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Abstract. We develop computationally feasible algorithms to numeri-
cally investigate the asymptotic behavior of the length Hg(n) of a max-
imal chain (longest totally ordered subset) of a set of n points drawn
from a uniform distribution on the d-dimensional unit cube V4 = [0, 1]%.
For d > 2, it is known that cq(n) = Hy(n)/n'/¢ converges in probability
to a constant ¢g < e, with limg_,. ¢4 = e. For d = 2, the problem has
been extensively studied, and, it is known that ¢ = 2. Monte Carlo sim-
ulations coupled with the standard dynamic programming algorithm for
obtaining the length of a maximal chain do not yield computationally
feasible experiments. We show that Hg(n) can be estimated by consider-
ing only the chains that are close to the diagonal of the cube and develop
efficient algorithms for obtaining the maximal chain in this region of the
cube. We use the improved algorithm together with a linearity conjec-
ture regarding the asymptotic behavior of ¢4s(n) to obtain even faster
convergence to ¢q. We present experimental simulations to demonstrate
our results and produce new estimates of ¢q for d € {3,...,6}.

1 Introduction

Let V4 = [0,1]¢ be the d-dimensional unit cube and let n random points
x(1), x(2),..., x(n) be chosen independently from the uniform distribution on
V4. These points form the underlying set of a random order P 4(n) with a partial
ordering given by x(i) < x(j) if and only if x4 (i) < xx(j) for all k = 1,...,d.
The number of elements in a longest chain (totally ordered subset) of Pg(n) is
called the height of P4(n). We are interested in the asymptotic behavior of the
random variable cq(n) = Hg(n)/n'/%. The problem was intensively studied, ex-
perimentally and mathematically, for the case of d = 2 (see ([8], [15], [1], [9], [10],
[13], [16], [2], [5], [12]). It was shown that E[L,]/+/n — 2. The multidimensional
case was initially considered by Steel in [14]. Bollobds and Winkler, [4], proved
that cq(n) converges in probability to a constant ¢4 (d > 0). Except for ¢o = 2,
no other ¢4 is currently known. Further, it is not even known whether or not the
sequence {cg} is monotonically increasing in d. Using Monte Carlo simulation
seems to be a natural approach to estimating cq for d > 2. Unfortunately, it
was discovered through experiments ([11]), that even for d = 3, the estimates
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d d=2 d=3 d=4 d=5 d=6
ca | [1.998, 2.002] | [2.363, 2.366] | [2.514, 2.521] | [2.583, 2.589] | [2.607, 2.617]
Table 1. Estimates of ¢q. The intervals indicate the estimated range of cq4.

for cq(n) do not converge for n up to 10°. The standard dynamic programming
algorithm for computing the length of a maximal chain is quadratic in n with
memory requirement linear in n. Performing a sufficient number of Monte Carlo
simulations for n & 10'9 is not feasible, even with advanced computational re-
sources. The time and memory requirements are too great.

In this paper, we present an approach that addresses both the computational
efficiency and the memory issues. Qur estimates suggest that {c4} is a monoton-
ically increasing sequence in d, a fact that has previously not been suggested by
any experiments.

Our technique combines two ideas. First, generalizing the result from [4], we
prove that a maximal chain “r-close” to the diagonal of the unit cube V4 = [0, 1]¢
must exist as n — 0o. Second, we design an implementation of the dynamic pro-
gramming algorithm for computing a longest r-close chain which runs in O(rn2)
time, using O(rn) memory. The parameter 0 < r << 1 can be decreased to
boost the efficiency of the algorithm for very large values of n. The algorithm’s
efficiency resulted from the fusion of the input generation and the computation
of the longest r-close chain into one procedure where only O(nr) points are “at
work” at every moment of the computation. The reduction of the running time
and the memory allows us to perform a sufficient number of Monte Carlo simu-
lations. Based upon geometrical considerations, we conjecture that the maximal
chains for different values of r converge at essentially the same rate. The simu-
lations strongly support the conjecture, which together with the data yield the
estimates shown in table 1.

The outline of the paper is as follows. First we describes two approaches
to the design of experiments and then, we present experimental simulations
demonstrating our algorithms. For proofs and other technical details, the reader
is referred to the technical report, [6].

Acknowledgment. We are grateful to Catherine McGeogh for introducing
us to the problem and sharing the information about her experiments.

2 Location of Maximal Chains

Since a longest chain is only a very small subset of the set of n random points in
V4(r), we can expect to gain an advantage over the straightforward simulation
by restricting our search for such a chain to a small region where we are likely to
find the chain. Let V4(r) be the region of V4 = [0,1]? obtained by translating
a cube of side r along the diagonal as shown in Figure 1. The volume V4(r) of
V4(r) is given by Vy(r) = r¢ + dr?=1(1 —r). Let n points be sampled uniformly
in V4(r) to form a random partially ordered set P4(n,r). Denote the height of
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Fig. 1. Diagonal volume element obtained by translation of a cube of side r

this set by Hy(n,r) and define the random variable cq4(n,r) by

Hd(na T)

_ 1
(n/Va(r))"* g

ca(n,r) =

Intuitively, we expect that if one were to generate n* = [n/Vy(r)] points in the
whole cube Vg, then about n of them would fall in Vy4(r). If n* is large, we
expect a maximal chain to exist in V4(r). A formal statement to this effect can
be proved, namely that for every r > 0, ¢4(n,r) converges to ¢g. For more details,
the reader is referred to [6]. To compute cq(n,r), there is no need to generate
points in the whole cube: we only need to generate points in this diagonal region
in a way that would be consistent with having generated a larger number of
points in the entire cube. Thus, for a fixed r > 0, a Monte Carlo simulation to
determine ¢4(n,r) can be used to suggest a value for ¢g4, provided n is large.
One might hope that the experiment with a large and infeasible n* that yields
a good estimate for ¢; would be equivalent to an experiment with a feasible
n = n*Vy(r), for some r > 0. Thus, our general approach will be to estimate
Elcq(n,r)] for various n and r by Monte Carlo simulation, and use these values
to construct a final estimate for cg.

3 Boosting

Not every combination of n and r is computationally equivalent to an n* =
[n/Vy(r)]. In fact, for fixed n, as r — 0, cg(n,r) —= (rn)'='/¢d"/¢ which ap-
proaches zero. This simply indicates that r is too small for the given n, and it is
unlikely that a maximal chain of a random set with n* points in Vy is located
inside V4(r). On the other hand, if n is fixed and r is sufficiently large, but less
than 1, then it is likely that about n out of n* points fall in V4(r) and a maximal
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chain exists within even a smaller distance of the diagonal than r. These obser-
vations suggest that given n, there exists an optimal r = r,,:(n), which yields'
a maximal value for cq(n,rop). In the next section, we present an algorithm for
computing c4(n,r) which requires O(rnd) memory and runs in O(rn2d) time.
Thus, it is of practical importance to select as small an r as possible for which
cq(n,r) approximates ¢y. We are thus led to the following experiment

Experiment 1 (Boosting):

1. Select a maximal feasible n.

2. Set r =1, and obtain an estimate for éq(n,r).

3. Decrease r (r + r — ¢, for a suitably chosen €) and re-estimate cq(n,r).
Repeat until ¢4(n,r) stops increasing.

4. Determine r,,(n), the r after which ¢;(n,r) started to decrease.

5. If ropt(n)n?d is much less than the available resources, increase n (n
n + ng, for a suitably chosen ng). Compute ¢4(n,r). Go back to step 3.

6. Once a maximal n has been reached, and its associated optimal 7, 74p¢ (1)
has been determined, compute ¢4(n, ropt) to the desired accuracy. Qutput
this value as the estimate for ¢g.

As the name of Experiment 1 suggests, given a maximal n for the standard
dynamic programming algorithm (determined by computational resources), we
can boost it up to a higher n* by going to a smaller r,,; and, perhaps, further
increasing n as described in Experiment 1, while still using the same amount
of computational resources. Our results demonstrate that boosting gives con-
siderable improvement over the straightforward Monte Carlo. We can obtain
even faster convergence to c¢g by combining our boosting algorithms with a co-
convergence conjecture. We discuss this next.

4 Co-convergence

Another approach to estimating cq is to select a set {r;}1, of values for r
and consider T sequences {¢4(n,r;)} for ¢ = 1...T. Each of these sequences
converges to the same limit ¢z as n — oo. The problem now is one of estimating
the common limit of these T' sequences. Suppose ¢4(n) (= ¢4(n, 1)) converges at
some rate f(n) to cg: ¢q(n) = cq — f(n). Based on geometrical considerations, it
is reasonable to expect that the convergence is also governed by f(n) and, thus,
we are lead to conjecture that the order of convergence of cq(n,r) for all r > 0
is essentially the same, i.e., there exists a function p(r) > 0, such that

Vr >0, ¢a(n,r) = ca — p(r)f(n) + o(f(n)) (2)

The goal of Experiment 1 was to obtain the smallest r, namely 7o, (n), for which
p(ropt) is a minimum. The conjecture suggests a strong interdependence between
the sequences, and we might be able to exploit this interdependence in order to

! In fact, our experiments suggest that cg(n,r) has a single maximum as a function of
r.
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get a more accurate estimate of c¢4. The traditional approach to obtaining the
convergence point of the sequence ¢4(n) would be to assume that f(n) has a
certain form and then obtain a value for ¢4 consistent with this assumption and
with the observed values ¢4(n). The success of this kind of an approach depends
largely on the validity of the assumption on f(n). Our conjecture allows us to
estimate ¢q without estimating f(n). Given r;,r; (r; # r;), and n, (2) implies
that the following two equalities hold simultaneously

ca(n,ri) = ca — p(ri) f(n) + o(f(n))
ca(n,rj) = ca — p(r;) f(n) + o(f(n))
Resolving this system with respect to f(n), we have
Ca(n,ri) = (1= A(ri,rj)) ca + A(ri,r5)a(n, ;) + o(f(n)). 3)

where A(r;,r;) = p(r;)/p(r;). In other words, Vi,j € [1,T] ¢q(n,r;) linearly
depends on ¢4(n,r;), up to o(f(n)). Further, from the functions ¢4(n,r;) and
€4(n,r;), one can estimate A(r;,r;) from the slope of this dependence, and
(1 — A(r;,rj)) cq from the intercept. Using these estimates, we can construct
an estimate for ¢; without having to make any statements about f(n). From
(3), we see that the convergence to linear behavior is at a rate o(f(n)), whereas
the convergence of the sequences themselves is at the rate f(n). Thus, the linear
behavior will materialize at smaller n than the actual convergence. Hence, we
expect to extract more accurate estimates for ¢4 in this way, given the compu-
tational resources. We are thus led to the following experiment.

Experiment 2 (Co-convergence):

1. Select a set T = {ry,...,rr} of values for r.
2. Select a set N' = {ny,...,nr} of values for n. Let N}, = {ny,...,ny} for
h=1,...,L.

3. Compute ¢4(n,r), Vr € T and Vn € N.

4. Vi,j € [1,T] (i # j), perform an analysis on the pair of sequences
{€a(n,r;)} and {éq(n,r;)} for n € N}, to obtain the slope, A4(h,1,j),
and the intercept, Bg(h,i,j), for h=2,..., L.

5. Evaluate c4(h,i,j) = Bq(h,i,5)/(1 — Aaq(h,i,j)) for h=1,... L.
/*cq(h,i, ) is a sequence of estimates for cq; this sequence should
converge to ¢q at the rate at which the linear behavior arises, i.e.,
o(f(n)). */

6. Compute e4(i, j), the value to which cq4(h, i, j) converges with respect to

h.

7. Repeat steps 4-6 to compute e4(i, j) for all (g) distinct pairs i,j € T.

8. Let Ly = min; jeT eq(4, j) and let Uy = max; je eq(3, j).

9. Output the interval [Lg, Ug4] as an estimate for cg4.
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5 Algorithms

Both experimental approaches described in the previous section attempt to get
more accurate estimates for ¢4 by effectively “accessing” higher n without actu-
ally computing with the higher n. Both techniques rely on efficient algorithms
for computing cq(n,r).

The first task is to generate n points chosen independently from a uniform
distribution in V 4(r). A trivial algorithm is the one that generates random points
in V; and keeps only those that fall in V4(r), continuing until n points in V4(r)
have been generated. This can be highly inefficient, especially if r is small, as
the acceptance rate will be extremely small. A more efficient approach is to
generate random points in V4(r) itself. This can be done quite efficiently, and
further, it is possible to generate the points in a sequential manner so that the
dynamic programming algorithm for computing Hy(n,r) keeps in memory only
a small portion of the total of n points, those that are necessary for executing
the algorithm.

The second task is to compute Hy(n,r). The standard dynamic programming
algorithm has computational complexity O(dn?) [7]. However, since the points
are generated in a sequential manner, it is possible to design an algorithm that
maintains a working set that takes advantage of the sequential point generation.
Operations need only be performed on this working set, resulting in a factor of
r reduction in both computational complexity and memory requirements.

5.1 Generation of Input Points

The generation of points is illustrated in Figure 2 (a), for the case of d = 2. First,
an “origin” point, t(i) = (¢(¢),t(%),...,t(i)), is generated along the diagonal.
Then one of the hypercubes px (i), ¥k = 1,...,d of dimension d — 1 is chosen at
random and a point is generated from a uniform distribution on this hypercube.
In this way one can generate n points in V4(r). The probability density of the
origin point coordinate ¢(%) is uniform up to (i) = 1 — r and then decaying like
(1 —#(i))? ! for ¢(i) > 1 — r. This density is shown in Figure 2 (b), for the case
d = 3 and the case r = 0.5. Further, instead of generating the origin points in a
random order, we generate the n order statistics for the origin points.

Algorithm 1 (Sequential generation of input points):

1. Set i =1 and tppey = 0.

2. Generate the i** origin point t(i) = (t(i),t(i),...,t(i)) where t(i) €
[tprevs 1] is the ith order statistic (given that the (i — 1)!* order statistic
was at tprey) Of n points generated from the distribution of origin points
such as the one shown in Figure 2.

3. Generate a random vector ={v1,va, . ..,vq} where each v; is in [0, min{r, 1—
ti}]

4. Generate a random integer k from {1,2,...,d} and set vy =0

Generate input point x(i) = {t(¢) + v1, t(i) + v, ..., t(i) + va}.
6. Set tprey = t(i), 4 =4+ 1 and go back to step 2 if ¢ < n.

o
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Fig. 2. (a) The sequential generation of points in V4(r) illustrated for the case d = 2.
(b) Probability density of origin points for d=3, r=0.5

Student Version of MATLAB

The detailed implementation of step 2 to generate the order statistics for the
origin points will be presented in the final paper. The next proposition states two
(almost trivial) ordering properties that the points x(1),...,x(n) have. While
these properties might seem trivial, they are of key importance to the algorithm
for computing the height of the n points in V4(r), as we shall see in the next
section.

Proposition 1 (Ordering Properties). Suppose points x(1),...,x(n) are gen-
erated according to the algorithm above. Then,

1. If t(i) > x(4), then, for all k > i, x(k) > x(j).
2. Ifi < j, it cannot be that x(i) > x(j), more specifically, P[x(i) > x(j)] = 0.

5.2 Computing Hy(n,r)

Although the ordering of the origin points does not guarantee that the pro-
jected input points {x(1), x(2), ..., x(n)} are ordered, it does guarantee the
ordering properties stated in proposition 1. Property 2 ensures a newly gen-
erated point can never be below a previously generated point. Therefore, the
height of newly generated points can be immediately computed without consid-
ering future points. At iteration ¢, property 1 ensures x(i) has a height of at
least h(x(j)) + 1 for all x(j) < t(i). Among these input points, the x(j) with
maximum height is identified as the barrier point and the rest are discarded. The
remaining input points (all x(j) > t(i) plus the barrier point) define the working
set for iteration ¢ + 1. The height of x(i + 1) can be determined by inspecting
only the points in the working set.
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Hy(n,r) is computed using the following procedure where ¢t and z are the
origin point and projected input point as generated by sequential generator
described above. h(z) is the height of the maximal chain ending at point z, and
Tparrier 18 the barrier point.

Algorithm 2 (Computation of Hy(n,r)):
1. Set hpmazr = 1.
2. Using Algorithm 1, generate #(1) and x(1) and add x(1) to the working
set.
3. Set the height of x(1) to 1 (h(x(1)) = 1).
4. Fori=2ton
(a) Using Algorithm 1, generate t(i) and x(4).
(b) Initialize the height of x(i) to 1 (h(x(7)) = 1).
(¢) For every point x(j) in the working set
i. If x(i) is above x(j) and h(x(j)) >= h(x(¢)) then set h(x(7)) =
B(x(j)) + 1.
ii. Ifx(y) is below ¢(2), if the barrier pointis defined, and if h(x(5)) >
h(Tparrier), then remove the current barrier point and replace it
with x(j).
ili. If h(x(j)) <= h(Tbarrier) then remove x(j) from the working set
iv. If x(j) is below t(7) and the barrier point is not defined then set
x(7) to be the barrier point.
(d) Add x(7) to the working set.
(e) If h(x(%)) > hmaz then set ey = h(x(4)).
5. Return hmm/nl/d.

The algorithm computes the height of each x(i) as the input points are
generated. x(4) is given a default height of 1. Every input point forms a chain
of height 1 with itself as the beginning and end points. The new input point
is compared with every x(j) in the working set to find the highest chain which
can be continued by x(¢). Each x(j) is also compared with t(7) to determine if
it is below the barrier. If x(j) is below the barrier, it either is removed from
the working set or (in the case where h(x(j)) > h(®parrier)) replaces the current
barrier point. After iteration i, the working set includes only the barrier point
and the points that are not below the Barrier t(i) (see Figure 3). This defines
a subset of the V4(r) which has a volume Vy(r)r. Since n points are uniformly
distributed in V4(r), it is expected that the working set contains rn points.
Since the algorithm must iterate over the working set for every newly generated
point, the expected number of point comparisons is O(rn?). Therefore, using a
very small r not only increases the number of virtual points n* but decreases
the memory requirements and the number of computations by a factor of . The
proof that this algorithm is correct can be found in [6].

6 Experiments

We have performed computer simulations to support the claims that boosting
provides a considerable efficiency gain over straightforward Monte Carlo, and
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Fig. 3. The working set at iteration ¢ and ¢ + 1

that the co-convergence experiment coupled with the algorithms for boosting
lead to rapidly converging estimates for {cq(n,r)}. We present results for the
case d = 3 here. We have also performed experiments for other dimensions,
d=2,4,5, and 6, with similar results.

Our first series of simulations used the values for n and r given in the next
table to compute é4(n,r).

n € {50000, 100000, 200000, 300000}
r € {0.01,0.02,0.06,0.08,0.10,0.14,0.20, 0.30, 1.00}

The dependence of ¢4(n,r) on r for various n is shown in Figure 4. The larger
the estimate, the closer it is to the true value. It appears that the radius that
maximizes cq(n,r), ropt = 0.08. With r = 1, to obtain an estimate comparable
to using rop and n = 50000, one needs n > 300000 which represents a gain in
efficiency by a factor of over 450 in favor of boosting. Further, figure 4 shows
that the maximum value ofc4(r, n) is achieved using roughly the same value of r
for 4 different values of n. The data indicates that r,,: is independent of n which
supports the fact that p(r) is independent of n, as required by the conjecture.

Our second set of simulations tests co-convergence (according to Experiment
3). We selected n and r according to the following scheme.

ng = [10*T%**01] for k € [0,40], and r € {0.01,0.005,0.001,0.0005,0.0001}
(4)
Figure 5(a) demonstrates the convergence behavior of cz(n,r), for the five
values of r. Even for n = 10%, it is not clear to what value these sequences
are converging. Given cq(n,7;) and cq(n,7;) for n = nq,...,np, we can estimate
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Aq(h,i,j) and Bg(h,i,j) for h =2,..., L asin Experiment 3. The estimate given
by B(h,i,j)/(1—A(h,i,j)) should converge with respect to h to ¢4, independent
of which particular pair ¢,j is used. The behavior of our estimate for every
pair of radii is demonstrated in figure 5 (b). It is clear that the curves are
all converging to the same value. Further, as expected, the convergence occurs
earlier, as compared with the convergence of ¢3(n, ) in figure 5 (a), in accordance
with the expected o f(n)) behavior of this estimate. We propose a range for ¢3 by
taking the range of values to which these curves are converging. Similar results
have been obtained for the cases d = 2,4,5,6, and the estimates for ¢4 were
presented earlier.
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