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Outline for Today
● Final Project Questions?
● Last Time: Hidden Line Drawing, Painter’s Algorithm, & BSP
● Polyominoes Terminology
● Counting Polyominoes
● Tiling / Packing Polyominoes
● Polyomino Themed Puzzles
● Next Time: More Tiling!
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Necker Cube
● A two dimensional 

representation of 
a three dimensional 
wire frame cube
 

● Viewer’s perception 
can flips back and 
forth between 
equally possible 
perspectives

https://commons.wikimedia.org/wiki/File:Necker%27s_cube.svg

https://www.newworldencyclopedia.org/entry/necker_cube



Hidden Line Drawing / Depth Buffer (z-Buffer)
● Given a primitive's vertices 

& the color / illumination 
at each vertex:

● Figure out which pixels 
to "turn on" to render 
the primitive

● Interpolate the color / 
illumination values to 
"fill in" the primitive

● At each pixel, 
keep track of the 
closest primitive 
(depth buffer / z-buffer)

glBegin(GL_TRIANGLES)
glNormal3f(...)
glVertex3f(...)
glVertex3f(...)
glVertex3f(...)
glEnd();

frame buffer

depth buffer

Triangles can be in any order!  
A.k.a. “Polygon soup”



Hidden Line Drawing: Painter’s Algorithm
● Let’s order the primitives by how close they are to the camera
● Draw the primitives from back to front
● Then we don’t need to keep track of the depth!  

Save memory!

Computational Geometry Algorithms and Applications, 
de Berg, Cheong, van Kreveld and Overmars, Chapter 12



Definition: Binary Space Partition
● Place items in a binary tree, each node stores a half plane
● Primitives that are collinear with the half plane are stored in the node
● Items overlapping a half plane are copied/split into two primitives
● We recurse until exactly one item is left, it is stored in the leaf

Computational Geometry Algorithms and Applications, 
de Berg, Cheong, van Kreveld and Overmars, Chapter 12



Discussion - Quad Tree, kD Tree, BSP
● k-D trees are a special case of BSP (where splits are always axis aligned)
● Quad trees are a special case of k-D trees 

(where splits are always at the midpoints)

k-D TreeQuad Tree BSP
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What is a Polyomino?
● An n-omino is a 

set of n cells on 
a square graph 
that is connected

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018

is a polyomino is NOT a polyomino



Translation-Equivalent / Fixed Polyomino
● Only left/right/up/down 

translation is allowed 

● There are 6 unique
Fixed 3-ominoes
(a.k.a. trominoes):

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018



Translation-Equivalent / Fixed Polyomino
● Only left/right/up/down 

translation is allowed 

● How many fixed
2-ominoes 
(a.k.a. dominoes)
are there?

● Draw them!



Rotation-Equivalent / Chiral Polyomino
● left/right/up/down 

translation allowed
● 90°/180°/270° 

rotation allowed

● There are 7 unique
chiral 4-ominoes
(a.k.a. tetrominoes):

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018

Chiral: asymmetric in such a way that the structure 
and its mirror image are not superimposable

https://www.google.com/search?sca_esv=582168257&rlz=1C5CHFA_enUS956US962&sxsrf=AM9HkKkIhu43el5iejYsiHlRERM3Kc05XQ:1699938911253&q=asymmetric&si=ALGXSlbnOEZPfHsS2MaPJwdaOxE_P9a5k-CIFPvtZmDcFkleSCMa2MlhdctuuoZD_MPGpXRCB5fKPuDIeACh8KP3HvWKquZ-VFCAzPGdNL8U49v6pilJbCY%3D&expnd=1


Rotation-Equivalent / Chiral Polyomino
● left/right/up/down 

translation allowed
● 90°/180°/270° 

rotation allowed

● How many chiral
3-ominoes are there?

● Which of these 
shapes are 
rotationally-equivalent?

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018



Translation-Equivalent / Fixed Polyomino
● Only left/right/up/down 

translation is allowed 

● How many
fixed 4-ominoes 
are there?

● Which of these 
shapes are unique
when rotated?

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018



Free Polyomino
● Translation allowed 
● Rotation allowed
● Reflection allowed

● There are 12 unique
free 5-ominoes
(a.k.a. pentominoes):

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018



Congruent / Free Polyomino
● How many

free 4-ominoes 
are there?

● Which of these 
shapes are 
congruent?
(duplicates 
when reflected)

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018



Rotation-Equivalent / Chiral Polyomino
● left/right/up/down 

translation allowed
● 90°/180°/270° 

rotation allowed

● How many chiral
5-ominoes are there?

● Which of these 
shapes are unique
when reflected?

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018



Translation-Equivalent / Fixed Polyomino
● Only left/right/up/down 

translation is allowed 

● How many fixed
5-ominoes are there?

● Which of these 
shapes are unique
when rotated 
and/or reflected?

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018
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Counting Fixed, Chiral, and Free Polyominoes

fixed chiral free

translation-only translation & rotation
(no reflection)

translation, rotation, & 
reflection

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018



Counting Polyominoes
● n-omino Standard Position: Translate to place the leftmost cell in the 

bottom row at the origin.
● Enumerate all combinations of all possible cells
● Eliminate disconnected & duplicate ominoes 
● # possible cells? 

● Max # n-ominos?
      

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018

all possible cells for 5-ominos



(     )

(     )

Counting Polyominoes
● n-omino Standard Position: Translate to place the leftmost cell in the 

bottom row at the origin.
● Enumerate all combinations of all possible cells
● Eliminate disconnected & duplicate ominoes 
● # possible cells? 

   n(n-1) + 1
● Max # n-ominos?

      n(n-1) 
        n-1

● Can show it’s at most:
      3(n-1)
        n-1 “Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,

Handbook of Discrete and Computational Geometry, 2018

all possible cells for 5-ominos



Counting Polyominoes
● What is the relationship 

(e.g., inequalities < > = ≤ ≥ )
between t(n), r(n), and s(n)?

fixed chiral free

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018
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fixed chiral free

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018



Counting Polyominoes
● The number of polyominoes,

t(n) is exponential in n.

Current unproved estimate ≈ 4.06 n

● The running time of the current
best algorithm to count t(n) is 
also exponential (but smaller)

O(3 n/2) ≈ O(1.73 n)

● Can t(n) be computed in poly time?
Open problem!!

fixed chiral free

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018
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Packing Polyominoes
● Can we use 2x2 square 4-ominoes and 3x3 square 9-ominoes to 

cover (without overlaps) a 13x17 rectangle?



Packing Polyominoes
● Can we use 2x2 square 4-ominoes and 3x3 square 9-ominoes to 

cover (without overlaps) a 13x17 rectangle?

Maybe…. counting cells:  (17*4) + (17*9) = 17 * (9+4) = 17 * 13  =  221



Packing Polyominoes
● Actually, this packing is not possible, and can be 

proven by contradiction using this coloring scheme

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018



Packing Polyominoes
● Actually, this packing is not possible, and can be 

proven by contradiction using this coloring scheme

13*9=117 grey cells + 13*8=104 white cells in the rectangle 

xa*2 + xb*2 + ya*6 + yb*3 = 117 grey cells 
xa*2 + xb*2 + ya*3 + yb*6 = 104 white cells 
                                              in the ominoes

117 - ya*6 - yb*3 = 104 - ya*3 - yb*6

13 = ya*3 -yb*3

13 = 3 * (ya-yb)  no integer solutions!
“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,

Handbook of Discrete and Computational Geometry, 2018

xa xb ya

yb



Packing Polyominoes
● Can we use the L-tetronimo, and all of its rotations and reflections to pack tile 

and infinite rectangle of height 3?

……



Packing Polyominoes
● Can we use the L-tetronimo, and all of its rotations and reflections to pack tile 

and infinite rectangle of height 3?

● Yes, we can 
build the 
following 
automaton 
of all of 
 states:

“Ch 14: Polyominoes”, Barequet, Golomb, & Klarner,
Handbook of Discrete and Computational Geometry, 2018
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Puzzle from 
Games 
Magazine
January 2022



3D Packing Puzzle: Bill’s Checkerbox

https://billcutlerpuzzles.com/stock/checkerbox.html
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3D Packing Puzzle: Bill’s Checkerbox

https://billcutlerpuzzles.com/stock/checkerbox.html

● How many cubes are 
needed to fill the box?

● How many dark cubes 
from the pieces?

● How many light cubes 
from the pieces?

● Many ways to pack the 
pieces into the box ignoring 
the checkerboard pattern.



3D Packing Puzzle: Soma Cube

all possible 
combinations 

of three or four 
unit cubes, 

joined at their 
faces, such 
that at least 
one inside 
corner is 
formed. 

Pack into a 
3x3x3 box



3D Packing Puzzle: Soma Cube
● Let’s count corners…

● For each piece, 
for each possible 
placement,

How many of the 
8 box corners 
can it cover? 
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● Let’s count corners…

● For each piece, 
for each possible 
placement,

How many of the 
8 box corners 
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1 or 0

2 or 1 or 0

2 or 0

1 or 0
1 or 0

1 or 0

1 or 0



3D Packing Puzzle: Soma Cube
● Let’s count corners…

● For each piece, 
for each possible 
placement,

How many of the 
8 box corners 
can it cover? 

1 or 0

2 or 1 or 0

2 or 0

1 or 0
1 or 0

1 or 0

1 or 0
If we choose the orientation of 
the T that covers no corners, 

can we solve the puzzle?



3D Packing Puzzle: Soma Cube

https://www.craftsmanspace.com/free-projects/make-a-soma-cube-puzzle.html



3D Packing Puzzle: Snake Cube



3D Packing Puzzle: Snake Cube



3D Packing Puzzle: Splitting Headache

http://billcutlerpuzzles.com/stock/splittingheadache.html
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