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Abstract—In this paper, we introduce a biologically motivated
dynamic graph-based growth model to describe and predict the stages
of cleft formation during the process of branching morphogenesis in
the submandibular mouse gland (SMG) from 3 hrs after embryonic
day E12 to 8 hrs after embryonic day E12, which can be considered
as E12.5. Branching morphogenesis is the process by which many
mammalian exocrine and endocrine glands undergo significant morphological transformations, from a primary bud to an adult organ.
Although many studies have investigated the cellular and molecular
mechanisms driving branching morphogenesis, it is not clear how
the shape changes that are inherent to establishing organ structure
are produced. Using morphological features extracted from sequential
images of SMG organ cultures we were able to develop a dynamic
graph-based predictive model that is able to mimic the process of cleft
formation and predict the final state. In addition, we compare our
model to a state-of-the-art Glazier-Graner-Hogeweg (GGH) simulative
tool, and demonstrate that the dynamic graph-based predictive model
has comparable accuracy in modeling growth of clefts across SMG
developmental stages, as well as faster convergence to the target SMG
morphology.
Keywords-morphogenesis, cell behavior, epithelial, mathematical
model, cell-graph, dynamic graph growth

I. I NTRODUCTION
Branching morphogenesis is the process of development of
many mammalian exocrine and endocrine glands such as the lungs,
kidney, pancreas, mammary, and salivary glands [1]. The organization of a branched morphology maximizes the total area of contact
between the metabolic exchange surfaces and the surrounding
environment while minimizing the total volume of the organ. This
allows for an efficient exchange of gases, nutrients, metabolites,
and wastes.
During branching morphogenesis of the mouse submandibular
gland (SMG), the morphology of the gland undergoes significant
transformation [2]. For purpose of illustration, Fig. 1 shows three
stages of growth of a submandibular mouse gland (SMG) starting
from a primary bud in Fig. 1a, where small clefts, or indentations,
have initiated on the surface of the primary bud. In Fig. 1b clefts,
or indentations, have appeared in the surface of the bud and have
started to undergo cleft progression to separate the primary bud
into multiple smaller buds. Cleft progression includes a cellular
contraction as well as cellular proliferation that result in bud
outgrowth [3]. Clefts ultimately cease progressing and begin to
widen at their base, as seen in the left-most bud in Fig. 1c that
shows the SMG at a much advanced stage. This widening is
followed by outgrowth of the cells at the base of the clefts to form
ducts. Once the new buds are fully formed, cleft formation begins
on the new buds, and occurs reiteratively throughout development
to create the ramified structure of the adult organ.
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(a) E12

(b) E12 + 5 hrs
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Figure 1: Three stages of branching morphogenesis in SMG
demonstrating progressively deeper clefts and bud outgrowth.
In (a), multiple nascent clefts are visible on a single large bud,
which deepen in (b) and begin to form buds. By image (c), some
clefts have terminated, and the gland has been separated into
distinct buds.

Branching morphogenesis requires an understanding of the
molecular mechanisms regulating epithelium-mesenchyme interactions during development of the glands. The process is highly
dynamic, involving interactions between multiple participating cells
and molecules. These interactions cannot be completely understood
using conventional cellular and molecular biology methods alone,
which has increased interest in this area of systems biology [4],
[5]. Initial systems approaches to understanding morphogenesis
were based on the Turing morphogenesis model [6] and focused
on pattern formation and its applications to morphogenesis. The
Eden model [7] was a competing method that grows the tissue by
selecting a periphery cell with at least one empty nearest neighbor,
and then with equal probability choosing and occupying one of its
empty nearest neighbors. Since then, many advanced mathematical
models based on differential-algebraic equations, flux balance
analysis, and stochastic algorithms, have been utilized to develop a
better understanding of morphogenesis [8]–[10]. Simulation tools
have also made it possible to analyze various cellular behaviors
that are difficult to examine in vivo [11].
In this paper, we introduce a dynamic graph-based growth
technique to predict branching morphogenesis of the SMG as
a function of initial gland morphology, cell proliferation rate,
cleft progression rate, and cell-cell adhesion. The SMG is widely
used to study branching morphogenesis [12], and shares common
mechanisms with the other types of salivary glands [13] and other
branching organs [2]. In the current study, we focus on developing
a predictive and descriptive model for the process of cleft formation
in the first round of branching morphogenesis, which initiates

in the SMG at E12, starting from the initiation of clefts and
proceeding through cleft progression. Our model terminates prior to
the apparent widening of clefts that occurs during ductal formation
and does not address the second or subsequent rounds of branching
that occur as the gland continues to develop. Note that branching
morphogenesis progresses beyond this stage (embryonic day E13);
however, we are limiting our focus in this paper to the earliest stage
of morphogenesis and excluding the processes of duct formation
and hollowing of the structure [14].
Graph-based models are commonly used to model highly complex events at various scales with multiple participants. In particular, biological networks have benefitted from the use of graphtheoretical concepts that have been used to model protein-protein
interactions [15], [16], disease progression [17], and neuronal
connectivity [18]. Our proposed model builds upon our earlier work
on histopathological image analysis [19], tissue modeling [21],
and characterization of branching morphogenesis at embryonic day
E13 [22], at cellular and tissue scales using a graph-theoretical
method called cell-graphs. Cell-graphs are unweighted and undirected graphs where the cell nuclei are represented by graph nodes,
and interactions between cells are represented by edges. Cellgraphs enable us to assess the spatial uniformity, connectedness,
and compactness at multiple scales. When a cell undergoes mitosis,
the daughter cell inherits not only the genetic characteristics of
the parent cell but also the local topological characteristics of
its neighborhood [23]. In our proposed model, this similarity is
enforced via the local structural properties of cell-graphs that
maintain consistency in the topology of the SMG throughout the
development stages. The SMG also maintains a smooth boundary
during the growth stages, and we utilize a function of the locations
of the nodes in the cell-graph to encode this smoothness into our
model.
To evaluate the efficacy of our model, we extract morphological features that characterize developmental stages of the SMG
branching morphogenesis. Our results closely mimic the observed
developmental stages. In addition, we compare to a state-of-the-art
simulative model based on how well the dynamic graph model
represents the process of cleft formation observable in SMG
developmental stages, and the computational time complexity.
The rest of this paper is organized as follows: in Section II,
we present the materials and methods; in particular, the proposed
SMG branching morphogenesis dynamic growth model is described
in detail in Section II-C. We present our experimental results and
a discussion in Section III and finally, in Section IV, we present
conclusions.
II. M ATERIALS AND M ETHODS
In this section, we first introduce the time-lapse data that forms
our ground truth in Section II-A. Next, we present features for
the characterization of the SMG morphology in Section II-B, and
finally, our dynamic graph-based SMG branching morphogenesis
prediction model is presented in detail in Section II-C.
A. Acquisition of Data
Our ground truth is a time-lapse image set of an embryonic day
E12 SMG that was treated with dispase, and had the mesenchyme
physically removed by microdissection, as described in [24].

The epithelial rudiment was grown in Matrigel (1:1 dilution in
DMEM/F12 growth media) supplemented with 100U/ml penicillin,
100 mg/ml streptomycin, 50 mg/ml transferrin, 150 mg/ml ascorbic acid, 20 ng/ml epidermal growth factor (EGF), and 100 ng/ml
fibroblast growth factor (FGF). The gland was imaged using timelapse microscopy at 200X magnification using a Zeiss 510 Meta
confocal microscope. 87 images were captured as 7µm sections
at 10 minute intervals using the 488 nm laser to capture a near
DIC image. Images were captured at a 512 × 512 pixel resolution
using a scan speed of 8 in line averaging mode. These images
were visually inspected to identify the morphological changes in
progressing clefts that occurs in the period from 3 hrs to 8 hrs after
E12.
To obtain nuclear information regarding cell distribution, cell
proliferation rates, and cell morphologies, we used separate ex vivo
data set. Intact E12 SMGs were cultured for 2 hours, 8 hours, 12
hours, and 24 hours and pulsed for 2 hours with Click-iT Edu.
Following this process SMGs were fixed and permeabilized in 4%
PFA. Labeled DNA was detected using Click-iT EdU Alexa Flour
647 kit (Invitrogen). Following EdU detection, glands were blocked
and immunostained with antibody recognizing E-cadherin (1:100)
and Cy5-conjugated Donkey F(ab)2 secondary antibody (1:100,
Jackson ImmunoResearch Lab) to detect the epithelial area. Total
nuclei were detected using SYBR Green I (Invitrogen) counter
staining. Immunostained glands were imaged using a laser scanning
confocal microscope (Zeiss 510 Meta) at 20x (Plan APO/0.75
NA) using identical settings for all samples. Multiple images
overlapping each other by approximately 10% were acquired at
the center of each explant (depth direction) such that the entire
explant was imaged.
B. Characterization of the SMG morphology
In the following subsections we describe the initial image
processing steps to segment the SMG regions from the timelapse image set (Section II-B1), identify clefts in the SMG (Section II-B2), and characterize the SMG using morphological features
(Section II-B3).
1) Preliminary Image Processing: In order to characterize the
SMG morphology, the SMG regions in the time-lapse data set need
to be segmented. Due to the significantly low contrast and high
noise of these images, it was difficult to automatically segment
the SMG regions with high accuracy. Therefore, we manually
segmented the SMG regions using ImageJ [25]. Since SMG growth
is characterized by bud outgrowth and cleft deepening, the stem
regions were also eliminated during the manual segmentation.
2) Initial Cleft Detection: A critical step in modeling SMG
branching morphogenesis is the detection and characterization of
clefts as they form and deepen. The SMG boundary is comprised
of alternating bud and cleft regions, with clefts as narrow valleyshaped formations that separate growing buds. For the purpose
of illustration Fig. 2 shows the progression stages of a typical
cleft. Narrowing and deepening of the cleft can be observed from
Fig. 2(a) to (c) as branching morphogenesis progresses.
We characterize the cleft regions using their center and two
extrema points as illustrated in Fig. 3a. The cleft center is the
deepest point of the cleft, with the walls extending on either
side of the surface normal at the cleft center. The cleft extrema
points determine the extent of the cleft; the bud region starts
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Figure 2: Stages of cleft formation during branching morphogenesis
illustrating (a) early, (b) intermediate and (c) advanced stages.
Images in the top row are enlarged segments of the images shown in
the bottom row wherein other clefts at different progressive stages
can also be seen.

beyond these points. Automated detection of these key points
is carried out as follows: first we compute the angles at each
point with its eighth neighboring points on either side along
the SMG boundary. These extrema correspond to not only the
potential cleft centers but also the peaks of boundary irregularities.
Next, the peak points are eliminated using the signed area of
the triangle formed by the cleft center, and two of its immediate
neighbors along the boundary ordered in clockwise direction. This
xc−1 yc−1 1
xc
yc
1 , where (xc , yc ), (xc−1 , yc−1 ),
is obtained as
xc+1 yc+1 1
and (xc+1 , yc+1 ) represent the horizontal and vertical coordinates
of the candidate point and its previous and next neighbors along
the boundary, respectively. This expression is positive for clefts and
negative for peaks. After the peaks are eliminated, we identify the
cleft extrema points using the mean-squared error (MSE) between
the best-fit line and SMG boundary points on each side of the
potential cleft centers. For each side, the algorithm progresses from
the cleft center including a neighboring boundary node, and fitting
a line between the center and the set of points in consideration.
When the MSE exceeds a threshold the node is labeled as a cleft
extrema. We set a dynamic threshold for the MSE, varying between
10 and 40µm which is computed as a function of cleft depth
obtained from fitting a convex hull around the SMG. A convex
hull is the smallest convex polygon that fully contains the SMG
without progressing into concavities such as the cleft regions. The
cleft depth is calculated as the shortest distance from the cleft center
to the line joining points on either side of it that lie on the convex
hull.
In order to eliminate boundary irregularities or nascent clefts, we
exploit the cleft depth and spanning angle as illustrated for a sample
cleft in Fig. 3a. Cleft depth is taken as the Euclidean distance from
the cleft center to the line segment joining the two extrema points
and the spanning angle is formed by the two line segments joining
the extrema points to the center. We considered clefts that have a

(b) Cleft detection

Figure 3: Characterization of clefts. Subfigure (a) shows extrema
and cleft center points that characterize the cleft. Spanning angle
and cleft depth are calculated from these points as illustrated.
Subfigure (b) shows an intermediate stage SMG where the detected
and nascent clefts are marked in green and yellow, respectively.

depth less than 22µm as boundary irregularities or nascent clefts
and eliminated them from our model. In our analysis we observe
that the spanning angles of the detected clefts were between 8◦
and 125◦ . Figure 3b shows a ground truth image with detected
clefts highlighted in green and nascent clefts in yellow. Note that
the detected clefts have varying depths and spanning angles that
are representative of the cleft developmental stages illustrated in
Fig. 2.
The time-lapse data from a stereotypical gland was partitioned
into three developmental stages of SMG morphogenesis based on
the number of clefts detected in each image by our algorithm. Early
stage glands were defined as those that have three clefts detected
that progress from 3 hrs after E12 to 4 hrs 40 mins after E12.
From that point intermediate stage glands that have four detected
clefts progress until 6 hrs after E12 and finally advanced stage
glands that have five detected clefts progress until 8 hrs after E12.
While this stereotypical gland was assumed to be the “ground truth”
data for this study, minor variability can be detected in independent
samples in terms of how many and what quality of clefts are present
at any given time of development.
3) SMG Morphological Features: Visual inspection of the
time-lapse data reveals significant differences in morphology. To
quantitatively capture these changes, we extract six morphological
features, area, perimeter, eccentricity, solidity, and box-count dimension, described next. Figure 4 shows plots of these features, as
well as a linear regression to indicate general trends.
Area and perimeter are counts of pixels within the SMG region
and on the boundary of the SMG region, respectively. Both increase
with time as the SMG grows, as seen in Figs. 4a and 4b. Isoperimetric quotient and eccentricity are measurements that quantify the
elongation of the SMG. The isoperimetric quotient is the ratio of
the area of the SMG region to the square of its perimeter, and
which decreases as the SMG becomes more elliptical, as shown in
Figure 4c. Eccentricity is a measure of the circularity of the ellipse
fitted to the SMG that has the same second-moments as the SMG.
It is defined as the ratio of the distance between the foci of the
ellipse and its major axis length. Eccentricity increases as the SMG
becomes more elongated throughout the growth stages, visible in
Fig. 4d. Solidity is computed as the ratio of areas of the SMG
region to its convex hull. Because deepening clefts cause a relative
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Figure 4: Features characterizing the morphology of SMG developmental stages. Area, perimeter, isoperimetric quotient, eccentricity,
solidity, and box-count dimension of the three stages are shown in (a)–(f), respectively. The trends in each feature are indicated with the
best-fit lines (dashed lines), the fitting root-mean-square errors, and best-fit line slopes within the plots.

decrease in the SMG region’s area but do not affect the convex hull,
solidity decreases over time, confirmed in Fig. 4e. The box-count
dimension is a measure of a shape’s space-filling capacity. The
method overlays the SMG region with boxes of increasing size,
recording the number of boxes required to cover the boundary. We
use the slope of the best-fit line in log-log space with least MSE
to the vector containing box-count dimension values for square
boxes of size 2n × 2n where n varies from 0 to 9. Cleft deepening
is expected to increase the box-count dimension, and is indeed
observed in Fig 4f.
C. Biologically-driven Dynamic Graph-Based Growth Model for
Prediction of Branching Morphogenesis
The dynamic graph growth technique is an extension of static
cell-graphs to capture and model time-varying data. A static cellgraph G = (V, E) consists of a set of nodes V representing cell
nuclei, and a set of edges E representing the interactions between
cells. An edge is inserted into E when the pair-wise Euclidean
distance between two nuclei in set V is less than a pre-determined
threshold.
In addition to the initial gland morphology and cell locations, our
model incorporates cellular proliferation and cleft progression rates.
We assume cells to be circular in shape, and size is approximated
by the diameter. Here, the initial image in each developmental stage
was used for gland morphology; information from the ex vivo data
set was used to determine the cell proliferation rate and diameter.
The cleft progression rate was determined from the time-lapse data

by the cleft detection algorithm described in Section II-B2. Since
the time-lapse data does not provide nuclear information, and the ex
vivo data consists of different tissue samples, starting cell locations
were approximated by a uniform grid overlaid on the SMG. This
approximation was based on cell density measurements made on
the ex vivo data set. At each growth step, cells are divided into
two populations based on the distance from the gland boundary,
namely internal and periphery. A subset of both cell populations
are chosen to undergo a proliferation attempt. For the internal cells
that are selected for proliferation, we compute the shortest distance
to the boundary of the gland (not including the cleft region) and
find the periphery cell closest to that boundary point.
To model cell proliferation we impose additional assumptions
that build upon the Eden model, which considers all cells to be
identical, and permits growth only at the gland boundary where
the mesenchymal nutrient medium is accessible [7]. Creation of
new cells in the cleft region is disallowed to prevent the cleft
from closing, but the SMG is allowed to grow around the cleft.
This inhibition of cell proliferation in the cleft region is equivalent
to the replacement of the epithelial cell-cell junctions with the
cell-extracellular matrix (ECM) junctions where fibronectin (FN)
translocates along SMG epithelial cells into nascent clefts and
keeps them in their current state [24]. To model increase in cleft
depth, we use the cleft progression rate obtained from the timelapse data to determine the distance that the cleft needs to be
extended at every iteration of the algorithm. The cleft progression

rate changes over time, and thus we model the length by which
to extend the cleft depth as a function of time. We move the cleft
center by this distance along the surface normal in the opposite
direction to the cleft extrema. We use a cubic spline interpolation
between the cleft center and its −2 and +2 neighbors along
the SMG boundary to form the extended cleft. Restricting cell
proliferation in the cleft region as well as increasing cleft depth
causes the cleft to narrow and deepen, both characteristics of
progressive cleft formation. Table I lists biological processes and
properties, and the corresponding mechanisms to handle them in
our model. We run separate simulations for the three stages of SMG
Biology
Gland Structure
Mitosis
Cell-cell Adhesion
Cell Volume
Cell Surface Area

Dynamic Graph Model
Graph Geometry
New Node Creation
Graph Links (Edges)
Link Length
Min. Link Length
Not Included

GGH Model
Effective Energy
Mitosis
Contact Energy
FPP
Cell Area
Cell Perimeter

Table I: Biological processes and properties, and their corresponding interpretations in our model, and the state-of-art simulative
model used for comparison in Section III.
development (early, intermediate, and advanced) starting with the
initial image of each set. The steps involved in each iteration of
our dynamic growth algorithm are as follows:
1) Creation of new nodes: The cell proliferation rate is calculated from the ex vivo data set as a percentage of the total
cell population. Periphery nodes are probabilistically chosen
to undergo mitosis, creating new daughter nodes. These
daughter nodes are placed outside the initial gland boundary
in a region within 20◦ of the surface normal at a minimum
distance of one cell diameter, but less than the specified
maximum edge length. Five possible candidate daughter
nodes satisfying these spatial and angular constraints are
chosen, and the daughter node with the shortest Euclidean
distance to the parent node is selected as the optimal daughter
node. The local structural features assess the spatial uniformity (clustering coefficients C,D,E), connectedness (degree,
closeness, betweenness), and compactness (nearest neighbor
distance, mean edge length) of the cell-graph. Please refer [22] for further details about local structural features. To
model bud outgrowth in a local region and prevent spikes in
the gland boundary, we distribute the extension distances to
the neighbors of the parent node.
2) Maintaining boundary smoothness: After all daughter nodes
have been created, the spatial orientation of nodes is used
to create a smoother gland boundary. The smoothness algorithm is based on the intuition that if daughter nodes are
aligned similarly to the parent nodes, then smoothness will
be maintained when the daughter nodes are included into the
boundary. This is accomplished by minimizing the quantity
|φ0i − φi |, where φi is the angle ∠pi−1 pi pi+1 , and φ0i is
the angle ∠pi−1 p0i pi+1 , as shown in Fig. 5. The previous
and next nodes pi−1 and pi+1 , respectively, are fixed, and
the position of the daughter node p0i is varied along the
line segment pi p0i . This process is repeated from the second

till the (n − 1)th daughter node, keeping the first and nth
daughter nodes fixed.
3) Updating the gland boundary: Use a interpolating cubic
spline curve to join the daughter nodes to the gland boundary.
If the distance between the current and next daughter nodes
is greater than a threshold, we connect the current daughter
node to the +3 neighbor of the parent node along the SMG
boundary.
4) Terminating the algorithm: The simulation is run for 20
iterations, after which the terminal step is calculated. We
compute the morphological feature vector and compare it
to the feature vectors of the first and last images in the
particular set (3, 4, or 5 clefts) of the ground truth using
a weighted Euclidean distance. The weights for the features
are determined from the ground truth using singular value
decomposition [26]. The iteration that has the minimum
distance to the last image is considered as the terminal stage.
Daughter Node

pi+1

′

pi
Potential Updated
Boundary

Parent Node
′

φ i pi
φi
Current Boundary

pi−1

Figure 5: Smoothing of SMG boundary in dynamic graph model.
Spatial positions of parent nodes in the current boundary are used
to identify optimal location for daughter nodes.
III. R ESULTS AND D ISCUSSION
We follow the methodology explained in the previous section
and generate SMG branching morphogenesis states using the
proposed dynamic graph-based growth model starting from the
image of the E12 gland grown for 3 hrs where initiated clefts are
detected. We were able to mimic the developmental stages of the
ground truth data based on the number of clefts as identified by our
cleft detection algorithm (Section II-B2). Figure 6 (a)–(c) shows
early, intermediate, and advanced stages of growth generated by our
model. The figure shows a gradual increase in the area and perimeter, and deepening of the clefts over time. We also compare our
results against a well-known simulative model, the Glazier-GranerHogeweg (GGH) model. Note that in simulative models the target
configurations are specified along with the initial configurations,
and therefore there is a high likelihood of reproducing the target
configurations. In contrast to a simulative model, for a predictive
model only the initial configuration is specified. In this section, we
first describe the GGH model briefly, and then present comparative
results between the models and against the ground truth data.
A. Glazier-Graner-Hogeweg (GGH) model
To measure the efficacy of the proposed dynamic graph-based
model, we compare it against the GGH model, also known as the
Cellular Potts model. This simulative model has been successfully
used in a variety of biological modeling applications such as tumor
growth and organ development [27], [28]. The GGH model treats
cells as a cluster of sites on a fixed lattice. Interactions between
these cells and their adjacent lattice sites impose an energy penalty,

(a) Early, Dynamic Graph

(d) Early, GGH
(a) Dynamic Graph

(b) GGH

Figure 7: (a) and (b) show enlarged views from the dynamic
graph and GGH model simulations shown in red dotted curves
in Figs. 6(b) and (e), respectively. Note that the SMG boundary in
the dynamic graph model is significantly smoother than the GGH
model simulation.
(b) Intermediate, Dynamic Graph (e) Intermediate, GGH

(c) Advanced, Dynamic Graph

(f) Advanced, GGH

Figure 6: Gland boundaries for the (a)–(c) dynamic graph model
and (d)–(f) the GGH model for early (top), intermediate (middle),
and advanced (bottom) stages, respectively. The black solid curve
represents the ground truth used as the initial configuration; the
blue dash-dotted curve represents the final ground truth image of
the stage, and the red dotted curve represents the final configuration
of the model at termination.

and the sum of these interaction energies is the effective energy,
also known as the Hamiltonian. Each energy penalty represents a
biological constraint or interaction between cells, and the system
attempts to minimize the effective energy through repeated Monte
Carlo Simulation (MCS) steps. At each MCS step, lattice sites
are chosen at random, and an attempt is made to copy it to a
neighboring lattice site. The acceptance rate is determined by the
change in the system’s effective energy; changes lowering the
effective energy are always accepted, while those increasing the
effective energy are accepted with a probability based on the energy
difference and a motility constant [29]. We run multiple simulations
for the three SMG developmental stages beginning with the initial
image from each set. The simulation is run for 2000 MCS steps
being initialized with the images described in Section II-B2, after
which the terminal step is calculated.
In the GGH simulation, development of the SMG was modeled
via contact energy and focal point plasticity (FPP) interactions, and
cells were given an area and perimeter constraint. Additionally,
a module for simulating mitosis was used to grow the model
gland. The biological relevance of these conditions are compared
in Table I, and described as follows:
Contact Energy simulates differential adhesion between cells of
different types. It examines neighboring lattice sites belonging
to different cells, and assigns an energy penalty to each type of

interaction. Lower contact energy is specified between cleft cells
and the ECM, to encourage deepening of clefts.
Focal Point Plasticity simulates large-scale attractive and repulsive
forces between cells arising from adhesion interactions. It creates
links between cells and sets a target distance between their centroids and an energy penalty based on how far the actual distance
deviates from this target. Cells making up the opposite sides of
the cleft increase their target distance as the simulation progresses;
cleft and border cells are also linked to maintain an orderly gland
boundary.
Cell Area is the 2D representation of cell volume. Biological cells
attempt to grow to and maintain a certain volume.
Cell Perimeter is the 2D representation of the surface area. Like
volume, this is a physical constraint imposed by the cell’s finite
amount of membrane, limiting their shape.
Mitosis occurs in a manner similar to biological cell division;
GGH cells chosen for mitosis have their target area and perimeter
increased until their actual area has doubled, at which point they
are bifurcated along a random axis. The lattice sites of each half
are assigned to daughter cells, which also inherit all of the original
properties of the parent cell. Mitosis is not tied to the effective
energy.
We used an open-source GGH environment called Compucell
3D (http://www.compucell3d.org). A 6 × 6 grid was overlaid on
the image, and pixels were assigned to GGH cells. Five cell types
were defined – two cleft types representing opposite sides of the
cleft, bud region, ECM, and a single non-changing stem region.
Acceptable parameters were found via parametric search, and the
gland configuration was saved every 10 MCS steps. Figure 6 (d)(f) shows the growth of the gland boundary from the initial to final
configuration for 3, 4, and 5 clefts.
B. Comparative Analysis
In order to determine the stage of the process of cleft formation in branching morphogenesis in the resulting predictions
and simulations, we capture the morphology of the SMG for each
of the three cleft progression stages using the features explained
in Section II-B3. We computed the z-scores for each feature
vector for both models with respect to the averaged ground truth
feature vector for the corresponding cleft developmental stage. This
enables us to determine the number of iterations that belong to
each cleft developmental stage. Since termination is calculated

based on all six features individual features values may deviate
from the ground truth. In addition, we compare the mean and
standard deviation of individual features for the dynamic graph
model against the ground truth and GGH model, as seen in Fig. 8.

SMG Developmental
Stages
Ground Truth
Dynamic Graph Model
GGH Model

Early

Intermediate

Advanced

2.04 ± 1.18
2.16 ± 0.91
2.10 ± 0.54

2.13 ± 0.91
2.94 ± 0.63
3.05 ± 0.49

2.19 ± 0.86
2.25 ± 0.44
2.38 ± 0.46

Table II: Mean and standard deviation of the ground truth, dynamic
graph model, and GGH model from the average ground truth
feature vector for each of the three SMG developmental stages.
Both models demonstrate an increase in area and perimeter over
the three stages, which conforms to the ground truth. For the early
stage, multiple clefts are forming in the SMG which reduces the
rate of growth of the area(Fig. 4(a)). Even though the dynamic
graph model employs cleft deepening, it grows at a constant
rate, and thus displays a higher area than the ground truth. GGH
grows the clefts at a fast rate, and thus reaches equilibrium soon;
this prevents it from reaching the final area of the ground truth.
Differences in the isoperimetric quotient are directly proportional
to those in area and perimeter, and also conform to the ground
truth values. Average eccentricity (Fig. 8(d)) is slightly lower for
both the dynamic graph and GGH models. In the former, this
is a consequence of our smoothness constraints whereas in the
latter, it results from the omnidirectional growth of the SMG,
as well as the tendency for SMG cells to adhere due to the
contact energy penalty with the ECM. There is minimal variation
in solidity, as seen in Fig. 8(e). Solidity for both models decreases
over time as a consequence of clefting, which matches the ground
truth. The smoothness constraint applied to the dynamic graph
model also reduces the box-count dimension; in contrast, the more
jagged boundary of the GGH model results in a higher box-count
dimension. The difference is also clearly visible in the enlarged
visual representations of the two models, in Fig. 7. Table II shows
the mean and standard deviation of the ground truth, dynamic graph
model, and the GGH model from the average ground truth feature
vector for the three SMG developmental stages. This table presents
a view of how well the feature vectors match the particular SMG
developmental stage. The high standard deviation of the ground
truth is a consequence of variable cleft progression rates in all three
stages. The mean distance for the feature vector of the dynamic
graph model is closer to the ground truth than the GGH model for
2 out of the 3 stages.
One of the main strengths of our model lies in its fast computational time. In order to compare the computational time complexities of our model, we ran experiments against the GGH simulation
on a 2.4 GHz Intel Core 2 Duo processor with 4 GB RAM. On
average, our dynamic graph-based model takes 12 iterations for a
total time of 180.4 sec ±12 sec to predict the developmental stages,
whereas GGH takes about 860 MCS steps to reach the target SMG
morphology in a time of 27 min ±35 sec, resulting in a speed-up
factor of approximately 9. The large volume of data generated by
the GGH model also requires significant post-processing time and

disk space. Also, the GGH model considers cellular-level detail and
thus is more complex than our model, and hence it is not surprising
that our model takes less execution time.
IV. C ONCLUSION
We introduce a biologically motivated dynamic graph-based
growth model to describe and predict the stages of cleft formation
during submandibular salivary gland branching morphogenesis. By
using the initial morphology of the gland, our model predicts the
growth of the SMG preserving local structural properties between
the cells and the smoothness of the gland surface. Our results
indicate that we closely mimicked the tissue-level morphological
changes during cleft formation process in the developmental stages
of the SMG branching morphogenesis. In addition, we compared
our results against a well-known simulative model and demonstrated that our results are comparable and converge significantly
faster to the target configuration. Some future directions for our
model involve including dynamic cell movement information [24]
and generating clefts dynamically; the latter would be valuable in
modeling more advanced stages of branching morphogenesis.
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