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Abstract. Modularization is a promising technique to meet the scalability chal-
lenge in reasoning with very large ontologies. In this work, we introduce a novel
boundary-based modular extraction method for ontologies in EL++ description
logics. The proposed method is capable of identifying relevant axioms in an on-
tology based on the notion of boundaries of symbols, with respect to a given rea-
soning task. We present the theoretical foundation and a practical algorithm for
computing boundary-based modules. As most work of boundary-based module
extraction can be done offline, the modularization results can be applied in im-
proving reasoning performance. The proposed algorithm is implemented for the
DL EL++. Experimental results on real-world ontologies show that boundary-
based modules generated by our method are very close to the optimal result.

1 Introduction

Modularization is an important technique that may facilitate reasoning with very large
ontologies. With the identification of the modular structure of an ontology, a reasoning
task may be carried out more efficiently by pinpointing the relevant modules, or by di-
viding the overall reasoning task into smaller components that can be computed against
modules [1, 2, 3]. In addition, modules can also be used in other ontology reasoning
tasks such as incremental reasoning [4] and analogical reasoning. To achieve high ac-
curacy and efficiency of inference, a modularization-based reasoning approach needs to
meet several critical requirements. In particular, we need to ensure: (i) Exactness, which
means that the answer of a reasoning task performed in the modular way and the answer
to the same task that is performed in the conventional way on the whole ontology are
always identical; (ii) Compactness, which means that a reasoning task should involve
the minimal set of modules or axioms that are necessary for performing the reasoning
task. The goal of this work is to investigate a practical method of module extraction that
can satisfy those requirements and is suitable to improve reasoning scalability.

There is a growing attention on modular ontologies. Please see [5] for a survey of
modular ontologies in general. Most relevant work to our study is the work on ontology
modularization using structural [6, 7, 8] or logic-based approaches [9, 10, 11]. However,
modules extracted by using structural methods in general may not be exact in query
answering. Logic-based approaches provide ways to extract modules with exactness



guarantee, e.g., by signature-based module extraction. In this method, given a set of
symbols (i.e., a signature), a fragment can be extracted from an ontology that can answer
any reasoning problems for that signature in the exact manner. However, the modules
discovered by this approach are in general not compact [12, 13].

In this work, we present a novel axiom-based approach for module extraction that
behaves well for both exactness and compactness. Signature-based modularization is
targeted at extracting a module that can preserve all knowledge about the signature in
question from the entire ontology. This may result that axioms that are only needed
in rather different reasoning scenarios to be included in the generated module. In our
approach, we adopted the axiom-based module extraction approach, such that only a
small subset of axioms that might be directly related to a reasoning task is included in
the generated module. Thus, compactness of our approach is significantly better than
the signature-based approach.

The main idea of our approach is that an axiom may specify the ”boundaries” for
the interpretations of an expression of a symbol. Given the validity test task of an ax-
iom against an ontology, the set of axioms that might be relevant to the reasoning task
includes those axioms that may influence the boundaries of symbols used in the test-
ing axiom. Thus, instead of considering the entire ontology to do the validity test, we
only need to use the relevant subset (module). Exactness of the method is ensured by
discovering all axioms in the original ontology that may directly or indirectly influence
boundaries of symbols used in the reasoning task.

The strength of the proposed method includes the following:
(1) Boundary-based module is compact. The experimental results show that mod-

ules generated by our method are close to optimal axiom-based modules, and are smaller
than modules generated by the signature-based approach.

(2) Most work of computing axiom-based module using the boundary method can
be done offline, thus it is suitable for optimizing reasoning performance.

(3) The method does not heavily rely on a specific language; it can be applied to
other logic languages that have a Tarski-style model theoretic semantics with only a
few modification.

The present paper focuses on the description logic EL++ [14] which is a notable
subset of OWL DL, it aims at high efficiency for reasoning tasks such as subsumption,
classification and satisfiability. The advantage of EL++ is that it combines tractability
of the afore mentioned reasoning problems with expressive power that is sufficient for
many important applications of ontologies, especially for life science ontologies.

2 Related Work

Signature-based module. As briefly outlined in Section 1, signature-based module
extraction method [9, 10, 11] uses semantic information to extract modules of ontolo-
gies and the modules generated are exact. From the definition of signature-based mod-
ule [11], we can easily see that, giving an axiom α, module for all symbols in α in
an ontology O is also an axiom-based module for α (for short, α-module) in O. That
means signature-based module may also been used for optimizing ontology reasoning.
However, it has been shown that this method is in general not compact, thus the mod-



ules generated by it may contain many unnecessary axioms. As the problem of deciding
signature-based module is highly undecidable, an approximation algorithm based on the
notion of locality is used to compute a module [11].

The example in Table 1 shows the incompactness of the locality-based method as
described in [11]. In the example, we want to calculate an α-module inOE . According
to the relationship between axiom-based module and signature-based module, locality-
based Mother-module in OE is also an α-module. Using the signature-based module
extraction algorithm3, the Mother-module in OE is {(1), (2), (3), (4), (5), (6), (7)}. It
is obvious that a minimal α-module is {(5), (7)}. From this simple example, we can
see that although the signature-module can ensure the exactness of reasoning, it is not
necessary compact. On the other hand, we will show later the boundary-based approach
proposed in this paper can generate compact axiom-based module for this example.

Table 1. Fragment of generation ontology

Ontology OE :
(1): Animal v Object (2): Person v Animal (3): Female v ∃has Child.Animal
(4): Female v Animal (5): Woman v Person (6): Woman v Female
(7): Mother v Woman (8): Grandmother v Mother (9): Female uMale v⊥
Axiom α: Mother v Person

In [15], authors introduce a variant of locality-based module extraction method
which is based on connected reachability from EL+ ontologies. Although the reachability-
based module is the minimal locality-based module, it still contains many irrelevant
axioms for a reasoning task. In addition, the reachability-based module extraction ap-
proach can only be applied to EL+ ontologies. On the other hand, our approach is
versatile to be applied for other description logics.
Module extraction method using structural information. The modularization prob-
lem has also been addressed in [6], [7] and [8]. Reference [6] presents a partitioning
algorithm in order to facilitate the visualization through the ontology. In [7] and [8], au-
thors present methods to extract modules of ontologies for a given signature. All these
methods only use structural information of ontologies without providing a characteri-
zation for the logical properties of the extracted modules, nor do they establish a notion
of exactness of modularization.
Relevant axiom selection for reasoning. In [16], authors report a method which can
select information relevant to a concept expression in order to enhance the performance
of reasoning. The method assumes that the ontology is separated into a set of unfoldable
axioms and a set of GCIs. Every concept name and role name appearing in the target
concept expression E is relevant to E. The module extraction process is then repeated
for unfoldable axioms. Experiments show that the removal of irrelevant information
results is a great improvement for the reasoner. However, module extracted using this
method still contain many irrelevant axioms for reasoning tasks thus is not compact.

3 Here we use the semantic locality testing method described in [11], there are also other testing
methods recently introduced in [10].



Justification. Another related work is justification which is intended to be a debugging
technique [17]. Justifications of an entailment are all the minimal set of axioms suffi-
cient to produce an entailment. Let JUST(α,O) be the justification for the reasoning
task O ² α, it is obviously a minimal α-module in ontology O, but it can only be cal-
culated after the process of inference, so it cannot be used to optimize reasoning. On
the other hand, our approach can produce a close approximation of the minimal module
before the inference being preformed.

3 Preliminaries

A description logic language contains a set of atomic concepts (A,B, . . .) representing
sets of elements, a set of atomic roles (r, s, . . .) representing binary relations between
elements, and a set of individuals (a, b, c, . . .) representing elements; it also provides
constructors for defining the set of (general) roles (R, S, . . .), the set of (general) con-
cepts (C, D, . . .), and the set of axioms (α, β, . . .) which is an union of role axioms
(RBox), terminological axioms (TBox) and assertions (ABox). The semantics for a de-
scription logic language is defined using the Tarski-style model-theoretic semantics. An
interpretation I is a pair I = (∆I , .I), where ∆I is a non-empty set, called the domain
of the interpretation, and .I is the interpretation function that assigns: to every atomic
concept A a set AI ⊆ ∆I , to every atomic role r a set rI ⊆ ∆I ×∆I and every indi-
vidual a set aI ∈ ∆I . The interpretation .I is extended to complex roles and concepts
via DL-constructors. An interpretation I is a model of an ontology O if I satisfies all
axioms in O. An ontology O implies an axiom α (written O ² α) if I ² α for every
model I of O. Reference [18] provides the detailed syntax and semantics of DL.

In this paper we focus on the DL EL++[14], which provides the following main
features: top concept >, bottom concept ⊥, nominal {a}, conjunction C uD, existen-
tial restriction ∃r.C, domain restriction dom(r) v C, range restriction ran(r) v C,
general concept inclusion (GCIs) C v D, role inclusions (RIs) r1◦. . .◦rk v r, concept
assertion C(a) and role assertion r(a, b).

The signature Sig(α) of an axiom α is the union of role, concept and individual
symbols that occurring in α. The Sig(O) of an ontology O is defined analogously.
Expression model(O) represents all models of the ontology O. model(α) is defined
analogously for an axiom α.

4 Axiom-based Module Extraction by Using Boundary

4.1 Axiom-based Module

Firstly, we introduce some important definitions and properties of axiom-based module.
According to the exactness and compactness requirement, the notion and properties of
axiom-based module and minimal axiom-based module are formalized as follows4:

4 If there is no special explanation, the ontology in question is consistent, and the axiom in
question is not a tautology or a contradiction axiom (i.e, there is no model for the axiom) in
this paper.



Definition 1 (Axiom-based Module [4]) Let O be an ontology and O1 ⊆ O a sub-
set of axioms in O. We say O1 is a module for an axiom α in ontology O w.r.t. lan-
guage L (or for short, an α-module in O w.r.t. L) if O1 ² α iff O ² α. We denote by
module(α,O) the collection of all α-module in O.

Definition 2 (Minimal Axiom-based Module) Let O1 be an α-module in O w.r.t. L.
We say that O1 is a minimal module for an axiom α in ontology O w.r.t. language L
(or for short, a minimal α-module in O w.r.t. L) iff there is no α-module O2 in O w.r.t.
L such that O2 ⊂ O1. We denote by minModule(α,O) the collection of all minimal
α-modules in O.

The minimal α-module inO is sufficient to test the validity of α. It is ∅whenO 2 α,
and is not empty otherwise. The unification of all minimal α-modules in O is the set
of axioms which provide the necessary information in the reasoning process, which we
name as essential axiom-based module.

Definition 3 (Essential Axiom-based Module) Let O be an ontology and α be an
axiom, the essential axiom-based module for α in O (or for short, the essential α-
module in O) Oe is the unification of all the minimal α-modules in ontology O, Oe =⋃
Om∈minModule(α,O)Om.

Proposition 1 (Properties of Essential Axiom-based Module) LetO be an ontology,
α be an axiom, and Oe be the essential α-module in O, then the intersection of any α-
module in O and any ontology which includes Oe is still an α-module in O. ∀O1,O′

e.
O1 ∈ module(α,O) ∧ O′

e ⊇ Oe → (O′
e ∩ O1) ∈ module(α,O).

4.2 Boundary

In this section, some boundary related definitions and propositions will be given. We
will firstly formalize the possible interpretation and boundary of symbols, and then
show that every symbol has boundary in DL EL++.

Definition 4 (Possible Interpretation of Symbols) Let O be an ontology, α be an ax-
iom, and s be a symbol in O, i.e., s ∈ Sig(O). Let M be the set of all models of O, a
possible interpretation of s is a function fOs : M → S where S is a set, such that for
any I ∈ M, let I ′ be a new interpretation obtained by letting sI

′
= X and keep inter-

pretations of other symbols unchanged, denoted by I sI
′
=X−−−−→ I ′, then I ′ is a model of

O iff X ∈ fOs (I). We call fOs (I) the possible interpretation of s in O.
Let M+Y be a set of model of O ∪ {α} obtained by setting interpretation of sym-

bols in Sig(α)\(Sig(O) ∩ Sig(α)) to a value Y = (Y1, . . . , Yi, . . . , Yn) and set
other symbols interpretation to all the available interpretations. If there exists a M+Y

which satisfies: for all model I+Y ∈ M+Y , there exists a model I ∈ M, fOs (I) 6=
f
O∪{α}
s (I+Y ), we say α influences the possible interpretation of s through O, in no

misunderstanding situation, O can be omitted.
Axiom set influences the possible interpretation of s in O contains all axioms α

which influences possible interpretation of s through any subset ofO\{α}, denoted by
IS(s,O).



Obviously, every symbol in EL++ ontologies has a possible interpretation.

Proposition 2 (Existence of Possible Interpretation) Let O be an ontology, s be a
symbol in O, then there must exist the possible interpretation of s in O.

Proof. In description logic EL++, for any symbol s, there must exist a function f(I) =
f(sI1 , . . . , sIi , . . . , sIk ), si ∈ Sig(O) \ s,∀I ∈ Model(O) which satisfies the definition
of the possible interpretation. Thus there must exist possible interpretation of symbol s.

The possible interpretation has the following properties:

Proposition 3 (Properties of Possible Interpretation) Let O be an ontology, α be an
axiom, s be a symbol in α, then O ² α if ∀I ∈ model(O), fOs (I) ⊆ fα

s (I).

Proof. O ² α iff model(O) ⊆ model(α), according to the definition and existence
proposition of the possible interpretation, ∀I ∈ model(O), if fOs (I) ⊆ fα

s (I), then I
is also a model of α, so model(O) ⊆ model(α),O ² α.

Definition 5 (Boundary of Symbols) Let O be an ontology and s be a symbol5 in O,
i.e., s ∈ Sig(O). Let M be the set of all models ofO. Boundary of s is a pair (lOs , uOs ),
lOs and uOs are two functions: M → (Sl, Su) where Sl and su are two sets, such that (i)
for any I ∈ M, Sl = lOs (I) ⊆ ∆Ior∆I ×∆I , Su = uOs (I) ⊆ ∆Ior∆I ×∆I6; (ii)
For a given I and X ⊆ ∆I , let I ′ be a new interpretation obtained from I by letting

sI
′
= X and keep other symbols interpretations unchanged, denoted by I sI

′
=X−−−−→ I ′ ,

then I ′ is a model of O iff lOs (I) ⊆ X ⊆ uOs (I).
We call lOs and uOs the lower and upper boundary of s inO7, when a lower boundary

is the empty set and an upper boundary is the universal set, they are called trivial8.
Otherwise, it is nontrivial.

From the definition of possible interpretation and boundary, we can see that the
possible interpretation and the boundary for a symbol s in an ontology O are mutual
determined, fOs ⇔ (lOs , uOs ).

Proposition 4 (Existence of Boundary of symbols) Let O be an EL++ ontology and
s be a symbol in O, s ∈ Sig(O), then there must exist lower boundary lOs and upper
boundary uOs .

Proof. Symbol s has the possible interpretation fOs (I) in O, the lower and upper
boundary of s can be constructed using the following method: If there exists f1(I)
and f2(I) which satisfies: X ∈ fOs (I) iff f1(I) ⊆ X ⊆ f2(I),∀I ∈ model(O), then
lOs = f1(I), uOs = f2(I); else lOs = fOs (I), uOs = fOs (I).

5 By default, symbol s is not > or ⊥ in this paper.
6 If s is a concept symbol, Sl ⊆ ∆I , Su ⊆ ∆I ; if s is a role symbol, Sl ⊆ ∆I × ∆I , Su ⊆
∆I ×∆I

7 In the no misunderstanding situation, O can be omitted from lOs and uOs
8 In description logics, if s is a concept symbol, the trivial lower and upper boundary of a symbol

are ∅ and ∆I , if s is a role symbol, the trivial lower and upper boundary of a symbol are ∅ and
∆I ×∆I .



It is an extreme case that the lower boundary and upper boundary are equal, in
EL++ ontologies, the lower boundary and upper boundary are usually unequal. For in-
stance, let O be {C v D}, s be C, then lOs = ∅, uOs = DI ,∀I ∈ model(O). Note that
we do not give a method for computing the boundary functions as our module extrac-
tion method only needs the existence of boundaries, another reason is that calculation
of boundaries is very complex.

When O is empty, the lower and upper boundary of s is trivial. When O is not
empty, the boundary of s are determined by some axioms in the ontology. For example,
in ontology OE , we extract two axioms: α : Grandmother v Mother β : Mother v
Woman. For symbol Grandmother, axiom α means the interpretation of Grandmother
is included in the interpretation of Mother, uGrandmother is changed from ∆I to MotherI

and the lower boundary is not changed, we say α is relevant to the upper boundary of
Grandmother. On the another hand, for symbol Mother, α means the interpretation of
Mother must include the interpretation of Grandmother, the lMother is changed from ∅
to GrandmotherI and the upper boundary is not changed, we say axiom α is relevant
to the lower boundary of Mother. We can also notice that β is upper boundary relevant
to symbol Grandmother through α, as β influences the uGrandmother by influencing the
possible interpretation of Mother. We call axioms like α direct boundary relevant ax-
ioms and axioms like β indirect boundary relevant axioms for symbol Grandmother.
The boundary relevant axiom is formalized as follows:

Definition 6 (Boundary Relevant Axiom) Let O be an ontology, s be a symbol in O,
α be an axiom which cannot be implied fromO,O 2 α,O∗ be an ontology which add α
into O, O∗ = O∪ {α}. Let M+Y be a set of model of O∗ obtained by setting interpre-
tation of symbols in Sig(α)\(Sig(O) ∩ Sig(α)) to a value Y = (Y1, . . . , Yi, . . . , Yn)
and set other symbols interpretation to all the available interpretations. If there exists
a M+Y which satisfies: for all model I+Y ∈ M+Y , there exists a model I ∈ M,
l(u)Os (I) 6= l(u)O∗

s (I+Y ), we say axiom α is relevant to the lower(upper) boundary of
s throughO, denoted byL(U)BR(s,O, α) = 1; else we say axiom α is irrelevant to the
low(upp)er boundary of s throughO, denoted by L(U)BR(s,O, α) = 0. Furthermore,
relevant axioms can be divided into direct and indirect boundary relevant axioms:

(1) Direct boundary relevant axioms. If L(U)BR(s, ∅, α) = 1, then we say axiom
α is directly relevant to the lower(upper) boundary of s, DL(U)B(s,O) is used to de-
note all these direct relevantly axioms in O;

(2) Indirect boundary relevant axioms. If α is not direct boundary relevant to the
lower(upper) boundary of s, L(U)BR(s, ∅, α) = 0, and L(U)BR(s,O, α) = 1, then
we say α is indirectly relevant to the lower boundary of s through O. IL(U)B(s,O) is
used to denote all these indirect relevant axioms in O.

Proposition 5 (Properties of Boundary Relevance) LetO be an ontology, s be a sym-
bol in O, s ∈ Sig(O), α be an axiom which cannot be implied from O, O 2 α, O+

be an ontology which includes O, O ⊆ O+, O− be an ontology which is included
by O, O− ⊆ O. (1) If L(U)BR(s,O, α) = 1, then L(U)BR(s,O+, α) = 1; (2) If
L(U)BR(s,O, α) = 0, then L(U)BR(s,O−, α) = 0.

Proof. We prove the lower boundary relevance, and the upper boundary relevance can
be proved analogously. (1) SinceLBR(s,O, α) = 1 andO ⊆ O+,O+ may contain ad-



ditional axioms which influence the lower boundary for symbol s, thusLBR(s,O+, α) =
1. (2) Since LBR(s,O, α) = 0 and O− ⊆ O, O− does not contain additional axioms
which influence the lower boundary for symbol s, thus LBR(s,O−, α) = 0.

For a symbol in ontology, we can partition the ontology into three parts: upper
boundary relevant, lower boundary relevant and irrelevant axiom set.

Definition 7 (Boundary Relevant Axiom Set) LetO be an ontology, s be a symbol in
O, s ∈ Sig(O).

(1) Lower(Upper) boundary relevant. Axiom set relevant to lower(upper) boundary
of s in O contains all axioms α which are relevant to lower(upper) boundary of s
through any subset of O \ {α}, denoted by L(U)R(s,O). According to proposition 5,
L(U)R(s,O) = {α | L(U)BR(s,O \ {α}, α) = 1};

(2) Boundary irrelevant. Axiom set irrelevant to the boundary of s inO contains all
axioms α which are irrelevant to boundary of s through any subset ofO\{α}, denoted
by IR(s,O). IR(s,O) = O \ (LR(s,O) ∪ UR(s,O)).

Based on the definition 7,LR(s,O) and UR(s,O) contain all axioms which change
the lower and upper boundary of s in O, axioms in IR(s,O) do not influence the
boundary of s. Boundary relevant axiom set has following properties.

Proposition 6 (Properties of Boundary Relevant Axiom Set) Let O be an ontology,
s be a symbol inO, s ∈ Sig(O). (1)L(U)R(s,O) = DL(U)R(s,O)∪IL(U)R(s,O);
(2) LR(s,O) ∪ UR(s,O) = IS(s,O).

4.3 Boundary-based Module

In this section, we will firstly give the definition of useful and useless symbols, then for-
malize the relationship between boundary relevant axiom set and axiom-based module.

Definition 8 (Useful and Useless Symbols) Let O be an ontology, α be an axiom im-
plied byO,O ² α, s be a symbol in α, I be an model ofO. let I ′ be a new interpretation
obtained from I by letting sI

′
= X and keep other symbols interpretations unchanged,

denoted by I sI
′
=X−−−−→ I ′. If for any model I of O, no matter what the X is, I ′ is still a

model of α, we say s is useless symbol in α w.r.t O; else s is useful symbol in α w.r.t O.
US(α,O) is used to denote useful symbols set in α w.r.t O.

Intuitively, symbol s is useless in α w.r.t O, that means s has nothing to do with
the reasoning process O ² α. For instance, in OE , let axiom α be Female u Male v
Grandmother, then symbol Grandmother is an useless symbol in α w.r.tOE as Femaleu
Male v⊥. On the other hand, symbol s is useful in α w.r.t O, that means s has some-
thing to do with the reasoning process O ² α. In the above example, it is easy to see
that symbols Female and Male are useful symbols in α w.r.t OE . Generally speaking,
axioms representing reasoning tasks in practice are meaningful, which means they only
contain useful symbols. For O ² α, in the ontology O, axiom set which influences
the same boundary of an useful symbol as axiom α does provides sufficient condition



to compute the reasoning process, in other words, the axiom set is an α-module in O.
The relationship between boundary relevant axiom set and axiom-based module can be
formalized as follows:

Proposition 7 (Boundary-based Module) Let O be an ontology, α be an axiom and
s be an useful symbol in α. (1) If L(U)BR(s, ∅, α) = 1 and U(L)BR(s, ∅, α) = 0,
then axiom set relevant to lower(upper) boundary of s in O is the superset of essential
α-module in O, Oe ⊆ L(U)R(s,O); (2) If LBR(s, ∅, α) = 1 and UBR(s, ∅, α) = 1,
then axiom set relevant to lower or upper boundary of s inO is the superset of essential
α-module in O, Oe ⊆ LR(s,O) ∪ UR(s,O).

Proof. O ² α if ∀I ∈ model(O), fOs (I) ⊆ fα
s (I). And according to the definition

and existence proposition of the boundary, s has the lower and upper boundary, and the
boundary and the possible interpretation are mutual determined, so boundary of s in O
and α should satisfy: ∀I ∈ model(O), lαs ⊆ lOs , uOs ⊆ uα

s . When α is only relevant to
the lower boundary of s, uOs ⊆ uα

s is always satisfied as uα
s = ∆I or ∆I × ∆I . It is

easy to observe all axioms which influence the lower boundary of s in O provide the
necessary information to test if ∀I ∈ model(O), lαs ⊆ lOs . Hence, the lower boundary
relevant axiom set includes Oe. Other situation can be proved analogously.

We use boundaryModule(s, α,O) to denote the s boundary-based α-module inO.
Based on the proposition 7, we give a method to calculate the minimal boundary-based
module.

Proposition 8 (Minimal Boundary-based Module) Let O be an ontology and α be
an axiom, then intersection of all axiom sets relevant to the same boundary of symbols
of US(α,O) as α does is an α-module in O,

⋂
s∈US(α,O)boundaryModule(s,α,O) ∈

module(α, O), we name it the minimal boundary-based α-module in O, denoted by
bMod(α,O).

The above proposition 8 shows that a reasoning task contains more useful symbols,
the boundary-based minimal module will not be larger. On the contrary, the volume of
signature-based module becomes bigger when the reasoning task contains more sym-
bols. This means the boundary-based minimal module is suitable for optimizing rea-
soning, especially for complex tasks which contain many symbols.

4.4 Calculation of the Boundary Relevant Axiom Set

Definition of boundary relevant axiom set can be used to compute the axiom set relevant
to the boundary of s inO. Using this method, we have to compute the boundary. As it is
very complex, direct and indirect boundary relevance are used to calculate the boundary
relevant axiom set.

As L(U)B(s,O) = DL(U)B(s,O) ∪ IL(U)B(s,O), calculation of the axiom set
relevant to the boundary of s inO can be divided into computation of direct and indirect
boundary relevant axiom set. We firstly introduce properties of indirect relevance, then
describe the algorithm for computing boundary relevant axiom set.



Proposition 9 (Properties of Indirect Relevance) Let O be an ontology, s be a sym-
bol in O, β be an axiom which is indirectly relevant to the lower(upper) boundary of
s. Then there must exist an axiom α in O, α is directly relevant to the lower(upper)
boundary of s, and β changes the lower(upper) boundary of s by influencing the possi-
ble interpretation of some symbol in Sig(α) \ s.

To calculate the indirect boundary relevant axiom set of s in O, we can analyze
every axiom β which influences the possible interpretation of symbols in axioms which
are directly relevant to the boundary of s, i.e., β ∈ ∪αi∈DLB(s,O)IS(Sig(αi) \ s,O)
. We use algorithm 1 to compute all axioms relevant to the lower boundary of s in O,
and axioms relevant to the upper boundary can be computed analogously.

Algorithm 1 Computing lower boundary relevant axiom set
Input: s, O Output: L(s,O)
1. In O, calculating axioms which are directly relevant to the lower boundary of s, put them into
S and L(s,O); (Testing the direct boundary relevance between s and all axioms in O)
2. For each axiom α in S, calculating axioms which are indirectly relevant to the lower bound-
ary of s by influencing the possible interpretation of any symbols in Sig(α) \ s, put them into
L(s,O); (Transformed into direct boundary relevance testing)

Proposition 10 (Exactness of Algorithm 1) For every ontologyO and symbol s inO.
The algorithm 1 computes a correct LR(s,O).

Proof. We have to show that (1) algorithm 1 terminates for every inputO and s, and (2)
L(s,O) is LR(s,O). (1) Termination of the algorithm follows from the fact that there
is a certain number of axioms which is directly relevant to the lower boundary of s in
O. Thus the algorithm can be terminated. (2) Any axiom which is indirectly relevant to
the lower boundary of s must influence the possible interpretation of some symbols in
axioms which are directly relevant to the lower boundary of s. Hence, L(s,O) can be
LR(s,O) by using a proper analysis method.

When using algorithm 1, we firstly give a method for testing the direct boundary
relevance, then use an elimination method to testing which axiom is indirectly relevant
to the boundary of s by influencing possible interpretation of symbols in α. As we know,
axioms which are indirectly relevant to the boundary of s by influencing possible inter-
pretation of symbols in α are contained in the boundary relevant axiom set of symbols
in Sig(α)\s, we can analyze these axioms and remove those irrelevant to the boundary
of s, the remains are considered as indirectly relevant to the boundary of s by influenc-
ing possible interpretation of symbols in α, the analysis process can be transformed into
the problem of testing direct boundary relevance.

Proposition 11 (Testing Direct Boundary Relevance) Let α be an axiom and s be a
symbol in α, s ∈ Sig(α). We set interpretation of s to the empty set (universe set), α
is changed to α∗, and test whether α implies α∗. (1) If α ² α∗, then α is not directly
relevant to the lower(upper) boundary of s; (2) If α 2 α∗, then α is directly relevant to
the lower(upper) boundary of s.



Proof. We prove the correctness of testing the direct lower boundary relevance, and the
upper situation can be proved using the similar way. (1) If α ² α∗, then model(α) ⊆
model(α∗), which means, for any model I of α, when all interpretation of other sym-
bols in Sig(α)\s remain unchanged, sI can be the empty set. Thus the lower boundary
of s is not changed, and α is not directly relevant to the lower boundary of s. (2) If
α 2 α∗, this means, there exists at least one model I∗ of α, when interpretation of
other symbols in Sig(α) \ s is given a special value, sI

∗
cannot be the empty set.

Hence α is directly relevant to the lower boundary of s.

Proposition 12 (Indirect Relevance Testing ⇒ Direct Relevance Testing) Let α be an
axiom, s, t be two symbols in α, s, t ∈ Sig(α), and α is directly relevant to the bound-
ary of s. If α is not directly relevant to the lower(upper) boundary of t, then axioms
which are not relevant to the lower(upper) boundary of t are not indirectly relevant to
the boundary of s by influencing the possible interpretation of t in α.

Proof. We prove the correctness of testing the indirect lower boundary relevance, and
the upper situation can be proved using the similar way. Axiom α is not directly relevant
to the lower boundary of t, so for any model I of α, when change tI to the empty set,
interpretation of other symbols can keep unchanged, and sI remain the same. And if
an axiom is not relevant to the lower boundary of t, then tI can be the empty set in the
model of this axiom. Thus, the axiom is not indirectly relevant to the boundary of s by
influencing the possible interpretation of t in α.

According to the proposition 12, we use the complement of axioms which are not
indirectly relevant to get approximate axiom set which is indirect boundary relevant. To
calculate the approximate axiom set relevant to the boundary of symbol s in ontology
O, axiom set S1 which is directly relevant to the boundary of symbol s and axiom set
S2 which is indirectly relevant to the boundary of s should be computed. Firstly, S1

can be easily obtained by testing the direct relevance between s and all axioms in O,
then calculation for S2 can be changed to calculation of axiom set which is direct and
indirect to the boundary of other symbols, the process is repeated until the boundary
relevant axiom set is obtained.

Using boundary-based module extraction method, we can get an axiom-based mod-
ule far smaller than signature-based module in ontologyOE . Let I by any model ofOE ,
uMother is changed from ∆I to WomanI by {(1)∼(7), (9)}; lPerson is changed from ∅ to
WomanI by {(5), (7), (8)}. Cause Mother and Person are useful symbols in α w.r.tOE ,
and axiom α influence uMother and lPerson, α-module inOE is the intersection of axiom
sets which change uMother and lPerson, {(1) ∼ (7), (9)} ∩ {(5), (7), (8)} = {(5), (7)},
which is the minimal axiom-based module for α in OE .

Note: As testing the direct relevance involves computing many implication problem,
and checking for implication in description logics is, theoretically, a difficult problem,
we can firstly compute all the direct boundary relevant relationship between symbols
and axioms offline, then the axiom-based module task can be easily and fast obtained.



5 Implementation in EL++ Description Logics Language

We use Pellet9 and OWLAPI10 to implement the boundary-based module extraction
method in DL EL++. As analyzed above, calculation for axiom-based module can be
transformed into testing the direct boundary relevance. Proposition 11 is used to testing
the direct boundary relevance. Given an axiom α, and a symbol s in α, the testing
approach is divided into three situations according to the type of symbol s.
Symbol s is a concept C. We set C to the top concept >, αC→>

CI→∆I , and set C to the
bottom concept ⊥, αC→⊥

CI→∅.Then we test whether α implies αC→>
CI→∆I and αC→⊥

CI→∅; if
α ² αC→>

CI→∆I (α
C→⊥
CI→∅), then α is not directly relevant to the upper(lower) boundary

of C; else if α 2 αC→>
CI→∆I (α

C→⊥
CI→∅), then α is directly relevant to the upper(lower)

boundary of C.
Symbol s is an individual. In the DL EL++, axiom types which contains individual are
a : C and r(a, b)11. In these axioms, upper boundary of the interpretation of individuals
are influenced, so when symbol s is an individual, α is directly relevant to the upper
boundary of s.
Symbol s is a role r. As there are not constants denoting the role whose interpretation
is the universal or the empty set in the description logics, proposition 11 cannot be
used directly. In DL EL++, Axiom types which contain role are r(a, b), RBox, and
complex concept ∃r.C. If α is r(a, b), α is directly relevant to the lower boundary of
r; if α is r1 ◦ . . . ◦ rk v r, then α is directly relevant to the lower boundary of r,
and directly relevant to the upper boundary of ri, 1 6 i 6 k; if α is dom(r) v C
or ran(r) v C, then α influences the lower and upper boundary of r; if r belongs
to complex concept, we change the complex concept which contains role into top or
bottom concept according to the semantics of constructors, α∃r.C→>

rI→∆I×∆I , α∃r.C→⊥
rI→∅×∅,

then concept boundary testing method is used to testing boundary relevance for r.

6 Experiment

In this section, we will show that the boundary-based module is small enough for op-
timizing ontology reasoning in DL EL++, we compare the minimal boundary-based
module (bMod) towards the standard axiom-based module: minimal axiom-based mod-
ule (mMod) and essential axiom-based module (eMod)12, in addition, Grau’s Locality-
based module (LoMod and UpMod [9])13 is also evaluated. A set of well-known
EL++ ontologies on the web is selected, the test suite comprises SUMO14, NCI15, and
GO16. Information about those ontologies is described in Table 2.

9 http://pellet.owldl.com/
10 http://owlapi.sourceforge.net/
11 For nominal {a}, we deal with it as concept to test the relevance.
12 It uses DefaultExplanationGenerator in Pellet to get the mMod, we implement eMod extrac-

tion based on mMod extraction.
13 LoMod is ⊥-module and UpMod is >-module, they can be obtained from http://

krono.act.uji.es/people/Ernesto/safety-ontology-reuse
14 http://www.ontologyportal.org/
15 http://www.mindswap.org/2003/CancerOntology/
16 http://www.geneontology.org/index.shtml



Table 2. Information about ontologies

ontology expressivity #concepts #objectProperties #individuals
SUMO RDFS 630 217 435

NCI EL++ 27652 70 0
GO EL++ 26231 5 154932

We generate axioms which contain only useful symbols from the above ontologies.
The generated axioms are C v D type, C and D are concepts. To assure C, D are useful
symbols in the axiom C v D, C should not be the bottom concept ⊥ and D should
not be the top concept > in the ontology. Those conditions can be easy guaranteed.
All ontology classification axioms in SUMO is collected for module extraction17. As
NCI and GO contain too many C v D axioms, we randomly generate 5000 entailed
axioms(O ² C v D and C v D /∈ O) and 500000 not entailed axioms(O 2 C v D)
for evaluation. Entailment information for them is described in the second and third
column in Table 3.

Boundary-based module is firstly compared with the optimal module: minimal mod-
ule and essential module, and the evaluation is described in Table 3. Information of
minimal boundary-based module is illustrated in the forth and fifth column. It includes
number of not entailed axioms whose bMod is not empty, which means it is not equal to
mMod and eMod, plus the average size of those module; and average size of bMod for
entailed axioms. Average size of eMod and mMod for entailed axioms are described
in the last two columns.

Table 3. Comparison information between bMod and optimal module on O ² C v D

Ont.
entailment Inf. bMod eMod mMod

Num of Num of O 2 α nonempty Avg. Size Avg. Size Avg. Size
O ² α O 2 α (Num./Avg. Size) for O ² α for O ² α for O ² α

SUMO 3462 392112 0 4.92 4.92 4.21
NCI 5000 500000 169(0.034%)/15.50 10.43 8.31 4.23
GO 5000 500000 72(0.015%)/15.63 12.03 8.60 3.98

From Table 3, we can clearly see that bMod is very close to the eMod. For not
entailed axioms, all bMod are empty in SUMO ontology, in other words, they are equal
to the mMod and eMod; in NCI and GO ontology, there are only 0.034% and 0.015%
axioms whose module is not empty, the average size is 15.50 and 15.63. For entailed
axioms, in SUMO ontology, the average size of bMod, eMod and mMod are 4.92,
4.92 and 4.21; in NCI ontology, they are 10.43, 8.31 and 4.32; in GO ontology, they are
12.03, 8.60 and 3.98.

It is easy to observe that bMod is almost optimal for not entailed axioms, bMod
which is not empty only account for a very small proportion. For entailed axioms, bMod

17 Axioms which are already included in O are eliminated.



is very close to the essential module. As our minimal minimal boundary-based module
is an approximated approach for essential axiom-based module, when essential module
is much bigger than minimal module, the bMod is not very close to the minimal module,
however it is small enough for optimizing reasoning.

We also compute the LoMod and UpMod for the above generated axioms. For
O ² C v D, the LoMod(C) and UpMod(D) also exact axiom-based module [9].
The comparison information is illustrated in Table 4. For each method, we calculate the
average and the maximal size of these modules.

Table 4. Comparison information between bMod and locality module on O ² C v D

ontology
LoMod UpMod bMod

Avg. Size Max Size Avg. Size Max Size Avg. Size18 Max Size
SUMO 45.37 1751 764.54 778 2.45 19

NCI 2290.65 29252 36.97 437 9.09 53
GO 32503.28 104883 154953 155151 9.92 69

From Table 4, it is easy to observe that the locality-based module contains too much
unrelated axioms for reasoning task, and our boundary-based module is more suitable
for optimizing ontology reasoning.

7 Conclusion and Future Work

In this paper, we described an axiom-based module by analyzing the relationship be-
tween axioms and boundaries of interpretations of symbols. We proved that the boundary-
based module is exact for reasoning tasks. As most work of module extraction can be
done offline, the boundary-based module extraction can have good run-time perfor-
mance. Experiments show that minimal boundary-based module is very close to the
optimal module, and is suitable for optimizing ontology reasoning.

In the future, we will extend our module extraction method to test more complex on-
tologies such as GALEN and SWEET. Next, we plan to apply the boundary-based mod-
ularization in improving the performance of an ontology reasoner, e.g., Pellet. Finally,
other ontology reasoning task such as incremental reasoning and analogical reasoning
by using boundary-based module will be also investigated.
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