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Principal components analysis, and more generally the Sing ular
Value Decomposition, are fundamental data analysis tools t hat ex-
press a data matrix in terms of a sequence of orthogonal or un-

correlated vectors of decreasing importance. Unfortunate ly, be-
ing linear combinations of up to all the data points, these ve c-
tors are notoriously difficult to interpret in terms of the da ta and
processes generating the data. In this paper, we develop CUR

matrix decompositions for improved data analysis. CUR deco m-
positions are low-rank matrix decompositions that are expl icitly
expressed in terms of a small number of actual columns and/or

actual rows of the data matrix. Since they are constructed fr om
actual data elements, CUR decompositions are interpretabl e by
practitioners of the field from which the data are drawn (to th e
extent that the original data are). We present a novel algori thm
that preferentially chooses columns and rows that exhibit h igh
“statistical leverage” and thus that (in a very precise stat istical
sense) exert a disproportionately large “influence” on the b est
low-rank fit of the data matrix. By selecting columns and rows in
this manner, we obtain improved relative-error and constan t-factor
approximation guarantees in worst-case analysis (as oppos ed to
the much coarser additive-error guarantees of prior work). In addi-
tion, since the construction involves computing quantitie s with a
natural and widely-studied statistical interpretation, w e can lever-
age ideas from diagnostic regression analysis to employ the se

matrix decompositions for exploratory data analysis.

M anm x n real-valued matrix provides a natural structure for
encoding information about objects, each of which is described by
n features. Examples of such objects include documents,ngeso
stocks, hyperspectral images, and web groups. Examplée abr-
responding features are terms, environmental condititemaporal
resolution, frequency resolution, and individual web asén many
cases, an important step in the analysis of such data is gircoha
compressed representationdthat may be easier to analyze and in-
terpretin light of a corpus of field-specific knowledge. Thestcom-
mon such representation is obtained by truncating the &inyalue
Decomposition (SVD) at some numblerg min{m, n} terms. For
example, Principal Components Analysis (PCA) is just thipdure
applied to a suitably normalized data correlation matrix.

Recall the SVD of a general matrix € R™*™. Given A, there
exist orthogonal matrice§ = [u'v?...v™] € R™™ andV =
w'v?...v"] € R™™, where{u'}" € R™and{v'}" €R"
are such that - -

UTAV = ¥ = diag(o1, . . .

7UP)7

whereX: € R™*", p = min{m,n},o1 > 02 > ... > 0, > 0, and

If k < r = rank A) and we definet;, = >F_ yutv'”, then

1A = Akl = 1A= XI5,

min
Xermxn.rank x)<k
i.e., the distance, as measured by the Frobenius nipifn., where
|Al% = >4 A3;, betweenA and any rankk approximation taA,
is minimized byAy [1].
Note, though, that although the truncated SVD is widelyduse

the vectorsy’ andv® themselves may lack any meaning in terms of
the field from which the data are drawn. For example, the esor

[(1/2) age -(1/+/2) height +(1/2) income],

being one of the significant uncorrelated “factors” or “feas” from a
data set of people’s features, is not particularly infoimgabr mean-
ingful. This fact should not be surprising. After all, thexgular
vectors are mathematical abstractions that can be caduatany
data matrix. They are not “things” with a “physical” reality
Nevertheless, data analysts often fall prey to a temptétiawifi-
cation,i.e., for assigning a “physical” meaning or interpretation to al
large singular components. In certain special casgg,a data set
consisting of points drawn from a multivariate normal digition on
the plane, as in Figure 1A, the principal components may te-in
preted in terms of, e.g., the directions of the axes of thpsaid from

odern data sets are often represented by large matrices singhich the data are drawn. In most cases, howesey, when the

data are drawn from the union of two normals as in Figure 1Bhsu
reification is not valid. In this and other examples it wouts diffi-
cult to interpret these directions meaningfully in termgodcesses
generating the data. Although reification is certainlyifiest in some
cases, such an interpretative claim cannot arise from thleemeatics
alone, but instead requires an intimate knowledge of thd fieim
which the data are drawn [2].

To understand better the reification issues in modern bicdbg
applications, consider a synthetic data set introducedéyatal. [3]
to model oscillatory and exponentially decaying patterfingeme ex-
pression from Chet al. [4]. The data matrix consists aft expres-
sion level assays (columns df) and2000 genes (rows ofd), corre-
sponding to @000 x 14 matrix A. Genes have one of three types
of transcriptional response: nois€6(0 genes); noisy sine pattern
(200 genes); and noisy exponential patte2A(( genes). Figures 1C
and 1D present the “biological” datge., overlays of five noisy sine
wave genes and five noisy exponential genes, respectivigiyrd-1E
presents first and second singular vectors of the data matarg
with the original sine pattern and exponential pattern teaterated

Reserved for Publication Footnotes

diag(-) represents a diagonal matrix with the specified elements on

the diagonal. Equivalentlyd = UXV7. The three matrice&, V,
andX constitute the SVD ofd [1]—the o; are the singular values of
A and the vectors® andv® are thei-th left and thei-th right singu-
lar vectors, respectively—an@d(min{mn?, m>n}) time suffices to
compute them.

The SVD is widely used in data analysis (often via method suc
as PCA), in large part because the subspaces spanned byctbesve
(typically obtained after truncating the SVD to some smalierk
of terms) provide the best rarikkapproximation to the data matrik.

www.pnas.org/cgi/doi/10.1073/pnas.0709640104

PNAS | Issue Date | Volume | Issue Number | 1-6



the data; and Figure 1F shows that the data cluster well isphee
spanned by the top two singular vectors, which in this caseiat for
64% of the variance in the data. Note, though, that the top twgusin
lar vectors display both oscillatory and decaying propsttand thus
they are not easily interpretable as “latent factors” onfamental
modes” of the original “biological” processes generating tlata.

This is problematic when one is interested in extractinggints
from the output of data analysis algorithms. For examplelobists
are typically more concerned with actual patients thanrggéents,
and researchers can more easily assay actual genes thagesigs.
Indeed, after describing the many uses of the vectors pedvia,
the SVD and PCA in DNA microarray analysis, Kuruviké al. [5]
bluntly conclude thatWhile very efficient basis vectors, the (singu-
lar) vectors themselves are completely artificial and daxootespond
to actual (DNA expression) profiles. ... Thus, it would beriesting
to try to find basis vectors for all experiment vectors, usictual
experiment vectors and not artificial bases that offerdittisight.”

These concerns about reification and interpreting lineanbioa-
tions of data elements lie at the heart, conceptually artdrgally, of
SVD-based data analysis methods. Recall that Spearmanetad so
scientist interested in models of human intelligence—ied fac-
tor analysis [6, 2]. He computed the first principal compdren
battery of mental tests, much as depicted in the first simgdator
of Figure 1B, and he invalidly reified it as an entity, callimgg” or
“general intelligence factor.” Subsequent principal comgnts, such
as the second singular vector of Figure 1B, were reified asaled
“group factors.” This provided the basis for ranking of widiuals on
a single intelligence scale, as well as such dubious sqgjdications
of data analysis as thiel+ examinations in Britain and the involun-
tary sterilization of imbeciles in Virginia [6, 2]. See GdyR] for an
enlightening and sobering discussion of invalid reificatd singular
vectors in a social scientific application of data analysis.

Main Contribution

We formulate and address this problem of constructing lamkma-
trix approximations that depend on actual data elementsvithsthe
SVD, the decomposition we desire (1) should have provablestao
case optimality and algorithmic properties; (2) shouldéhawnatu-
ral statistical interpretation associated with its camstion; and (3)
should perform well in practice. To this end, we develop applya
novel CUR matrix decompositions.e., low-rank matrix decompo-
sitions that are explicitly expressed in terms of a small benof

Prior CUR Matrix Decompositions

Within the numerical linear algebra community, Stewartedeped
the quasi-Gram-Schmidt method and applied it to a matrix igsxd
transpose to obtain a CUR matrix decomposition [7, 8]. Sirtyi
Goreinov, Tyrtyshnikov, and Zamarashkin developed a CUR ma
trix decomposition (gseudoskeleton approximatjoand related the
choice of columns and rows to a “maximum uncorrelatedness* ¢
cept [9, 10].

Within the theoretical computer science community, mucikwo
has followed that of Frieze, Kannan, and Vempala [11], windcenly
sample columns aofl according to a probability distribution that de-
pends on the Euclidean norms of those columns. If the numiber o
chosen columns is polynomial inand1 /e (for some error parameter
€), then worst-case additive-error guarantees of the form

[A=PcAlp < [[A=Axllp +el[Allp [1]

can be obtained, with high probability. HeFe: A denotes the projec-
tion of A on the subspace spanned by the columiis.oBubsequently,
Drineas, Kannan, and Mahoney [12] constructed an add#iver
CUR matrix decomposition by choosing columns and rows ganul
neously! In two passes over the matrik, they randomly construct a
matrix C' of columns, a matrixR of rows, and a matri¥/ such that

||A—OUR||F < HA_Ak”F_"EHAHFv [2]

with high probability.

The additive-error algorithms of [11] and [12] were motiet
by resource-constrained computational environmenggs,where the
input matrices are extremely large or where only a very sifnad-
tion of the data is actually available, and in those applcet they
are appropriate. For example, this additive-error CUR ixdgcom-
position has been successfully applied to applicationk asdyper-
spectral image analysis, recommendation system anafygisDNA
SNP analysis [13, 14]. These additive-error matrix decasitjpms
are, however, quite coarse in worse-case. Moreover, tighiisgro-
vided by their sampling probabilities into the data are tedi—the
probabilities are often uniform due to data preprocessinthey may
corresponde.g, simply to the degree of a node if the data matrix is
derived from a graph.

Statistical leverage and improved matrix decompositions

To construcC (similarly R), we will compute an “importance score”
for each column ofd, and we will randomly sample a small number
of columns fromA using that score as an importance sampling prob-
ability distribution. This importance score (see Equai{@nbelow)

actual columns and/or actual rows of the original data ma@iven depends onthe matri&, and it has a natural interpretation as capturing

anm x n matrix A, we decompose it as a product of three matricesth® “Statistical leverage” or “influence” of a given column the best
C, U, andR, whereC consists of a small number of actual columns 'oW-rank fit of the data matrix. By preferentially choosinglumns

of A, R consists of a small number of actual rows 4f andU is
a small carefully constructed matrix that guarantees ti@ptoduct
CURis“close”toA. Of course, the extent to which ~ CUR, and
relatedly the extent to whic'U R can be used in place of or Ay
in data analysis tasks, will depend sensitively on the &of< and
R, as well as on the construction Gt

To develop intuition about how such decompositions might be

have, consider the previous pedagogical examples. In ttzestd
consisting of the union of two normal distributions, oneadpbint
from each normal distribution (as opposed to a vector sjthetween
the axes of the two normals) could be chosen. Similarly, ésyn-

thetic data set of Wakt al., one could choose one sinusoid and one

exponential function, as opposed to a linear combinatidwottii. Fi-
nally, in the applications of Kuruvillat al., actual experimental DNA
expression profiles, rather than artificial eigenprofilesiid be cho-

sen. ThusC and/orR can be used in place of the eigencolumns anq‘i

eigenrows, but since they consist of actual data elemeeysiiil be
interpretable in terms of the field from which the data arewiréo the
extent that the original data points and/or features asgpnetable).

2 | www.pnas.org/cgi/doi/10.1073/pnas.0709640104

that exert a disproportionately large influence on the lmwgtrank fit
(as opposed to procedures that sample columns that haes Eng
clidean norm, or empirical variance, as in prior work), wd @msure
thatCU R is nearly as good a4, at capturing the dominant part of the
spectrum ofd. In addition, by choosing “high-statistical-leverage” or
“highly-influential” columns, we can leverage ideas fromagtiostic
regression analysis to apply CUR matrix decompositionstasldor
exploratory data analysis.

To motivate our choice of importance sampling scores, féua
we can express thgth column ofA (denoted byA”) exactlyas

r

Al = Z(agug)vf,

e=1

The algorithms of [11] and [12] provide worst-case additive-errorguarantees since the “addi-
onal error’in (1) and (2)is € || A|| -, which isindependentof the “base error’of [|A — Ay || .
This should be contrasted with a relative-error guarantee of the form (4), in which the “additional
error’is e ||A — Ay || g, for e > 0 arbitrarily small, and thus the total error is bounded by
(1 4+ €)]|]A— Ayl p. It should also be contrasted with a constant-factorguarantee of the
form (5), in which the “additional error’is v [| A — Ay || z», for some constant ~.

Footline Author



wherer = rank(A) and where® is the j-th coordinate of the-th
right singular vector. That is, tﬁjeth column of A is a linear com-
bination of all the left singular vectors and singular valuend the
elements of thg-th row of V' are the coefficients. Thus, we cap-
proximateA’ as alinear combination of the tédeft singular vectors
and corresponding singular values as

k

> (ocuf)

=1

3
R

~
~

Aj

Since we seek columns of that are simultaneously correlated with
the span of all tog right singular vectors, we then compute tra-
malized statistical leverage scores

1 k
M= > (@52,
g=1

forall j = 1,...,n. With this normalization, it is straight-forward to
show thatr; > 0 and thaty ", m; = 1, and thus that these scores
form a probability distribution over the columns.

Our main algorithm for choosing columns from a matrix—we
will call it CoLuMNSELECT—takes as inpuanym x n matrix A,
a rank parametek, and an error parameter and then performs the
following steps:

(3]

1. First, compute!, ... v" (the topk right singular vectors ofl)
and the normalized statistical leverage scores of Equésipn
Second, keep thg-th column of A with probability p;
min{1, cr;}, forall j € {1,...,n}, wherec = O(klog k/¢?).
Third, return the matrixC consisting of the selected columns of
A.

2.

3.

With this procedure, the matri& containsc’ columns, where’ < ¢
in expectation and wher€ is tightly concentrated around its expec-
tation. The computation of the column leverage scores best®pk
right singular vectors ofi, and this computation is the bottleneck in
the running time of COLUMNSELECT. It can be performed in time
linear in the number of nonzero elements of the matrbimes a low-
degree polynomial in the rank paramekdil]. We have proven that,
with probability at leas$9%, this choice of columns satisfies
[A—PoAllp < (1+€/2)|A— Akllp, [4]
where P denotes a projection matrix onto the column spacé' 3f
See [15] for the proof of Equation (4), which depends criiiah
the use of Equation (3). In some applications, this resmicEUR
decompositionA ~ Pc A = CX, whereX = CT A, is of interest.

with probability at leasp8%.2 First, sincell = C+ARY, it imme-
diately follows that

A= CUR| g

|A—CCTARYR|,.

Adding and subtracting’C " A and applying the triangle inequality
for the Frobenius norm, we get

|A—CUR||, |A—cctA|, + ||[cCTA—-CCTARTR]|,
|[A—cCctA|, + ||[A- ARTR|, [6]
|A—PcAl|lp+ ||A— APr| -

<

IA

Inequality (6) follows sinc&'C' is a projection matrix and thus does
not increase the Frobenius norm, and the last equalityvislisince
Pc = CC™T and similarlyPr = RTR. SinceALGORITHMCUR
chooses columns and rows by calli@pLUMNSELECT on A and
AT, respectively, Equation (5) follows by two applicationsHfua-
tion (4). Note that- = ¢ for ALcoriITHMCUR, and also that the
failure probability forALcoriITHMCUR is at most twice the failure
probability of COLUMNSELECT, since the latter algorithm may fail
when applied to columns or when applied to rows, indepemgent

Although one might like to fix a rank parameterand choosé:
columns and/or rows deterministically according to sonieiGgon—
e.g, such as to define a parallelepiped of maximal volume ovcg'@ill
such parallelepipeds, or to span a subspace that “captraakimal
amount of variance from over all (}) such subspaces—most such
criteria would lead to intractable combinatorial optiniaa prob-
lems [9, 10, 18]. ThusALcorRITHMCUR takes advantage of over-
sampling (choosing slightly more thancolumns) and randomness
as computational resources in order to obtain its strongatle ap-
proximation guarantees.

Note that the quantities in Equation (3) are, up to scaliogaé
to the diagonal elements of the so-called “hat matrixe’, the pro-
jection matrix onto the span of the tdpright singular vectors of
A [19, 20]. As such, they have a natural statistical integiren as
a “leverage score” or “influence score” associated with ezfcthe
data points [19, 21, 20]. In particular,; quantifies the amount of
“leverage” or “influence” exerted by thgth column of A on its op-
timal low-rank approximation. Furthermore, these quaihave
been widely-used for outlier identification in diagnostegression
analysis [22, 23]. As such, using these scores to selectnrwnot
only is crucial for our improved worst-case bounds but aisis &
exploratory data analysis.

Diagnostic Data Analysis Applications

Implementation ofALGOorITHMCUR is straightforward. We have
applied this algorithm to data analysis problems in sevapalica-

In other applications, one wants such a CUR matrix decompaon domains: Internet term-document data analysis (sgar&i2

sition in terms of both columns and rows simultaneously. @am
algorithm computing a CUR matrix decomposition—we willlaal
ALGORITHMCUR—Is illustrated in Figure SO in Supplementary
Materials. This algorithm takes as inpabhy m x n matrix A, a
rank parametek, and an error parameterand then it performs the
following steps:

1. RunCOLUMNSELECT on A with ¢ = O(klog k/€?) to choose
columns ofA and construct the matrik'.

RunCoLUMNSELECT on A” with = O(k log k/¢?) to choose
rows of A (columns ofAT) and construct the matrii.

Define the matrixJ asU = CtAR™, where X* denotes a

Moore-Penrose generalized inverse of the maXfigl7].

2.

3.

As with our algorithm for selecting columns, the runningéiof Ar-

and Figures S2 to S5 in Supplementary Materials); genetass Fig-
ure 3); and social science (see Figure S1in Supplementaieridis).

In practice, we typically only need to sample a number of goia
and/or rows that is a small constaatg, betweer2 and4, times the
input rank parametdy. In addition, not only can we perform common
data analysis tasks (such as clustering and classificdgiowhich the
basis provided by truncating the SVD is often used, but weatsm
use the normalized leverage scores to explore the data entfid
whether there are any disproportionately “important” deleaments.
(Note that since CUR decompositions are low-rank approtiona
that use information in the top singular subspaces, their domain of
applicability is not expected to be broader than that of W1®3

2The randomness and failure probability in CoLumMNSELECT and ALcORITHMCUR are over the

GORITHMCUR is dominated by Computation of the column and row choices made by the algorithm and not over the input data matrix. The quality-of-approximation

leverage scores. For this choice@fU, andR, we will prove that
|[A—CUR|r < (2+¢)[|A— Akllp, [5]

Footline Author

bound (4) holds for anyinput matrix A, regardless of how A is constructed; its proof relies on
matrix perturbation theory [15, 16]. The arbitrarily-chosen failure probability can be set to any
§ > 0 by repeating the algorithm O (log(1/48)) times and taking the best of the results.

3This can be improved to 1 + € using a somewhat more complicated algorithm [15].
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Internet term-document data are a common application of -SVDof a typical such data set [30], consistingref = 31 patients with

based techniques, often via latent semantic analysis 24, Phe
Open Directory Project (ODP) [26] is a multilingual open tamt
directory of World Wide Web links. TechTC (Technion Reposjt
of Text Categorization Datasets) is a publicly-availabémdhmark
set of term-document matrices from ODP with varying categdion
difficulty [27]. Each matrix of the TechTC data set encoddsrin
mation from ca.150 documents from two different ODP categories.
To illustrate our method, we focused on four data sets suathtitie
documents clustered well into two classes when projected|aw-
dimensional space spanned by the top few left singular vetitSee
Table S1 in Supplementary Materials for a description ofidia and
also Figure 2 and Figures S3 to S5 in Supplementary Mateials
more details.)

For example, consider the collectionik#9 documents (each de-
scribed with respect ta@5, 170 terms) on two topicsUS:Florida
(id:11346) andiS : Indiana:Evansville (id:10567). Thefirsttopic
has71 documents, and the second l6&s the topics names are de-
scriptive; and the sparsity of the associated document-taatrix

three different cancer types (gastrointestinal strom@alau(GIST),
leiomyosarcoma (LEIO), and synovial sarcoma (SARC)) with r
spect ton 5520 genes. For this data set, the top two eigen-
genes/eigenpatients captw&% of the variance of the matrix, and
reliable clustering can be performed in the low-dimendispace
provided by the truncated SVD, as illustrated in Figure 3BafTis,
there is clear separation between the three different caypes, and
running k-means on the projected data perfectly separates the three
different classes of patients.

Figure 3B shows the statistical leverage scores o5#26 genes,
with red stars indicating the top2 genes whose leverage score is
well above the average uniform leverage score of approeiyat
0.18 - 1072, (Here, 12 was chosen by trial-and-error, and apply-
ing the IG metric to select th&2 genes that are most differentiating
between the three cancer types leads to sele&iogt of thesel2
“high-leverage” genes.) Again, the leverage scores arte qainuni-
form; random sampling according to the probabilities of &ipn (3)
easily recovers the highest scoring genes; and these gemdkea

is 2.1%. Projecting the documents on the top two eigenterms anthost interesting and useful data points for the applicatfanterest.
then runningt-means clustering on the projected data leads to a clug-igure 3E illustrates a raster plot of thok2 genes—notice that we

tering which has a Pearson correlation coefficien08b with the
(provided) ground truth, is illustrated in Figure 2A. Thiass sepa-
ration implies that the documents are semantically weitesented
by low-rank approximation via the SVD, even though they ast n
numerically low-rank. The singular vectors, however, aest; they
contain negative entries; and they are not easily intesiptetin terms
of natural languages or the ODP hierarchy.

select genes that are overexpressed for the gastroiriestiomal
tumor and the synovial sarcoma. The fact that our leverageesc
pick these “highly-influential” genes explains why the #hdéfferent
cancer types are reliably separated in the space spannéadsi 2
genes, as demonstrated by Figure 3F. That is, runiinggans using
only thesel2 genes leads to a perfect clustering of Siepatients to
their respective cancer types since these actual genesaedispro-

Not only does a CUR matrix decomposition capture the Frobeportionately large influence on the best low-rank fit of theadaatrix

nius norm of the matrix (data not shown), but it can be usedlister
the documents. Figure 2B shows 89 documents projected on the

(presumably in part for reasons implicit in the data prefjamny.
Finally, and crucially for medical interpretation of thisalysis in

best rank2 approximation to the subspace spanned by the top fivelinical settings, some of the selected genes are well-krntovhave

“highest-leverage” terms. (Two was chosen as the dimeabtgrof
the low-dimensional space since the documents belong tofame
categories—the slowly decaying spectrum provides no guaielan
this case. Five was chosen as the number of selected columsed b
on an analysis of the leverage scores, as described beldvgther
choices yielded worse results.) In this case, the classatpais
quite pronounced—the Pearson correlation coefficiefdi$, which

is improved since CUR provides a low-dimensional space at
spects the sparsity in the data. Of course, the data are maoh m
axis-aligned in this low-dimensional space, largely beedtis space
is the span of a small number of actual/interpretable tegash of
which is extremely sparse.

expression patterns that correlate with various cancadsttaus they
can be further studied in the lab. Most notalBgkcQ has been asso-
ciated with gastrointestinal stromal tumoP8AME has been known to
confer growth or survival advantages in human can@I8E has been
associated with colorectal carcinomas and colonic adeocincenas;
and SFRP1 and CRABP1 have been associated with a wide range of
cancers. There is no need for the reification of the artifiiagular
directions that offer little insight into the underlyingabbgy [5].

From the perspective of diagnostic regression analysé et
treme nonuniformity in “importance” of individual data etents is
quite surprising. Inthose applications, one is taught toéey of data
points with leverage greater tharor 3 times the average value [20],

As an example of how we can leverage ideas from diagnostic réavestigating them to see whether they are errors or ostlibfore-

gression analysis to explore the data, consider Figure Bichshows
the statistical leverage scores of €l 170 terms. The leverage scores
of the top five terms— florida (99482), evansville (042291), south
(-026892), miami ((016890), and information (011792), as seen in
Table S1 in Supplementary Materials, are orders of mageitader
than the uniform leverage scores, equal fa, wheren = 15,170
here. This, coupled with the obvious relevance of thesegé¢onthe

over, there is na priori reason that the nonuniformity in this statistic
should correlate with nonuniformity in a supervised melike in-
formation gain. In our experience, however, this nonumifity is

not uncommon. (It is, of course, far from ubiquitous. Forrepée,
Congressional roll call data [31, 32] are much more homogesie

if & = 2 andn is the number of representatives, the highest lever-
age score for any representative is ohl$8k/n.) Most often, this

take at handsuggestthat these five terms are particularly important or phenomenon arises in cases where SVD-based methods armused

influential in this low-dimensional clustering/classifica problem.
Further evidence supporting this intuition follows frongie 2D,
which shows the information gain (IG) statistic for eachh#f15, 170
terms, again with the top five terms highlighted. (Recalt tha IG
for the i-th term is defined a8G; = |fi,1 — fi,2|, Wwheref; ;1 is the

computational convenience, rather than since the statistssump-

4As is common with term-document data, the TechTC matrices are very sparse, and they are
not numerically low-rank. For example, the top 2.5% and 5% of the non-zero singular values of

frequency of the-th term within the documents of the first category, these matrices capture (on average) 5.5% and 12.5% of the Frobenius norm, respectively. For

andf; 2 is the frequency of théth term within the documents of the
second category. In particular, note that it is a superuvisettic,i.e.,
the topic of each document is known prior to computing it.)

data sets in which a low-dimensional space provided by the SVD failed to capture the category
separation, CUR matrix decompositions performed correspondingly poorly.

5The original data contained 46 patients from six different cancer types; here we consider a
subset of 31 patients with one of three cancer types. Linear dimensionality reduction tech-

The truncated SVD has also been applled to gene expressi(p‘ﬁ“es such as SVD could accurately separate patients suffering from gastrointestinal stromal

data [28, 29, 5, 3] in systems biology applications (where wants
to understand the relationship between actual genes) aclchical
applications (where one wants to classify tissue samptes &ctual
patients with and without a disease). See Figure 3A for @rabt

4 | www.pnas.org/cgi/doi/10.1073/pnas.0709640104

umor, leiomyosarcoma, and synovial sarcoma. Including patients suffering from the remaining

three cancer types (liposarcoma, malignant fibrous histiocytoma, and schwannoma) led to sev-
eral inaccurate classifications, even using all 5520 genes. This is consistent with the finding
that hierarchical clustering in all 5520 genes resulted to five (instead of six) clusters, with sev-
eral incorrect assignments [30]. To illustrate the use of low-rank CUR matrix decompositions,
we focused on the subset of the data that were amenable to analysis with the truncated SVD.
Similar, but noisier, results are obtained on the full data set.

Footline Author



tions underlying its use are satisfied by the data. This stgghe
use of these “leverage scores” more generally in modernivesdata
set analysis. Intuitively, conditioned on being relialt@re “outlier-
like” data points may be the most important and informative.

Conclusion

Although the SVDper secannot be blamed for its misapplication,
the desire for interpretability in data analysis is sufiitig strong so

as to argue fomterpretable low-rank matrix decompositiongven
when an immediate application of the truncated SVD is hot@mp
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mental building block of some of the most widely-used dataysis
methods, including PCA, Multidimensional Scaling, Fad&oalysis,
and many of the recently-developed techniques to extratiinear
structure from data. Thus, although here we have focusebeonse
of CUR matrix decompositions for the improved interprelighf
SVD-based data analysis methods, we expect that their peoiwi
much more general.
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Captions

Figure 1 Applying the SVD to data matriced. (A) 1000 points on the plane, corresponding ta@0 x 2 matrix A, (and the two principal
components) drawn from a multivariate normal distributi¢B) 1000 points on the plane (and the two principal components) difaem a
more complex distribution, in this case the union of two atiate normal distributions. (C-F) A synthetic data sensidered by Wall, et
al. [3] to model oscillatory and exponentially decayingtpats of gene expression from Cho, et al. [4], as describétkitext. (C) Overlays
of five noisy sine wave genes. (D) Overlays of five noisy exptiakgenes. (E) The first and second singular vectors ofate mhatrix (which
account for64% of the variance in the data), along with the original sinégratand exponential pattern that generated the data. ¢f&d®on
of the synthetic data on its top two singular vectors. Alijlothe data cluster well in the low-dimensional space, thewm singular vectors
are completely artificial and do not offer insight into theitiatory and exponentially decaying patterns that geteerthe data.

Figure 2 Application of ALGORITHMCUR to Internet term-document data. The matrix consistd38% documents from TechTC on two
topics:US: Indiana:Evansville (id:10567) andJS:Florida (id:11346). (A) A projection of the documents on the two-dimsional space
spanned by the top two eigenterms. (B) A projection of theuduents on the best two-dimensional approximation to theesppanned by the
five actual terms with the highest “statistical leveragadres of Equation (3). (C) The statistical leverage scorgékef5, 170 terms, with the
top five terms highlighted. (D) The information gain statistf the 15, 170 terms, with the top five terms highlighted.

Figure 3 Application of ALcorITHMCUR to cancer microarray data: gene expression patterns @rpsativith soft tissue tumors analyzed
with cDNA microarrays. (A) Raster plot of the data. (B) Sttitial leverage scores for each gene. Red stars indicate2thenes with the
highest leverage scores, and the red dashed line indi¢aamtform leverage scores. (C) Information gain for eaafegevith the highest
scoring genes marked. (D) A projection of tBi patients in the subspace spanned by the top three eigengetiesfull data matrix. (E)
Raster plot of the1 patients with respect to the top 12 genes from Panel B. A @ si front of the name of a gene indicates that this gene
was also selected by the (supervised) information gainim€f) A 3D plot of the31 patients in the span of the genes of Panel E.
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