The demand
for fast and accurate simulation is high, as dynamic problems
grow larger and larger under limited computation power.
The work presented herein is the development of a timestepping method for dynamic simulation intended to push
the boundaries of robustness, performance, and accuracy.
Accurate simulation of the motion of machinery is crucial
in mechanical design [1], [2], [3]. It is particularly useful
in designing complex machinery that is expensive to prototype, such as internal combustion engines [4]. Accurate
simulation is required for robotics applications, particularly
where contact is expected, such as in grasp planning [5].
And virtual reality is more useful and convincing when
objects undergo more realistic motion in simulation [6].
Entertainment products such as motion pictures and video
games benefit from accurate simulation [7], where realism is
enhanced.
Simulation of the dynamics of multibody systems has
traditionally involved a rigid body model with Coulomb
friction; with unilateral constraints described by complementarity conditions [8], [9], [10]. The field is rooted further on the study of classical mechanics [11]. Computer
simulation of multibody systems is related to work in the
computer graphics field, with polyhedral models of objects
*This work was supported by NSF CCF-1208468 and DARPA W15P7T12-1-0002. Any opinions, findings, and conclusions or recommendations
expressed in this material are those of the authors and do not necessarily
reflect the views of the funding agencies.
1 Department
of Computer Science, Rensselaer Polytechnic
Institute
{ dmflickinger, jedediyah, trinkle }

at gmail.com

common [12], [13], [14], and contact generally modeled as
occurring between topologically connected features such as
vertices, edges, and faces. In common practice, the contact
model between vertex and face is used to prevent penetration.
Commonly used time-stepping methods are classified as
either prevention, or correction methods. Correction methods consider only pairs of objects that are touching or in
penetration during each timestep [15], [16], [17]. Current
constraint violations are kept from becoming worse, but can
take multiple timesteps to correct. This affects the overall
accuracy of the simulation, as error from penetration is
unavoidable without adjusting timestep length and affecting
simulation performance. All popular physics engines employ
correction type methods because common collision detection
methods are designed only to consider current penetration.
Prevention methods form constraints for pairs of objects
which could collide in the following timestep [18], [19],
[20]. These methods have fewer penetrations, and can avoid
undesirable effects such as tunneling without having to
adjust the length of timesteps for specific system states.
The Polyhedral Exact Geometry method is of the prevention
method class.
Popular physics engines such as PhysX [21], and Bullet [7]
use variations of the Stewart-Trinkle [18], [22] and AnitescuPotra [17], [23] methods. The errors of the constraints in nonconvex freespaces is mitigated in these programs by using
a broad-phase collision detection algorithm considering only
features within a small distance,  of each other. This method
bounds the error, but does not eliminate it completely.
Further, it requires shorter timesteps as  decreases, which
requires more steps and increases total simulation time. The
common methods discussed in this work assume that all
bodies are convex. In cases where non-convex bodies exist,
they are decomposed into adjoining convex bodies [24], [25].
The bodies can be decomposed, but the freespace cannot. The
research presented herein continues the work in [26].
II. M ETHODS
A. Equations of Motion
Rigid bodies in simulation move in accordance with the
equations of motion. In the systems considered in this
paper, the Newton-Euler equations are used in the dynamics
formulation,
M(q, t)ν̇ = λvp (q, q̇, t) + λapp ,

(1)

where λvp is the sum of velocity dependent forces, and
λapp are the applied forces. The system is subject to the
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Fig. 1: Vertex at times t1 . . . t4 moving within the constraint halfspaces near an object, Stewart-Trinkle method
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where λn are forces normal to contact surfaces, Ψn are gap
functions, or distances between active bodies and contact
surfaces, h is the step size, ν are the velocities of the active
bodies, and Gn is a normal contact wrench.
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B. Broad phase collision detection
A broad phase collision detection scheme is utilized to
avoid the need to include all possible contact constraints
at every time step. In the specific implementation discussed
herein, if any edge in a body is closer than a predetermined
value  to the particle, then all edge constraints in that body
are added to the formulation for the current time step.  can
be calculated as a function of particle velocity, or tuned for
specific systems. In the examples presented Section III, 
is set to a large value in order to illustrate the differences
between solution methods.
The inclusion of the tunable parameter  can cause
undesirable behavior when used in conjunction with the
Stewart-Trinkle method. Figure 1 illustrates a case where
an object picks up additional kinetic energy from interacting
with constraints extended beyond the actual boundary of the
object.
A particle moving in two dimensional space is represented
as a black dot. The gray area represents an adjoining object;
and the particle should be prevented from penetrating it. The
two edges, represented by cyan and magenta dashed lines
create the shaded half-spaces in their corresponding colors.
These depict the region of the unilateral constraints. A red
sphere, with a dashed line represents the bubble around the
object within range of .
The active object is shown at several time-steps. Starting
at t1 , the object has a velocity down and to the right, as
indicated by the arrow. At this time, the adjoining object is
outside the sphere of radius , and therefore no constraints
are active. At t2 , the adjoining object is within the  bubble,
and now both constraints are active. Because this event
occurred within a single time-step, the magenta constraint
is now violated. This penetration causes a large spike in

Fig. 2: Vertex at times t1 . . . t3 moving in proximity to an object,
Polyhedral Exact Geometry method

velocity. The object hits the cyan constraint at the next timestep t3 , and proceeds to follow the boundary even though the
true edge of the non-active object is not in this region. At t4 ,
the active object has traveled at high velocity, and the other
object has crossed outside the  bubble. Now unconstrained,
it proceeds at high velocity up and to the right of the figure.
This behavior is seen later in Figure 5.
The energy gain can be partially mitigated by defining
the parameter ψminimum . This parameter is represented by
darker regions on the half-spaces. This allows the simulation
to ignore constraints in deep penetration, which cause large
energy gains.
Figure 2 demonstrates the behavior of the system under
the Polyhedral Exact Geometry method. The two constraints
become active at t2 as the active object comes with distance
 of the non-active object. But the constraints do not alter the
behavior of the active object, as they conform to the actual
geometry of the non-active object.
C. Formulation of the Mixed Linear Complementarity Problem
Equations (1) and (2) are formulated as a mixed linear
complementarity problem [27], [28], using the StewartTrinkle formulation,
0
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(3)

where M is the block diagonal mass matrix of all active
bodies in the system, ν is the generalized velocities, pn and
pext are normal and external impulsive forces, and h is the
time step. The normal contact wrench is defined as


n
^ ij
Gnij =
,
(4)
rij × n
^ ij
which is indexed over k collisions by the ith body and jth
collision. Friction is omitted from the formulation for clarity.
The term r is the position vector from the center of mass of
the body to the point on the body in collision with another
object. n
^ is a unit vector in the direction normal from the
surface in collision.
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Fig. 3: Particle M interacting with a single and double edge

The problem size for the Stewart-Trinkle method is 2 ·
nb + nc , where nb is the number of active bodies, and nc
is the number of contacts [18].
D. A particle with a single contact constraint
Consider a particle, M, moving in <2 space with a single
edge, with configuration q at time t, as depicted in Figure 3.
A single edge is present in the space, bounded by vertices
p1 and p2 . This edge presents a unilateral constraint to the
particle. That is, the particle is free to move on one side of
the edge, but not on the other. The gap distance of the particle
is represented as ψn , and is a function of the configuration
at the current time. It is positive in the direction normal to
the edge into the free space.
This unilateral constraint from (2) is represented as the
complementarity condition,
0 ≤ λn ⊥ ψn (q, t) ≥ 0,

(10)

0 ≤max(ψ1 , ψ2 ) ⊥ λ2 ≥ 0,

(11)

which for this example give
0 ≤c + ψ2 ⊥ λ1 ≥ 0

(12)

0 ≤c + ψ2 ⊥ λ2 ≥ 0.

(13)

F. General Polyhedral Exact Geometry Formulation
Expanding the constraint in (9), a general system with m
facets in contact is realized,
0 ≤ c2 − ψ2 + ψ1 ⊥ c2 ≥ 0
(14)
0 ≤ c3 − ψ3 + c2 + ψ1 ⊥ c3 ≥ 0
..
.
0 ≤ cm − ψm + cm + cm−1 + ... + c2 + ψ1 ⊥ cm ≥ 0
0 ≤ d1 + ψ1 ⊥ d1 ≥ 0
0 ≤ d2 + ψ2 ⊥ d2 ≥ 0
..
.

(5)

where λn is the force on the particle, normal to the edge, to
keep the particle from crossing the boundary.
The constraint in (5) is valid if the edge is of infinite
length. But in this example, the edge is a line segment
between two vertices in <2 space.

0 ≤ dm + ψm ⊥ dm ≥ 0
0 ≤ d1 + (c2 + c3 + ... + cm−1 + cm ) + ψ1 ⊥ λ1 ≥ 0
0 ≤ d2 + (c2 + c3 + ... + cm−1 + cm ) + ψ2 ⊥ λ2 ≥ 0
..
.
0 ≤ dm + (c2 + c3 + ... + cm−1 + cm ) + ψm ⊥ λm ≥ 0

E. A particle with two contact constraints
An additional vertex is added to the system in Figure 3.
The area above the two edges is the free space of the
particle. The area in gray is a solid body that the particle
is constrained from penetrating.
The constraints produced by the edges comprise two halfspaces, of which are depicted with corresponding colors.
If two constraints in the form in (5) are included in the
formulation, the free-space for the particle in simulation will
be restricted to the white region only.
To prevent penetration of the body while allowing penetration into the half-spaces outside the body, the constraint
max(ψ1 , ψ2 ) ≥ 0

0 ≤max(ψ1 , ψ2 ) ⊥ λ1 ≥ 0

(6)

is proposed [26]. That is, only the constraint with the
maximum gap distance should be active at any given time.
Consider the relation
max(ψ1 , ψ2 ) = ψ2 + max(0, ψ1 − ψ2 ).

(7)

c = max(0, ψ1 − ψ2 )

(8)

Defining

0 ≤ (c2 + c3 + ... + cm−1 + cm ) + ψ1 ,
where
ci = max(0, ψ1 − ψi ), i = 2, . . . , m,

(15)

and d are slack variables. Note that ψi := [ψn ]i . See [26]
for further details of this derivation.
G. Polyhedral Exact Geometry Formulation of the Mixed
Linear Complementarity System
The original Stewart-Trinkle forumation in (3) is altered to
introduce a heuristic method based on the Polyhedral Exact
Geometry formulation discussed in Section II-C. The main
formulation becomes
0
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where M is the mass matrix, and Gn and Ga are the
normal and auxiliary contact wrenches, respectively. Multiple
adjacent contacts are grouped, and the components of Gn

Y (meters)

from (4) are split into Gn and Ga in (16). Gn contains the
contact wrenches of the contacts with the minimum value
of ψn for each group of contacts. The remaining contact
wrenches in each manifold are put into Ga . The auxiliary
gap functions are defined as
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(17)
Ψa =  ...  where Ψaj = 
.
.

0

III. R ESULTS

A. Sawtooth Simulation
Two simulations are run to compare the performance of the
Polyhedral Exact Geometry and the Stewart-Trinkle methods
under varying conditions. A planar system consisting of a
particle moving among multiple stationary bodies is used
in this analysis. The particle has mass 5 kg, and an initial
velocity of 0, unless otherwise stated. All surfaces are
frictionless. System states are updated at each time-step with
the results obtained by solving (3) or (16) with the PATH
solver [27], [28].
1) Comparison of the Polyhedral Exact Geometry and
Stewart-Trinkle methods: The simulated trajectories are
shown in Figure 4. A single run using each method is
depicted on the same plot. The particle starts at [0.00, 0.75]
meters, with an initial velocity of [2.0, 1.8].
The trajectories are shown in more detail in Figure 5.
The point near where the particle leaves the second ramp
is examined. Using the Stewart-Trinkle method, the particle
remains constrained past the boundary of the ramp. The value
of  is 0.25 meters; the effect of the constraint on the overall
trajectory of the particle is significant. The particle leaves the
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This employs a heuristic method, where only the closest
constraint with a positive distance ψn is chosen as the active
constraint. Further constraints are required to guarantee that
only one constraint in each group of contacts is active at each
instant. One normal contact wrench is put in Gn for each
manifold, while all the other contact normals are put in the
auxiliary wrench. The selection matrices apply the additional
constraints to enforce that the correct constraint is active.
All elements of the component of the selection matrix E1j
are equal to one, for each contact. The selection matrix E2
is such that all E2j are equal to a lower triangular matrix
where all nonzero values are equal to one.
The resulting size of the MCP system for the Polyhedral
Exact Geometry method is 2 · b + c, where b is the number
of active bodies, c is the total number of contacts.
Two planar systems without friction are presented to
compare the Stewart-Trinkle and Polyhedral Exact Geometry
time-stepping methods. Both simulations involve a single
particle interacting with bodies represented by vertices connected by edges. Contact in this case is unilateral only,
and no other constraints are present. Standard Earth gravity
acts downward in the −Y direction in all simulations. All
simulations were performed using the minisim component
of the RPI Matlab Simulator [29].
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Fig. 4: Trajectories of the Polyhedral Exact Geometry and StewartTrinkle methods
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Fig. 5: Detail of the trajectories in Figure 4

sawtooth with a high velocity as it instantaneously enters a
region in deep penetration of half space constraint resulting
from the vertical edge.
The problem size at each time-step during the simulations
is plotted in Figure 6. The problem size varies depending
on the broad phase collision detection, and is the size of the
main matrices in (3) and (16). Both methods start with no
active constraints, giving the minimum problem size of 2,
which corresponds with the size of the mass matrix.
Figure 7 shows the CPU time at each time-step for both
methods. The required computation time generally corresponds with the problem size, with the Polyhedral Exact
Geometry method being at a slight disadvantage at the low
problem sizes in these small benchmark problems.
2) Comparison of different time-step sizes: The sawtooth
simulation is run at multiple time-steps to compare the
behavior of the Polyhedral Exact Geometry method and
Stewart-Trinkle method under expected poor accuracy. Each
simulation is run with step sizes of 1 × 10−4 , 1 × 10−3 , 1 ×
10−2 , and 1 × 10−1 . The same parameters as in Section IIIA.1 are used. Figure 8 illustrates the trajectories calculated
for the two simulations. The trajectories for all time-steps
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Fig. 6: Problem size for the Polyhedral Exact Geometry and
Stewart-Trinkle methods
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Fig. 9: Detailed view of trajectories of the Polyhedral Exact
Geometry and Stewart-Trinkle methods under varying timesteps
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Fig. 8: Trajectories of the Polyhedral Exact Geometry and StewartTrinkle methods under varying timesteps

in each method are shown. The trajectories at all time-steps
are similar, except at the coarse value of 1 × 10−1 . In these
cases, the trajectory differs from the trajectories in the other
runs.
A detailed view of the trajectories in Figure 8 is presented
in Figure 9. An area of interest near the peak of the first
sawtooth encountered by the particle. The particle leaves the
surface of the object as it travels in the +X direction in
this region. For the cases with time-steps of 1 × 10−1 and
1 × 10−2, the individual positions are marked. The square
markers correspond with the trajectory with a coarse timestep of 1 × 10−1 .
The lower subplot in Figure 9 shows a detail of the trajectories at different time-steps of the Stewart-Trinkle method.
As in the Polyhedral Exact Geometry method, the coarse
time-step produces a trajectory that varies significantly from
the trajectories of the finer time-steps. The consideration
of edges only within a distance  causes variation in the
trajectories after the particle leaves contact with the edge of
the object. The coarse trajectory gets stuck at the intersection
of the two extended edges, while the fine trajectory picks up
additional kinetic energy and enters the ballistic phase with
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Fig. 10: Trajectories of the Polyhedral Exact Geometry and StewartTrinkle methods

a high velocity.
B. Hills Simulation
A simulation is run with a series of hills as fixed obstacles.
The hills are circular, and composed of 10 edges each. A
constant external force of (12, 0) N is applied, in addition
to gravity. A time-step of 1 × 10−2 is used, and the particle
starts at an initial position of 2 meters in the +Y direction.
The minimum value of  increased to 0.5 m.
Figure 10 shows the trajectories for both the Polyhedral
Exact Geometry and Stewart-Trinkle methods. The dashed
lines represent the boundaries of the half-spaces projected
outward from each edge in the bodies.
A detail of the same trajectory from Figure 10, resulting
from the Stewart-Trinkle method is shown in Figure 11. The
boundaries of the half-spaces that impede the motion of the
particle are highlighted.
The particle initially interacts with a constraint from a
horizontal constraint [in magenta], and subsequently comes
into contact with the cyan half-space boundary on the left.
Kinetic energy is picked up from this first interaction, as
the particle enters the half-space from the side, resulting in
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Fig. 11: Detailed trajectory of Stewart-Trinkle method

penetration as the constraint becomes active when the particle
is within range . This phenomenon is discussed in detail in
Section II-B. The high velocity, combined with the external
force on the particle causes it to climb the boundary until the
constraint becomes inactive as the distance from the right hill
is greater than . After a brief phase of unconstrained motion,
the constraint from the half-space edge depicted by the right
cyan dashed line activates. The particle then travels a short
distance down that constraint until meeting the constraint
highlighted in magenta. The particle finally is trapped at the
intersection of these two half-spaces.
IV. C ONCLUSION
An analysis of improvements to simulation accuracy
and performance utilizing the Polyhedral Exact Geometry
method was performed in this work. The initial investigation
was presented, with results obtained from small benchmark
problems. Simulations consisting of a two dimensional particle with no friction were performed. The performance
of the Polyhedral Exact Geometry method is similar to
Stewart-Trinkle for these small benchmark problems, but it
has been demonstrated that the Polyhedral Exact Geometry
method is more robust, especially under consideration of
tunable parameters in broad phase collision detection applied
to the system before system dynamics are computed. The
introduction of the Polyhedral Exact Geometry method in
this work lays the foundation for further research into its
performance on more complex 3D systems.
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