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Abstract— We consider the computational complexity and algo-
rithm challenges in designing survivable access networkd/ith
limited routing capability, the structure of an access netvork
is typically a “fat” tree, where the terminal has to relay the
traffic from another terminal of the same or higher level. New
graph theory problems naturally arise from such features of
access network models, different from those targeted towals
survivable backbone (mesh) networks. We model the importan
problem of provisioning survivability to an existing single-level
fat tree through two graph theory problem formulations: the
Terminal Backup problem and the Simplex Cover problem, whic
we show to be equivalent. We then develop two polynomial-tie
approaches, indirect and direct, for the Simplex Cover prollem.
The indirect approach of solving the matching version of Sirplex
Cover is convenient in proving polynomial-time solvability though Fig. 1. Logical fat-tree architecture for access network
it is prohibitively slow in practice. In contrast, leveraging the
special properties of Simplex Cover itself, we demonstrat¢hat
the direct approach can solve the Simplex Cover problem very . . . . . L
efficiently even for large networks. Extensive numerical reults” Office, i.e., for an intermediate terminal node within an ac-

of applying our algorithms are also reported for designing cess network, the capacity/traffic of its upstream link is th

survivable access networks over different types of topologs. aggregation of the capacity/traffic of all its downstreanksi.
Keywords: Broadband access networks, Graph theory, Optimiza sample fat tree [2] is shown in Fig. 1. Therefore, to recover
tion, Survivable tree, Topology design. from a failure of its upstream link, the terminal has to retlag

traffic from another terminal of the same or higher level.lSuc
o features of access networks make the problem of designing a
A. Motivation survivable access network different from that of designang

In this paper, we address topology design problems to offéfvivable backbone network.
fast recovery for access networks after natural failures orThere are four dimensions along which we develop the
malicious attacks. With the ongoing deployment of “tripléollowing taxonomy of the graph theory problems in this
play” services by cable and telecom service providers, thesearch area [3]:
access parts of today’s broadband network infrastructave h 1) Fat-Tree Exists or Not:We can either add necessary
tree-like topology and aggregate increasing volumes afeyoi survivability on an existing fat-tree to cater for user decia
data, and video traffic from end users, but are usually tie jointly design the tree and the redundant links in the first
least protected, in contrast to ring-based metro netwonkls aplace.
partial mesh backbone networks. This lack of protectionesak 2) Single-Level or Multi-Level TreeThe access network
the access network the bottleneck of end-to-end survitgbil between remote terminals and the central office can be a
due to the economic reason of high price per custom&ngle-level tree (i.e., star network) or a multi-levelerby
when deploying survivable networks. It is necessary togiesiputting low cost switches between the levels.
survivable treetopologies, through the appropriate addition 3) Optimization (Objective-Constraint) Model&ne major
of a limited number of redundant links to the tree, that caconcern is to minimize the total cost to construct and mainta
provide the best survivability-cost tradeoff. the access network by satisfying the connectivity requéneis

Since routing capability is very expensive [1], often orilgt (e.g., r; edge-disjoint paths from remote terminalto the
central offices can be equipped with the routing capabdityl root, so terminali can survive against up te; — 1 edge
the other terminals within the access network only have tif@lures). In the second type of problems, the network vendo
basic switching capability (such as traffic aggregatiomgsi can achieve a different amount of revenue by provisioning
multiplexing and demultiplexing). Accordingly, the sttuoe different levels of connectivity for terminal, (i.e., {r;}
of the access network is a “fat” tree rooted at the centraécome optimization variables), the objective is to maxemi

I. INTRODUCTION



TABLE | 2
Computational Complexity of Various Problems of SurvieBlccess Network Design

Objective Minimize Total Cost Maximize Revenue with Limited Budge!
Link Cost Model Uncapacitated Fixed| General Concave
.. | _Single-Level P
Fat-Tree EXIStS —gfii-Tevel NPC NPC [4], [1], etc. NPC
No Existing Fat-Tree NPC [5], [6], etc.

the total revenue constrained by the limited budget avi@lab/Ne prove it is equivalent to th8implex Coveproblem, which
for network construction. involves finding an edge cover of some hypergraphs with

4) Link Cost Models:Link cost is often an affine or convexcertain properties. We will define and study these problems i
function of distance, and a concave or constant function §ections Ill-VI, where we also show that, surprisingly, tbot
capacity. For example, the concave cost model is mostly usgfdthese problems are polynomial-time solvable.
in designing fiber networks, where the cost per unit length of Table | summarizes the main results from prior works and
deploying an edge is a concave non-decreasing functiontbis paper on the computational complexity of various prob-
the capacity/flow on the edge. The concavity is due to a bugms related to survivable access network design. Problems
at-bulk effect. The average cost per unit bandwidth of usirihat are studied in this paper are highlighted in bold.

a larger capacity cable is usually less than that of using a . o
lower capacity cable, e.g., one OC-12 cable is cheaper thanB. Overview and Organization
QC-l cables. An extrgme case of concave edge cost modelg, this paper,
is the uncapacitated fixed cost model, where the cable cost . . . .
: o . : .« We summarize the computational complexity of various
is negligible if the cost of deploying a set of cables with : : )
' . . ) : . problems in survivable access network design, based
trenching (or hanging along poles) is dominant. With thistco ) .
) on both known results and new ones in this paper. In
model, the accurate values of traffic demands and flows on : L
N - oo particular, we prove that the problem of provisioning
edges are not crucial since unlimited capacity is assumed. S - . .
o . survivability to the existing multi-level fat tree is NP-

There are 16 combinations of problem formulations based Complete
:)hn thet_ abovg Ita>f<onomy, Iead|tng tlf' a rlchl_artr_ay ofsg;iph-. For provisioning survivability to the existing single-kv
theore Ic rgol ehs or Eccesstnzlw;r '2? applications. 50 % fat tree, we formulate two basic graph theory problems,

€se models have been studied while many remain under- o mina| Backup and Simplex Cover, and prove they are
explored. , ) equivalent.

The concave cost model makes_ most m|n—cost_de3|gn.prob—_ We propose an indirect approach with polynomial time
lems NP—CompIete [1], [4], [_7]_. With the uncapacitated fixed complexity for Simplex Cover, by solving its matching
cost model, if there is no existing fat-tree, then the suabie version
access ne(t\élork. dils'gn probll(em (jegenbelrates l'nt(:( the well \ye provide an algorithm to solve Simplex Cover directly,
Investigatedsurvivable Netyvor Desigproblem, also known complemented with elimination of unnecessary edges and
to b_e NP-Complete. In this problem, the goal is to find the . officient local search policy.

(rjmr_mfnum CﬁSt fsubgraph_tha;t hashsome pre-specrf:cedr:jge o Extensive numerical experiments show that our direct
isjoint paths from terminai to the root [3], [6]. I there approach can solve the Simplex Cover problem very
exists a multi-level fat-tree, we prove in Appendix. B that

T S e ; quickly, even for very large networks.
the problem of provisioning survivability at minimum cost i . )
NP-Complete. We will not further classify the complexitafs '€ 'est of the paper is organized as follows. Some of

the budget constrained problems, which are NP-Completelftf_related graph-theoretic problems are briefly summarize

general, since they can be treated as the decision versfonén_osec' Il. In Sec. I, the problems of Terminal Backu_p and
many NP-Complete optimization problems Simplex Cover are formally defined and proven equivalent.

In this paper, we are particularly interested in designine tp|rect and indirect approaches to Simplex Cover are digzliss

min-cost incremental topology that provides full surviilip in Sec. IV.and Vi respectwely: Nu_mencal experlments are
for all remote terminals within an existing single-levetass presented |n.Sec. VI C_o-ncl-usmn IS prggented n S?C'. VI
tree. This tree already exists, connecting the centraleoffitd The .complexny Of. provisioning .surV|vab|I|t.y to the exisg
each remote terminal directly. To provide full survivatyiliwe multi-level fat tree is addressed in Appendix.

need to construct an augmented network where each terminal
is connected to either one other terminal or the root. This
problem can be represented as fieeminal Backupproblem, In this section, we briefly summarize several related graph
where we are given a graph with terminals (required node#)eory problems that have applications to network design.
Steiner nodes (optional nodes), and weighted edges, and tttesvever, these formulations do not model the problems we
goal is to find the cheapest subgraph so that every terminabisdy in this paper.

connected to at least one other terminal for backup purposkktching and Edge Cover

II. RELATED WORK



TABLE Il 3

The weighted (perfect) matching problem is to find the Definitions of Key Terms

min-cost subset of edges where each node is met exactly by

one edge. It has served as the cornerstone for many CONEdge Cover A subset of edges to cover every node

binatorial problems since the seminal work of Edmonds [ Perfect Matching A subset of edges where each node is met exactly by one edge

.. . . ) Min-cost subgraph where every terminal (required nodepisnected
There has been much research on efficient implementationg§ gérminal Backup | 1 4t jeast On% Orfher terminal gy using St(em%r (optionag);m

Edmonds’s algorithm, e.g., [9], [10]. In particular, weigt ! Min-cost tree containing all the terminals
9 g [ ] [ ] P 9 Steiner Tree and any subset of the Steiner nodes.

D

matching is one of the few i_nteger programming problems that For every 3D edgéx, y,2), the corresponding 2D 6985, 7).
can be solved in polynomial time. The edge cover problefn simplex Condition | (y, z) an>d(z-,z) also exist, and their weights satisfy

. - se = st wa,2)/2
to find the min-cost subset of edges to cover every node, ¢ Wo,yox 2 (Woy + Wy,z  Ws,2)/

ﬁgimplex Cover Min-cost edge cover in a hypergraph with simplex condition

be transformed into a weighted matching problem [11]. Simplex Matching | Min-cost perfect matching in a hypergraph with simplex dood

Survivable Network Design
The general survivable network design problem is to find
the min-cost subgraph such that there are edge-disjoint ~ Given an instancé of the Terminal Backup problem, create
paths between each node péirj) [5], [6]. The best known a hypergraphi (G) containing 2D and 3D edges (i.e., the
results are Jain’s factor 2 approximation [6] and Agrawall@rgest size of an edge is 3) as follows. Create a node for
2[log,(r +1)] approximation where is the largest; ; [12]. every terminal. For every terminal pair, y, find the shortest
Survivable network design with concave costs has beenestud{minimum cost) pathP joining these two terminals ig/, and
in [13], [14], and Garg et al. [15] investigate algorithmg focreate an edgex,y) € H(G) with weightw, , = cost(P).
budget-constrained survivable topology design. For every triple of terminalsg, y, z, find the shortest paths
Access Network Design Py, P,, P; connecting them to a Steiner point, and create a 3D
Access Network Design (single root/sink) with genera&dge(z,y,z) € H(G) with w, , . = cost(P1) + cost(Py) +
concave costs has been extensively addressed in [1], [AI6], fost(P3). Note thatH (G) does not contain any Steiner nodes.
[17], [18], etc. For example, Andrews and Zhang introduee th We say that a graph containing 2D and 3D edges satisfies
access network design problem and propose a fa@{dc2) the Simplex Conditionif for every 3D edge(z,y,z), the
approximation wherek is the number of trunk types [1]. corresponding 2D edge&:,y), (y,2), and (z, z) also exist,
Meyerson et al. provide a®(logn) approximation where, and wy , . > (wz, + wy. + w, .)/2. Notice that H(G)
is the number of sources [16]. Guha et al. present the figatisfies this condition, because the shortest patis obey
constant approximation (factor 80.566)[7]. the triangle inequalitySimplex Coveis defined as the problem
Multiple Tree Construction of finding the minimum cost edge cover in a hypergraph
Médard et al. [19] construct two trees from an existing twasbeying the simplex condition, i.e, covering every nodehwit
connected (survivable) network such that for any link oreod®D or 3D edge.
failure, every node remains connected to at least one of théVe have Theorem 1 below that the minimum cost simplex
trees. cover in H(G) corresponds exactly to the optimal solution of
Our work is different from those above in terms of problerthe Terminal Backup problem i6.
formulations, and its leverage of the fat-tree structure in Theorem 1: The Terminal Backup and Simplex Cover
survivable access network design. Table Il summarizeseiie Kroblems are equivalent.
terms used in this paper. Proof: See Appendix A. [ ]
Because of Theorem 1, we will focus on Simplex Cover
Il. TERMINAL BACKUP AND SIMPLEX COVER PROBLEMS i the rest of this paper. We can assume from now on that
In this section, we formally define the Terminal Backuphe weight of any 3D edge is less than the cost of any two
problem in a network with Steiner nodes and simplify it bgorresponding 2D edges, since otherwise we would never use
proving it equivalent to the so-callesimplex Coveproblem this 3D edge in a cover, and could eliminate it in advance.
in the transformed network without Steiner nodes. In terms of computational complexity, Simplex Cover is
Define theTerminal Backupproblem as follows. We are between regular Edge Cover (polynomial time solvable) and
given an undirected graph with terminals (required) nodeSxact Cover by 3-SETS (NP Complete, X3C [20]). The former
Steiner (optional) nodes, and edges with nonnegative éntegs for the network only with 2D edges, and the latter can be
weights. The goal is to find the cheapest subgraph so thansformed into the problem of covering nodes only with 3D
every terminal is connected to at least one other terminal. edges. There is an easy 4/3 approximation to Simplex Cover,
In an optimal solution of Terminal Backup, OPT, ther@btained by finding an edge cover using only 2D edges, which
cannot be an edge such that its removal yields a feasilolen be done in polynomial time. To see why this is a 4/3-
solution. This means that removing any edge of OPT muspproximation, let£* be the optimal simplex cover, and let
cut off exactly one terminal from the rest, and thereforg’ be the 2D edge cover formed by taking every 3D edge
all connected components of OPT must be stars. Moreovet, y, z) € E* and replacing it by the cheapest two (@f, y),
we can decompose each star into stars containing eithefy2z), and (z, z). This cheapest pair of edges costs at most
or 3 terminals, which leads us to the following equivalen%(wm,y+wyyz+wzyz),Which is at mos%wm,yyz by the simplex
formulation of the Terminal Backup problem. condition. ThereforeZ’ is at most4/3 more expensive than



the optimal simplex cover, and so the optimal 2D edge coverAfter obtaining M, put all the edges 7 selected byM4

is a4/3-approximation. into our final solution of Simplex Cover. Now look at all the
While the above argument gives4a3 approximation to edges of the form(v,v’) that are inM, with v in G and v’

Simplex Cover, we can instead find the optimal simplex covar G'. Take the 2D edge i that has the weight o, . /2,

exactly. In fact, we will show that Simplex Cover problenand add the edge to our solution. This creates a valid simplex

is polynomial-time solvable. In the following two sectignscover for the original problem which cosid /2.

we propose and compare two algorithms solving the SimplexWe now prove that this simplex cover has minimum cost.

Cover problem: 1) an indirect approach by transforming Assume that the cost of the cheapest simplex cévir S <

into the weighted simplex matching problem, and 2) a dired /2. Note that each component of a min-cost simplex cover

approach without the above transformation. will be either a star (one or more 2D edges) or a single 3D
edge. This is because if a 3D ed@e y,z) is in S, andx
IV. INDIRECT APPROACH FORSIMPLEX COVER: is contained in another edge 6f then we could use the 2D
TRANSFORMED INTOWEIGHTED SIMPLEX MATCHING edge(y, z) instead of(z, y, z) in our cover without increasing

The reduction from perfect matching to edge cover (sé'%e cost. fFor_m a pen;lect matchir]lg OJ as; folrllc_>w§. Select
e.g. [11]) suggests that we can use the matching version%fOPY © Sin G, and a copy ofS in G " This IS not a
Simplex Cover to find the cheapest simplex cover. BecauserBf“tChmg because of the star componentS iConsider such

this, we now look aSimplex Matchingwhich is the problem & component’ with two or more edges. We can replace all

of finding the minimum cost perfect matching in a hypergra;}ﬂJt one of Ithese /Edges Wit_h edge.s of the fammv’) With v
satisfying the simplex condition. in G andv’ in G’ without increasing the cost. This results

in a perfect matching of) with cost of exactly2 x S < M,
A. Theoretical Properties which contradicts the proposition thaf is the minimum cost
i , i perfect simplex matching af).
We can use Simplex Matching to solve Simplex Cover by |, symmary, solving the weighted simplex matching version

converting the cover version of the problem to a matching vet,, he ysed to create the minimum cost simplex cover for the
sion. To do this, make another copy@f calledG’, as shown original problem -

in Fig. 2. For every node in G and its corresponding nodé
in G, form an edggv, v") with weight2 - min, ,)cp, Wo,w, B- Algorithm for Weighted Simplex Matching
where E is the set of 2D edges i@'. Call this new graphf).
According to Theorem 2 belOW, we can find the minimum-cd Stl: Start with any perfect Simp|ex matching which uses the

set® of 3D edges.
2: 0 — MinMatching(®)
3: repeat
4 P — D5y — 0
5:  for each @’ resulting from a pair of trigger operatiohs
for ® do
0" — MinMatching(®")
if § > ¢’ then
00— O —
continue for breadth-first search dsreak for
depth-first search
10: end if
11:  end for
12: until § = &g /*no further improvement*/
13: returnd,

Fig. 2. Transform Simplex Cover to perfect Simplex Matching Algorithm 1: WeightedSimplexMatching

simplex cover by solving its simplex matching version. Algorithm 1 shows the procedure of searching for the
Theorem 2: The minimum cost simplex cover can be foundninimum cost perfect simplex matching is the set of

by solving the instance of weighted Simplex Matching deselected 3D edges,keeps the minimum matching cost found

scribed above. so far, and the functiod/inMatching(®) returns the cost

Proof: Let M be the minimum cost perfect simplexof the 3D edges inb plus the minimum cost regular perfect

matching of hypergraply) with cost of M. The costs of the matching in the residual graph after removing all the nodes

selected edges i@ andG’ should be equal, otherwise we caradjacent to the 3D edges . The trigger operation is either

replace the more expensive selected edge set with the aheap¢he following two operationgemoving a 3D edge frord or

one and obtain a new perfect simplex matching with cost afiding an unused 3D edge inflo. This algorithm is inspired

less than)/. from the proof of polynomial-time solvability in [21].



Theorem 3: Algorithm 1 solves weighted simplex match-
ing in polynomial time.

The detailed analysis and the correctness proof of Algo-
rithm 1 can be found in [21]. Basically, Algorithm 1 needs
to run (regular) weighted matchingn?nlog(OPT)) times,
while a regular perfect matching takéxn?) time [9]. Here
n is the number of nodes i/ andm is the number of 3D
edges. This gives us the complexity ©flog(OPT) - n*m?)
for Algorithm 1.

V. DIRECT AND EFFICIENT ALGORITHM FOR SIMPLEX () (b)

COVER ) )
Fig. 3. Remove unnecessary 2D and 3D edges from Simplex Cover

Though polynomial time in theory, the indirect approach
for solving Simplex Cover as discussed in Sec. IV would el_ e

rohibitively slow even for small networks. This is partyal . .
b 4 partia 2: § «— MinCover(®) /* Startwith the min-costregular

because the number of 3D edgescould be as high as?, d m . 3D edges)/
which would make the total complexity i&(log(OPT)-n'?). edgecover (without using any 3D edges)

However, making use of the special properties of simp e><°’f rer()I)e/at o5 5

cover itself, we can design a much faster approach to finé: ; - r']q)ol‘_ iting fromleqiti .

a simplex cover directly, which is practical even for Iarges' or eac resulting fromiegitimatetrigger
operations ford do

networks deployed by access network service providersytoga
ploy y P Y 6: 0" — MinCover(®')

A. Remove Unnecessary 2D and 3D Edges from Simplex if § > ¢’ then
Cover 8: §—08; 09
Some 2D and 3D edges will never be included in an optima¥: continue for breadth-first search direak for
simplex cover. For terminak, denotevy(a) as the closest depth-first search
neighbor node and, as the closest neighbor distance wheré®: end if
W = Wy ey = min_ w,; and E, is the set of 2D edges| ' end for _
(a,i)EE; 12: until 6 = §y /*no further improvement*/

For the sample graph in Fig. 3(a),and d are the closest
neighbor nodes for andb respectively. Ifw, , > W, +wp =
Wq,c + wp,q, then 2D edg€a, b) can be removed from the
graph, since covering node andb with one 2D edg€a, b)
is always worse than covering them with two 2D edges:) ) . )
and (b, d). Note that such removal is not always legitimate fopD_€dge into® and *-’ as removing a 3D edge from. We
the perfect matching problem. The only instance of perfe@ff[ne ,Ief‘:;!tlmate‘ trigger operations h‘ere’as I|n‘1|te,d to '+,
matching for Fig. 3(a) i (a,b), (c,e), (d, f)}. +, -+, and - . Note that *+ +, - +" and - -’ mean

A 3D edge also can be removed from an instance of simpl¥0 Simultaneous trigger operations, which cannot be oepla
cover if its weight is larger than the sum of the weights of a 21ith two sequential single trigger operations.
edge between its two nodes and the closest neighbor distancEhorem 4: Algorithm 2 solves weighted Simplex Cover
of the third node. For example, in the graph of Fig. 3(b), # Polynomial time.
Wape > Wa p+We = Wap+we.e, then covering nodes, b and Proof: Essentially, the trail of the legitimate trigger
c with 3D edge(a, b, ¢) is not as good as using two 2D edge@perations in searching for a simplex cover is equivalent to
(a,b) and (c, e). However, such 3D edges might be require@ valid trail of trigger operations in solving the corresgen
for a perfect matching, and the instance of simplex perfeifig perfect simplex matching problem. Obviously, there is a
matching for Fig. 3(b) is{(a, b, c), (d, f), (e, g)}. regular perfect matching corresponding to the initial roast

As we will show in Sec. VI, such elimination of unnecessariegular edge cover (in the sense of the transformation from
2D and 3D edges makes the effective (residual) network veHpeorem 2). The possible trigger operations starting froen t

13: returnd, ®
Algorithm 2: WeightedSimplex Cover

sparse. initial regular perfect matching with reduction in cost tbe
) . . (—i—ei, +€j), (—ei, —ej), and(—i—ei, —ej) where bothe; andej
B. Direct Algorithm for Simplex Cover are 3D edges. Denotéone(e;) ase;’s copy inG' if 3D edge

Algorithm 2 shows the procedure of finding a simplex; is in G and vice versa. It; = clone(e;), then(+e;, +¢;)
cover directly. FunctionMinCover(®) returns the sum of and (—e;, —e;) in Simplex Matching are equivalent tee;
the weights of the 3D edges if? plus the minimum cost and—e; in Simplex Cover respectively. H; # clone(e;), we
regular edge cover in the residual graph after removing allways assume, and e; are within the same plane (either
the nodes adjacent to 3D edgesdn The differences from in G or G’), otherwise we can replace the more expensive
Algorithm 1 are underlined. Denote ‘+’ as adding an unusgidane with a copy of the cheaper one. Then we can “double”



TABLE Il 6

the trigger actions in Simplex Matching, e.g. two sequéntia Priorities of trigger operations for Simplex Cover

(+ei, +e;) and (+clone(e;), +clone(e;)) are equivalent to
one (+e¢;, +¢;) in Simplex Cover. Therefore Algorithm 2 is T+[5[++[4a[-+13 -121--111
guaranteed to converge to a global optimum within polyndmia

time because Algorithm 1 from Theorem 3 does the same.

an improvement has been found. We prefer depth-first search
since the connected components could be decomposed earlier
We now address the practical issues in implementing Aote that the proof of polynomial running time only applies t
gorithm 2 efficiently. Both Algorithms 1 and 2 are essenfiallthe preadth-first search version of Algorithm 2, but the Hept
local search methods but with the guarantees of convergeRgg search version runs faster in practice.
and global optimality. However, a good search policy can 3) Resume vs. Resefor the +' operation, assume the 3D
significantly speed up the convergence and avoid unnegessiges within a connected component are represented itiyerna
duplicated tests if we do not maintain a search history fhe. \ith an order ofe1, ..., e;, .... If '+ ¢; brings an improvement,
tested instances @b’ in Algorithms 1 and 2). then in depth-first search we upddiéby addinge;, and restart
As we show in Sec. VI, the network becomes much sparsgfarch frome;,; (resume) instead of; (reset) since ¢ has

after removing unnecessary 2D and 3D edges from simplgxen tried before without yielding improvement (thoughhwit
cover. We can search for a min-cost simplex cover for eaghe o|d 3).

connected component separately. Basically, the more 3Bsedg

a connected component has, the longer search time is rdquire VI. PERFORMANCEEVALUATION

In addition, unlike a 2D edge, once a 3D edge is chosen for . . . .

a simplex cover, its three nodes cannot be covered by alrm!n this section, we present the numerical results of seagchi
e

other edges. This is true because otherwise it would berb o the mlntv-vcoit S\I/UHIHGX c_gvert, foct:usmg ?n ?\l;gli-tlevgﬁtr_
to use one of its 2D “sub-edges” instead of the 3D edg CCESS NEWOTKS. VVE consider two types of network topatogie

Therefore, we prefer a search policy that can decomposed_f};\? _fl')rstt I(Sj a _trf?ndorg ngetwork where t?rrrr]nmals arz r_ando“ml_%l
large connected component as quickly as possible. IStnbuted within a 9x9 square area. The second 1S a “gri

1) Priority Based Search PolicyWe look further into the n:etwodrk Whe:jetvr\]/lthln e?chbcell,ctjhr(;aebtermmg\!s are ranb}otm
five legitimate trigger operations for simplex cover whic aced aroun € center bounded by a radius parameter

include two basic trigger operations: ‘+ and -’ (i.e., ad ote that if » is too small, then each node triple will be

or remove a 3D edge from the current chosen 3D ed é)lated from the others, and if is too large, then the grid

set®). Note that a “+ operation, by adding an unused 3 etwqu deigeneratff |r(1)t(z1 the above random network. In our
edge from a connected componetit could decompose’ experimentsy 1S set 10 ©.4.

into up to 3 smaller connected components, which can PeThellcl)‘l(';eger v(;/eljg?t t?]f an edgte_ Its dEf'r_I]_id Ias ':ﬁ I(fangtzrlg
addressed separately. Similarly, a ‘-’ operation couldhiteu Imes » rounded fo the nearest integer. 1he length of a

up to 3 connected components to recover one larger connec‘?g t?’ bethgr; two te_:_r;m?ls |sthe|trfler gTDEU;“deSnt d|stmn;:he
component. Therefore we would like to use ‘+’ operations getinear distance. he iength of a edge between three
Hae(mlnals is the sum of the distances from every terminal to

much as possible providing they can continuously reduce t ) : S . L
total cost. In other words, the ‘+' operation should be geant Its Steiner point, which is the point that would minimize the
’ length of such an edge. With Euclidean distance, the Steiner

higher priority over the ‘-’ operation. I I . . : L
g P y b oint is shown in Fig. 4 [22]. With rectilinear distance, & i

Notice that ‘+ +' cannot be replaced with two sequenti@ that the Stei onal int is located
‘+’ operations. But if there aren’ 3D edges in a connected nown that the steiner (op |Qn§\) point 1S locate (atwv),
here the coordinate of terminak {1,2,3} is (u;,v;), and

component, then before finding an improvement we migm . .
need to considen’ ‘+' operations ano(";/) ‘+ +' operations. u andv are the medians of; andv; respectively.
Therefore we prefer the ‘+’ operation to the ‘+ +' operation,

with the hope that a ‘+' operation already decomposes the Yy

connected component before any ‘+ +' operation.
Similarly, a ‘- +' operation cannot be replaced with sequen-
tial - and '+’ operations. We can examine the temporary and X

larger connected component resulting from the ‘-’ opergtio
however, and simultaneously test the ‘+' operation only for
each 3D edge within this temporary connected component.

In summary, we assign priorities for the 5 operations as
shown in Table III.

C. Local Search Policy

2) Breadth vs. Depth First Searchiith the breadth-first z
search policy, the selected 3D edge $ewill not be updated
until all the legitimate operations have been tried, whiléhw Fig. 4. Steiner point of a triangle in Euclidean space

the depth-first search policy is updated immediately once



A. Performance comparison of indirect and direct approachq *-..
in medium-size networks h

Fig. 5 and 6 show the logic topologies for two sampl
single-level access networks (49-node random network a .-
5X5 grid network), which connect the central office an(|™
each remote terminal directly. To provide survivability t( ) NN . ¢
the tree access network, we should construct the cheay : N ~ : ; : .

augmented network so that every terminal is connected to _at _ . _
Fig. 5. Logic one-level access Fig. 6. Logic one-level access topol-

!east one oth_er term|_nal for backup purposes. As demoadtrz{(gjology for random network with ogy for 5X5 grid network with 75
in Sec. lll, this Terminal Backup problem can be transformem remote terminals remote terminals

into Simplex Cover on a hypergraph by defining a 2D edg/
between every two terminals and a 3D edge among ev¢:;
three terminals. Table IV shows the basic information abof
the resulting four hypergraphs (49-node random network wi
Euclidean distance, 49-node random network with rectline
distance, 5X5 grid network with Euclidean distance, ar -
5X5 grid network with rectilinear distance). The resulting $\> & ‘/j/%
hypergraphs are very dense (withn?) 2D edges and(n?) TN N
3D edges) and thus it is impractical to solve the problem

directly due to the large number of 3D edges. By eIiminatin@%d?dean49é?§gﬁcgmjﬁm r(‘)%tx"n?gf

Fig. 8. 5X5 grid network (Euclidean

unnecessary edges as in Sec. V-A, we can significantly redyggblex cover distance) with optimal simplex cover
the problem size. All the following performance evaluatisn N T [ T T
based on the “simplified” hypergraphs after redundant ed 1 foo I 3 I;J
removal. Figs. 7-10 show the simplified hypergraphs witt------, . J o TJ ij_Q ;ziﬂs[f
effective 2D and 3D edges (including solid and dashed line O—I_o ””””” g [I"" L
and the optimal simplex cover (solid lines). The primarksn by e . T v B
in the existing tree are not shown for visual clarity. We oliee — o 1 Bose e Tl
that the effective (residual) network becomes very spditee a J:Y b— 3:?3;1 ol T . Y—fj"‘t g
the elimination of unnecessary 2D and 3D edges. e T S JIREEL S |
TABLE IV Fig. 9. 49-node random network Fig, 10. 5X5 grid network (recti-
' _ _ _ (rectilinear distance) with optimal jinear distance) with optimal simplex
Topology information of middle-size networks simplex cover cover
Random network 5X5 grid network TABLE V
Nework Euclidean [ rectiinear | Euclidean | recflinear Number of invocations on regular weighted matching sulimeut
Node # 79 79 75 75 9 9 9
Original 2D edge # 1176 1176 2775 2775 _
Original 3D edge # 11403 13055 40739 47863 Network 49-node random network  5X5 grid network
Effective 2D edge # 74 75 122 118 _ Euclidean | rectilinear | Euclidean | rectilinear
Effective 3D edge # 11 22 25 30 In_dlrect Approar(]:h 370 1395 7704 18207
Cargest 3D edge Direct Approac 50 79 331 265
#in a component 8 14 21 26

The major computational complexities of indirect and dire(?' Further profile of direct approach for large-size netwsrk
approaches for weighted simplex cover as in Sec. IV and VIn this section, we further investigate the performance of

come from their repeated invocations of the usual 2D perfdbie direct approach for even larger networks (with 243 njpdes
matching algorithm as a sub-routine. We adopted Cook Rohw/kich are too large for the indirect approach. Table VI shows
implementation of Edmonds’ blossom algorithm, blossom#he topology information about four 243-node networks as
as the weighted matching subroutine [10]. Table V shows theell as the invocation number of the regular matching sub-
number of weighted matching sub-routines called by the twoutine and the time needed to find the optimal simplex cover
approaches to find the min-cost simplex cover. In the woreh Redhat Enterprise Linux 4 with Intel Pentium IV processor
case, the indirect approach invokes the blossom4 subamutat 2.8 Ghz. The proposed direct approach needs 25.97 seconds
18207 times, which is around 70 times as much as that fior the most complicated scenario (i.e., 9X9 grid networthwi
the direct approach (which invokes the sub-routine only 288ctilinear distance). This approach seems very promi&ing
times). On average, the indirect approach calls the sutineu finding optimal simplex covers within a reasonable time,neve
significantly more times than the direct approach, espgciafor large-scale networks.

for large networks with rectilinear distance. Fig. 11 shows the cost reduction from regular edge cover



TABLE VI 8

Topology of large-size networks and the performance ofctliepproach APPENDIX
A. Proof of Theorem 1

243-node random network 9X9 grid network - i ; ; _
Network Eucidean | rectlinear | Euclidean | rectiinear Proof: lee_n an instancé’ of _the Terminal Backup pr_ob
Node # 243 243 243 243 lem, create an instancd (G) of Simplex Cover as described
Effective 2D edge # 419 395 384 413 in Sec. Il
Effective 3D edge # 31 103 70 113 o
Largest 3D edge #
in a component 20 103 49 105 Q 0
# invocations
on matching subrouting 231 2825 1430 2147 0
CPU Time (Seconds) 1.40 15.16 9.41 25.97 e

(the starting point) using trigger operations before figdin ®
(and confirming) the optimal simplex cover for the largest @) (b) (©)
connected component of the four large networks. As shown

in the convergence behavior graph, our direct approach gag 12. Demonstration of the equivalence of Terminal Backnd Simplex
find a near-optimal solution very quickly, suggesting that iCover problems

practice we can stop an order-of-magnitude earlier ratiean t ) ) ) )
search for the optimal solution. For every optimal solution* in G of Terminal Backup,

there exists a solution of the same (or cheaper) cosf (i6').
Take a component’ of E*, with cost of C. There cannot
be an edge ofC whose removal split€” into components
each containing> 2 terminals, since thei* is not optimal.
Therefore,C' must be a star. If the center of the star is a

é ] terminal as in Fig. 12(a), put the edgest{G) corresponding
g to the paths between the center and each other terminahiato t
£ . .
gr ] simplex cover. The center of the star could be also a Steiner
2 node as in Fig. 12(b) and (c). & contains an even number
g o) | of terminals as in Fig. 12(b), match them up arbitrarily and
g choose the edges &f (G) corresponding to the paths between
_,? ‘ ‘ ‘ ‘ ‘ these pairs, e.g(a,b) and (¢,d). These edges will cost at
° w0 erton mostC, since the cheapest path connecting terminadsidb

is cheaper than the path through the Steiner node that is the
Fig. 11. Evolution of cost reduction from regular edge covethe search center of the star. If2 contains an odd number of terminals
for optimal simplex cover (for the largest connected congmin as in Fig. 12(0)’ choose a Corresponding 3D edge as well,
e.g. (a,b,¢) and (d, e). The cost of these edges i are at
most the cost oC. All the nodes inH (G) are covered in this
manner, so it is a feasible solution with the same or lowet cos

Many important problems in survivable access netwodS L ) . .
design can be formulated as problems of survivable fat tregCONversely, for every optimal solutiofi™ in H(G) for
construction. After classifying a taxonomy of problems ipimplex Cover, there exists a cheaper solutiorGirjust by
this area, we formulate and study two graph-theoretic ngdgi2king the union of all the paths corresponding to edges of
the Terminal Backup and Simplex Cover formulations, whichherefore,the cost of an optimal solution i of Terminal
are shown to be equivalent. We develop two polynomial-tinfRACKUp is the same as i (&) of Simplex Cover.
approaches to solve the Simplex Cover problem. In particula T W€ are given an instancél of Simplex Cover, we can

complemented with elimination of unnecessary edges and Ggflvert it to an instancé: of Terminal Backup by putting a
intelligent local search policy, the direct approach iscgfit Steiner node in the middle of every 3D edge, and making the

enough to solve problems with sizes matching today’s larg&€ights of the 2D edges formed respect the triangle inetyuali
scale access networks. which is always possible because of the simplex condition.

Any solution in H is trivially a solution inG. An optimal

solution inG will never use only 2 of the 3 “sub-edges” of a

3D edge, since the corresponding “shortcut” edge is always
We are grateful to the helpful resources introduced to eheaper. Thereforean optimal solution inG of Terminal

by Muriel Médard at MIT and by Matthew Andrews at BellBackup is a solution i/ of Simplex Cover as well

Labs, and to the general discussion on access network @polo We have now shown how to convert an instance of Terminal

design with Sandy Fraser and AT&T Labs Network Systeiackup to an instance of Simplex Cover with the same optimal

Engineering. solutions, and vice versa. This finishes the proof. |

VIl. CONCLUSION
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B. Complexity of Survivable Multi-Level Fat Tree

We show that provisioning survivability to an existing niult
level fat tree is NP-complete. THeurvivable Multi-Level Fat
Treeproblem is defined as follows. In a weighted graphwith
terminal nodes (including the root), Steiner (non-terr)ina
nodes, and edges with weights, we are given an existing tree
T spanning the terminals that does not contain any Steiner
nodes. Label each terminal by its hop distance from the
root in T (i.e., the number of edges), and call this flager
of terminalv. (@) (b)

Let P(v) be th.e path from terminal to the root 'nT.' The Fig. 13. (a) Form a Steiner tree from survivable multi-lefatltree (b) Form
goal of the survivable multi-level fat tree problem is to buy, sy vivable multi-level fat tree from Steiner tree
the cheapest set of edgésso that every terminal will have
a path to the root iS5 U T that is edge-disjoint fromP(v).

This will guarantee that can still connect to the root after going through any other terminals, which respects the layer
any single edge failure. We also have the extra constraatt thorder, and does not use any edgeslinThis is therefore a

this alternate path cannot go through any nodes with a largeiution to the Survivable Fat Tree instance, as desired. In
layer value thariayer(v) (that is the “fatness” of the tree). Fig. 13(b), from the Steiner Tree instance (solid lines), we

Theorem 5: The Survivable Multi-level Fat Tree problemcan form the added edges (dashed lines with arrows) for the

is NP-Complete. existing multi-level fat-tree. [ ]
Proof: We can prove the problem is NP-Complete by a
reduction fromGeometric Steiner TreeND13 [20]). Given a REFERENCES

geometric Steiner tree instance, whelrés the set of terminals [1] M. Andrews and L. Zhang, “The access network design @il in
that we must connect located in the Euclidian plane, we form  |EEE symposium on Foundations of Computer Science, FOC8:$18
an instance of Survivable Fat Tree as follows. The terminals Alto, CA 1998, pp. 40-59.

. . [2] A. Patzer, “Algorithms for a reliable access network,’aMer’s thesis,
are exactly the nodes iA. Choose an arbitrary order of nodes™" .- “" = University, 2004,

in A, and suppose this order g, vz, .... Letv, be the root, [3] M. C. etal., “Fast copper for broadband accessadth Annual Allerton
and let the tre€" be a path consisting of edg@& Ui+l)- Only Conference on Communication, Control, and Computing, Melio, IL,

: ; ; : Sep. 2006.
a polynomial number of points will ever be used as Stelnef;l] F %' Salman, J. Cheriyan, R. Ravi, and S. Subramaniany-4-

nodes in an optimal solution of the geometric Steiner tree” pulk network design: approximating the single-sink edgstatation
instance, so we can assume that all of these points are given, problem,” in ACM-SIAM symposium on Discrete algorithms, SODA'97,

; ; ; ; ; New Orleans, LA1997, pp. 619-628.
and make the set of Steiner points in the instance of Surlﬂvab[s] V. V. Vazirani, Approximation algorithms New York, NY, USA:

Fat Tree be the same. Springer-Verlag New York, Inc., 2001.
We now need to show that every solution to the Survivablé] K. Jain, “A factor 2 approximation algorithm for the geaéized Steiner

- - : - network problem,"Combinatorica, vol. 21, no.,Ipp. 39-60, 2001.
Fat Tree instance corresponds to a solution in the Steires Trm S. Guha, A. Meyerson, and K. Munagala, “A constant fagipproxima-

instance, and vice versa. Take a soluti$rio the survivable tion for the single sink edge installation problems,”ACM symposium
fat tree instance above. All the terminals 4fare connected on Theory of computing, STOC'01, Crete, Gree2@01, pp. 383-388.
by S, since every terminab; has a path inS to a terminal [8] J. Edmonds, “Maximum matching and a polyhedron with Oettices,”

! - Journal of Research at the National Bureau of Standards, @B125—
with smaller layer number. This means thatmust connect 130, 1965.

to one ofvy, va,...,v;—1, and so all nodes are connected to[9] H. N. Gabow, “Implementation of algorithms for maximumatohing

; e i ; on nonbipartite graphs,” Ph.D. dissertation, Stanfordveirsity, 1974.
the rO.Ot byS' A solution .for this mStanC_e of Surv“_/able l:at[lg] W. Cook and A. Rohe, “Computing minimum-weight perfenatch-
Tree is therefore a solution for the Steiner Tree instance as ings” INFORMS J. on Computingol. 11, no. 2, pp. 138-148, 1999.

well. For example, in Fig. 13(a), from the added edges (d&shel] A. Schrijver, Combinatorial Optimization - Polyhedra and Efficiency

lines with arrows) for the existing multi-level fat-treengétted Springer-Verlag, 2003. . . .
in the fi bel te a Steiner Tree 'nstaﬁ%%] A Agrawal, P. Klein, and R. Raw, When trees colliden/Approxima-
in the figures below), we can crea ! ' tion algorithm for the generalized Steiner problem on neksp SIAM

(solid lines) J. Comput. vol. 24, no. 3, pp. 440-456, 1995.

; ; ; ] H. Kerivin, D. Nace, and T.-T.-L. Pham, “Design of cajtated sur-
We now show that a solution to the Steiner Tree InStanEé vivable networks with a single facility IJEEE/ACM Transactions on

is also a solution to the Survivable Fat Tree instance. A Networking vol. 13, no. 2, pp. 248-261, 2005.
Steiner tree may not connect the terminals in the correarordi4] M. Charikar and A. Karagiozova, “On non-uniform mutiimmodity

(according tolayer(v)), and it might connect them using _buy-at-bulk, network design,” iIlCM symposium on Theory of comput-
. L . . ing, STOC'05, Baltimore, MP2005, pp. 176-182.
edges inT. Given a Steiner tree, form a solutigh to the [15] N. Garg, R. Simha, and W. Xing, “Algorithms for budgetrstrained

Survivable Fat Tree instance as follows. For every terminal survivable topology design,” itEEE ICC’02, New York, NYMay 2002,

v € A, replace it in the tree with a Steiner nodelocated pp. 2162-2166. . .

in th | tion (or ver close) and then add the O-CJ)lsq] A Meyerson, K.‘Mun_agala, and S. A Plotkin, Cost-e_imte: Two met-
In the same O_Ca Yy <) - ] ric network design,” inIEEE symposium on Foundations of Computer
edge(v,v). This connects all terminals directly t@ without Science, FOCS'00, Redondo Beach,, @800, pp. 624-630.



[17] A. Meyerson, K. Munagala, and S. Plotkin, “Designingtvaerks in-
crementally,” inlEEE symposium on Foundations of Computer Science,
FOCS'01, Las Vegas, N\2001, pp. 406-415.

[18] K. Munagala, “Approximation algorithms for concave stonetwork
flow problems,” Ph.D. dissertation, Stanford Universitygdartment of
Computer Science, 2003.

[19] M. Médard, S.G.Finn, R. Barry, and R. Gallager, “Redant trees
for preplanned recovery in arbitrary vertex-redundantdgesredundant
graphs,”IEEE/ACM Transactions on Networking, vol. 7 no.pp. 641—
652, 1999.

[20] M. R. Garey and D. S. Johnso@pmputers and Intractability: A Guide
to the Theory of NP-Completeness New York, NY, USA: W. H.
Freeman & Co., 1990.

[21] E. Anshelevich and A. Karagiozova, “Terminal backuj, @atching,
and covering cubic graphs,” MCM symposium on Theory of computing,
STOC'07, San Diego, GA007.

[22] Lo-Keng Hua et al., “Application of mathematical mettsoto wheat
harvesting,”Chinese Math, no.,2pp. 77-91, 1962.



