NETW ORK DESIGN AND MANAGEMENT WITH STRATEGIC

AGENTS

A Dissertation
Presened to the Faculty of the Graduate Scool
of Cornell University
in Partial Ful liment of the Requiremerts for the Degreeof

Doctor of Philosophy

by
Elliot Anshelevich

July 2005



°c 2005Elliot Anshelevich
ALL RIGHTS RESERVED



NETW ORK DESIGN AND MANA GEMENT WITH STRATEGIC AGENTS

Elliot Anshelevich, Ph.D.
Cornell University 2005

Network designis a fundamertal problem for which it is important to understand the e®ects
of strategic behavior. Given a collection of self-interested agerts who want to form a network
connecting certain endpoints, the set of stable solutions (the Nash equilibria) may look quite
di®erert from the certrally enforcedoptimum. We study the price of stability, i.e., the quality of
the best Nash equilibrium comparedto the optimum network cost. The best Nash equilibrium
solution has a natural meaning of stability in this context: it is the optimal solution that can be
proposedfrom which no userwill \deviate".

We consider two versions of this game: one where agerts may divide the cost of the edges
they usein any manner they desire,and one where the cost of ead such edgeis divided equally
betweenthe agerts whose connectionsmake use of it. We also study the price of stability of a
related gamewhere agerts are attempting to route their traxc while incurring minimal latency,
instead of trying to construct a network of minimal cost.

Since\self-interest" could have various meanings,the notion of strategic agerts enfoldsmany
typesof agerts including malicious, altruistic, and obediert agerts under a commonterminology.
For example, we can think of a decerralized algorithm with local knowledge as a set of \self-
interested" agerts performing local optimizations. The comparisonsbetween stable solutions
and the certrally enforced optimum now becomeconcernsabout the algorithm's performance
comparedto a certralized algorithm with global knowledge. We elaborate on this in the contexts
of local load balancing and padet routing algorithms, by shawing that simple decenralized
algorithms with local knowledge can ensure good global properties even in the presenceof a
powerful adversary. Speci cally, we show that in the dynamic load balancing problem, wherethe
arrival and departure of jobs is modeled by an adversary restricted in its power, a classiclocal
balancing algorithm keepsthe loads approximately balanced. We extend these results to many
other scenarios,with dynamic packet routing asone of them.
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Chapter 1

Intro duction
1.1 Self-In terested Agents in Networks

All networks, whether physical, virtual, or sccial, can be thought of as made up of individual

agerts. These agerts can correspond to the nodes or edgesof the network, or can correspond
to something more complex. Traditional study of network designissuesassumeghat there is a
single network designer,and its designis acceptedand implemented by all parts of the network.
Similarly, study involving network managemen assumesthat some protocol is implemerted in
the network, and all parts of the network follow this protocol (or almost all parts, while a small
part of the network is malicious). Many real-world networks such as the Internet, however, are
deweloped, built, and maintained by a large number of independert agerts, all of whom act in
their own interests. These agerts only have the desireto cooperate if it ts with their personal
interests, and so we cannot assumethat they would follow the directives of a certral network
designeror a protocol imposedon them. The outcomes of such self-interested behavior often
have properties very di®eren from the certrally designedor managednetworks which traditional

algorithmic results have focusedon. Therefore, dealing with such systemsrequiresquite di®eren
methods and considerations.

The main question we will addressin this thesis is whether decerralized self-interested be-
havior of agerts in a network canresult in an outcomethat benets the network asa whole. Does
the lack of certralized coordination destroy any chancesof the network having good global prop-
erties in certain contexts? If the agerts' behavior yields a network with good global properties,
how good is this network comparedto the onethat could be formed by a certralized designerif
the agerts were not self-interested? And perhaps even more importantly, can we in°uence the
agerts slightly and induce them to create a \good" network?

Since\self-interest" could have various meanings,the above discussionenfolds many typesof
agerts including malicious, altruistic, and obediert agerts under a commonterminology. For ex-
ample, we canthink of a deceriralized algorithm with local knowledgeasa set of \self-interested"
agerts performing local optimizations. The above questionsnow becomeconcernsabout the al-
gorithm's performancecomparedto a certralized algorithm with global knowledge. In Chapter 6
we elaborate on this in the contexts of load balancing and padket routing algorithms. The main
cortributions of this thesis, however, are the results about network designand managemen by
strategic agerts given in Chapters 3 and 4. Theseresults are for an important network scenario
which we call The Connection Game

1.2 The Connection Game

As mentioned above, most of the work donein traditional computer sciencefocuseson obediert
or malicious agerts. Agents with rational self-interest which does not necessarilycausethem
to hurt the network have beenmore the province of gametheoretical researti. Game theory is
a long-standing "eld that studies the behavior of rational agerts in various contexts and with
various typesof interactions. Theseinteractions are usually called \games". In this thesiswe do
not assumeprevious knowledge of gametheory, and de ne basic gametheoretic terminology in
Chapter 2. We alsotalk about traditional gametheoretic goalsand how they relate to the goals
of our network researd.

In this thesiswe study network settings wherethe systembehavior arisesfrom the actions of a
large number of independen agens, ead motivated by self-interest and optimizing an individual
objective function. As a result, the global performance of the system may not be as good asin
a casewhere a certral authority can simply dictate a solution; rather, we needto understand
the quality of solutions that are consistet with self-interested behavior. Recer theoretical
work has framed this type of question in the following general form: how much worse is the



solution quality at a Nash equilibrium, relative to the quality at a certrally enforcedoptimum?
This question is important becauseNash equilibria are often the only viable outcomesof agen
interactions. Questions of this genre have received considerableattention in recen years, for
problemsincluding routing [72, 75, 76], load balancing [22, 23, 52, 74], facility location [81], and
°ow cortrol [4, 26, 7§].

An important issueto explore in this areais the middle ground between certrally enforced
solutions and completely unregulated anarchy. In most networking applications, it is not the
casethat agerts are completely unrestricted; rather, they interact with an underlying protocol
that essetially proposesa collective solution to all participants, who can ead either accept
it or defect from it. As a result, it is in the interest of the protocol designerto seekthe best
Nash equilibrium; this can naturally be viewed as the optimum subject to the constraint that
the solution be stable with no agent having an incentiv e to unilaterally defectfrom it onceit is
o®ered.Hence,onecanview the ratio of the solution quality at the best Nash equilibrium relative
to the global optimum asa price of stability, sinceit capturesthe problem of optimization subject
to this constraint. This thesis, together with somerecert work [7, 76], proposesthis de nition
(termed the \optimistic price of anarchy" in [7]); it standsin contrast to the larger line of work in
algorithmic gametheory on the price of anarchy [67] | the ratio of the worst Nash equilibrium
to the optimum | which is more suited to worst-caseanalysis of situations with essetially no
protocol mediating interactions amongthe agerts. Indeed, one canview the activity of a protocol
designerseekinga good Nash equilibrium as being aligned with the general goals of mecanism
design| producing a gamethat yields good outcomeswhen playersact in their own self-interest.

In this thesis we consider a simple network design game where every agert has a speci ¢
connectivity requirement, i.e. ead agert has a set of terminals and wants to build a network
in which his terminals are connected. Possibleedgesin the network have costsand ead agert's
goal is to pay as little as possible. This game can be viewed as a simple model of network
creation. Alternativ ely, by studying the best Nash equilibria, our game provides a framework for
understanding those networks that a certral authority could persuadesel sh agens to purchase
and maintain, by specifying to which parts of the network ead agert cortributes. An interesting
feature of our gameis that sel sh agerts will 'nd it in their individual intereststo share the costs
of edges,and so e®ectiely cooperate. In addition, our game demonstrates certain interesting
properties of self-interested behavior on networks, some of which di®er markedly from those
obsened in other gamespreviously studied. Sincewe are dealing with algorithmic gametheory,
in this thesis we will usethe terms \agent" and \player" interchangeably sincea \player" in a
game-theoretic senseexactly correspondsto a self-interested agert.

More precisely we study the following network gamefor N players, which we call the Con-
nection Game For eat gameinstance, we are given an undirected graph G with non-negative
edgecosts. Players form a network by purchasing somesubgraph of G. Each player has a set
of speci ed terminal nodesthat it would like to seeconnectedin the purchasednetwork. With
this astheir goal, players purchasesomeedges,sothat theseedgesbecomebuilt in our network.
Each player would like to minimize its total payments, but insists on connectingall of its termi-
nals. We allow the cost of any edgeto be shared by multiple players. Finding the certralized
optimum of the connection game, i.e. the network of bought edgeswhich minimizes the sum
of the players' contributions, is the classic network design problem of the generalized Steiner
forest [1, 42]. We are most interested in deterministic Nash equilibria of the connection game,
and in the price of stability, asthe price of anarchy in our game can be quite bad. In a game
theoretic context it might seemnatural to also consider mixed Nash equilibria when agerts can
randomly choosebetweendi®erent strategies. Howewer, since we are modeling the construction
of large-scalenetworks, randomizing over strategiesis not a realistic option for players.

In the above description of the Connection Game, we did not specify how seweral players
sharethe cost of an edgethat is usedby all of them to connecttheir terminals. In this thesis, we

1Recall that a Nash equilibrium is a state of the systemin which no agert has an interest in
unilaterally changing its own behavior. SeeChapter 2 for discussionand a formal de nition.



will considertwo cost-sharingmedanismsfor the casewhere multiple players sharean edge. In
the “rst case,we will leaveit up to the playershow to sharethe costsof the edges.In this model,
which we call the Connection Game with Arbitrary Sharing, players o®erpayments indicating
how much they will contribute towards the purchaseof eat edgein G. If the players' payments
for a particular edgee sum to at least the cost of e, then the edgeis consideredbought, which
meansthat e is addedto our network and can now be usedby any player. Notice that oncean
edgeis purchased, any player can usethis edgeto satisfy its connectivity requiremert, even if
that player cortributed nothing to the cost of the edge.

This \arbitrary sharing" mecanism has somedrawbads, suc asthe fact that there can be
freeriders on an edge{ playerswho do not cortribute anything to the cost of the edgeand yet use
it to connecttheir terminals. Also, aswe demonstratein Chapter 3, the price of stability for the
generalversion of this game can be quite large. In our secondmodel, we instead imposea \fair
sharing" rule, sothat any player using an edgeto connectits terminals must pay its fair shareof
the edgecost. Although there are in principle many possiblecost-sharing medanisms, researt
in this area has corverged on a few mecanismswith good theoretical and empirical behavior;
here we focuson the following particularly natural one: the cost of ead edgeis sharedequally by
the set of all userswhosepaths cortain it. This equal-division mecanism has a number of basic
economicmotivations; it can be derived from the Shapleyvalue [63], and it can be shown to be
the unique cost-sharing scheme satisfying a number of di®eren sets of axioms [32, 44, 63]. For
the former reason,we will refer to it asthe Shapleycost-sharing mechanism, and to this model
asthe Fair Connection Game In the Fair Connection Game, we obtain fair cost sharing at the
expenseof the agerts' freedom, as we take away their ability to decide how to sharethe costs
of edgeson their own. The properties of the Fair Connection Game drastically di®er from the
Connection Game with Arbitrary Sharing. In fact, we can look at cost-sharing mechanismsin
this context from a\mechanism design” point of view: what small restrictions can we put on the
playersthat would guarantee good game outcomes?We discussthis further in Section2.2.2.

1.3 Results for the Connection Game with Arbitrary Sharing

In Chapter 3, we study deterministic Nash equilibria of this connectiongame,and prove bounds
on the price of stability. We also explore the notion of an approximate equilibrium, and study
the question of how far from a true equilibrium one hasto get to be able to usethe optimum
solution, i.e. how unhappy would the agens have to be if they wereforcedto pay for the socially
optimal design. We view this as a two parameter optimization problem: we would like to have
a solution with cost closeto the minimum possiblecost, and where userswould not have large
incentivesto deviate from their current behavior. Finally, we examine how ditcult it is to "nd
equilibria at all.
Our results include the following.

2 In Section 3.2 we considerthe special casewhen the goal of eadt player is to connecta single
terminal to a common source. We prove that in this case,there is a Nash equilibrium, the
cost of which is equal to the cost of the optimal network. In other words, with a single source
and one terminal per player, the price of stability is 1. Furthermore, givenan" > 0 and an
®-approximate solution to the optimal network, we shov how to construct in polynomial time
an (1 + ")-approximate Nash equilibrium (playersonly bene t by a factor of (1+ ") in deviating
from their current behavior) whosetotal costis within a factor of ® to the optimal network.

We generalizethese results in two ways. First, we can extend the results to the casewhen
the graph is directed and players seekto establish a directed path from their terminal to the
common source. Note that problemsin directed graphs are often signi cantly more complicated
than their undirected counterparts [17, 31]. Second,players do not have to insist on connecting
their terminals at all cost, but rather ead player i may have a maximum cost max(i) that it is
willing to pay, and would rather stay unconnectedif its cost exceedsmax(i).

2 |n Section 3.3 we considerthe general case,when players may want to connect more than 2



terminals, and they do not necessarilyshare a single sourcenode. In this case,there may not
exist a deterministic Nash equilibrium. When deterministic Nash equilibria do exist, the costs
of di®eren equilibria may di®er by as much as a factor of N, the number of players, and even
the price of stability may be nearly N. Howewer, in Section 3.3 we prove that there is always
a 3-approximate equilibrium that pays for the optimal network. Furthermore, we shov how to
construct in polynomial time a (4:65+ ")-approximate Nashequilibrium whosetotal costis within

a factor of 2 to the optimal network.

2 Finally, in Section 3.4 we show that determining whether or not a Nash equilibrium exists is
NP-complete when the number of playersis part of the input. In addition, we give a lower bound
on the approximabilit y of a Nash on the certralized optimum in our game.

To avoid readerconfusionabout various extensionsof our results, Table 1.1 summarizeswhich
extensionshold for our main results of Chapter 3.

Single-Source Multi-Source
Result 9 Nash equilibrium 9 3-apprax Nash eq.
with costequalto OPT | with costequalto OPT
Can handle directed Yes No
Players can have
more than 2 terminals No Yes
Players can have
maximum they are
willing to pay, max(i) Yes Yes
Polynomial time alg Finds (1 + ")-approx Finds (4:65+ ")-approx
Nash equilibrium that Nash equilibrium that
costsat most 1:55¢OPT costsat most 2¢OPT

Table 1.1: Extensionsfor our main results in the Connection Gamewith Arbitrary Sharing (OPT
is the cost of the certralized optimum)

1.4 Results for the Fair Connection Game

The general question for the Fair Connection Game is to determine how this fair cost-sharing
medhanism senesto in°uence the strategic behavior of the users,and what e®ectthis hason the
structure and overall cost of the network one obtains.

2 |n Section 4.2, our rst main result is that in every instance of the network design problem
with Shapley cost-sharing, there always exists a Nash equilibrium of total cost at most logN
times optimal, and there are directed exampleswhere there are no cheaper Nash equilibria. In
other words, the price of stability for the Fair Connection Game is at most logN, and this is
tight for directed graphs.

We prove this result using a potential function method due to Monderer and Shapley[62] and
Roserthal [71] (seealso[15]): onede nes a potential function © on possiblesolutions and shows
that any improving move by one of the users(i.e. to lower its own cost) reducesthe value of ©.
Sincethe set of possiblesolutions is Tnite, it follows that any sequenceof improving movesleads
to a Nash equilibrium. The goal of Monderer and Shapley'sand Roserhal's work wasto prove
existencestatemerts of this sort; for our purposes,we make further useof the potential function
to prove a bound on the price of stability. Speci cally, we give bounds relating the value of the
potential for a given solution to the overall cost of that solution; if we then iterate best-respnse
dynamics starting from an optimal solution, the potential doesnot increase,and hencewe can
bound the cost of any solution that we reach. Thus, for this network designgame, best-respnse
dynamics starting from the optimum doesin fact always lead to a good Nash equilibrium.



We can extend our basic result to a number of more general settings. To begin with, the
logN bound on the price of stability extends directly to the casein which usersare selecting
arbitrary subsetsof a ground set (with elemens' costs shared according to the Shapley value),
rather than paths in a graph; it also extends to the casein which the cost of ead edgeis a
non-decreasingconcave function of the number of userson it. In addition, our results also hold
if we intro duce capacitiesinto our model; eath edgee may be usedby at most u, players, where
Ue Is the capacity of e.

2 While the logN price of stability bound is tight for directed graphs, it is not for the undirected
case. In Section 4.3, we give improved price of stability bounds for the undirected caseof the
Fair Connection Game.

2 Sincea number of our proofs are obtained by following the results of best-resppnsedynamics
via a potential function, it is natural to investigate the speed of convergenceof best-respnse
dynamics for this game. In Section 4.4, we show that it corvergesto a Nash equilibrium in
polynomial time for the caseof two players, but that with N players, it can run for a time
exponertial in N. Whether there is a way to scdedule players' movesto make best-respnse
convergein a polynomial number of stepsfor this gamein generalis an interesting open question.

2 In Section 4.5 we consider a natural generalization of the cost-sharing model that carries
us beyond the potential-function framework and raisesinteresting questions for further work.
Speci cally, supposeead user has a weight (perhaps corresponding to the amount of tratxc it
plansto send),and we changethe cost-allocation sothat useri's payment for edgee is equalto the
ratio of its weight to the total weight of all userson e. In addition to beingintuitiv ely natural, this
de nition is analogousto certain natural generalizationsof the Shapleyvalue [61]. The weighted
model, however, is signi cantly more complicated: there is no longer a potential function whose
value tracks improvemens in users' costs when they greedily update their solutions, and it is
an open question whether best-respnse dynamics will always corvergeto a Nash equilibrium.
We have obtained someinitial results here, including the convergenceof best-respnsedynamics
when all usersseekto construct a path from a node s to a node t (the price of stability here
is 1), and in the general model of users selecting sets from a ground set, when eat elemen
appearsin the setsof at most two users. We know that someresults will necessarilylook quite
di®erert in the weighted case;for example, using a construction involving userweights that grow
exponertially in N, we can shaw that the price of stability can be as high as-( N). Recenly,
Chen and Roughgarden[18] proved generalresults on the price of stability and the existenceof
approximate Nash equilibria in this game.

2 Finally, in Chapter 5, we arrive at a more technically involved set of extensionsby adding
latenciesto the network designproblem. Here eah edgehas a concare construction cost ce(X)
whenthere are x userson the edge,and a latency cost de(x); the cost experiencedby a useris the
full latency plus a fair shareof the construction cost, de(X) + ce(Xx)=X. We give generalconditions
on the latency functions that allow us to bound the price of stability in this caseat d ¢logN,
where d dependson the delay functions used. Moreover, we obtain stronger bounds in the case
where usersexperienceonly delays, not construction costs;this includes a result that relatesthe
costat the best Nash equilibrium to that of an optimum with twice asmany players, and a result
that improvesthe potential-based bound on the price of stability for the single-sourcedelay-only
case.

1.5 Simple Agents in Load Balancing and Packet Routing

In the previous sections we consider a scenario with many independert agerts with limited
goals, and we ask questions about the global properties of the network resulting from their
behavior. This is a very general framework, and can include agerts which are not technically
\self-interested", becausewe de ned a self-interested agert as one that is trying to optimize
its personal objective function without caring about the network as a whole. If we make this



objective function coincide with the global objective function of the network, however, then it is
in the agerts' bestinterest to form the certrally optimal network.

This still leavesthe question of how the agerts would actually form a good solution. In the
above discussionof the price of stability we suggestthat often a designer can suggesta good
solution to the agerts, or use the underlying protocol to ensurethat the agerts end up with
a stable and globally good solution. This is not always possible, however. In many casesthe
agerts must form a good solution themseles, in a fully decenralized manner, using only local
knowledge.

Consider a load balancing scenario where there is a network of processorswith di®eren
amouns of jobs running on ead processor,and supposethat ead processoris an independen
agert with only local knowledge. Even if these are \ob ediert" agerts and all they desireis to
balancethe overall load, this may be a very ditcult thing to do without certralized coordination
and knowledge. Neverthelesswe can nd a medanism suc that no matter how the agerts
behave and whether they form a stable solution or not, the global properties of the network will
not be too bad. Speci cally we shaw that a simple local protocol is suc that the load imbalance
in the network never becomesunbounded. We now de ne our load balancing model a bit more
thoroughly.

We consider a basic model of load balancing in a distributed network, which has formed
the basis of a number of earlier studies [2, 41, 58, 64, 69]. A network of identical processorsis
represened by an undirected graph G = (V;E). There are a number of jobsto be processedn
the system, abstractly represeried by unit-size tokens Time progressedsn discrete stepscalled
rounds in a given round, ead token is held by one of the nodes, which is viewed as processing
the assaiated job, and the load on a node is de ned to be the number of tokensit holds. The
goalis to balance the loads, sothat no single node hastoo many tokens;this can be accomplished
by transmitting tokensbetweenneighboring nodesof the graph, at a rate of onetoken per edge
per round. We are particularly interestedin local algorithms for this problem: rather than using
a certralized approad to coordinate the movemen of tokens,eat node will simply compareits
load to those of its neighbors, and decide whether to move a token acrossan edgebasedon this
information.

This model is clearly very simple in a number of respects, particularly in the uniformity of the
processorgnodes)and jobs (tokens), and the fact that any job canbe executedon any processor.
More subtly, it is not even clearin all settings that balancing load evenly is the optimal strategy
in a distributed network of processors(seee.g. [21]). At the sametime, howewer, the model
cleanly capturesthe basic constraints imposedby an underlying interconnection topology in the
processof distributing jobs through a network, as evidencedby the results of previous analysis
[2, 41, 58, 64, 69]; the simplicity of the model allows one to reasonvery clearly about the e®ect
of these constraints.

An Adv ersarial Mo del

Motivated by work in the related area of padket routing [11, 12, 16, 5], Muthukrishnan and
Rajaraman proposedan adversarial framework for studying dynamic load balancingin the token-
basedmodel we have beendiscussing[64]. Rather than consideringa probabilistic processthat
generatestokens, they posit an adversary that is allowed at the beginning of ead round to
introduce tokens at some nodes (corresponding to new jobs) and remove tokens from others
(corresponding to jobs that have nished). Subsequetly, an algorithm is allowed to move tokens
acrossedgesas above soasto try to maintain balancedloads. This alternation of moveshby the
adversary and algorithm cortinuesfor an arbitrary number of rounds. Note that by allowing the
adversary to cortrol the removal of tokensas well astheir arrival, one is modeling a worst-case
assumption that jobs may have arbitrary duration, and the algorithm doesnot know how much
processingtime a job hasremaining until the momert it ends.

If we let a; denote the average number of tokens per node in the system at the beginning
of round t, and h;(v) denote the number of tokensat node v (the height of v) at round t, then



the goal of a dynamic load balancing algorithm in this model is to keeph(v) closeto a; for all
nodesv and rounds t. Formally, we say that an algorithm is safe ? against a given adversary if
there is a constart B sud that jh¢(v) j aj - B for all nodesv and roundst. Note that safety
in this context imposesa bound on deviation from the average;it is not required that the actual
number of tokensin the system remains bounded.

As in the caseof padet routing [16, 5], oneneedsto nd a suitable restriction onthe adversary:
an arbitrarily powerful adversary could °ood a particular set of nodesS p V with tokens much
fasterthan thesenodescan spreadthe tokensout to the rest of the graph, and thereby prevent any
algorithm from maintaining safety. This consideration motivates the following natural de nition
of an adversary [64] with rater. For asetS p V, let e(S) denote the set of edgeswith exactly
oneendin S, and %(S) the net increasein tokensin set S due to the addition and removal of
jobsin round t (note that % (S) could be negative). If the heights of nodesin S wereto change
preciselyaccordingto average,then the net changein tokensin S would be jSj ¢®(a;+1 i a;). One
wants the di®erencebetween these two quartities to be \accounted for" by the edgesin &(S).
We say that the adversary hasrater if for all S V, one has

j2(S)i jSj(as1 i a)i - 1 ¢e(S)j; (1.1)

For rate r > 1, there are adversariesagainst which no algorithm (whether online or o%ine) can
be safe. Muth ukrishnan and Rajaraman gave a local-cortrol algorithm that is safe against all
adversariesof rate r, for every r < 1. As an open question, they asked whether there exists a
local-cortrol algorithm that is safeagainst all adversariesof rate 1.

Our Results

We begin by providing a local-cortrol load balancing algorithm that is safeagainst every adver-
sary of rate 1, thereby resolving the open question of Muth ukrishnan and Rajaraman. In fact,
we show that the following simple rule hasthis safety property, for every value of the parameter

W

At any round t, if the number of tokenson node u exceedsthe number of tokenson
its neighbor v by at least i, then u movesa tokento v.

This type of algorithm was consideredin earlier work on the static model by Aiello et al. [2], as
well as by many of the subsequen papers. Setting p= 2¢ + 1, where ¢ is the maximum node
degreein G, yields the speci ¢ algorithm studied by Muth ukrishnan and Rajaraman.

Beyond simply shawing the safety of local algorithms at the critical rate r = 1, our analysis
is basedon a new proof technique in which a potential function bound is maintained not only
for the ertire node setV, but for every subsetof V. Compared to [64], we obtain signi cantly
improved bounds on the deviation from the average,and a simpler proof. Speci cally, we shav
that the maximum possibledeviation from the averageis O(¢ n), wheren is the number of nodes
of G, and this is asymptotically optimal in the worst case;the analysisin [64] had established
a bound of O(¢ 2n?5(1; r)i Y) whenr < 1. Our analysis also shows safety in a more general
model where edgesof G can appear and disappear over time.

Following this, we introduce a multi-commadity version of this load balancing model. We
considera systemin which there are k distinct typesof jobs. The jobs of onegiventypeinducethe
sameload on ead processor;but the di®eren typesof jobs place di®eren resourcerequiremerts
on the nodes, and so we require the load balancing condition to apply to ead type separately
Formally, we have the same adversarial model as before with a network G and a collection of
tokens; but now the tokensare partitioned into k commadities and the safety requiremert must
hold when the tokens of eadh commadity are consideredseparately In a single round, at most

2In most literature and in [8] such an algorithm is called stable To avoid confusionwith the
stability of Nash equilibria, in this thesis we will refer to such an algorithm as safe



onetoken in total can be sent acrossany oneedge. (This is in keepingwith the standard multi-
commadity notion that constraints at nodes must be satis'ed by eadh commadity separately
while shared edgecapacities must be respected by the commadities cumulativ ely.)

We show that the natural rate condition on adversaries| essetially obtained by summing
Equation (1.1) over the commadities | can be related in a precisesenseto the cut condition
for standard multi-commodity network °ow. As a result, applying well-known results on the cut
condition [45, 54, 56], we nd that for every k > 2, there is a k-commadity adversary of rate
r« - 1 againstwhich no load balancing algorithm can be safe.

For k = 2, howewer, the cut condition doesnot posean obstacleto having algorithms that
are safeall the way up to rate 1. Indeed, we are able to generalizeour rst result to show that
for 2-commddity load balancing, there is a simple local-cortrol algorithm that is safe against
every adversary of rate 1. We also use the relationship between adversariesand cut conditions
to provide a new proof of Hu's Max-Flow Min-Cut Theorem for 2-commadity °ow [45]. While
our proof is not necessarilyshorter than other proofs discovered subsequeh to Hu's [56, 77], it
is arguably more elemenary: it doesnot require linear programming duality (asin [56]) or even
the traditional Max-Flow Min-Cut Theorem for single-commadality °ow (as in [77]).

Finally, we further develop the connectionbetweendynamic load balancing and network °ows
by extending our analysisto padket routing in the adversarial model consideredby Aiello et al. [3]
and Gamarnik [39]. For a description of this model seeSection 2.3. We give an adaptive routing
algorithm that is safeagainst adversariesof rate 1 in the casewhere padets can be injected at
multiple sourcesbut are destined for a single sink; our algorithm is safein a dynamic network
model where edgescan appear and disappear. A safealgorithm for this version of the problem
was previously givenin a recert paper of Awerbuch et al. [10], using a di®ereri, but essetially
more general, notion of a dynamic network; our proof, a direct adaption of the analysis of our
single-commality load balancing algorithm, is considerably shorter and simpler.



Chapter 2
Background and Related Work

2.1 Basics of Game Theory

In this sectionwe will introduce the reader to the basicsof gametheory neededfor the reading
of this thesis. Theseconceptscan be found in any gametheory textb ook, for example Fuderberg
and Tirole [38].

The eld of gametheory is concernedwith the behavior of rational agents in various cortexts.
Usually the agerts are called \players", and the system of their interactions is called a \game".
Nevertheless,gametheory enfoldsa lot more than what peopletraditionally think of as\games".
Any context wherethe agers have personalgoalsand are somewhatindependert can be put into
gametheoretic terminology. Bargaining and auctions, as well asthe behavior of markets, are an
important topic of gametheoretic study, for example. Userssharing bandwidth on a network is
a classicgametheory problem. Assigning various tasksto subordinates sothat they are satis ed,
or balancing web sener loads, are also problemsthat easily fall into the gametheory domain. In
general,gametheory results apply to any situation where multiple peopleor agerts are deciding
on coursesof action.

2.1.1 Games in Strategic Form

When talking about gamesin this thesis, we will represert them using the strategic (or normal)
form. A gamein this form can be precisely de ned as follows.

Supposewe are given a set of players P of size N and for ead playeri 2 P we are given
a set S; of player i's strategies. The set S; is the set of all possibleactions that player i could
take. Finally, supposeead player has a personalutilit y function u; : (S1 £ S1 £ :::£ Sy)! R.
This utilit y function represens how happy player i is with any particular outcome of a game.

happinessor the payo® of player i in this situation. An important thing to realize hereis that
ead player is not necessarilytrying to make the other players\lose", but instead simply desires
to maximize its utilit y function.

De nition 2.1.1 A game(in strategic form) is de ned by the set P, togetherwith S; and u; for
each playeri 2 P.

As de ned above, a strategy of player i is an elemen of the set S;, and the goal of player i
is to maximize its utilit y. A game consistsof eat player choosing a strategy. Which strategy
should player i choose,then? The problem (from i's perspective) is that its utilit y function does
not just depend on the strategy i chooses,but on the strategiesthe other players chooseas well.

What do the players know when choosing which strategy to pick? Throughout most of this
thesis, we will assumethat the ertire structure of the gameis common knowledge. In the case
of the Connection Game, this meansthat the players know the ertire network, aswell asall the
terminals of the other players. In Chapter 6, however, we will assumethat the playersonly know
a limited amount of information about the game (and the state of the network) when making
their decisions.

In this thesis, we will only consider pure strategies, i.e., the strategies available to player i
are exactly the strategiesin S;. A common subject of study in gametheory is that of mixed
strategies, where ead player can randomize between the strategiesin S; and in essencethe
strategies available to a player i are anything of the form (®;s!; ®s?;®s?:::) where all sl's
arein S; and the ®'s add up to 1. Gameswith mixed strategies have sewral good properties
that gamesusing only pure strategiesdo not. The useof mixed strategiesalways guaranteesthe
existenceof a Nash equilibrium, for example,while many gameswith pure strategiesdo not have
a Nash equilibrium at all.
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Randomized strategies do not make sensein the contexts of network designwhich are dealt
with in this thesis, howewer. In the Connection Game, a player's strategy is to purchasesome
edges,which then becomebuilt, leading to the construction of a (hopefully desirable) network.
With randomized strategies, a player may pick the edgesit is purchasing probabilistically, but
evertually it actually hasto pick a concrete set of edgesto purchase. This is the strategy that
the other players see,and respond to. Most importantly, this is the strategy that dictates the
payo® of all the players, sowe may as well assumethat the only strategies available to player i
are the pure (non-randomized) ones.

2.1.2 Stabilit y and Nash Equilibria

One of our main goalsin this thesis is to compare the solution or the network resulting from
interactions of self-interestedagerts with the optimal solution. To do this in a meaningfulmanner,
we must rst de ne what is the \optimal" solution and what are the solutions \constructed by
strategic agerts".

Optimal solutions.  When consideringa certrally optimal solution, there are many objective
functions that could be used. For example, what constitutes an \optimal" network in the real
world? Is the cheapest network optimal? Or is it the network with small averagepacket delay?
Or is it the one most resilient to edgefailures? Recall that an outcome of a game s a vector

In the context of general games, which outcome is the optimal one? Once again, there are
many possibleevaluations of the \go odness" of the outcome. In this thesis, we will considerthe
optimal outcome asthe onethat maximizessaocial welfare, which is the sy of the utilities of all

the optimal outcome maximizesthis function. In the caseof the Connection Game, the network
that maximizes sccial welfare also happensto be the network of least cost, which is a desirable
property evenif it doesnot imply high social welfare.

Stable solutions. We now addressthe question of what constitutes an outcome \formed by
strategic agerts". Supposewe have an outcome where a player is not happy, and could become
happier by changing its strategy. Then this player would changeits strategy, and we would end
up with a di®erent outcome. The original outcome is \unstable", and so we will not consider
sudch outcomesas onesthat can be formed by strategic agerts, since if we ended up in suc
an outcome, one of the agerts would immediately change strategies, putting us into a di®eren
outcome altogether.

It is worth pointing out here that we are considering non-cooperative players in this thesis.
This meansthat players cannot make dealswith one another, or agreeto transfer parts of their
utilit y to another player. Considerthe opposite case,for example, where all the agerts building
a network agreeto split the prot they get from this network equally. This meansthat the new
utilit y function for player i is just the old social welfare function divided by N, the number of
players. In that case,it is in everybody's interest to build the optimal possible network that
maximizes sccial welfare, and there is no di®erencehere from a certralized designertrying to
build the best possible network. Sud cooperation is rare in the real world, especially without
truly enforceablecontracts. Supposethat utilit y was tied to a particular player, and could not
be traded from oneto another. How would a player that seest could improve its personalutilit y
by changing its strategy (and possibly lowering the utilit y of other players) resist from doing
so, especially if this was a one-time game and the players did not needto build a \reputation”
with the other players? If the playersonly careabout maximizing their personalutilit y function,
then any outcome where a player could changeits strategy and improve its utilit y, is inherertly
unstable.

Let us now de ne what is a stable outcome more rigorously. Suppose at some point, the
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view of player 1. Player 1 has no cortrol over the strategiesof other players, but can changeits
own strategy to anything in S;. If there exists somestrategy s§ 2 S; sud that

ui(s‘f;sz;:::;sN) > Ui (S1;S2;: SN ); (2.2)

then by switching its strategy from s; to s, player 1 could increaseits utilit y. We will assume
that the players are myopic, i.e., they only look at how their utilities change if they change
their strategies while the rest of the players keep theirs the same. If myopic players seethat

a change of strategy bene'ts them by increasingtheir utilit y given the rest of the players keep
their strategiesconstart, then they would indeed switch strategies. This meansthat any solution

satisfying Inequality 2.1 is unstable, while any outcomethat doesnot satisfy it is stable. Such a
stable solution is exactly what is meart by a Nash equilibrium.

In other words, a Nash equilibrium is a solution such that no single player has any incertiv e to
changeits strategy, sincethere is no possibleway that a single player could improve its utilit y by
changing its strategy. These are the only solutions we will consider as the \outcomes of games
with myopic players”, sinceany other outcomeswill be unstable.

The question still remains of how the playersin a gamewould arrive at a Nash equilibrium.
This depends on the exact speci cation of how a game functions and how players pick their
strategies. In a static game, the players pick their strategies simultaneously, and cannot change
them afterwards. In a dynamic game, players can changetheir strategiesafter they seewhat the
other players have decided. An important example of gamedynamics is best respnse dynamics
In best response dynamics, players take turns changing their strategy. Since the players are
myopic, they always changetheir strategy to the one that maximizes their utilit y function. In

best response dynamics are ones where players take turns switching their strategies to their
best response. Notice that this processonly terminates exactly if the players end up in a Nash
equilibrium.

There are many caseswhere best responsedynamics would take a very long time to arrive at
a Nash equilibrium, or would not arrive at oneat all. Supposesomeindependert party calculated
a Nash equilibrium, howewver, and then suggestedit to all the players (and perhaps give them
some small incertivesto take this suggestion). Once the players accept this suggestion, they
would be in a stable solution, and would not desireto changetheir strategy. If the calculation
of a Nash equilibrium is possible,therefore, this is often a quick and excient method to obtain
a stable solution. Notice that the players are not being forced to pick this strategy, but instead
nd it to their advantage to stay in this Nash equilibrium.

In this work, we will considerboth the casewherethe players corvergeto a Nash equilibrium
on their own via somegamedynamics, as well asthe casewhere a Nash equilibrium is suggested
to them. In either case,we will consider Nash equilibria asthe outcomesof gamesof strategic
agerts.

2.2 Algorithmic Game Theory

In the past decadea new genre of gametheory has emerged,known as algorithmic gametheory.
While in the past game theory was mostly the province of economistsand mathematicians,
recertly it has becomea hot spot of computer science.As mertioned in the Introduction, most
of the work donein traditional computer sciencefocuseson obediert or malicious agerts. Agents
with rational self-interest which doesnot necessarilycausethem to hurt the network have been
more the province of gametheoretical resear®. This hascausedtheoretical computer sciertists to
usevarious methods from gametheory to analyzethe behavior of theseagerts. In fact, questions
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of this sort have beenasked in sudc di®erert areasas sociology, multi-agent systems[82], and
statistical medianics. The goals and methods of these disciplines have varied dramatically as
well. While it is very ditcult to separatetraditional gametheory from algorithmic gametheory
(nor do we desiresud a separation), algorithmic gametheory tends to ask questionsabout the
algorithms involved in playing a game and their complexity, as well as using suc conceptsas
approximation algorithms. Sincecomputer scienceis largely computer-application driven, a large
part of algorithmic gametheory is concernedwith self-interested agerts in networks.

Sincein this thesis we are concernedspeci cally with network problems, below we give some
badground on the way that algorithmic gametheory has dealt with network games. For some
interesting surveys of algorithmic gametheory, seefor example [34, 66, 67, 80].

2.2.1 The Price of Anarc hy and of Stabilit y

One of the most studied and most important questionsaddressedn the past is how much is lost
by having self-interested players. Usually the comparisonis between the certralized optimum
that would take place if the players/agerts were obediert, and the Nash equilirbia, which are
viewed as the outcomes of actions by rational self-interested players. In [67], Papadimitriou
intro ducedthe term the price of anarchy to denotethe ratio betweenthe worst Nash equilibrium
and the certralized optimum. This ratio was previously called the coordination ratio in work
by Koutsoupias and Papadimitriou [52]. There has sincebeenmuch researt on quantifying the
price of anarchy for various contexts, including routing [72, 75, 7€], load balancing [22, 23, 52, 74],
facility location [81], and °ow cortrol [4, 26, 78]. In somecases[72, 75] the Nash equilibrium
is unique, while in others [52] the best Nash equilibrium coincideswith the optimum solution
and the authors study the quality of the worst equilibrium. Howewer, in somegamesthe quality
of even the best possibleequilibria can be far from optimal. The best Nash equilibrium can be
viewed as the best solution that self-interested agerns can agreeupon, i.e. oncethe solution is
agreedupon, the agerts do not 'nd it in their interest to deviate. In this thesis, we focus more
on studying the price of stability, which is the ratio betweenthe best Nash equilibrium and the
certralized optimum. The price of stability was rst studied in [7, 76] (termed the optimistic
price of anarchyin [7]), and hassincereceived attention mostly in the contexts of network design
[6, 51] and routing [6, 19].

How do the players reach a Nash equilibrium, howewer? As we mentioned above, usually
either dynamics corverging to a Nash equilibrium are assumed,or it is assumedthat the Nash
equilibrium is explicitly computed and then implemented by the players. In the “rst case,there
hasbeenmuch researt analyzing best-respnsedynamics of various network games. It hasbeen
shown that while in various gamesbest-resppnsedynamics have good corvergenceproperties (e.g.
[28, 59]), neverthelessin many important network gamesmost dynamics do not convergeto an
equilibrium [36, 37]. In those contexts, it makesmore senseto compute a Nash equilibrium, and
then implemert it by suggestingit to the players. If we are computing a Nash equilibrium instead
of letting the players corvergeto it, then we might as well compute the best Nash equilibrium
instead of an arbitrary one. Becauseof this, the price of stability is much more important than
the price of anarchy in many network games.

Computing Nash equilibria may not be easy however. There hasbeena lot of work on this as
well, in the study of market equilibria [24, 25, 48], aswell asrouting [30] and more generalgames
[68]. In this thesis we provide results both about the existenceof Nash equilibria and about the
ability to compute them ezciently.

2.2.2 Mechanism Design and Cost Sharing

Mec hanism Design. An important areaof gametheory is that of mecanism design. Instead
of studying the behavior of rational agerts, medcanism design is about formulating a game
such that the rational outcomesof this game are desirable. For example, while above we were
concernedwith analyzing the price of stability of certain network games, mecanism design
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would instead ask how to designan appropriate network gamewith low price of stability. Some
examplesof mechanism designfor network gamesoccur in the study of routing [9, 33, 40, 65, 66
and network design[46, 50].

Lately the term \algorithmic mechanism design" has been used mostly in connection with
auctions and the VCG (Vickrey-Clarke-Groves) medhanism family. A medanism in general,
however, can be viewed asan arbitrary processfor agen interaction and payo®s,usually intended
to have somedesirableproperties (seee.g.,[69]). In the study of auctions and medanismssudc as
VCG, the focusis often on questionsdi®erer from the concernsof this thesis, sincethe main suc
desirable property is usually truthfulness, and the power of the medcanism to enforceits desires
is often very great. This is becauseit is assumedthat the agerts have someprivate information,
and the rst stepto a good solution is nding out what this information is. Evenif all the private
information is known, howewer, there is still a great needto designimplementable medanisms
which will induce the agens to form good solutions, with desirable properties such as high social
welfare, short packet delivery time, or congestionminimization. For example,in the Connection
Game, even if we know exactly what pairs of nodesead player would like to connect, it is quite
dixcult to inducethe agerts to behave. Moreover, the medanismsformed in the above literature
generallyrequire a large amount of power to enforce,and this enforcemet is donein a certralized
manner. The VCG family of medanisms,for example, requiresa large amourt of side payments
from the certral authority to the agerts to achieve its goal of truthfulness. We require that
the mechanisms be implementable in a distributed manner, and that the power wielded by the
mechanism is very limited with respect to that of the agens. Mechanism designusually assumes
that \the designer" has a lot of cortrol over a game and the interactions and strategies of its
players. In the casesof the Connection Game, routing in networks, and the Internet, however, the
power lies with the players. They decidewhat the interactions betweenthem are, and what the
utilit y functions are. It would be wonderful if we could designa medanism for the interactions
on the Internet, and then implement it. It would be even better if we could designa wonderful
sacial systemfor a large courtry and implement that aswell. A mecanism which simply orders
the agerts to conform to a particular outcome, however, would not be acceptable,since we are
assumingthat the medanism doesnot have enoughpower to enforcethis or enoughknowledge
to detect that an agen disobeysit. If a mecanism suggestsa particular outcometo the agerts,
therefore, it must be an outcome that actually makes all the agerts happy. Furthermore, we
focus on the caseswhere the agerts have no private values, or where it is reasonableto assume
that the valuesare generallyknown. Oncewe have a greater understanding of thesecasesadding
truthfulness to the framework would be an interesting direction.

Cost Sharing.  One of the largest (and most relevant to this thesis) areasof medcanism design
in networks is that of cost sharing. In cost sharing there is usually some network or a set of
resourcesthat is desired by a set of players. As in all mecanism design, the idea is to design
a gamethat has somegood properties, for example: truthfulness (the players would never try
to concealtheir utilit y function if they could), budget balance (the players pay for the ertire
network), and stability (the solutions that have other good properties are also stable).

The bulk of the work on network cost-sharing(seee.qg. [32, 44] and the referenceghere) tends
to assumea xed underlying set of edges.Jain and Vazirani [46] and Kent and Skorin-Kap ov [50]
consider cost-sharing for a single sourcenetwork designgame closely related to the Connection
Game. They assumethat ead player i has a utilit y u; for belonging to the Steiner tree (the
maximum they would be willing to pay). Cost-sharing gamesassumethat there is a certral
authority that designsand maintains the network, and decidesappropriate cost-sharesfor eah
agert, depending on the graph and all other agerts, via a complex algorithm. The agerts' only
role is to report their utilit y for being included in the network. The goal of the cost-sharing
method is to pay for the network built, and produce cost-sharessuc that sel'sh agerts are
truthful, i.e. do not "nd it in their interest to misreport their utilit y (in hopesof being included
in the network at a smaller cost). Jain and Vazirani give a truthful mechanism to sharethe cost
of the minimum spanning tree, which is a 2-appraximation for the Steiner tree problem.
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The budget balancedcost-sharinggamesstudied in [46] has somesimilarities with our model,
and the di®erencesare worth noting. Cost-sharinggamesassumethat there is a certral authority
that designsand maintains the network, and decidesappropriate cost-sharesfor ead agert. In
cortrast, in our gamethe agens contribute to individual edgesdirectly, rather than contributing
money to a certral authority. Therefore, eat player is free to chooseits own paths, instead
of having the certral authority specify paths for eac player. In our game there is no certral
authority designing the Steiner tree or cost shares. Rather, we study Nash equilibria of our
game. A gamewith low price of stability is one where any stable outcome of sel sh interactions
of agents is of low cost, without any help from a certral authority. In our model, the edgesto be
usedby the agerts are paid for by them, and thus the notions of truthfulness and budget-balance
becomeredundarnt. We also feel our model is more represenativ e of real networks becausethe
possiblestrategies of ead agen are not restricted to any particular subsetof edges.

The use of the price of stability as a measureof quality can be viewed as being half way
betweenthe traditional price of anarchy and cost-sharing. Selectingthe best Nash equilibrium
e®ectively assumessome coordination: a certral authority that guidesthe players to the best
Nash equilibrium. Howewver, once the players settle on such an equilibrium strategy, it is self
enforcing: no player nds it in his/her interest to deviate. The role of the certral authority is
limited to guiding the playersto a better Nash equilibrium.

In Chapter 4 we face some cost-sharing concerns. A cost-sharing mecdanism can be viewed
asthe underlying protocol that determineshow much a network serving se\eral participants will
cost to eat of them. We decidein Chapter 4 that any players using an edge must split its
cost evenly, which is a type of cost-sharing constraint. Recall that cost-sharing gamesassume
that there is a certral authority that designsand maintains the network, and decidesappropriate
cost-sharedor eat agen, depending on the graph and all other agerts, via a complexalgorithm.
The agerts' only role is to report their utilit y for being included in the network. Here, on the
other hand, we considera simple cost-sharing mecanism, the Shapley-\alue, and ask what the
strategic implications of a given cost-sharingmedanism are for the way in which a network will
be designed. This question exploresthe feedbadk between the protocol that governs network
construction and the behavior of self-interested agers that interact with this protocol. An
approac of a similar style, though in a di®erent setting related to routing, was pursued by
Johari and Tsitsiklis [47]; there, they assumeda network protocol that priced tratc according
to a schemedue to Kelly [49], and asked how this protocol would a®ectthe strategic decisions
of self-interested agerts routing connectionsin the network.

This Shapley-walue cost-sharingmecdanism, though, is only one of many possible. We choose
this particular equal-division medcanism to study becauseit has a nhumber of basic economic
motivations; it can be derived from the Shapleyvalue [63], and it can be shown to be the unique
cost-sharing scheme satisfying a number of di®eren setsof axioms [32, 44, 63]. In theory, there
are many other cost-sharing constraints we could use instead, some of which would guararntee
much better player behavior. These constraints and protocols may be too powerful and unen-
forcible, however. Any useful medcanisms in this context must be fully distributed, use only
local information, and useonly limited power, sincewhile a mecanism could be designedwhich
guararnteed certralized optimal behavior, the cost-sharingmust be done quickly and locally, and
therefore on an edge-ty-edgebasis. In essencethere is a tradeo® here betweenthe power avail-
able to the mecdhanism, and the quality of the solutionsit can produce, and in settings wherethe
agers have most of the power, we must consideronly a limited spaceof possible mecanisms,
unlike most mechanism designand cost sharing.

2.2.3 Sel sh Routing

The most relevant body of work to this thesis (especially to Chapter 5) is the work on sel sh (i.e.
self-interested) routing done largely by Roughgardenand Tardos [72, 73, 75). In their model,
they assumea graph with latency functions on eat edge,and sometratc demandsin this graph.
There, if there is a demand of 1 from node u to node v, it will route itself sothat every part
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of this demand achieves minimal latency. For example, supposethat there is a simple network
with two nodesand two edgesbetweenthese nodes, one with latency function 1 x (where x is
the amount of tratc on this edge), and one with the constart latency function 1=2. If there is
one unit of tratc that is trying to route itself from u to v, then it will split itself so that 1=2
goeson ead edge,sincethen the latencieson both edgeswould be the same. We can think of
this unit of tratc as consisting of an in nite number of in nitesimal players, eacd of whom try
choosethe route to minimize their latency. The routing of tratc sucd that from the perspective
of eadh demand, the latenciesare equal, exactly correspondsto a Nash equilibrium.

In the model from [73], the Nashequilibrium of any such routing gameis essetially unique, so
the price of stability and the price of anarchy are the same. Roughgardenand Tardoshave donea
lot of work in bounding the price of anarchy in this routing model, which we will addressin more
detail in Chapter 5. Roughgarden[72] has also shown that the price of anarchy is independert
of the network topology in this context. Speci cally, he has shown that the worst-caseprice of
anarchy always occurs on a simple two-node two-link graph.

This model is quite relevant to the Connection Game, even though this is a routing model,
and the Connection Game is modeling network creation. There is a similar feelto the problem,
howevwer, sinceplayersare still choosingpaths connectingtheir terminals. The fact that the edges
have costs instead of latency functions, and therefore players prefer to share edgeswith others
(to take care of extra cost) instead of preferring to usethe edgealone (to not incur extra latency)
is what makesthe problem completely di®erert in both feel and the type of results obtained.

In Chapter 5 we look at what happensif the \cost functions" on the edgesare arbitrary, or
if they are latenciesinstead. The special caseof our game with only delays/latencies is closely
related to the congestiongameof [72, 73, 75. They considera game where the amount of °ow
carried by an individual useris in nitesimally small (a non-atomic gamé, while in this thesis
we assumethat ead user has a unit of °ow, which it needsto route on a single path. In the
non-atomic game of [72, 73, 75] the Nash equilibrium is essetially unique (hence there is no
distinction betweenthe price of anarchy and stability), while in our atomic gamethere can be
many equilibria, and the price of anarchy can becomequite large. Fabrikant, Papadimitriou, and
Talwar [30] considerour atomic gamewith delays only. They give a polynomial time algorithm to
“nd a Nash equilibrium in the casethat all userssharea common source,and show that "nding
any equilibrium solution is PLS-completefor multiple source-sinkpairs. In Chapter 5 we are able
to show, however, that bounds on the price of anarchy for the non-atomic sel sh routing model
in [72, 73, 75] still hold for our model of single-sourceatomic games,but they becomebounds on
the price of stability instead.

2.2.4 More Related Work

We view our Connection Game as a simple model of how di®eren service providers build and
maintain the Internet or local network topologies. We use a game theoretic version of network
designproblemsconsideredin approximation algorithms [42]. Fabrikant et al [29] study a di®eren
network creation game. Network gamessimilar to that of [29] have alsobeenstudied for modeling
the creation and maintenance of social networks [13, 43]. In the network game consideredin
[13, 29, 43] eath agert correspnds to a single node of the network, and agerts can only buy
edgesadjacert to their nodes. This model of network creation seemsextremely well suited for
modeling the creation of social networks. However, in the context of communication networks
like the Internet, agerts are not directly assaiated with individual nodes, and can build or be
responsible for more complex networks. There are many situations where agerts will 'nd it in
their interest to share the costsof certain expensive edges. An interesting feature of our model
which doesnot appearin [13, 29, 43] is that we allow agerts to share costsin this manner. To
keep our model simple, in Chapter 3, we assumethat eat agert's goal is to keepits terminals
connected,and agerts are not sensitive to the length of the connectingpath (although in Chapter
4 we assumea variety of goals). In contrast, [13, 29, 43] assumethat longer paths are assaiated
with decreasedbenet, and as a result also model a form of quality of service.
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A weighted game similar to our gamein Section 4.5 is presened by Libman and Orda [55],
with a di®erent medanism for distributing costsamongusers. They do not considerthe price of
stability, and instead focus on convergencein parallel networks. Recerly, Chen and Roughgar-
den [18] proved general results on the price of stability and the existenceof approximate Nash
equilibria in the weighted gamewe presert. They show that there exist weighted gameswith no
pure Nash equilibria, settling an open questionfrom [6]. They alsoprove that any weighted game
hasa O(log wmax )-approximate Nash equilibrium that costsat most O(log W) times the certral-
ized optimum (where wnax is the maximum weight, and W is the sum of all player weights).
Their results show that this upper bound is essetially tight.

2.3 Dynamic Load Balancing and Packet Routing

In Chapter 6 we considera network with simple agerts that are trying to locally balancethe load
in the network. The load is being added by an adversary. We show that in this scenario(and in
a similar padket routing context) a simple local protocol has good global properties. Speci cally,
we show that a simple local balancing protocol keepsthe load approximately balanced.

In a distributed network of computing hosts, the performance of the system can depend cru-
cially on dividing up work e®ectiely acrossthe participating nodes. This type of load balancing
problem has beenstudied in many di®erert models, certered around the idea that an algorithm
should avoid creating \hot spots" that degradesystem performance[79]. Moreover, it is of in-
terest to understand what can be accomplishedin this setting without certralized cortrol, by
medanismsin which nodessimply monitor the state of their neighbors and behave accordingto
a simple local rule.

We consider a basic model of load balancing in a distributed network as described in the
Intro duction, which has formed the basis of a number of earlier studies [2, 41, 58, 64, 69]. A
network of identical processorsis represerted by an undirected graph G = (V;E). There are a
number of jobsto be processedn the system, abstractly represened by unit-size tokens Time
progressesn discrete stepscalled rounds in a givenround, ead tokenis held by oneof the nodes,
which is viewed as processingthe assaiated job, and the load on a node is de ned to be the
number of tokensit holds. The goalis to balance the loads, sothat no single node hastoo many
tokens;this can be accomplishedby transmitting tokensbetweenneighboring nodesof the graph,
at a rate of one token per edgeper round. We are particularly interested in local algorithms for
this problem: rather than using a certralized approach to coordinate the movemern of tokens,
ead node will simply compareits load to those of its neighbors, and decide whether to move a
token acrossan edgebasedon this information.

Early work on the model focusedon the static version of the problem: ead node is given a
set of tokensinitially , and nodesmust exchangetokensasrapidly aspossiblesothat they all end
up with approximately the samenumber [2, 41, 58, 69]. Howewer, load balancing is a natural
setting in which to study algorithms designedto run inde nitely; jobs (tokens) may arrive and
depart from the network, and at all times the algorithm must maintain an approximately uniform
load acrossnodes. This is a type of stability condition: no load should diverge arbitrarily from
the averageastime progresses.For a number of di®erert models, such dynamic algorithms have
beenstudied in a probabilistic framework, where one assumesan underlying randomized process
that generatesjob arrivals and departures; seee.g. [27, 60] and the referencesherein.

Motiv ated by work in the related area of packet routing [5, 11, 12, 16], Muth ukrishnan and
Rajaraman proposedan adversarial framework for studying dynamic load balancingin the token-
basedmodel we have beendiscussing[64]. Rather than considering a probabilistic processthat
generatestokens, they posit an adversary that is allowed at the beginning of ead round to
introduce tokens at some nodes (corresponding to new jobs) and remove tokens from others
(corresponding to jobs that have nished). Subsequetly, an algorithm is allowed to move tokens
acrossedgesas above soasto try to maintain balancedloads. This alternation of moveshby the
adversary and algorithm cortinuesfor an arbitrary number of rounds. Note that by allowing the
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adversary to cortrol the removal of tokensas well as their arrival, one is modeling a worst-case
assumptionthat jobs may have arbitrary duration, and the algorithm doesnot know how much
processingtime a job hasremaining until the momert it ends.

As described in the Introduction, if we let a; denote the averagenumber of tokensper node
in the systemat the beginning of round t, and h¢(v) denotethe number of tokensat node v (the
height of v) at round t, then the goal of a dynamic load balancing algorithm in this model is to
keeph;(v) closeto a for all nodesv and rounds t. Formally, we say that an algorithm is safe*
against a given adversary if there is a constart B such that jhi(v) j aj - B for all nodesv and
roundst. Note that safety in this cortext imposesa bound on deviation from the average;it is
not required that the actual number of tokensin the systemremains bounded.

As in the caseof padket routing [16, 5], oneneedsto nd a suitable restriction on the adversary:
an arbitrarily powerful adversary could °ood a particular set of nodesS p V with tokensmuch
fasterthan thesenodescan spreadthe tokensout to the rest of the graph, and thereby prevent any
algorithm from maintaining safety. This consideration motivates the following natural de nition
of an adversary [64] with rater. For asetS p V, let e(S) denote the set of edgeswith exactly
oneendin S, and %(S) the net increasein tokensin set S due to the addition and removal of
jobs in round t (note that +(S) could be negative). If the heights of nodesin S wereto change
preciselyaccordingto average,then the net changein tokensin S would be |Sj¢(a;+1 | a). One
wants the di®erencebetween these two quartities to be \accounted for" by the edgesin &(S).
We say that the adversary hasrater if for all S V, one has

j2(S)i iSi(a+1 i a)j - r¢e(S)j; (2.2)

For rate r > 1, there are adversariesagainst which no algorithm (whether online or o%ne) can
be safe. Muth ukrishnan and Rajaraman gave a local-cortrol algorithm that is safe against all
adversariesof rate r, for every r < 1. As an open question, they asked whether there exists a
local-cortrol algorithm that is safeagainst all adversariesof rate 1.

In Chapter 6, we answer this question positively by proving that a simple local algorithm
is safe against the above adversaries (see Section 1.5 for a thorough description of our other
results for this model). This type of algorithm was consideredin earlier work on the static model
by Aiello et al. [2], as well as by many of the subsequeh papers, including [64]. Compared to
[64], however, we obtain signi cantly improved bounds on the deviation from the average,and
a simpler proof. Speci cally, we shawv that the maximum possibledeviation from the averageis
O(¢ n), where n is the number of nodes of G, and this is asymptotically optimal in the worst
case;the analysisin [64] had establisheda bound of O(¢ ?n?>(1i r)i 1) whenr < 1.

Following this, we usethe relationship between adversariesand cut conditions to provide a
new proof of Hu's Max-Flow Min-Cut Theorem for 2-commadity °ow [45]. While our proof is not
necessarilyshorter than other proofs discovered subsequeh to Hu's [56, 77), it is arguably more
elemenary: it doesnot require linear programming duality (as in [56]) or even the traditional
Max-Flow Min-Cut Theorem for single-commality °ow (asin [77]).

We further dewvelop the connection between dynamic load balancing and network °ows by
extending our analysisto padket routing in the adversarial model consideredby Aiello et al. [3]
and Gamarnik [39]. In this model, packets are adversarially inserted into a network at various
nodes, with the adversary specifying their destinations. Each node (represeriing a router) can
send padkets along edgesconnecting to it, but it must respect the capacity constraints of the
edges. This is very similar to the above load balancing model, with tokens now being padets
instead of jobs. The goal of the decerralized algorithm in the padet routing model is to get all
the padkets to their destinations without having too many padkets at any single router (which
would overload the queueof that router). In the model from [3] and [39], the usual constraint on
the adversaryis that, at ead step, it caninsert pacets aslong asthere existsa °ow that can get
r times this number of padkets to their destinations, and that respectsthe capacity constraints.

YIn most literature and in [8] such an algorithm is called stable To avoid confusionwith the
stability of Nash equilibria, in this thesis we will refer to such an algorithm as safe
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In other words, if an adversary inserts certain padets at at particular step, then such a °ow
must exist even if we replaceeadt padet inserted with r padkets instead. r is known asthe rate
of the adversary.

We give an adaptive routing algorithm that is safe against adversariesof rate 1 in the case
where packets can be injected at multiple sourcesbut are destinedfor a single sink; our algorithm
is safein a dynamic network model where edgescan appear and disappear. A safe algorithm
for this version of the problem was previously given in a paper of Awerbuch et al. [10], using a
di®erer, but essetially more general,notion of a dynamic network; our proof, adirect adaptation
of the analysis of our single-commality load balancing algorithm, is considerably shorter and
simpler.



Chapter 3
The Connection Game with Arbitrary Cost
Sharing

In this chapter, we examine a game where players try to connect their terminals in a network
by purchasinglinks, and are able to sharethe cost of theselinks in arbitrary ways. Many of the
results in this chapter initially appearedin [7].

In Chapter 4 we will alsodiscussa similar game,with the constraint that players must share
the cost of the links they usein a fair manner. This sharing rule greatly changesthe properties
of the system, for both better and worse. Seethe beginning of Chapter 4 for a comparison of
someof these properties.

3.1 Mo del and Basic Results

The Connection Game We now formally de ne the connection game for N players. Let
an undirected graph G = (V;E) be given, with ead edge e having a nonnegative cost c(e).
Notice that unlike in later chapters of this thesis, in this chapter the cost of an edgeis always
a constart. Each player i has a set of terminal nodesthat he must connect. The terminals of
di®erent players do not have to be distinct. A strategy of a player is a payment function p;,
whergpi (e) is how much player i is o®eringto cortribute to the cost of edgee. Any edgee such
that ;pi(e), c(e) is consideredbought and G, denotesthe graph of bought edgeswith the

the player'sbterminals must be connectedin G,. However, ead player tries to minimize his total
payments, ., pi(€).

A Nash equilibrium of the connectiongameis a payment function p suc that, if players o®er
payments p, no player hasan incertiv e to deviate from his payments. This is equivalert to saying
that if p; for all j 6 i are xed, then p; minimizesthe paymerts of playeri. A (1+ ")-approximate
Nash equilibrium is a function p such that no playeri could decreasehis payments by more than
a factor of 1+ " by deviating, i.e. by using a di®erert payment function p;°

Some Prop erties of Nash Equilibria Here we present seweral useful properties of Nash
equilibria in the Connection Game. Supposewe have a Nash equilibrium p, and let T' be the
smallesttree in G, connecting all terminals of playeri. It follows from the de nitions that (1)
Gp is a forest, (2) ead player i only cortributes to costs of edgeson T', and (3) eat edgeis
either paid for fully or not at all.

Property 1 holds becauseif there was a cyclein G, any player i paying for any edgeof the
cycle could stop paying for that edgeand decreasehis payments while his terminals would still
remain connectedin the new graph of bought edges. Similarly, Property 2 holds sinceif player
i cortributed to an edgee which is not in T', then he could take away his paymert for e and
decreasehis total costswhile all his terminals woulg, still remain connecteg. Property 3 is true
becauseif i was paying something for e such that , pi(e) > ce or ce > ;pi(e) > 0, then i
could take away part of his payment for e and not changethe graph of bought edgesat all.

Figure 3.1: A gamewith no Nash equilibria.

19
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Nash Equilibria May Not Exist It is not always the casethat sel sh agerts can agreeto
pay for a network. There are instancesof the connectiongamewhich have no deterministic Nash
equilibria. In Figure 3.1, there are 2 players, one wishing to connectnode s; to nodet;, and the
other s, to t,. Now supposethat there exists a Nash equilibrium p. By Property 1 above, in
a Nash equilibrium G, must be a forest, so assumewithout loss of generality it consistsof the
edgesa, b, and c. By Property 2, player 1 only cortributes to edgesa and b, and player 2 only
contributes to edgesb and c. This meansthat edgesa and ¢ must be bought fully by players 1
and 2, respectively. At least one of the two players must cortribute a positive amourt to edge
b. However, neither player can do that in a Nash equilibrium, since then he would have an
incertiv e to switch to the strategy of only buying edged and nothing else,which would connect
his terminals with the player's total payments being only 1. Therefore, no Nash equilibria exist
in this example.

Figure 3.2: A gamewith only fractional Nash equilibria

Fractional Nash Equilibria  When looking at the connection game,we might be tempted to
assumethat giving playersthe opportunit y to sharecostsof edgess an unnecessarycomplication.
However, sometimesplayers must sharecostsof edgesfor all playersto agreeon a network. There
are gameinstanceswhere the only Nash equilibria in existencerequire that players split the cost
of an edge. We will call such Nash equilibria fractional and we will call Nash equilibria that do
not involve players sharing costs of edgesnon-fractional.

Figure 3.2(a) is an example of a connection gameinstance wherethe only Nash equilibria are
fractional ones. Once again, player 1 would like to connects; and t;, and player 2 would like
to connects;, and t,. First, note that there is a fractional Nash equilibrium, as shown in Figure
3.2(b). In this casewe have that player 2 cortributes 5 to edgee and player 1 cortributes 1to e
and 3 to both of a and c. It is easyto con rm that neither player has an incentiv e to deviate.

Now we must shaw that there are no non-fractional Nash equilibria in this example. Obsere
that if edgee is not bought, then we have a graph which is e®ectiely equivalert to the graph
in which we showed there to be no Nash equilibria at all. Therefore any non-fractional Nash
equilibria must buy edgee. Giventhat edgee must be bought, it is clear that player 2 will only
cortribute to edgee. For a Nash equilibrium p to be non-fractional, this would meanthat player
2 either buys edgee fully or buys nothing at all. Supposeplayer 2 buys e. The only response
for which player 1 would not want to deviate would be to buy a and c. But then player 2 hasan
incertiv e to switch to either edgeb or d. Now supposeplayer 2 doesnot buy e. Then the only
responsefor which player 1 would not want to deviate would be to either buy a and b or buy ¢
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and d. Either way, player 2 doesnot succeedin joining his sourceto his sink, and thus has an
incentiv e to buy an edge. Hence,there are no non-fractional Nash equilibria in this graph.

The Price of Anarc hy We have now shown that Nash equilibria do not have to exist. How-

ever, when they exist, how bad can these Nash equilibria be? As mentioned above, the price of
anarchy often refersto the ratio of the worst (most expensiwe) Nash equilibrium and the optimal

certralized solution. In the connection game, the price of anarchy is at most N, the number of
players. This is simply becauseif the worst Nash equilibrium p costsmore than N times OPT,

the cost of the optimal solution, then there must be a player whose payments in p are strictly

more than OPT, so he could deviate by purchasing the ertire optimal solution by himself, and

connect his terminals with smaller payments than before. More importantly, there are cases
when the price of anarchy actually equalsN, sothe above bound is tight. This is demonstrated
with the examplein Figure 3.3. Supposethere are N players, and G consistsof nodess and t

which are joined by 2 disjoint paths, one of length 1 and and one of length N. Each player has
a terminal at s and t. Then, the worst Nash equilibrium has eadt player cortributing 1 to the

long path, and has a cost of N. The optimal solution here has a cost of only 1, so the price
of anarchy is N. Therefore, the price of anarchy could be very high in the connection game.
Howewer, notice that in this example the best Nash equilibrium (which is ead player buying Ni

of the short path) hasthe samecost as the optimal certralized solution. We have now shown

that the price of anarchy can be very large in the connection game, but the price of stability

remains worth considering, since the above example shows that it can di®er from the price of
anarchy by as much asa factor of N.

Figure 3.3: A gamewith price of anarchy of N

All the resultsin this sectionalsohold if G is directed or if eat player i hasa maximum cost
max(i) beyond which he would rather pay nothing and not connect his terminals.

3.2 Single Source Games

As we shaw in Section 3.4, determining whether or not Nash equilibria exist in a generalinstance
of the connection game is NP-Hard. Furthermore, even when equilibria exist, they may be
signi cantly more expensive than the certrally optimal network. In this sectionwe de ne a class
of gamesin which there is always a Nash equilibrium, and the price of stability is 1. Furthermore,
we show how we can usean approximation to the certrally optimal network to construct a (1 + 2)-
approximate Nash equilibrium in poly-time, for any 2 > 0.

De nition 3.2.1 A singlesourcegameis a gamein which all players share a common terminal
s, and in addition, each player i has exactly one other terminal t;.

We will now shaw that the price of stability is 1 in single sourcegames. To do this, we must
argue that there is a Nash equilibrium that purchasesT®, the minimum cost Steiner tree on the
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players' terminal nodes. There are a humber of standard cost-sharing methods for sharing the
cost of a tree among the terminals. The two most commonly studied methods are the Shapley
value and the Marginal Cost mechanisms[32]. The Marginal Cost (or VCG) mechanismsare very
far from being budget balanced,i.e. the agerts do not pay for evena constart fraction of the tree
built. The Shapley value medanism is budget balanced: the cost of ead edgeis evenly shared
by the terminals that usethe edgefor their connection (i.e., the terminals in the subtree belon
the edgee). However, the medanism does not lead to a Nash equilibrium in our game: some
players can have cheaper alternate paths, and hencebenet by deviating. Jain and Vazirani [46]

give a truthful budget balanced cost-sharingmedanism to pay for the minimum spanning tree,
which is a 2-appraximate budget balanced medanism for the Steiner tree problem. However, it

is only a 2-appraximation, and the cost-sharesare not assaiated with edgesthat the agerts use.
Here we will shav that while the traditional Steiner tree cost-sharingmethods do not lead to a
Nash equilibrium, such a solution can be obtained.

Theorem 3.2.2 In any single source game, there is a Nash equilibrium which purchasesT®, a
minimum cost Steiner tree on all players' terminal nodes.

Proof. Given T", we preseri an algorithm to construct payment strategiesp. We will view
T as being rooted at s. Let T, be the subtree of T® disconnectedfrom s when e is removed.
We will determine payments to edgesby consideringedgesin reversebreadth rst seard order.
We determine paymernts to the subtree T, before we consideredgee. In selectingthe payment
of agert i to edgee we considerc’, the costthat player i facesif he deviatesin the nal solution:
edgesf in the subtree T, are consideredto costp; (f ), edgesf not in T” costc(f ), while all other
edgescost 0. We newver allow i to contribute somuch to e that his total payments exceedhis cost
of connectingt; to s.

Algorithm  3.2.3 Initialize pi(e) = 0 for all players i and edges e.
Loop through all edges e in T® in reverse BFSorder.
Loop through all players i with tj 2 Te until e paid for.
If eis acut in G set pi(e) = c(e).
Otherwise
Define cXf) = pi(f) for all f 2 T" and
cf)=c(f) for all f 2T".
Define A; to be the cost of the cheapest path from s to
ti in Gnfeg L’gder modified costs c°
Define pi(T*) 5 ¢o7e Pi(f).
Define p(e) = ; pj(€).
Set pi(e) = minfA i pi(T%);c(e)i p(e)g.
end
end
end

We rst claim that if this algorithm terminates, the resulting payment forms a Nash equilib-
rium. Consider the algorithm at some stage where we are determining i's payment to e. The
cost function cis de ned to re°ect the costsplayer i facesif he deviatesin the nal solution. We
never allow i to contribute somuch to e that his total payments exceedhis cost of connectingt;
to s. Thereforeit is never in player i's interest to deviate. Sincethis is true for all players, p is
a Nash equilibrium.

We will now prove that this algorithm succeedsn paying for T°. In particular, we needto
shaow that for any edgee, the players with terminals in T, will be willing to pay for e. Assume
the players are unwilling to buy an edgee. Then ead player has somepath which explains why
it can't contribute more to e. We can use a carefully selectedsubset of these paths to modify
T7, forming a cheaper tree that spansall terminals and doesn't cortain e. This would clearly
cortradict our assumptionthat T® had minimum cost.
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Figure 3.4: Alternate paths in single sourcegames.

De ne player i's alternate path A; to bethe path of costA; found in Algorithm 3.2.3,asshown
in Figure 3.4. If there is more than one suc path, chooseA; to be the path which includes as
many ancestorsof tj in T aspossiblebeforeincluding edgesoutside of T”. To shaw that all edges
in T® are paid for, we needthe following technical lemma concerningthe structure of alternate
paths.

(b)

Figure 3.5: Alternate path structure in the proof of Theorem 3.2.2.

Lemma 3.2.4 SupmseA,; is i's alternate path at some stage of the algorithm. Then there are
two nodesv and w on A;, suchthat all edgeson A; from t; to v are in Te, all edgesbetween v
andw arein EnT", and all edgesbetween w and s arein T° nTe.

Proof. Once A reachesa node w in T nTe, all subsequeh nodesof A; will bein T® nT,, as
all edgesf in T®nT, have costcf) = 0 and the sources isin T nT.. Thus, supposeA; begins
with a path P; in T, followed by a path P, containing only edgesnot in T, beforereacing a
node x in Tg, asshown in Figure 3.5(a). Let y be the lowest common ancestorof x and t; in Te.
Obsene that P, is strictly below y. De ne P3 to be the path from t; to y in Te, and de ne P4 to
be the path from y to x in T.. We now shaw that under the modied cost function c® P3[ Py is
at leastascheapasP; [ P,. SinceP; [ P, includesa higher ancestorof t; than A; (namely y),
this cortradicts our choice of A;.

Considerthe iterations of the algorithm during which playeri could have cortributed to edges
in P3. At ead of these stepsthe algorithm computesa cheapest path from t; to s. At any time,
player i's payments are upper bounded by the modi ed cost of his alternate path, which is in
turn upper bounded by the modi ed cost of any path, in particular A;. Furthermore, at eath
of these stepsthe modi ed costs of all edgesin A; above x are 0. Therefore i's cortribution



24

to Pz is always at most the modi ed cost of P; [ P,. The modi ed cost of P, is always 0, as
none of the edgesin P4 are on player i's path from t; to s in T®. Together these imply that
cAP3[ Ps) = cXP3) - cAP1[ Pa). 2

Thus, players' alternate paths may initially use some edgesin Te, but subsequetly will
exclusively use edgesoutside of T.. We usethis fact in the following lemma.

Lemma 3.2.5 Algorithm 3.2.3 fully pays for every edgein T°.

Proof. Supposethat for someedgee, after all players have contributed to e, p(e) < c(e).

For eadh player i, considerthe longestsubpath of A; containing t; and only edgesin T.. Call
the highest ancestorof t; on this subpath i's deviation point, denotedd;. Note that it is possible
that d = t;. Let D be a minimum set of deviation points suc that every terminal in T hasan
ancestorin D.

Suppose every player i with a terminal t; in D deviatesto Aj, as shown in Figure 3.5(b),
paying his modi ed coststo eac edge. Any player i deviating in this manner doesnot increase
his total expenditure, as player i raised p;(€) until p; matched the modi ed cost of Aj. The
remaining players leave their payments unchanged.

We claim that now the edgesbought by playerswith terminals in T connectall theseplayers
to T°nTe. Toseethis, rst considerany edgef below a deviation point d; in D. By Lemma3.2.4,
player i is the only deviating player who could have beencontributing to f. If i did contribute
to f, then f must be on the unique path from t; to d; in Te. But by the de nition of d;, this
meansthat f isin A;. Thus player i will not changehis payment to f .

De ne T; to be the subtree of T, rooted at d;. We have shown that all edgesin T; have been
bought. By Lemma 3.2.4, we know that A; consistsof edgesin T; followed by edgesin E nT
followed by edgesin T® nT.. By the de nition of c®, the modi ed cost of those edgesin E nT®
is their actual cost. Thusi pays fully for a path connectingT; to T® nTe.

We have assumedthat the payments generatedby the algorithm for players with terminals
in Te were not suzcient to pay for those terminals to connectto T° nT.. However, without
increasingany players' payments, we have managedto buy a subsetof edgeswhich connectsall
terminals in Te to T° nTe. This contradicts the optimality of T®. Thus the algorithm runs to

completion. 2
Sincewe have also shawn that the algorithm always producesa Nash equilibrium, this concludes
the proof of the theorem. 2

We will now argue that Algorithm 3.2.3 works even if the graph is directed. It is still the
casethat if the algorithm does succeedin assigning paymernts to all edges,then we are done.
Hence,to prove correctness,we will again needonly shaow that failure to pay for an edgeimplies
the existenceof a cheaper tree, thus yielding a cortradiction. The problem is that Lemma 3.2.4
no longer holds; it is possiblethat some of the players attempting to purchasean edgee have
an alternate paths which repeatedly movesin and out of the subtree T.. Thus, the argumern is
slightly more complex.

Lemma 3.2.6 Algorithm 3.2.3 fully pays for every edgein T* for directed graphs.

Proof. Supposethe algorithm fails to pay for someedgee. At this point, every player i with
a terminal in T, has an alternate path A;, asde ned earlier. De'ne D to be the set of vertices
cortained in both T, and at least one alternate path. Note that D cortains all terminals that
appearin Te. We now create D°p D by selectingthe highestelemerts of D ; we selectthe set of
nodesfrom D that do not have ancestorswith respectto T, in D. Every terminal in T, hasa
unique ancestorin D°with respect to Te, and every node in D° can be assaiated with at least
one alternate path.

For any nodev; 2 D° let A; be the alternate path containing v; . If more than one suc path
exists, simply selectone of them. De ne AJ-0 to be the portion of this path from v; to the rst
node in T nT.. We can now form T asthe union of edgesfrom T n T, all paths A?, and every
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subtree of T, rooted at a node in D% T° might not be a tree, but breaking any cyclesyields a
tree which is only cheaper.

It is clear that all terminals are connectedto the root in TC since every terminal in Te is
connectedto somenode in D% which in turn is connectedto T nTe. Now we just needto prove
that the cost of our new tree is lessthan the cost of the original. To do so, we will show that
the total cost of the subtreesbelow nodesin D, together with the cost of adding any additional
edgesneededby the paths Ajo, is no greater than the total payments assignedby the algorithm
to the playersin T, thus far. Henceit will be helpful if we cortinue to view the new tree asbeing
paid for by the players. In particular, we will assumethat all players maintain their original
payments for all edgesbelov nodesin D and the additional cost of building any path A]-O is
covered by the player for which A; wasan alternate path. It now sutcesto shaw that no player
increasestheir paymernt.

For the caseof those playerswho are not assaiated with a node from D@, this trivially holds,
sincetheir new payments are just a subsetof their original payments. Now consider a player i
who must pay for any unbought edgesin the path AJQ, which starts from nodev; 2 D Note that
player i's terminal might not be cortained within the subtree rooted at v;. If it is, then we are
done, sincein this case,player i's new costis at most the cost of A;, which is exactly i's current
paymert.

Figure 3.6: Alternate path structure in the proof of Lemma 3.2.6.

Thus suppose instead that player i's terminal lies in a subtree rooted at a node v, 2 D°
(this caseis shown in Figure 3.6). De ne u to be the least common ancestorof v, and v; in Te.
Obsene that u can not be either v or v;, asthis would cortradict the minimality of the set DO
De ne P; to bethe current payments made by player i from its terminal to u, and let P, be the
current payments made by player i from u to e (inclusive). De ne P3 asthe cost of A; nAJQ and
let P4 be the cost of AJQ. By the de nition of alternate path,

P1+ P2: P3+ P4:
Furthermore, sincewe have already successfullypaid for a connectionto u, we know that

Ps, Pu;

sinceotherwise, when we were paying for the edgesbetweenvy and u, player i would have had an
incertiv e to deviate by purchasing P; and then using the path from v; to u in Te, which would
have beenfree for i. HenceP,4 - P».

Therefore we can bound player i's cortribution to edgesbelow D° by P; (since u lies above
Vi), and we can bound player i's cortribution to AJ-0 by P,. Taken together, we have that player
i's new cost has not increased. Thus no player has increasedtheir payments, and yet the total
cost of the tree has decreasedwhich is a cortradiction. 2
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We have shawn that the price of stability in a single sourcegameis 1. However, the algorithm
for "nding an optimal Nash equilibrium requiresusto have a minimum cost Steiner tree on hand.
Sincethis is often computationally infeasible, we presen the following result.

Theorem 3.2.7 Suppse we have a single source game and an ®-approximate minimum cost
Steiner tree T. Then for any " > 0, there is a poly-time algorithm which returns a (1 + ")-
approximate Nash equilibrium on a Steiner tree T% where ¢(T9 - ¢(T).

Proof. To nd a (1 + ")-approximate Nash equilibrium, we start by dening ° = (1"55%)@-
We now use Algorithm 3.2.3to attempt to pay for all but ° of ead edgein T. SinceT is not
optimal, it is possiblethat even with the ° reduction in price, there will be someedgee that the
players are unwilling to pay for. If this happens, the proof of Theorem 3.2.2 indicates how we
can rearrange T to decreaseits cost. If we modify T in this manner, it is easyto show that we
have decreasedts cost by at least °. At this point we simply start over with the new tree and
attempt to pay for that.

Each call to Algorithm 3.2.3can be madeto run in polynomial time. Furthermore, sinceead
call which fails to pay for the tree decreaseshe cost of the tree by °, we can have at most @ Jen
calls. Thereforein time polynomial in n, ®, and "i 1, we have formed a tree TOwith ¢(T9 - ¢(T)
sud that the players are willing to buy TCif the edgesin T? have their costsdecreasedoy °.

For all players and for ead edgee in T we now increasep;(€) in proportion to p; so that
e is fully paid for. Now TOis clearly paid for. To seethat this is a (1 + ")-approximate Nash
equilibrium, note that player i did not want to deviate before his payments were increased. If
we let m° be the number of edgesin T then i's payments were increasedby

o P oo @p@IM® - eMpT) g,
«(T9Yi m® @+ ")N®((TYi m®) &L+ ")(1i ")(T9 T
Thus any deviation yields at most an " factor improvemert. 2
Extensions

Both theorems 3.2.2 and 3.2.7 can be proven for the casewhere our graph G is directed, and
playerswish to purchasepaths from t; to s. Oncewe have shown that our theoremsapply in the
directed case,we can extend our model and give eat player i a maximum cost max(i) beyond
which he would rather pay nothing and not connect his terminals. It sutces to make a new
terminal t° for each player i, with a directed edge of cost 0 to t; and a directed edge of cost
max(i) to s.

3.3 General Connection Games

In this sectionwe dealwith the generalcaseof playersthat canhave di®erert numbersof terminals
and do not necessarilysharethe samesourceterminal. As stated before, in this casethe price of
anarchy can be aslarge as N, the number of players. However, even the price of stability may
be quite large in this generalcase.

Consider the graph illustrated in Figure 3.7, where ead player i owns terminals s; and t;.
The optimal certralized solution hascost1+ 3". If the path of length 1 werebought, ead player
i > 2 will not want to pay for any " edges,and therefore the situation of players1 and 2 reduces
to the examplein Section 3.1 of agamewith no Nash equilibria. Therefore, any Nash equilibrium
must involve the purchaseof the path of length N j 2. In fact, if ead playeri > 2 buys ﬁ of
this path, then we have a Nash equilibrium. Therefore, for any N > 2, there exists a game with
the price of stability being nearly N j 2.

Becausethe price of stability can be aslarge as £( N), and sometimespure Nash equilibria
may not exist at all, we cannot hope to be able to provide cheap Nash equilibria for the multi-
sourcecase. Therefore, we considerhow cheap ®-approximate Nash equilibria with small ® can
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Figure 3.7: A gamewith high price of stability.

be, and obtain the following result, which tells us that there always exists a 3-appraximate Nash
equilibrium as cheap asthe optimal certralized solution.

Theorem 3.3.1 For any optimal centralized solution T“, there exists a 3-approximate Nash
equilibrium suchthat the purchasel edgesare exactly T".

To prove this, we use Theorem 3.3.2, which provides suxcient conditions for an approximate
Nash equilibrium. In Subsection3.3.2 we complete the proof of Theorem 3.3.1. In Subsection
3.3.3we addressthe very special casewhere the underlying graph is a path, and in Subsection
3.3.4 we give lower bounds and a polynomial time algorithm for "nding an approximate Nash
equilibrium.

3.3.1 Suzxcien t Conditions for Appro ximate Nash Equilibria

Given a set of bought edgesT, denote by a stable payment p; for player i a payment suc that
player i has no better deviation than p;, assumingthat the rest of T is bough by the other
players. A Nash equilibrium must consist of stable payments for all players. Howewer, what
if in some solution, a player's payment p; is not stable, but is a union of a small number of
stable payments? This implies that ead player's best deviation is not much lessthan its current
payment. Speci cally, we have the following generaltheorem.

edgesT. If for all i, the payment p; is a union of at most ® stable payments (with resgect to T),
then p is an ®-approximate Nash equilibrium.

Proof. Let p? be the best deviation of player i given p, and let p!; p?;:::;p® be the stable
payments which together form p;. The fact that p is a valid deviation for i meansthat the set
of bought edgesT with p; taken out and p° added still connectsthe terminals of i. p! being a
stable payment meansthat if i only pays for p| and the rest of T is bought by other players,
then the best deviation of i is al least as expensive than p!. In this case,p? is still a possible
deviation, sinceif taking out p; and adding p? connectsthe terminals of i, then so does taking
out pl and adding p?. Therefore, we know that the cost of p? is no smaller than the cost of any
pl, and ® ¢cost(p?) , cost(p;), asdesired. 2

Notice that the corverseof this theorem is not true. Consider an example where player i is
contributing to an edgewhich it doesnot useto connectits terminals. If this edgeis cheap, this
would still form an approximate Nash equilibrium. Howewer, this edgewould not be contained
in any stable payment of player i, sop; would not be a union of stable paymerts.

To prove Theorem 3.3.1, we will construct a payment scheme on the optimal certralized
solution such that ead player's paymernt is a union of 3 stable payments. The stable payments
we use for this purposeinvolve ead edge being paid for by a single player, and have special
structure. We call these payments connection sets Since there is no sharing of edge costs
by multiple players in connection sets, we will often use sets of edgesand sets of payments
interchangeably T° below denotesan optimal certralized solution, which we know is a forest.
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De nition 3.3.3 A connection set S of player i is a subsetof edgesof T® such that for each
connected component C of the graph T® n'S, we havethat either

(1) any player that hasterminals in C hasall of its terminals in C, or

(2) playeri hasa terminal in C.

Intuitiv ely, a connectionset S is a set suc that if we removedit from T and then somehav
connectedall the terminals of i, then all the terminals of all players are still connectedin the
resulting graph. We now have the following lemma, the proof of which follows directly from the
de nition of a connection set.

Lemma 3.3.4 A connection setS of playeri is a stable payment of i with respect to T°.

Proof. Supposethat player i only pays exactly for the edgesof S, and the other players buy
the edgesin T°nS. Let Q beabestdeviation of i in this case.In other words, let Q be a cheapest
set of edgessudc that the set (T°nS) [ Q connectsall the terminals of i. To prove that S is a
stable payment for i, we needto show that cost(S) - cost(Q).

Considertwo arbitrary terminals of any player. If theseterminals are in di®erert componerts
of T°nS, then by de nition of connection set, eac of these componerts must have a terminal of
i. Therefore, all terminals of all players are connectedin (T”nS) [ Q, since(T”nS)[ Q connects
all terminals of i. SinceT" is optimal, we know that cost(T") - cost{((T°nS)[ Q). SinceSpu T*
and Q is disjoint from T°nS, then cost((T°nS) [ Q) = cost(T") j cost(S) + cost(Q), and so
cost(S) - cost(Q). 2

More generally, if we assumeplayer i is paying exactly for asetS pu T°, considerthe compo-
nents of T°nS which do not obey Property 1 of De nition 3.3.3. We will call such componerts
uncoupled, sincethere are terminals in them which are not connected. If S is a connection set,
eac such componert contains a terminal of i. Call theseterminals the certi ¢ ate terminals of
S. If S is not a connection set, there may be componerts without certi cate terminals in them.

3.3.2 Proof of Theorem 3.3.1 (Existence of 3-Appro x Nash Equilib-
rium)

In this subsection, we prove that for any optimal certralized solution T®, there exists a 3-
approximate Nash equilibrium sud that the purchasededgesare exactly T".

Let T' be the unique smallest subtree of T® which connectsall terminals of player i. For
simplicity of the proof, we assumethat T* is a tree, since otherwise we can apply this proof to
eac componert of T°.

By Theorem 3.3.2and Lemma 3.3.4,to prove Theorem 3.3.1it is enoughto nd a payment
schemefor T® sothat no player pays for more than 3 connection sets. We now exhibit such a
scheme. First, ead player i pays for the edgesbelongingonly to T' and no other tree T!. This
is clearly a connection set, so we want ead player to pay for at most 2 more. We can cortract
the edgesnow paid for, forming a new tree T which the players must pay for, and on which
eah edgebelongsto at least two di®erert T''s.

Intuition and Pro of Outline By Lemma 3.3.5, we know how to make ead player pay for
at most two connection setsif T is just a path. The idea of the proof of Theorem 3.3.1is to
partition the tree T into paths, use Lemma 3.3.5to form payments on these paths, and then
\ho ok up" all thesepayments together sothat in total, ead player is still paying for 2 connection
sets.

The partitioning processinto paths works as follows. At rst we take an arbitrary demand
path R (i.e. take 2 terminals belonging to the same player, and take the path in T® between
them). Now we use Lemma 3.3.5on this path. We get payments for this path, and a set A of
terminals. We add the paths starting at terminals of A and ending at R to our partition, and
cortinue like this recursively. (This is the purposeof the set A in Lemma 3.3.5).
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Now we must prove that these payments which were done on a \path-b y-path" basisform a
\2-connection-set" payment on the ertire tree T”. This is shavn in Lemma 3.3.6.

Sg

R(s2) S

S

Figure 3.8: A decomposition of T into paths R(t)

The Payment Scheme and Path Partitioning Now we recursively assignplayers to the

edgesof T". Each edgewill be assigneda player, which will pay for it. At every point in this

process,we have a set of directed paths R to be paid for. Each of these paths is labeled with

someterminal s at which it begins,and ead of these paths endsat a node of a path paid for at

a previous time. We will call such a path R(s), sincefor ead terminal there will be at most 1
path starting at that terminal, and we will call the last node of this path r(s). Figure 3.8 shaws
a decomposition of T” into these paths after this recursionis done. To explain how this process
of path decompsition proceeds,we rst needthe following key lemma about connection setsin

paths.

Suppose our ertire graph is a path P, with nodesvy, k = 1:::n. Denote the set of all
terminals located at v by Uy. Selectan arbitrary terminal s 2 U; sud that the player owning
s also owns a terminal in U, (if none suc exists, things only becomeeasier). The following
technical result holds in this scenario.

and a payment schemeon path P with each player i paying exactly for the set of edgesS; such
that:

1. Any playeri owning a terminal in U, pays for at most 1 connection set, with all certi ¢ ate
terminals from A or U,.

2. If playeri ownss, it pays for at most 1 connection set, with all certi ¢ ate terminals from
A (not Up).

3. If playersi doesnot own a terminal in U, there is at most one uncoupled component of
PnS; without a certi ¢ ate terminal of i from A.

The proof of this lemma can be found in the next subsection. We can now explain the
recursive processof path decomposition. Initially , select R(s) to be a path from an arbitrary
terminal s to another terminal of the sameplayer in T', direct this path away from s, and set
R = fR(s)g. At ead time stept in the recursion, we have a subsetT of T® which has already
been assignedpaymernts, a set of paths R that needsto be paid for, and the rest of T°, which
has not beenpartitioned into paths yet. The recursion proceedsuntil all of T is paid for. For
eah R(s) 2 R, we do the following:
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1. Invoke Lemma 3.3.5, with P = R(s) and Uy being all the terminals in the subtree of T"
containing vi that we obtain by cutting the edgesin R(s) incident to vx. U; 6 fsg because
we have cortracted all edgesbelongingto a single T'. From Lemma 3.3.5, we obtain a
payment assignmei for R(s), and a set of terminals A = fs;;:::g sud that s 2 Uy.

2. For each k, let R(sk) be the path from s 2 A to v, in T, and add this path to the set of
paths R that needsto be paid for.

3. For every edgee incident to a node v 2 R(s) which is not already paid for, and which is
not coveredby R, let s be an arbitrary terminal in the subtree not cortaining v obtained
by cutting e, with the condition that if playeri ownss® thene2 T'. Let R(s9 be the path
from s%to vy, and add it to R.

In this recursive manner, we decomposeall of T into paths, and assignwhich player pays
for which edges. Supposethis processruns for ¢ time steps(so T is decomposedinto ¢, paths).
Let S; be the edgespaid for by player i after this process,and let S;(t; t9 be the edgesassigned
to player i in the time stepst and t° inclusive. In other words, S; = S;(1;¢).

To prove Theorem 3.3.1, we now needto prove that in this payment scheme,ead player pays
for at most 2 connection sets. In fact, we now prove the following lemma, which is a stronger
statemert.

Lemma 3.3.6 Suppmse the recursive processassignsedgessS; to be paid for by playeri. Then
there is at most 1 connected component of T°nS; which is uncoupled and does not contain a
terminal of i. Furthermore, this component must intersect the path R(s) which is the rst path
paid for sharing edgeswith T'.

Proof. For eath path R(s) in the above recursive process,let T(s) be the tree corntaining
R(s) obtained by removing the last node r(s) of R(s) from T“. Along with this lemma, we will
also prove the following invariant: If i ownss, then the component of T”nS; (t; ¢) containing r(s)
always contains a terminal of i in T(s).

R(Sy) (le——e

S

Figure 3.9: A snapshotof the recursive processat the point where R(ss) is being paid for.

We prove this inductiv ely in reverse,i.e. at ead step of the induction we show that the lemma
holds for Si(t; ¢) instead of S, decreasingt at every step. In the basecaseof Sj(¢ + 1,¢) = ;,
the players have not beenassignedany payments, sothe lemma and the invariant are trivially
true. Now assumethat the lemma and the invariant hold for S;(t + 1;¢). We want to show that
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they also hold for Si(t; ¢). At stept in the above recursive process,there is somesubtree T of
T which has already beenassignedpaymerts, there is a set of paths R we are currently trying
to pay for, and there is the rest of T®, which has not been partitioned into paths yet. Figure
3.9 shaws the tree T” at the time step when R(ss) is being paid for. In the "gure, R consistsof
R(ss) and R(s4), with the parts of T® involving sg; Sg, and sg not having been paid for or put
into R.

At stept, we invoke Lemma 3.3.5to assignplayer payments for a path R(s) 2 R. Suppose

R(s) is of length n, and let P and Ui be the path and sets which we give to Lemma 3.3.5as
inputs. We now have 3 casesto consider.
Case 1: Playeri hasno terminals outside T (s). If all of i's terminals are in the sameset Uy, then
the Lemma still holds by the inductiv e hypothesis. Otherwise, every componert of T"nS;(t; ¢)
that doesnot intersect R(S) is either coupled or has a terminal of i by the inductiv e hypothesis.
By Lemma 3.3.5, we know that at time stept, all except 1 connectedcomponert of TnS;(1;t)
intersecting R(s) is coupled or contains a certi cate terminal of i. The recursive processat step
t adds paths starting at thesecerti cate terminals to R, and becauseof the invariant being true
after stept, all the corresponding componerts of T*nS; still contain a terminal of i. [Maybe put
in more explanation about what "corresponding” means, and that the coupled componerts of
T°nS;(1;t) are still coupledin T°nS;(t; ¢)] This provesthe Lemma for this case. The fact that
i has no terminals outside T (s) implies that R(s) is the rst path being paid for that intersects
T', asdesired.

If i owns s, we must also show that the invariant still holds. In the recursive process,s can
only be chosenas the terminal to head R(s) if all of R(s) is in T'. Sincei has no terminals
outside T(s), this implies that r(s) is a terminal of i. Therefore, the invariant is satis ed.

Case 2: Playeri hasterminals outside T(s) and ownss. As before,the componerts of T°nS; (t; ¢)
not intersecting R(s) must either be coupledor contain aterminal of i by the inductiv e hypothesis.
When we invoke Lemma 3.3.5 at step t, U, contains a terminal of i, so Lemma 3.3.5tells us
that i pays for at most 1 connection set S;(t;t) in R(s), and all of the certi cate terminals of

intersecting R(s) is either coupled or cortains a certi cate terminal of i from A. By the same
argumert asin Step 1, the samemust be true for all componerts of T°nS; (t; ¢).

We must also shaw that the invariant still holds. Consider the componert C of TnS;(t; ¢)
cortaining r(s). If it is coupled, then it must cortain all terminals of i, sincei has terminals
outside T(s). Therefore, it must cortain s, sinceit is a terminal of i, and so the invariant is
satis'ed. If C is uncoupled,it must have contained a certi cate terminal of i from A during the
invocation of Lemma 3.3.5. That terminal s°is cortained in T(s), and a path R(s® must have
beenaddedto R at stept. By the invariant, there must be a terminal of i in the componert of
T(sOnS;(t + 1;¢) intersecting R(s). Since S;(t; t) doesnot involve any payments to T(s9, this
meansthe invariant still holds.

Case 3: Player i hasterminals outside T(s), but doesnot own s. This meanswhen we invoke
Lemma 3.3.5, U, cortains a terminal of i, so Lemma 3.3.5 tells us that i pays for at most 1
connection set S;(t; t) in R(s), and all of the certi cate terminals of S;(t;t) are from A or U,.
By an argumert similar to Case2, both the Lemma and the invariant still hold. 2

3.3.3 Proof of Lemma 3.3.5 (Connection Sets in Paths)

In this section, we prove Lemma 3.3.5 about connection setsin paths. This lemma is a basic
building block for our proof of Theorem 3.3.1, and is a rather technical result.

Proof. Throughout this proof, we order the nodesof P from v, to v,,. For example,the \'rst"
terminal of i will meanthe one closestto v;.

For every terminal u 2 Uy, with k 6 n, de ne a subpath Q(u) as follows. If there exists a
node v- with ~ > k and the player who owns u also owns a terminal in U-, then set Q(u) to be
the subpath of P from vy to v-. If there is no such node, set Q(u) to be the subpath of P starting
at the “rst terminal of the player who owns u, and ending at vy.
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In the special casewhere the sameplayer owns both u and s, if there exists a node v- with
* < k and the player who owns u also owns a terminal in U-, then set Q(u) to be the subpath
from v- to vk. If there is no such node v+, set Q(u) to be empty.

Qluy) Q(up)  Quz)  Q(uy)

Quy)  Qup)  Q(uz)  Q(uy)

(b)

Q(uy)
Qu;)) Quy)  Q(uy)

(©

Figure 3.10: The paths Q(u) for a singleplayeri. (a) i doesnot own s, but hasa terminal in U,
(b) i ownss (c) i doesnot own s or a terminal in U,

Figure 3.10(a) illustrates what the paths Q(u) for terminals u of i look like if i doesnot own
s and owns a terminal in U,. In this “gure, the terminals u; through us are all the terminals of
i in any of the setsUy. Figure 3.10(b) shows the samething in the casethat i owns s. Figure
3.10(c) shows this for the casethat i owns neither s nor a terminal of U, .

Supposewe were able to form payments S; suc that for ead terminal u of i with u 62U,
we can include one edgeof Q(u) into S;, but nothing else. Then the conditions in Lemma 3.3.5
(not involving A) would be satis ed. The proof of this is as follows.

Case 1: i doesnot own s, and has a terminal in U,. Then every componert of PnS; contains
a terminal of i, sincethere is a terminal of i betweenevery Q(u) for u belongingto i, aswell as
beforethe “rst sud Q(u), and after the last one (since the last such Q(u) endsat v,,, and i has
aterminal in Uy,).

Case 2: i ownss. Similarly to Casel, every componert of PnS; cortains a terminal of i, since
there is a terminal of i betweenand after every Q(u) for u belongingto i by de nition of Q(u).
There is a terminal of i beforethe rst such Q(u) becauses belongsto i.

Case 3: i doesnot own s, and has no terminals in U,,. Let u®be the last terminal of i. For the
edgesof S; assaiated with Q(u), u 6 u® the argumert is the sameas the previous cases. We
now have an additional edgein Q(u% which is in S;. This edgecan form at most 1 componert
of PnS; which doesnot contain a terminal of i, as desired.

We have now shown that if we assciate ead edgeof S; with a path Q(u) for terminals u
owned by i sothat there is at most 1 edge assciated with ead Q(u), then the conditions of
Lemma 3.3.5 are satis ed. Now supposewe form payments S; sud that for ead terminal u of i
with u 62U, weinclude seweral edgesof Q(u) into Sj. Supposetheseedgesaree;;e;;:::e 2 Q(u)
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with e; being closestto s. As long asthe componerts of PnS; betweene and g+, are coupled,
then by the above argumernt the conditions of Lemma 3.3.5still hold. Our goalnow is to assiate
with ead terminal u of i, u 62U,, a set of edgese;;e;;:::e 2 Q(u) sothat each componert of
PnS; betweene and g+, is coupled.

Consider a pair of edgese and €° such that they are contained in exactly the same paths
Q(u). Let C bethe componert of Pnfe;e’g betweene and €°. Every path Q(u) that starts in C
must alsoend in C. This meansthat if a player i hasa terminal u®2 C, then all of i's terminals
must be in C, since by construction of the paths Q(u), for every terminal of i there is a path
Q(u) which starts at that terminal and ends at another terminal of i. C is coupled, therefore.
This implies that to prove this lemma, it is enoughfor usto assaiate with ead terminal u 62U,
a set of edgese;;e;:::e 2 Q(u) sothat theseedgeslie in exactly the samepaths Q(u), and so
that all edgesare covered by this assignmen.

De nition 3.3.7 A Q-setlL is a maximal set of edgesof P suchthat for everyedgee 2 L, the
set of paths Q(u) that contain e is exactly the same, for u 2 [ U.

We desireto form a matching between Q-setsand terminals u 62U,, covering the Q-sets, so
that if L is matched to u, then L p Q(u). Then if we set L to be paid for by the player that
owns u, the conditions in Lemma 3.3.5 are satis ed.

We alsowould like to construct a set A asspeci ed in the statemert of Lemma 3.3.5. Notice
that in the above caseargumert about componerts of P nS;, the certi cate terminals if only some
paths Q(u) have edgesin S; are asfollows. In Casel, they are the terminals u such that S; hasan
edgein Q(u), together with a terminal in U,. In Case2, they are the similar terminals together
with s. In Case3, they are the similar terminals together (possibly) with the last terminal of
i. Supposethat in the above matching, only a single terminal from ead Uy is matched to a
Q-set, and set A to be s together with the matched terminals. By this caseanalysis, for eah
player i, all the certi cate terminals are contained in A or U, and for the player that owns s,
all the certi cate terminals are cortained in A (not U,), asdesiredin Lemma 3.3.5. The only
unclear caseif for a player i in Case3. If the last terminal u® of i is matched to a Q-set and is
thereforein A, then we are done. Otherwise, it must be that i hasno componerts of PnS; which
are uncoupled and have no terminals of i, sincethere is only one Q-set paid for by i contained
in eadh Q(u) for u aterminal of i. Therefore, the right-most componert of PnS; is the only one
that may be uncoupledand not corntain a terminal of i from A, asdesired.

We have now shown that to prove the lemma, it is enoughto form a matching betweenQ-sets
and terminals u 62U,, covering the Q-sets, sothat if L is matched to u, then L p Q(u), and
so that only one terminal for eat Uy is matched to a Q-set. We do this by constructing the
following bipartite graph (Y;Z).

Let Y have a node for each Q-setin P, and let Z be the nodesof P. Form an edgebetween
anodevg 2 Z and node L 2 Y if there exists someterminal u 2 Ux such that L p Q(u). For
X p Y, dene @X) to be the set of nodesin Z which X has edgesto. According to Hall's
Matching Theorem, there exists a matching in this bipartite graph with all nodesof Y incident
to an edgeof the matching if for each setX p Y, j@X)j, jX|j. Arrange the edgesof the Q-sets
of X in the order they appear in P. We want to show that between every Q-set of X, there
appearsa node belongingto @X).

Consider someedgee of X that is not the rst onein P. Supposethis edgebelongsto Q-set
L, and the previous edgee® in X to someQ-set L% Sincetheseare di®eren Q-sets, there must
be somepath Q(u), with an endpoint at node v; betweene®and e, and u 2 Uy and v 2 @X)
(since Q(u) cortains either e or €9. If u belongsto the sameplayer ass, let Q(u) be the left-most
such path that cortains €°. This implies that v; = vy, sov; 2 @X). If u belongsto a player i
not owning s, let Q(u) be the right-most such path that contains e, if it exists. Once again, this
implies that v; = vk. If such a path doesnot exist, this implies that the right-most terminal u®
of i is betweene and €% and the left-most is not. By the de nition of Q(u9, it must be that
e’2 Q(u9, sowe have a node of @X ) betweene® and e.
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Now let L bethe rst Q-setof X that appearsin P. By our assumption,U; 6 fsg. Therefore,
there must be some Q(u) containing L such that u belongsto a di®eren player than s. By
construction of Q(u), u 2 Uk for somevy that comesbeforeL. This meansthat there is a node
of @X) beforeL.

Therefore, jXj - j@X)j, and so we can assigna terminal s 2 Uy to ead node v, k =
1:::nj 1, suc that theseterminals are matched to all the Q-setsof P, with the Q-set matched
to sk contained in Q(sk). By the above argument, this provesthe lemma. 2

3.3.4 Extensions and Lower Bounds

We have now shown that in any game,we can nd a 3-appraximate Nash purchasingthe optimal
network. We proved this by constructing a payment schemesothat ead player pays for at most
3 connectionsets. This is in fact a tight bound. In the exampleshown in Figure 3.11,there must
be playersthat pay for at least 3 connection sets. There are N players, with only two terminals
(si and t;) for each player i. Each player must pay for edgesnot usedby anyone else,which is a
single connectionset. There are 2N j 3 other edges,and if a player i pays for any 2 of them, they
are 2 separateconnection sets, sincethe componert betweenthese 2 edgeswould be uncoupled
and would not contain any terminals of i. Therefore, there must be at least one player that is
paying for 3 connection sets.

S; S S3 SN ST t3 tN

Figure 3.11: A graph where players must pay for at least 3 connection sets.

This exampledoesnot addressthe question of whether we can lower the approximation factor
of our Nash equilibrium to somethingother than 3 by using a method other than connectionsets.
As a lower bound, in Section 3.4 we give a simple sequenceof gamessud that in the limit, any
Nash equilibrium purchasing the optimal network must be at least (%)—approximate.

Polynomial-time  algorithm  Since the proof of Theorem 3.3.1 is constructive, it actually
contains a polynomial-time algorithm for generating a 3-appraximate Nash equilibrium on T°.
We can usethe ideasfrom Theorem 3.2.7 to create an algorithm which, given an ®-approximate
Steiner forest T, nds a (3 + ")-approximate Nash equilibrium which pays for a Steiner forest
TOwith ¢(T9 - ¢(T), as follows. However, this algorithm requires a polynomial-time optimal
Steiner tree nder as a subroutine. We can forego this requiremert at the expenseof a higher
approximation factor.

We start by de ning ° = % for " small enoughsothat ° is smaller than the minimum
edgecost. The algorithm of Theorem 3.3.1 generatesat most 3 connection setsfor ead player
i, even if the forest of bought edgesis not optimal. We usethis algorithm to pay for all but °
of eadh edgein T. We can ched if ead connection set is actually cheaper than the cheapest
deviation of player i, which is found by the cheapest Steiner tree algorithm. If it is not, we can
replace this connection set with the cheapest deviation tree and run this algorithm over again.
The fact that we are replacing a connection set meansthat all the terminals are still connected
in the new tree. If we modify T in this manner, it is easyto seethat we have decreasedts cost
by at least °.

We can now usethe argumerts from Theorem 3.2.7to prove that this algorithm producesa
(3+ ")-approximate Nash equilibrium, and runs in time polynomial in n, ® and"i 1. It requires
a poly-time Steiner tree subroutine, howewer. If eact player only hastwo terminals, nding the
cheapest Steiner tree is the sameas nding the cheapest path, so this is possible,and we can
indeed nd a cheap (3 + ")-approximate Nash equilibrium in polynomial time.
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For the casewhere players may have more than two terminals, we can easily modify the above
algorithm to use polynomial time approximations for the optimal Steiner tree, at the expense
of a higher approximation factor. If we use a 2-appraximate Steiner forest T, and an optimal
Steiner tree 1:55-approximation algorithm from [70] as our subroutine, then the above algorithm
actually givesa (4:65+ ")-approximate Nash equilibrium on T®with ¢(T% - 2¢OPT, in time
polynomial in n and "i 1.

3.4 Lower bounds and NP-Hardness
Lower bounds for appro ximate Nash on the optimal network

Claim 3.4.1 For any 2 > 0, there is a game such that any equilibrium which purchasesthe
optimal network is at least a (% i 2)-approximate Nash equilibrium.

(b)
Figure 3.12: A gamewith best Nash equilibrium on OPT tending to at leasta %-approximation.

Proof. Construct the graph Hy on 2N verticesasfollows. Begin with a cycle on 2N vertices,
and number the vertices 1 through 2N in a clockwise fashion. For vertex i, add an edgeto
verticesi+ N j 1 mod (2N) andi+ N + 1 mod (2N). Let all edgeshave cost 1. Finally, we
will add N players with 2 terminals, s; and t;, for ead player i. At node j, add the label s; if
j - N andtj; n otherwise. Figure 3.12(a) shows sudh a gamewith N = 5.

Consider the optimal network T consisting of all edgesin the outer cycle except (s1;tn ).
We would like to show that any Nash which purchasesthis solution must be at least (%g% -
approximate. This clearly would prove our claim.

First we show that players 1 and N are not willing to cortribute too much to any solution
that is better than (%)-approximate. Supposewe have suc a solution. De ne x to be player 1's
contribution to his connecting path in T, and de ne y to be his contribution to the remainder
of T®. Thus player 1 has a total payment of x + y. Player 1 can deviate to only pay for x.
Furthermore, player 1 could deviate to purchaseonly y and the edge(s;;tn). If we have a

solution that is at most (%)-approximate, then we have that Xfy s % and similarly ley s %
Taken together this implies that X}y s % or x+y - 3. A symmetric argumert shows that

player N is also unwilling to cortribute more than 3.

Thus we have that the remaining N | 2 players must together contribute at least 2N 7.
Therefore there must be someplayer other than 1 or N who cortributes ZN—NI% Supposeplayer i
is such a player. Let x be the amourt that player i cortributes to his connectingpath in T®. Let
y be his contribution to (sj; 1;si) and let z be his cortribution to (ti;ti+1). SeeFigure 3.12(b).

Now consider three possible deviations available to player i. He could chooseto cortribute

only x. He could cortribute y and purchaseedge(s;; 1;ti) for an additional costof 1. Or he could
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cortribute z and purchaseedge(s;;ti+1 ), alsofor an additional cost of 1. We will only consider
these possible deviations, although of coursethere are others. Note that if i was contributing
to any other portion of T, then we could remaove those contributions and increasex, y, and z,
thereby strictly decreasingi's incertive to deviate. Thus we can safely assumethat thesearei's
only paymernts, and hence

2N 7.

Nij 2

Sincei is currently paying at least x + y + z, we know that his incertive to deviate is at least

X+y+2z,

max( X2, X;Zl”; X2YEZ). This function is minimized whenx = y+ 1= z+ 1. Solving for x
we nd that
L AN 1L
* 3N 6°
Thus player i's incentiv e to deviate is at least
x+y+z 3Xj 2 2 3N j 6 6N j 21
s =3j —, 3j 2 - = - :
X X X AN j 11 4N 11

ThereforeasN grows, this lower bound on player i's incertiv e to deviate tends towards % Note
that in this proof, we only consideredone optimal network, namely T”. If we modify G by
increasing the costs of all edgesnot in T by somesmall " > 0, then T” is the only optimal
network. Repeating the above analysis under these new costsstill yields a lower bound of % for
the best approximate Nashon T in the limit asN grows and " tendsto O. 2

NP Completeness

In this section, we presert a brief proof that determining the existenceof Nash equilibria in a
given graph is NP-complete if the number of playersis O(n) (where n is the number of nodes
in the graph). We presert a reduction from 3-SAT to show that the problem is NP-hard. The
graph constructed will have unit cost edges.

Consider an arbitrary instance of 3-SAT with clausesC; and variables x;. We will have a
player for ead variable x;, and two players for eat clauseC;. For ead variable x; construct
the gadget shown in Figure 3.13a. The sourceand sink of the player x; are the vertices s; and
t; respectively. When player x; buys the left path or right path, this correspondsto x; being set
to be true or false, respectively. For clarity, we will refer to this player as being the i variable
player.

(@) (b)
Figure 3.13: Gadgetsfor the NP-completenessreduction.

Next, we construct a gadget for ead clauseC;. The construction is best explained through
an exampleclauseC; = (x1_ X2 _ X3) whosegadgetis givenin Figure 3.13b. The two playersfor
C; have their sourcesink pairs as (sj1;tj1) and (sj2;t;2) respectively. We will call both players
on this gadget clause players. The nal graph is constructed by gluing these gadgetstogether
at the appropriate labeled edges. Speci cally, the edgesin clausegadget C; labeled eir, er,
and e3r are the sameedgesthat appear in the corresponding variable gadgets. In other words,
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among all clausesand variable gadgets,there is only one edgelabeled ey and only one labeled
er , and all the interior nodesin the gadgetfor ead clauseC; are nodesin variable gadgets.

Supposethat there is a satisfying assignmen A in our 3-SAT instance. Considerthe strategy
in which variable player i fully buys the left path if x; is true in A and fully buys the right path
otherwise. Sincethis is a satisfying assignmenm, by our construction ead clausegadget has at
least one interior edgefully paid for by a variable player. For eat clauseC;, let e be one suth
edge, and let both players on this gadget buy the unique path of length 3 that connectstheir
terminals which usesedgee. It is easyto seethat the clauseplayers are satis ed as the cost of
this path to eat clauseplayer is 2, the minimum that he hasto pay on any path from source
to sink under the current payment scheme. The cheapest deviation for ead variable player also
costs 2, and therefore they do not have any incertive to move either. Thus, this forms a Nash
equilibrium.

Supposenow that there is a Nash equilibrium. We will argue that this Nash equilibrium has
to have a speci ¢ set of edgespaid for. First, note that the contribution of eath player is not
more than 2, asthe length of the shortest path is exactly 2.

Now supposesomeperimeter edgeof clauseC; is being bought. We know from the example
in Figure 3.1 that perimeter edgescannot be bought by the clauseplayersin C; alone, for that
would not constitute a Nash strategy. Therefore there must be some other player, variable or
clause,cortributing to the perimeter edgeof C; . Also, sincethis is a Nashstrategy, any perimeter
edgeon which there is a positive corntribution by any player must be fully bought. And onceany
perimeter edgeof C; hasa positive cortribution from a non-C; player the paymerts of both the
clauseplayers of C; will be strictly lessthan 2 in a Nash strategy.

Supposeone of the clauses,C;, has someperimeter edgebought. Sinceat Nash equilibrium,
the set of edgesbought must form a Steiner forest, we look at the componert of the Steiner forest
that hasthe the clauseC;. We will shawv that the number of edgesin this componert is more
than twice the number of players involved. Then, there must be a player who is paying more
than 2, and hencethis cannot be a Nash equilibrium.

Suppose there are x clause players and y variable players in the componert of the forest
containing C;. We know from the examplein Figure 3.1that x + y > 2. Then, the total number
of nodesin the Nash componert cortaining C; is 2x + 3y aswe haveto court the two source-sink
nodesfor eat clauseplayer and the three nodeson the path of ead variable player. Sincethis
is a connectedtree, the total nhumber of edgesin this componert is 2x + 3y j 1. The average
payment per player is then given by 23¥i2 = 2+ Y2 Now if y > 1, then the averagepaymert
per player is more than 2. Thus there must be someplayer who is paying more than 2, which
is infeasiblein a Nash. If y = 1, then the averagepayment per player is exactly 2. But again,
since we know that the clause players of C; pay strictly lessthan 2 ead, there must be some
player who pays strictly more than 2, which is again impossible. Lastly, we cannot havey = 0
as then whene\er a clauseplayer participates in paying for another clause,he must use a node
in the path of a variable player, and thereby include this variable player in the componert of C; .

This implies that variable players only select paths within their gadget. Furthermore, it
implies that variable players must pay fully for their ertire path. Supposei is a variable player
who has selectedthe left (true) path, but has not paid fully for the secondedgein that path.
The remainder of this cost must be paid for by some clause player or players. But for such a
clauseplayer to usethis edge,he must alsobuy two other edges,which are not usedby any other
player. Hencesud a clauseplayer must pay strictly more than 2. But there is always a path he
could useto connect of cost exactly 2, sothis can not happen in a Nash equilibrium. Thus we
have establishedthat variable players pay fully for their own paths.

Now considerany clausegadget. Sincewe have a Nash equilibrium, we know that only internal
edgesare used. But sinceead clauseplayer can connect his terminals using perimeter edgesfor
a cost of exactly 2, one of the interior variable edgesmust be bought by a variable player in ead
clause gadget. If we considera truth assignmem A in which Xx; is true if and only if player i
selectsthe left (true) path, then this obviously satis es our 3-SAT instance, as every clausehas
at least one variable forcing it to evaluate to true.
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Therefore, this game has a Nash equilibrium if and only if the corresponding formula is
satis able, and since this problem is clearly in NP, determining whether a Nash equilibrium
exists is NP-Complete.



Chapter 4
The Connection Game with Fair Sharing

In this chapter, we consider a version of the Connection Game where every player using an
edge e must pay a fair share of its cost. Such cost-sharing medanisms can be viewed as an
underlying protocol that determineshow much a network serving se\eral participants will cost
to ead of them. Our generalintent is to determine how this basic cost-sharingmedanism senes
to in°uence the strategic behavior of the users,and what e®ectthis has on the structure and
overall cost of the network one obtains. Many of the results in this chapter initially appearedin
[6].

To understand how much the fair sharing rule changesthe Connection Game, seeTable 4.1,
which lists someresults that hold in the Connection Game with Arbitrary Cost Sharing and
considerswhat happensto them oncewe intro duce the Shapley-walue cost sharing rule into the
game. We seea lot of improvemens. Nash equilibria (NE) always exist, for example, and the
P.o.S. (Price of Stability) in generalis at most O(log N). There are alsosomenice results that no
longer hold, howewer, such as our main price of stability result for single sourcegames,and the
fact that the certralized optimum (OPT) canbethought of asa™ -approximate Nashequilibrium,
with small —.

Arbitrary Sharing Fair Sharing
NE may not exist NE always exists
P.0.S.O(N) P.0.S.O(logN)
P.0.S.is 1 for Single Source | P.0.Sis -(log N) for Single Source
OPT is an approx NE OPT may be far from a NE
NE are trees NE can have cycles

Table 4.1: Comparison of someresults for di®erert versionsof the Connection Game

4.1 The Mo del with Fair Sharing

In this sectionwe considerthe Fair Connection Gamefor N playersasde ned in the Intro duction.
Let a directed graph G = (V;E) be given, with eath edgehaving a nonnegative cost c.. Each
player i has a set of terminal nodesthat it wants to connect. A strategy of a player is a set of
edgesS; ¥2 E such that S; connectsall of i's terminal nodes. We assumethat we usethe Shapley
value to sharethe cost of the edges,i.e. all players using an edgesplit up the cost of the edge
equally. Given a vector of players' strategiesS = (S;;:::;Sn), let xp be the number of players
whosestrategy contains edgee. Then the costto playeri is Ci(S) = ;5 (ce=Xe), and the goal
of eadh player is to connectits terminals with minimum total cost.

Notice that the player strategieshereare di®eren from the strategiesin the Connection Game
with Arbitrary Cost Sharing. In the latter, the players had to specify not only the edgesthey
wished to use, but also the payments that they would be willing to contribute to those edges.
This choiceis no longer in the hands of the players, sinceit is taken away from them by the fair
Shapley-\alue cost sharing. Sincea player has no choice in how much to pay for using an edge,
it suzces for it to specify which edgesit will useto connect, sincethe payments are implicitly
de ned by this choice. The Fair Connection Game, therefore, is the same as the Connection
Game with Arbitrary Cost Sharing, with the player payments p; constrainedto be of the form

Pi(€) = Ce=Xe.

39
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1+e

Figure 4.1: An instance in which the price of stability convergesto H(N) = £(log N) as" ! 0.

4.2 Nash Equilibria of Network Design with Shapley Cost-Sharing

The goal of a network design protocol is to suggestfor eat useri a set of edgesS; sothat the
resulting set of built edgesis in Nash equilibrium and its total cost exceedsthat of an optimal
network by as small a factor as possible;this factor is the price of stability of the instance. It is
useful at this point to considera simple example that illustrates how the price of stability can
grow to a super-constart value (with N). SupposeN playerswish to connectthe commonsource
s to their terminal tj, assumeplayer i hasits own path of cost 1=i, and all players can sharea
common path of cost 1+ " for somesmall " > 0 (seeFigure 4.1). The optimal solution would
connectall agerts through the common path for a total cost of 1+ ". Howewer, if this solution
were o®eredto the users, they would gefect from it one by one to their alternate paths. The
unique Nash equilibrium has a cost of :\‘:1 % = H(N).

While the price of stability in this instance grows with N, it only does so logarithmically.
It is thus natural to ask how bad the price of stability can be for this network design problem.
If we think about the example in Figure 4.1 further, it is also interesting to note that a good
Nash equilibrium is reached by iterated greedy updating of players' solutions (in other words,
best-respnse dynamics) starting from an optimal solution; it is natural to ask to what extent
this holds in general.

In the worst case,Nash equilibria can be very expensiwe in this game, so that the price of
anarchy becomesaslarge asN. To seethis, considerN players with common sources and sink
t, and two parallel edgesof cost 1 and N. The worst equilibrium has all players selecting the
more expensive edge,thereby paying N times the cost of the optimal network. However, we can

bound the price of stability by H (N), which is the harmonic sum 1+ 1+ 2+ :::+ X asfollows.

Theorem 4.2.1 The price of stability of the fair connection gameis at most H (N ).

Proof. The fair connectiongamethat we have de ned falls into the classof congestiongames
asde ned by Monderer and Shapley[62], asthe costof an edgee to a useri isf¢(X) = ce=X, which
dependsonly on edgee and the number of usersx whose strategy cortains e. In a congestion
game there is a set S of resources,and the possiblestrategies of players are certain subsetsof S

denotethe number of playerswhosestrategy cortains s. Now the costof playeriis ¢, fs(Xs),
for somefunction s. The important point is that the cost player i pays for using a resources
depends only on the number of players using the resource. In the caseof our fair connection
game, S is the set of edgesin G, and f¢(x) = c.=x for eadh edgee. Monderer and Shapley
[62] shaw that all congestiongameshave deterministic Nash equilibria. They prove this using a
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potential function ©, de ned as follows.

X Xe
©(S) = fe(x) (4.1)

e2E x=1

player i's strategy a®ectsthe cost of many other playersj 6 i, but the © value is not e®ected
by the changein the cost of theseplayers, it simply tracks the cost of the player who changesits
strategy. They call a gamein which sud a function © exists a potential game. To show that such

and considera sequenceof sel sh moves (allowing playersto change strategiesto improve their
costs). In a congestiongame any sequenceof such improving movesleadsto a Nash equilibrium
as eath move decreaseghe potential function ©, and hencemust lead to a stable state.

Monderer and Shapleydo not say anything about the quality of Nash equilibria with respect
to the certralized optimum, but we can usetheir potential function to establish our bound. Let
Xe be de_ngd asabove with respectto S. Now the potential function of Equation 4.1in our case
iSO(S) = g CeH(Xe). According to the above argumert, any improving deviation decreases
©(S), and so a sequenceof improving deviations by players must eventually result in a Nash
equilibrium.

Consiger the strategy S® = (S{;:::;Sy) dening the optimgh certralized solution. Let
OPT = ,5- Ce be the cost of this solution. Then, ©(S") - e250(Ce ¢H(N)), which is
exactly H(N) ¢OPT. Now we start from strategy S® and follow a sequenceof improving self-
interested moves. We know that this will result in a Nash equilibrium S with ©(S) - |@(S").

Note that the potential value of any solution S is at least the total cost: ©(S) , e2s Ce =
cost(S). Therefore, there exists a Nash equilibrium with costat most H(N) ¢OPT, as desired.
2

Recall from above that this bound is tight as shown by the example in Figure 4.1. Un-
fortunately, even though Theorem 4.2.1 says that cheap Nash equilibria exist, nding them is
NP-complete.

Theorem 4.2.2 Given an instance of a fair connection gameand a value C, it is NP-hard to
determine if the gamehas a Nash equilibrium of cost at most C.

Proof. The reduction is from 3D-Matching. Given an instance of 3D-Matching with node sets
X;Y;Z, form a graph G = (V;E) asfollows. Form a node for ead node in X, Y, and Z, and
also a node v;;  for eah 3D edge(x;;y;;z). Also add an additional node t. Form a directed
edgefrom ead node v;; ; to t with cost function c. = 3. Form a directed edgefrom ead node
v in X;Y;Z to all nodesrepreseting 3D edgesthat contain v. Make these edgeshave a cost
C.=0.LetC=jXj+jYj+ jZj, and form a player for eadh nodein vin X [ Y[ Z. This player
has two terminals: v and t.

If there exists a 3D Matching in the 3D-Matching instance, then there exists a Nash equilib-
rium in the above fair connection gameof cost C: Take the 3D Matching M, and let S; for the
player whoseterminals are v and t be the edgefrom v to the unique node v;; ;x corresponding
to the 3D edgein M, and the edgefrom this node to t. SinceM is a matching, the costof S is
exactly 3C=3= C. S is a Nash equilibrium, sinceany deviation for a player involves paying for
someedgeof cost 3 by himself, while the current amount he is paying is 1.

If no 3D Matching exists, then any solution to the fair connection gamemust cost more than
C. Therefore, no Nash equilibrium can exist of cost at most C. This "nishes the proof. 2
Notice that the same proof works to show that determining if there exists a Nash equilibrium
that costsaslittle as OPT is NP-complete.

We can extend the results of Theorem 4.2.1to concave cost functions. Considerthe extended
fair connectiongamewhereinstead of a constart cost ¢, ead edgehas a cost which dependson
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the number of players using that edge,c.(x). We assumethat c.(x) is a nhondecreasing,concave
function, modeling the buy-at-bulk econony of scaleof buying edgesthat can be usedby more
players. Notice that the cost of an edgece(x) might increasewith the number of players using
it, but the cost per player f¢(X) = ce(x)=x decreasesf c.(x) is concave.

Theorem 4.2.3 Take a fair connection game with each edge having a nondecreasing concave
cost function ce(Xx), whete x is the numker of players using edgee. Then the price of stability is
at mostH (N).

Proof. The proof is analogousto the proof of Theorem 4.2.1. We usethe potential function
©(S) de ned by (4.1). As before, the changein potential if a player i deviates equals exactly
to the change of that player's payments. We start with the strategy S® with minimum total
cost, and perform a seriesof improving deviations until we reach a Nash equilibrium S with
©(S) - ©(S"). To nish the proof all we needto show is that cost(S) - ©(S) - H(N) ¢cost(S)
for all strategies S. The secondinequality follows since ce(x) is nondecreasingand therefore

§§1 (ce(x)=X) - H(Xe) ¢ce(Xe). To seethat cost(S) - ©(S) notice that sincece(X) is concave,
the cost Pey player must gecreasewith X, i.e. Ce(X)=x is a nonincreasingfunction. Therefore,
COSI(S) = g Ce(Xe) = g Xe B(Ce(Xe)=Xe) - ©(S), which nishes the proof. 2

Notice that the condition that cost functions be concave is generalenoughto encompasshe
utilit y function of a player being a combination of the cost he has to pay for his edgesand
the distance between his terminals in the network of bought edges. If c. is the cost function
of an gdge, we simply set cd(x) = ce(x) + x. The payment of ead player i now becomes
IS+ e2s, (Ce(Xe)=Xe), and cQ is still concave if ¢, is concave.

Extensions  The proof of Theorem 4.2.3 extendsto a generalcongestiongame, where players
attempt to sharea set of resourcesR they need. Instead of having an underlying graph structure,
we now think of eadh s 2 R as a resourcewith a concave cost function cs(x) of the number of
usersselectingsetscortaining s. The possiblestrategiesof eact playeri is a set S; of subsetsof
R. Eadch player seeksto selecta setS; 2 S; soasto minimize his cost. Sincethe proofs above
did not rely on the graph structure, they translate directly to this extension.

We can further extend the results to the casewhen the cost to a player is a combination
of the cost c.(X)=x, and a function of the selectedset, such as the distance between terminals
in the network designcase. More prgcisely the price of stability is still at most H(N) if ead
player is trying to minimize the cost ;5 (Ce(Xe)=Xe) + di(Si) Where ce is monotone increasing
and concave, and d; is an arbitrary function speci ¢ to player i (e.g. a distance function, or
diametelg)of Si, etc.?3 Th$ proof is analogousto Theorem 4.2.3, except with a new potential
©(S)= ;di(S)+ s )x:lXe Ce)E—X) Notice that this is technically not a congestiongameon
the given graph G. Finally we note that all these results (as well as those subsequet) hold in
the presenceof capacities. Adding capacities ue to ead edgee and disallowing more than ue
playersto usee at any time doesnot substartially alter any of our proofs.

4.3 The Case of Undirected Graphs

While the bound of H(N) on the price of stability is tight for generaldirected graphswith costs,
it is not tight for undirected graphs. Finding the correct bound is an interesting open problem.
In the caseof two players, our bound on the price of stability is H (2) = 3=2. We now show that
this bound can be improved to 4=3 in the caseof two players and a single source.

Here is an example of an undirected two-player gamewith the price of stability approading
4=3. Let G have 3 nodes: s;t;, and t,. Player 1 wants to connectt; with s, and player 2 wants
to connectt, with s. There are edges(s;t;) and (s;t,) with cost2. There is an edge(ty;t2) with
cost1l+ ". The optimal certralized solution hascost 3+ ". Howewer, the cheapest Nash has cost
4. This exampleimplies that the following claim is tight.
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Claim 4.3.1 The price of stability is at most 4=3 in a fair connection gamewith two playersin
an undirected graph, each having two terminals with one terminal in common.

Proof. Let s be the commonterminal, and let t; and t, be the personalterminals. Consider
the optimal certralized solution (S;;S;). Let X1 = S1nS; be the edgesonly being usedby player
1, X, = S,nS; be the edgeonly usedby player 2, and X3 = S;\ S, be the edgessharedby the
two players. Let (S?; S9) be a Nash equilibrium that a seriesof improving responsescorverges
to starting with (S;;Sy). Similarly, let Y; = SIS, Y, = SInS?, and Y; = SO\ SY. Finally, set
X; = cost(X;) and y; = cost(Y;) for 1 - i - 3. By the properties of ©(S;;S,) from the proof
of Theorem 4.2.1, we know that ©(S?;S9) - ©(S;;S,). Substituting in the de nition of ©, we
obtain that

3 3
yi+ Yo + Ey3 < X1+ Xo+ Ex3: (4.2)

Look at S9 and S? as paths instead of sets of edges(there will be no cyclessincethen this
would not be a Nash). We now show that in (S?;S?), asin any Nash equilibrium, once the
paths of the two players merge, they do not separateagain. Supposeto the contrary that this
happens. Let v be the st node that S? and S9 have in common, and set P; and P, be the
subpaths of S and S? after v, respectively. We know that cost(P1nP,) = cost(P,nP;), since if
they were not equal, say cost(P;nP;) > cost(P,nP1), then player 1 could deviate to P, instead
and pay strictly less. However, even if they are equal, player 1 could deviate to use P, instead
of Py, and pay strictly less,since he will pay the sameas before on edgesin P; \ P,, and pay
only cost(P1nP,)=2 in total on the other edges. Therefore, the only way this could be a Nash
equilibrium isif P1\ P, = P; = P,, asdesired.

Consider a deviation from (S?; S?) that player 1 could make. He could decideto use X [
X2 Ya[ Ysinstead of S? = Y; [ Ys. This is a valid deviation becauseplayer 1 still connects
his terminals by following X ; until X; meetswith X5, then following X, bad to t,, and then
following S9 to s. Since(SY; S9) is a Nash equilibrium, this deviation must cost more to player 1
than his current payments, and sox; + X, + yo=2+ y3=2, y; + y3=2. By symmetric reasoning,
X1+ Xo+ y1=2+ y3=2 |y, + y3=2. If we add theseinequalities together, we obtain that

y1=2+ yo=2 - 2X1 + 2X3: (4.3)

To show that the price of stability is at most 4=3, it is enoughto shaw that cost(S?;S?) -
%cost(Sl; S;). Using the above notation, this is the sameas shaving 3y; + 3y, + 3yz - 4xg +
4x, + 4x3. We do this by using Inequalities 4.2 and 4.3 as follows:

3y1+ 3y + 3ys - 3y1+ 3yo + 4y3
= 20V St ek oY)
—3y1 Y2 3)’1 Y2 2)/3

4 8 3
é(xl + X2) + §(X1 + Xp + éxs)

= 4X1 + 4Xo + 4X3

4.4 Convergence of Best Response

In this section, we addressthe convergenceproperties of best response dynamics in our game.
Notice that even though we have shavn above that best responsedynamics always corvergeto a
Nash equilibrium within a factor of log of the optimal certralized solution, there are caseswvhere
best response dynamics actually start out closeto the optimum Nash equilibrium and yet end
up in a costly one (although still within a log factor). For example, considerthe samegraph as
in Figure 4.1, but with an extra path that can be sharedby all players of cost 1. If the starting
con guration is that all playersare using the path of cost1+ ", then there is a sequenceof best
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responseswhich endsup in a Nash equilibrium of costlogN (where N is the number of players),
even though the starting con guration was of very similar costto both the certralized optimum
and the best Nash equilibrium.

Theorem 4.4.1 In the two player fair connection game, best resmpnse dynamics starting from
any con guration convergesto a Nash equilibrium in polynomial time (even if edge costs are
concave functions).

Proof. Supposewe start from any con guration Cy. Supposefor i , 1, the con gurations
fCig are obtained by alternating the best responsesof the two players. P;(1;2) refersto the
sharedpath of the two players.

We shaw inductiv ely that fori , 2, P;(1;2) is acortiguous path and that P;+; (1;2) 1 P;i(1;2).
The basecaseis shawing that P,(1;2) is a cortiguous path. Without lossof generality, assume
that the sequenceof best responsesare as follows

Co 12 C it C, 22

Assumethat P,(1;2) is not contiguous, and since player 1 was the last player to have done best
responsein reaciing C, it follows that he did not choosea strategy which results in the shared
segmenm being contiguous in C,. But now, we usethis fact to analyzethe last responseof player
2, who started from Cy. Sinceplayer 1 was able to take shortcuts acrosssegmets of player 2's
path, we can construct a better responsefor player 2 starting from Cg, which is a contradiction.

In the inductiv e step, we have to show that for any con guration Ci.;, the edgesP;.; (1;2)
are cortiguous and Pi4 (1;2) T Pi(1;2). The fact that P41 (1;2) is a cortiguous path follows
essetially from the sameproof asin the basecase. Given that, we now have to consider only
the strategiesin Figure 4.2, and shaw that thesedeviations will never occur.

_/
X" b
1
\ a
r/
Y/
4
1 2

Figure 4.2: The only possibledeviations for a two-player game.

Indeed if player 1 decidesto take the path asin the "gure, taking the shortcut through path
X, then

& (1) < ca(1) + c(2)=2

By inductiv e hypothesis,the sharedpart only grew till now, sowhen player 1 had last done best
responsefrom con guration C;; 1, player 2 could not have beenon any edgesof a. Soit must
have beenthe casethat

(1) > ca(1) + co(2)=2

which is a contradiction (we assumehere that the costs are concase). Hence, this is not a
valid deviation for player 1. Thus, either Pijs1 (1;2) = P;i(1;2) or jPi+1 (1;2)] > jPi(1;2)j. But
note that the two paths P;(1) i Pi(1;2) and P;i(2) i P;j(1;2) are always shortest paths and so
Pi+1 (1;2) = P;i(1;2) implies we have reached a Nash. Else P;(1;2) strictly increasesby at least
one edge. Hence,we reach a Nash in polynomial number of steps. 2
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The above proof shaws that for any best responserun, the number of edgesshared by both
playersincreasesmonotonically. For more players, howewer, the hope of any positive result about
best responsedynamics seemsslim. In fact, we can shaw the following.

Theorem 4.4.2 Best respnsedynamicsfor N players may run in time exmnential in N.

To prove this, we now construct an example (shown in Figure 4.3) in which by appropriate
ordering of the best responseof players, we can simulate a O(N )-bit courter.

0 path 1 path 0 path 1 path 0 path 1 path

a(i)I

e(i) D
f(i)

all j>i ti)

all j>i

B)
B

player B(i) player A(i) player bit(i)

Figure 4.3: The construction of an exponertial best responserun.

The graph has 3n players, n \bit" players, ead being assistedby two auxiliary players. The
auxiliary players of the i player are denoted by A(i) and B(i). Each bit player and eah
auxiliary player has only two path options, we call thesethe 0 path and the 1 path. Note that
the di®erert players share edges,which are identi ed by the label that is on them. The only
exception is for the edgesthat are labeled ¢, which is not the name but the cost of the edge.
The sameedgef (j;i), for instance, is presen in the 0-path of all B(i) playerswhenj > i and
alsoin the 1 path of all the A(j) playerssuc that j > i. The unnamededges,on the other hand
are speci ¢ to ead gadgetand are not shared. In addition to the unnamed edgesdrawn in the
gadget, assumethere are unnamed edgesbefore and after every edgetype of f (i; j) or t(i; j) and
these unnamed edgesare directed and speci ¢ to a particular gadget. All the unnamed edges
are zero cost, except for the two edges,one in eadh path of A(i) that eat have cost ¢, which
is large, say 3n times bigger than the sum of the cost of all the named edges. Thus player A(i)
always pays at least ¢ in order to get to the sink, but never should agreeto pay more than even
¢ + ¢ =3n.

In the above Figure, we have not speci ed the order in which the edgesof, for example, t(j;i)
for all j > i in the gadgetof bit(i) proceed. In all of these caseshere is oneindex that is xed,
and onethat is variable, sowe assumethat theseedgesappear in increasingorder of the variable
index.

We alsorefer to the player going on the one path asthe player being setand going on the zero
path asthe player being reset Each player has one sourceand one sink and the paths of each
player are as shavn in the gadgetsabove. The costs of the paths of it" bit player are referred

to as xi(o) and xi(l), and those of the player A(i) and B(i) as a?, a® and q(o’, q(l) respectively.

1 ! 1

Here we describe how the courter works and the inequalities that should hold for it to work
properly.

Start Step: All the players are reset.

Genermal Step: At the start of this step, the bits from 1to |j 1 areall set. The bits from | + 1 to

n maybe at 0 or 1. The I™ bit is currently at 0 and hasto be setat 1. Also, all the A(j) players
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arereset. The B(j) players are setif and only if the j'th players are set.

2 Now, the I™ bit sets. This triggers both A(l) and B(l).
At this point, there are no other players using either of bit | player's paths, so for this to
happen, we needonly the following to be true. In writing the deviation requiremerts that
we need,for clarity's sake, we rst write it in a\short" and (arguably) more understandable
form. In the next line we expandit in terms of the constituent edges.

x® < 4O

e+ () < t(;1

j>l

2 The costof 1 path of A(l) hasnow decreasediy ®(1)=2 becauseof this bit and other players
that were already there. A(l) is triggered and is allowed to set. Since both the 0 and 1
path have the ¢ cost edgesthat are to be paid by A(i) alone, they do not matter. Thus,

X al(l)>i< =2 < a,(O)
eh=2+ fhn+ W) < &)

i<l j<l

2 The setting of A(l) triggers all the B(i) for i < | to bereset. Recall that the corresponding
A(i) are already reset. We allow theseB (i) to reset. Due to the triggering, the cost of O
path has changedby f|;=2. We also needto take into accourt that the 1 path is possibly
shared by others too.

b0 f(s=2 < HY i ei)=2i (i)=2
f(:i)i f(;D)=2 < e(i)=2+ (i)=2

j>i

2 A(l) alsotriggers all the bits i < | to reset by reducing the cost of the 0 path of bit-i by
t(l;i)=2. We allow that too.

xi(o)i t(l;i)=2 < x®

tG:)i =2 < &)+ (i)

j>i

2 Now becauseof the setting of the bit-1, the 1 path of B, becamecheaper by ~ (I)=2. B(l)
wants to set and is allowed to.

i =2 < Q(O)
e+ (h=2 < I(H))

>

2 Lastly, asaresult of the setting of B(l), the 0 path of A(I) becamecheaper by e(1)=2. A(l)
now wants to reset. The 1 path of A(l) is possibly sharedby other players. Again we ignore
the edgesof cost ¢.

X
a® i ez < aP i (f(j)=2+ t(1;j)=2) i &)=2
i<

X
eN=2 < @®DhH=2+ (fF(;j)=2+ t(;j)=2)

i<
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2 Now we have the subgamefrom 1to | j 1 being completely reset, and no other player from
the top part in°uencing any of their paths. Sowe can play their complete gameand come
back to the con guration in the start of the recursion, exceptnow we needto deal with the
(I + D)%t bit.

Proof of Theorem4.4.2. We now prove that the above gamehasan exponertial bestresponse
run under the above best responsesdeduling.

All we needto show is that the movesdescribed in the scheduling are best responses.We rst
argue that ead player has only two possiblepaths available to him, which we have described as
the zero path and the one path. To complete the construction we next needto come up with
a set of valuesfor the links that satisfy the set of best responseinequalities. Taken together, it
follows that the movesare all best responsesand simulate an exponertial length courter.

First note that the 0 path and 1 path of any one particular player are vertex disjoint. The
unnamed edgesalso imposethe following property on the 0=1-paths of all players: the 0=1-path
of any one player must either have at least one edgein common or must be vertex disjoint from
the 0=1-path of any other player. We do not have to worry about the caseof just having vertices
in common.

We needto argue that ead player has only the two paths available to him. Intuitiv ely the
argumert is as follows. If one player deviates out of his gadget, he will never be able to come
badk to his own sink. Thus, the only available strategiesto a player are the 0 and 1 paths.

Before going into the details, we rst de ne a function to make the notation simpler. For any
edgee, de ne the function sink (€) to be the set of all possiblesinks that paths from this edge
can lead to. To compute the sink (f (x; y)) note that f (x;y) can lead to the sink of A(x) and
B(y) if x > y, aswell asto sink (f (x + 1;y)) and sink (f (x; y + 1)). Inductively, if x > y

and ; otherwise.
To compute sink (t(X; y)), note that t(x;y) canleadto A(x), bit(y), and sink (f (x; 1)), aswell
assink (t(x + 1;y)) and sink (t(x; y + 1)). Thus,if x >y

and ; else.

We now °esh out the argumernt for ead player for ead of the two casesthe set-caseand the
reset-case.Consider player B (i). If a strategy follows the "rst unnamed edgeof 1-path, then it
reaches (i). From the endvertex of " (i) it hasthe option of choosingthe next unnamed edgein
1-path of gadgetB (i), or in the 1-path of bit(i). In the rst casethe strategy hasto go through
e(i). But after it crossese(i) there only is a zero-costedgeleft to be coveredto the sink of B (i),
and so other deviations are useless.If the path instead had chosento enter the gadget of bit(i)
after the edges (i), then it would have to travel through ®(i) and then either get stuck at the
sink of bit(i) or travel through one or more edgesof the form ft(i; y);y < ig. But in order to
erter an edgeof the form t(i; y) this strategy would have to pay at least ¢ =3n for the edgepriced
¢, which is more than the budget of B(i). Soany strategy starting on the 1-path of B (i) does
not enter the A(i) gadget.

Next considera strategy starting out on the 0-path of B (i) through the rst unnamed edge.
The edgesthen appearing on this path are of the form ff (x;i);x > ig. Theseedgesalso appear
in the gadgetsA(x). If this strategy choosesto deviate to exit the B (i) gadget after the edge
f (x;1) and enter the A(Xx) one, the labeled edgethat it meetsnext is f (x;i + 1). But no path
from f (x;i + 1) leadsto the sink of B(i), asis veri ed from the sink-function above. So this
deviation cannot happen. We have now shown that the best strategiesof B (i) must be the 0 and
1 paths only.

Now, take the A(i) player and a strategy which starts out on the 'rst unnamed edgeof the
1-path. This strategy then hasto go through &(i). From the endpoint of ®(i) the only edges
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are to the sink of bit(i), or continue along the A(i) gadget. The edgesthat appear next are of
the form t(i; x). If the path doesnot continue along the gadgetof A(i), and instead switchesto
the 0-path of bit(x), then the next edgeit encourters is t(i + 1;x). But according to the sink
function, there is no way to readc the sink of A(i) from t(i + 1; x), sothis is not a valid deviation.
Next, the path cannot deviate out of any the ff (i; x);x < ig edgessince A(i) doesnot lie in any
sink (f (i + 1;x)). Thus strategiesof A(i) starting out on the 1-path of A(i) stay on this path.

Next considerthe strategy of A(i) that starts out through the unnamed edgein the O-path
of A(i). This path cannot deviate after e(i) becauseit would just get stuck in the sink of B (i).
Thus, we have shown that the best strategiesof A(i) must be the 0 and 1 paths only.

Lastly considerthe i-th bit player. Along xi(o) , the only sharednodesand edgesof this player
are the t(x; i) edgesthat are eat sharedwith A(x) for all x > i. Supposethis bit player follows
the t(x; i) edgeto the gadget of A(x) with x > i. The next edgeis then t(x;i + 1) which does
not lead to bit(i)-sink. Thus the 1-path strategiesdo not allow any deviations. A path starting
with the “rst edgeof the 0-path of this bit-player, can deviate after (i) and enter edgee(i) of
the B (i) gadget. But from there all paths get stuck at sinks. Thus the 0-path deviations cannot
happen after ~ (i). But the deviations cannot happen after ®(i) either, asthe remaining edgeis
zero cost.

This concludesthe proof that the best strategies of the players always correspond to the 0
and 1 paths in the gadgets.

For the last part of the construction, we show that it is possibleto come up with a set of
valuesfor the links sud that the best responseinequalities are satis ed. Let the edgecostsbe
as follows. In all the remaining formulae let ¢ be anypconstart gregter than 10. Let ®(i) = 1,
and (i) = 2d(nj i)j ¢=2j 3e(i)=2. Also, e(i) = i« PG+ 4t )+ 3=4 for all i.
Finally, for all pairsi;j, f(i;j) = d andt(i;j) = 2d . Given thesevalues,we can che that the
inequalities above are satis ed for all i < n, and thereby we can have a run of best responsesof
length exponertial in the number of players. 2

4.5 Weighted Players

So far we have assumedthat players sharing an edgee pay equal fractions of €'s cost. We now
considera gamewith "xed edgecostswhere players have weights w; , 1, and players' payments
are proportional to their weight. More precisely given a strategy S = (S;;:::;Sy), de ne W to
be the total weight of all players, and let W, be the sum of the weights of players using e. Then
player i's paymert for edgee will be {-ce.

Note that the potential function ©(S) used for the unweighted version of the gameis not a
potential function onceweights are added. In particular, in a weighted game, improving moves
can increasethe value of ©(S), as this is no longer a congestiongame. The following theorem
usesa new potential function for a special classof weighted games.

Theorem 4.5.1 In a weightal gamewhere each edgee is in the strategy spaces of at most two
players, there exists a potential function for this game,and hene a Nash equilibrium exists.

Proof. Consider the following potential function. For eath edgee usedby playersi and j,
de ne
3 CeWi if playeri usesein S

cew; if playerj usesein S

©e(S) = X Celj if both playersi andj useein S
0 otherwise
wherep; = (Wi +w j W' L ) For any %dgee with only oneplayer i, simply set©(S) = w;ce if
i usese and 0 otherwise. De ne ©(S) = ,©¢(S). Wenow simply needto arguethat if a player

makesan improving move, then ©(S) decreasesConsider a player i and an edgee that player i
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joins. If the edgealready supported another player j, then i's cost for using e is ceWi"}r’iin, while
the changein ©¢(S) is

Wi Wi ) - ¢ Wi2 :
Wi + W Wi + W

Ce(Wi j

Thus the changein potential wheni joins e equalsthe costi incurs, scaledup by a factor of w;.
In fact, it is easyto show the more generalfact that when player i moves,the changein ©(S) is
equal to the changein player i's payments scaledup by w;. This meansthat improving moves
always decrease©(S), thus proving the theorem. 2

Note that this applies not only to paths, but alsoto the generalizedmodel in which players
selectsubsetsfrom someground set. The analogouscondition is that no ground elemen appears
in the strategy spacesof more than two players.

Corollary 4.5.2 Any two-player weightel game has a Nash equilibrium.

While the above potential function alsoimplies a bound on the price of stability, even with
only two players this bound is very weak. Howeer, if there are only two players with weights 1
and w , 1, then we can show that the price of stability is at most 1 + ﬁ and this is tight for
all w.

The following result shows the existence of Nash equilibria in weighted single commadity
games.

Theorem 4.5.3 For any weightel gamein which all players havethe samesource s and sink t,
best resppnse dynamics convergesto a Nash equilibrium, and hene Nash equilibria exist.

Proof. Start with anyf;,initial set of strategiesS. For every s t path P de ne the marginal
costof P to bec(P) = ;5 Vf,— where W, dependson S. Obsene that if player i currently
usespath P, then i's payment is wic(P). De ne P(S) to be a tuple of the valuesc(P) over all
paths P, sorted in increasingorder. We want to shaw that the cheapestimproving deviation of
any player causesP (S) to strictly decreasdexicographically.

Supposethat one of the best moves for player i is to switch paths from P; to P,. Let P
denote the set of paths that intersect P, [ P,. For any pair of paths P and Q, let cp (Q) denote
the new value of ¢(Q) after player i hasswitchedto path P. To show that P(S) strictly decreases
lexicographically, it suxcesto show that

lgnlerJ cp,(P) < szl;? c(P): (4.4)

Dene P%= argminp,p c(P). SinceP, wasi's best response,cp, (P2) - ¢p (P) for all paths P.
In particular, cp,(P2) - cpo(P9. We also know that cpo(P9 - ¢(P9, sincein deviating to P°,
player i adds itself to some edgesof P° In fact, cpo(P% < c(PY unlessP®= P;. Assuming
P96 P;, we now have that cp,(P2) < ¢(P9, which provesinequality 4.4. If P°= Py, then since
player i decidedto deviate, cp, (P2) < ¢(P1). Therefore, we onceagain havethat cp, (P,) < ¢(P9,
asdesired. 2

In the casewhere the graph consistsof only 2 nodess and t joined by parallel links, we can
similarly shaw that any sequenceof improving responsescorvergeto a Nash equilibrium.

With arbitrarily increasingcostfunctions, [55] givesan exampledemonstrating that a weighted
gamemay not have any pure Nash equilibria. Recertly, Chen and Roughgarden[18] proved gen-
eral results on the price of stability and the existence of approximate Nash equilibria in the
weighted gamewe preser. They shaw that there exist weighted gameswith "xed edgecostsand
no pure Nash equilibria, settling an open question from [6]. They also prove that any weighted
game has a O(log wmnax )-approximate Nash equilibrium that costsat most O(log W) times the
certralized optimum (where wnax is the maximum weight). Their results, together with the
following theorem, show that this upper bound is essetially tight.

Theorem 4.5.4 There are weightal gamesfor which the price of stability is £(log W) and£( N).
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An example exhibiting this is a modi ed version of the graph in Figure 4.1. Changethe edge
with cost1+ " to cost1, and for all other edgeswith positive cost, setthe new costto be % For
1- i- N let player i have weight w; = 2'i 1. Since ead player has a greater weight than all

smaller weight players combined, the only Nash equilibrium has cost N7 = £(log W), while the
optimal solution has cost 1.



Chapter 5
Self-In terested Routing with Atomic Demands

In all of the previous chapters, we assumedthat the utilit y of a player dependsonly on the cost
of the edgeshe uses. What changesif we introduce latency into the picture? We have extended
our resutls to the casewhen the players' costis a combination of \design" cost and the length of
the path selected. More generally, delay on an edgedoesnot have to be simply the \hop-count”,
but can also depend on congestion,i.e., on the number of players using the edge. In this chapter
we will consider such a model with fair cost sharing, asin the previous chapter. Many of the
results in the chapter initially appearedin [6].

Assumethat eat edgehas both a cost function c.(x) and a latency function de(x), where
ce(X) is the cost of building the edgee for x usersand the userswill sharethis costequally, while
de(x) is the delay su®eredby userson edgee if x usersare sharing the edge. The goal of each
user will be to minimize the sum of his cost and his latency. If we assumethat both the cost
and latency for eac edgedepend only on the number of players using that edge,then this ts
directly into our model of a congestiongame above: the total costfelt by ead useron the edge
is fe(X) = Ce(X)=x+ de(x). If the function xf .(x) is concave then Theorem 4.2.3 applies. But
while concave functions are natural for modeling cost, latency tends to be convex.

5.1 Combining Costs and Delays

First, we extend the argumert in the proof of Theorem 4.2.3to generalfunctions f.. The most
generalversion of this argumert is expressedn the following theorem.

Theorem 5.1.1 Considera fair connection gamewith arbitrary edge-mst functions f.. Supmse
that ©(S) is asin Equation 4.1, with cost(S) - A ®O(S), and ©(S) - B ¢cost(S) for all S. Then,
the price of stability is at most A ¢B.

Proof. Let S® be a strategy suc that S is the set of edgesi usesin the certralized optimal
solution. We know from above that if we perform a seriesof improving deviations on it, we must
corverge to a Nash equilibrium S° with potential value at most ©(S®). By our assumptions,
cost(S9) - A ¢O(SY - A ¢O(S®) - AB ¢cost(S°) = AB ¢OPT. 2

Our main interest in this section are functions f¢(x) that are the sumsof the fair shareof a
costand adelay, i.e., fe(X) = Co(X)=x+ de(x). Wewill assumethat de(X) is monotoneincreasing,
while ce(x) is monotone increasingand concave.

Corollary 5.%2 If ce(X) is concave and nondecreasing, de(Xx) is nondereasing for all e, and
Xede(Xe) - A ;‘(;1 de(x) for all e and Xe, then the price of stability is at most A ¢H(N). In
particular, if de(x) is a polynomial with degree at most | and nonnegative coexcients, then the
price of stability is at most (I + 1) ¢H (N).

Proof. For functions fe(x) = ce(X)=x+ de(x), both the cost and potential of a solution come
in two parts corresponding to the cost ¢ and delay d.

For the part corresponding to cost the potential over-estimatesthe cost by at most a factor
of H(N) asprovedin Theorem 4.2.3. If on the delay, the potential underestimatesthe cost by at
most a factor of A, then we get the bound of A ¢H (N ) for the price of stability by Theorem5.1.1.
2

Therefore, for reasonabledelay functions, the price of stability cannot be too large. In partic-
ular, if the utilit y function of eadh player dependson a concave cost and delay that is independert
of the number of userson the edge,then we get that the price of stability is at most H(N) as
we have shown at the end of Section 4.2. If the delay grows linearly with the number of users,
then the price of stability is at most 2H (N ).
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5.2 Games with Only Delays

In this sectionwe considergameswith only delay. We assumethat the cost of a player for using
an edgee usedby x playersis f¢(X) = de(x), and de is a monotoneincreasingfunction of x. This
cost function models delays that are increasingwith congestion.

We will mostly considerthe special casewhen there is a common sources. Each player i has
one additional terminal t;, and the player wants to connects to t; via a directed path. Fabrikant,
Papadimitriou, and Talwar [30] showed that in this case,one can compute the Nash equilibrium
minimizing the potential function © via a minimum cost °ow computation. For ead edgee they
introduce many parallel copies,ead with capacity 1, and cost de(x) for integersx > 0. We will
use properties of a minimum cost °ow for establishing our results.

5.2.1 A Bicriteria Result

First we shaw a bicriteria bound, and comparethe cost of the cheapest Nash equilibrium to that
of the optimum designwith twice as many players.

Theorem 5.2.1 Consider the single source caseof a congestiongamewith only delays. Let S be
the minimum cost Nash equilibrium and S® be the minimum cost solution for the problemwhere
each player i is replaed by two players. Then cost(S) - cost(S").

Proof. Consider the Nash equilibrium obtained by Fabrikant et al [30] via a minimum cost
°ow computation. Assumethat X, is the number of usersusing edgee at this equilibrium. By
assumption, all userssharea common sources. Let D(v) denote the cost of the minimum cost
path in the residual graph from s to v. The length of the path of useri is at most D(t;) (as
ptherwise the residual graph would have a negative cycle) and hence we get that cos(S) -

i D(ti)-

Now considera modied delay function d. for eath edgee = (u;Vv). Dene do(x) = de(x) if
X > X, and d\e(x) = D(v)j D(u) if x - Xe. Note that for any edgee we have D(v) i D(u) -
de(Xe + 1) asthe edgee = (u; V) is in the residual graph with cost dg(xe + 1). This implies that
the modi ed delay d is monotone. For edgeswith x, 6 O we alsohavethat de(Xe) - D(Vv)j D(u)
as the reverseedge(v; u) is in the residual graph with costj de(X¢), sothe delay of an edgeis
not decreased.

Now obsene that, subject to the new delay d, the shortest path from s to t; is length D (t;)
even in an empty network. The minimum possible cost of two paths from s to t; for the two
userscorrespnding to useri is then at Ieag 2D (t;) for ead player i. Therefore the minimum
cost of a solution with delays ¢ is at least 2 i D(t;).

To bound cost(S”) we needto bound the di®erencein cost of a solution when measuredwith
delays dand d. Note that for any edgee = (u;v) and any number x wg,havethat xda(X)i xde(X) -

(D(v) i D(u)), and hencethe di®erencein Ig,otal costis at most o,y Xe(D(V) i D(u)) =
i D(ti). Using this, we get that cost(S®) ,  D(ti) , cos{(S). 2

Note that a similar bound is not possible for a model with both costs and delays, when
additional userscompensateto someextent for the price of stability. Consider a problem with
two parallel links e and €® and N users. Assumeon link e the costis all designcost ce(x) = 1+ "
for a small " > 0. On the other link €° the cost is all delay, and the delay with x usersis
deo(X) = 1=(N j x+ 1). The optimum solution is to usethe rst edgee, and it costs1+ ". Note
that the optimum with any number of extra userscoststhe same,as this is all designcost. On
the other hand, the only Nashis to have all userson € incurring delay 1, for a total costof N.

5.2.2 Bounding the Price of Stabilit y of Atomic Routing

Note that the H(N) term in Corollary 5.1.2 comesfrom the concave cost ¢, and so the bound
obtained there improvesby an H (N ) factor whenthe cost consistsof only delay. The results from
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Corollary 5.1.2already tell usthat if the delay functions are suc that xede(Xe) - A P 21 de(x),
the the price of stability is at most A. Speci cally, we know that if the delays are polynomial of
degreel, then the price of stability is at most | + 1, and therefore with linear delays the price of
stability is at most 2.

Roughgarden[72] showed a tighter bound for non-atomic games. He assumedthat the delay
is monotone increasing, and the total cost of an edgexd¢(x) is a corvex function of the tratc
X. He shawved that for any classof such functions D containing all constart functions, the price
of anarchy is always obtained on a two node, two link network. Let us call ® D) the price of
anarchy for non-atomic gameswith delays from the classD (which is also the price of stability,
since the Nash equilibrium is unique in that context). For example, Roughgarden[72] showed
that for polynomials of degreeat most | this bound is O(I=logl), and for linear delays it is 4/3.
Here we extend this result to a single sourceatomic game,and thereby show tighter boundsthan
in Corollary 5.1.2for the singesourcecase.

Theorem 5.2.2 If in a single source fair connection game all costs are delays, and all delays
are from a set D satisfying the alove condition, then the price of stability is at most ®&D).

Proof. Asin the proof of Theorem5.2.1considerthe Nashequilibrium obtained via a minimum
cost °ow computation, and let D (v) betqg length of the shortest path from s to v in the residual
graph. As beforewe have that cost(S) - i D(tj). Further, for ead edgee = (u; v) we have that
D(v)i D(u) - de(xe+ 1), and for edgeswith x. 6 0, we also have that dg(Xe) - D(v) i D(u).

Add to eat edgee = (u; V) a capacity of X, and augmen our network by adding a parallel
edgee®with constart delay D(v)j D(u). Let G denotethe resulting network °ow problem. Note
that the new capacity and the addedlinks do not e®ectthe equilibrium, asdg(xe) - D (V)i D(u).
For eah edgee, the two parallel copies: edgee with new capacity x. and edgee®, can carry any
number of paths at least as cheaply as the original edgee could sinceD (v) j D(u) - de(Xe + 1),
hencethis changein the network can only improve the minimum possible cost. We will prove
the bound in this new network by comparing the cost of the Nash equilibrium with the minimum
possiblecostof a (possibly fractional) °ow carrying oneunit of °ow from s to ead of the terminals
t.

The nice property of G is that the optimum fractional ow % in G is easyto determine.
Consider an edgee = (u; V) that is usedby x. 6 0 paths in the equilibrium. We will obtain a
fractional °ow R by splitting the corresponding x. amournt of °ow betweenthe two edgese and
€”. For an edgee let “¢(x) = de(x) + xd3(x). By assumption,de(x) - “e(x) for all x. For an edge
e such that "¢(Xe) - D(v) i D(u), we setRe = Xe, and Reo = 0. Otherwise, let R be suc that
“e(Re) = D(V)j D(u), and let Reo = Xej Re.

First, we claim that % is the minimum cost fractional solution in G. For all edgese = (u; V)
such that R¢ 6 Xe, we have that “¢(Re) = D(v) i D(u). When R¢ = Xe, then we have that °ow
Re is equal the capacity of the edge,and “¢(Re) - D(v) j D(u). Therefore,if there is a negative
cycle in the residual graph of R, with constart edgecosts ¢(Xe) for e and costsD(v) j D (u)
for €% then this is also a negative cost cycle in G with constart edgecostsD(v) j D(u). This
cortradicts x being a min-cost °ow with those costs, however. We can now useLemma5.2.3to
seethat R, is alsoa min-cost °ow for edgecosts xde(X).

The theorem then follows, as on eadt original edgee 2 E the cost X.de(X¢) is at most ®&D)
times the cost of the corresponding two edgese and €° in G by Lemma5.2.4. 2

To Tnish the proof of the Theorem, we require the following lemmas.

Lemma 5.2.3 Let G be a network, and x¢ be a fractional °ow sending one unit of °ow from
the source s to each sink t;. Let ° denote the gradient of the total cost xde(x), tlgat is, let
“e(X) = de(Xx)+ xd3(x) for eachedgee. The °ow Xe is minimum cost subject to the cost Xde(X)
if and only if it is a minimum cost °ow subject to the constant cost function ce = “e(Xe).

Proof. If the °ow X is not of minimum cost subject to costsce, then the residual gsaph hasa
negative cycle, and moving a small amourt of “ow along the cycle decreaseshe cost  xde(X),
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as the cost ¢, is exactly the gradient of this objective function. To seethe other direction, we
usethe fact that the cost function is corvex by assumption, and henceall local optima are also
global optima. 2

Next, it is usefulto recall from [72] what is ®& D). Consider an edgee, with delay d(x) from
classD. Now considera graph with two parallel links, an edgee, which has delay d(x), that
will carry somer units of °ow, and a parallel link €°with constart delay d(r) independert of the
tratc. Now the unique Nash equilibrium is to route all r units of °ow on e, while we get the
optimum by setting x suc that the gradient c(x) = d(x) + xd(x) is equalto d(r), and sending
x units of °ow along e, and the remainderr j x along edgee®. This is becauseof the following
Lemma from [72].

Lemma 5.2.4 (Roughgarden) If a set D of delay functions satis es the alove condition,
then the price of anarchy (as well as stability) in the alove 2-link network is at most ®& D) =
maX;x.d2p rd(r)=(xd(x) + (r i x)d(r)), and the maximum is achievel by setting x such that
d(x) + xd%(x) = d(r).



Chapter 6
Simple Agents in Dynamic Adv ersarial Load
Balancing

In this chapter we look at simple agents interacting in load balancing and padket routing settings.
We usethe fact that a decenralized algorithm with local knowledgeis essetially a set of agerts
performing local optimizations. The questions about price of stability now becomeconcerns
about the algorithm's performancecomparedto a certralized algorithm with global knowledge.
Many of the results in this chapter initially appearedin [8].

6.1 The Mo del

We considera basic model of load balancing in a distributed network, which hasformed the basis
of a number of earlier studies[2, 41, 58, 64, 69]. A network of identical processorss represerted
by an undirected graph G = (V;E) with n = jVj nodes. There are a number of jobs to be
processedn the system, abstractly represernied by unit-size tokens Time progressesdn discrete
stepscalled rounds in a given round, ead token is held by one of the nodes, which is viewed as
processingthe assaiated job, and the load on a node is de ned to be the number of tokensit
holds. The goalis to balance the loads, sothat no single node hastoo many tokens;this can be
accomplishedby transmitting tokens between neighboring nodes of the graph, at a rate of one
token per edgeper round. We are particularly interested in local algorithms for this problem:
rather than using a certralized approacd to coordinate the movemert of tokens, eat node will
simply compareits load to those of its neighbors, and decidewhether to move a token acrossan
edgebasedon this information.

Jobsenter and leave this systemvia an adversarythat is allowed at the beginning of ead round
to introduce tokens at somenodes (corresponding to new jobs) and remove tokens from others
(corresponding to jobs that have nished). In ead round, the adversary rst adds or removes
tokens (this is called the Adversary step). Subsequetly, in the Redistribution step up to one
token can be moved along ead edgee 2 E by the algorithm (or up to ¢, tokensin the caseof
networks with edgecapacities). The algorithm movesthesetokenswith the goal of maintaining
balanced loads. This alternation of moves by the adversary and algorithm cortinues for an
arbitrary number of rounds. Note that by allowing the adversaryto cortrol the removal of tokens
as well as their arrival, one is modeling a worst-caseassumption that jobs may have arbitrary
duration, and the algorithm doesnot know how much processingtime a job has remaining until
the momert it ends.

Nodes have queuesassaiated with them, in which they store their tokens. The height h¢(v)
of a node v is the number of tokensin v's queueat the beginning of round t. Let a; denote the
averagenumber of tokensper node in the systemat the beginning of round t. ForasetSu V,
let &(S) denotethe set of edgeswith exactly oneendin S, and +(S) the net increasein tokensin
set S due to the addition and removal of tokensin round t (note that +(S) could be negative).
Then, the adversary is limited by the following cut condition:

j2(S)i jSj(as1 i a)i - je(S)i: (6.1)

If the heights of nodesin S wereto changepreciselyaccordingto average,then the net changein
tokensin S would be |Sj ¢(a;+1 | a;). This condition ensuresthat the di®erencebetweenthese
two quartities is \accounted for" by the edgesin (S).

It is the decisionof the algorithm along which edgesto sendtokens. The goal of a dynamic
load balancing algorithm in this model is to keep h;(v) closeto a; for all nodesv and rounds
t. Formally, let the imbalance be de ned as b (v) = h¢(v) | a, i.e. the number of excess(or
missing) tokens at node v with respect to the averageover the ertire network. h(v) and b (v)
denote the samequartities after the Adversary step of round t. Then, we say that an algorithm
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is safeagainst a given adversary if there is a constart B sud that jb(v)j - B for all nodesv and
rounds t. We will next shaw that a very simple family of local-cortrol algorithms is safeagainst
any adversary respecting the cut condition.

6.2 Single-commo dity load balancing

In this section,we will study the load balancing problem for a singlecommadity, and in particular
prove that the natural balancing algorithm is safefor any adversary respecting the cut condition,
thus settling an open question from [64]. This algorithm has a thresholdparameter u, 1, which
determineshow aggressiely the algorithm balances.

Algorithm SCLR
At each time t, for each edge e= (u;v):
If he(u), he(v) + W
then send a token from u to v.
It he(v), h(u)+p
then send a token from v to u.

This algorithm doesnot specify whether tokensare sert alongan edge(u; v) whenjh(u)j h¢(v)j <
K All of our subsequeh statemerts will remain true independertly of what the algorithm does
in this case. Notice that this algorithm only requires local information, and can therefore be
executedin a distributed fashionin a network.

6.2.1 Safety of the algorithm

Our main theorem in this sectionis that the algorithm SCLR is safe against an adversary re-
specting the cut condition of Inequality 6.1. We allow for tokensto be in the systemat time 1,
and let H := maxy2v hy(v).

Theorem 6.2.1 For any adversary resgecting the cut condition, and any p, 1, the algorithm
SCLRB is safe, i.e. there is a constant B (dependingon H, pand G), suchthat jby(v)j - B for
all nodesv at all times t.

The intuition behind our proof is basedon the (incorrect) obsenation that the algorithm
seemdo ensurethat the height di®erencebetweenadjacert nodescannot grow beyond . Hence,
the largest di®erencebetweenthe heights of any two nodesshould be achieved when G is a simple
path, and the two nodesare the endpoints of the path | having a height di®erenceof about np.

It is, howewer, easyto seethat the height di®erencebetweentwo adjacert nodescan become
more than |, becausethe adversary can \rearrange" the heights within setsto a certain extent.
On the path, for instance, it would be possibleto rearrangethe tokenson the nodes previously
having heights ny, (nj 1uand (nj 2)usothat they each have (nj 1)utokens. The adversary
can do this by adding two tokensto the node with height (nj 2)u and subtracting one from the
node with height nu for i successie rounds. This processobeysthe cut condition, but afterwards
there are two adjacert nodeswith almost 2u height di®erence. Fortunately, although there are
now more nodeswith large heights, the adversary had to pay for this rearrangemen by making
the highest queuesmaller. In an amortized sense the situation has not becomeworse.

These obsenations suggest maintaining height bounds for ead subset of the ppdes, and
showing that theseboundsform an invariant. For corvenience,we will write b (S) = |, 5 b (V)
for any setS p V of vertices (and similarly for other quartities like h{(S) and %(S)). With ¢
denoting the maximum degreeof any vertex, we write °© = 2¢ + p. The key invariant is the
following:

X
(S)j - (H+°¢) foral SpV (6.2)
j=nij Sj+1
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S|

Figure 6.1: An illustration of Invariant 6.2

Figure 6.1 illustrates the upper bound of this invariant pictorially asthe sum of the column
heights of the right-most jSj columns.

Below, we prove Lemma 6.2.2, shawing that Inequality (6.2) is indeed an invariant over time
for the algorithm SCLR, against an adversary respecting the cut condition.

Lemma 6.2.2 If the adversary respects the cut condition, and the invariant (6.2) holds at the
beginning of round t, then it holds at the beginning of round t + 1.

Using this lemma, the proof of Theorem 6.2.1is straightforward.
Proof of Theorem 6.2.1. We prove by induction that (6.2) holds at every time t. At time 1,
hi(v) - H for all v by de nition, so

: : P Pn o
ib(S)j - vsH i=nij sj+ (H+°¢))

for all setsS p V. The induction step from t to t + 1 follows from Lemma 6.2.2, and we can
apply the resulting guararntee to the singleton setsfvg, yielding a boundof B = H + ° ¢n. 2

Proof of Lemma6.2.2. The proof is by contradiction. Assumethat the invariant (6.2) holds
at the beginning of round t, but not at the beginning of round t + 1. Let S be a set maximizing

©(S) = b1 (S)i (H+°¢):
j=nij Sj+1

If seweral setsachieve the maximum value, let S have minimal sizeamong all these sets. First
o®, notice that the choice of S guaranteesthap either all u 2 S have positive b+, (u), or they all
have negative by+1 (u), and hencejby+1 (S)j = 5 b+ (U)].

Since (6.2) was assumedto hold at the beginning of round t, and fails at the beginning of
round t + 1, we know that jb+1 (S)j > jb(S)j. How can the valuesh;(u) for nodesu 2 S change?
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Adversary step: Substituting the de nitions of b and b, we obtain that for any setS,

B (s)j

ihi(S) i jSjtarj
= jh(S)+ %(S)i |SjCar ]
= JBh(S)+ x(S)i |Sj¢(as1 i a)]
(S)j+ j1®(S)i jSj C(a i a)j
i (S)j + je(S)i:
The two inequalities hold becauseof the Triangle Inequality and the cut condition on the
adversary.

— 1 [P

H+g(n-|S|+1

H+g(n-[S|)

S

Figure 6.2: The gap of ° betweenthe queueheights of nodesin S and outside S in the casethat
b+ (S) is positive.

Redistribution step: Fix anedgee = (u;v) with u2 Sandv 2 S. BecauseS maximizes© and has
minimal size,u hasimbalancejb.; (U)j > H + ° ¢(nj jSj+ 1), sinceotherwise©(Si u), ©(S).
In particular, jb+1 (U)j > °.

Becausev wasnot included in S, its imbalanceh ., (v) must either have sign opposite to the
sign of bi+1 (S), or have absolute value jlh+; (v)j - H + ° ¢(nj jSj). In either case,jl+1 (U) j
b1 (v)j > °, and simply substituting the de nition of °, we also obtain jhi+; (U) i his1 (V)] >
2¢ + p. During the Redistribution step of round t, at most ¢ tokenscan have movedto or from
nodesu and v, sotheir heights can have changedby at most ¢ ead), and therefore their height
di®erencss still jhy(u)j h(v)j > p Figure 6.2illustrates the gap of at least® betweenthe queue
heights of nodesin S and outside S.

If be1 (u), O,thenh¢(u)i h¢(v) > W, sothe algorithm SCLB movesa tokenfrom u to v along
e, and no tokensfrom v to u, thereby decreasingb(u) by 1. On the other hand, if b1 (u) < 0,
then h¢(v)i h¢(u) > p, and a token must be moved from v to u along e, increasingthe (negative)
imbalanceb (u) by 1. Becausejby+1 (U)j > °© = p+ 2¢, and therefore jb(u)j > p+ ¢, the sign of
the imbalance does not changeduring the Redistribution step, evenif ¢ tokenswere moved to
or from u, and hence,jb (u)j decreasedby 1 asa result of edgee.
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This holds for every edgee 2 ¢(S), and using the fact that the averagea does not change
during the Redistribution step, we obtain that

P
jb(+1 (S)] = puzsjbﬁjl (U)J
- ( usib(Wi) i je(S)]
i(S)ji jeS)i

Putting the argumerts for the two stepstogether, we obtain that jb.1 (S)j - jB(S)ji je(S)j -
ik (S)j. This cortradicts our assumptionthat jb.1 (S)j > jkx(S)j, and thus completesthe proof.
2

Notice that our bound B = H + ° ¢n is asymptotically tight. To seethis, considera simple
path of length n. It is certainly legal for the adversary to insert one token at node n in every
round, and never remove tokens. After about u¢§ rounds, ead node k will cortain about kpu
tokens, and hencethe imbalance of node n is about p¢%.

6.2.2 Capacities, dynamic networks, and time windo ws

The result of Theorem 6.2.1 can be easily extended to the casethat the edgeshave (integer)
capacities ¢, asseiated with them, and up to c. tokenscan be sert along e in every round. We
assumethat whenewer the algorithm decidesto send tokens from u to v along e, it sendsas
many as possible,i.e. bounded only by the capacity ¢. and the number of tokensat u. The cut
condition now requires that the imbalance created by the adversary be restricted by the total
capacity of the cut.

It is then straightforward to seethat both the algorithm and the adversary behave exactly
like in the original model when edgee is replacedby c. parallel edges.(Notice that the constart
° and hencethe bound B now depend on the maximum capacity.) If the capacities are not
integral, someslight alterations are sutcient to adapt the proof to the new setting.

Another easyextensionconcernsdynamically changing networks. That is, the set of available
edgesmay changeover time, and we assumethat it is also cortrolled by the adversary. For eadh
time t, we have a set E; of available edges.The cut condition on the adversary must be satis ed
at the speci ¢ time when the imbalanceis created, i.e. j£(S) i jSj(a+1 i a&)j - je(S)j. Here,
& (S) are the edgesfrom E; that have exactly one endpoint in S. By syntactically replacing all
terms e(S) with e (S) in the proof of Lemma6.2.2, we obtain a proof for the model of dynamically
changing networks.

An extensionoften consideredin the corntexts of load balancing or padket routing is to relax the
restriction on the adversary by allowing it to violate the cut condition for a certain time, provided
that it holds\in the long run". Speci cally, a window size W is speci ed, and it is required that

for any set S and any time window [t;t + W), the imbalance created on set S over that time
window is bounded by the total capacity, i.e.j( t1 ' %(S))i jSj(axw i a)j- W ¢je(S)].
It is not ditcult to seethat by allowing B to depend on W, we can also extend the safety
result to that model | oncethe imbalancegrows too large on a set S, all edgese 2 ¢(S) will be
moving tokensso asto reducethe imbalancefor every single round of an ertire window, so that

the imbalance cannot grow further.

6.3 Multi-commo dity load balancing

In the previous section, we consideredthe problem of balancing loads on processorswhere the
loads wereinterchangeable. However, we are alsointerestedin the caseof di®erert kinds of loads
that are to be balanced simultaneously. For instance, think of jobs that have an emphasison
di®erert resourcesof the machine they are running on. Balancing the di®eren classesof jobs
independertly could be desirablein order to avoid processingtime becominga bottleneck on one
machine, and memory sizean issueon another.
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In the generalmulti-commodity load balancing problem, we have k di®eren kinds of jobs (or
tokens),which are storedin separatequeuesat the nodes. Our goalis to ensurean absolutebound
on the deviation of any queueheight from the averagequeueheight for that commadity. Each
round t is divided into the sametwo stepsas before, the Adversary step and the Redistribution
step.

In analogy to the single-commadality case,we use the following notation: For a node v and

commadity i, let hﬁi)(v) be the number of tokensof commadity i on node v at the beginning of
round t. Similarly, al”, 5" (v), £ (v), ﬁf')(v), and E[(')(v) are all de ned for commadity i exactly
astheir single-commality equivalerts.

The algorithm will now not only have to choosewhen to send a token acrossan edge, but
alsowhich of seweral available (and con®icting) kinds of tokensto send. Our classof algorithms

is practically identical to the one from [3] and [10], and can be formalized as follows:

Algorithm  MCLB
At each time t, for each edge e= (u;v):
Choosei to maximize jhﬁi)(u)i hﬁi)(v)j.
If hﬁi)(u) s hﬁi)(v)+ M, then send a token
of commodity i from u to v.
it h{(v), h{(u)+ p then send a token
of commodity i from v to u.

In the caseof a single commadity, this algorithm specializesto SCLR.
The natural analogue of the cut condition for a single commadity is to require that the
adversary satisfy

i#(S) i siah i & - jes) (6.3)
1
for all node setsS p V andtimest. This would require that the total imbalancefor setS created
by the adversary could be \balanced" along edgesleaving S.

Unfortunately, Inequality (6.3) is too weak a restriction | it allows the adversary to create
patterns of addition and removal that cannot be balancedby any algorithm, whether o%ne or
online. At the end of this section, we showv how to use a reduction from the multi-commodity
°ow problem to create such an adversary with k ;3 commadities.

For the special casek = 2, howewer, the Max-Flow Min-Cut Theorem still holds, and in fact,
we can show that the cut condition is sutcient to ensurethat algorithm MCLBIs safe.

6.3.1 Safety for k=2

WeletH = max\,zvfh(ll) (v)+ h(lz) (v)g be the maximum height of the queuesat any node during
the start of the execution, and ¢ the maximum degreeof any vertex. This time, we de ne °°
slightly di®ererly, namely °°= 2¢ + 2.

Theorem 6.3.1 For any adversaryrespecting the cut condition, thereis a constant B (depending

on H, p and G), suchthat MCLB ensuresjq(i)(v)j - B at all times t, for all verticesv, and
commadities i = 1;2.

P _
Proof. At the start of the execution,jb(ll) (9)) + jb(lz) (9)j - v2s H, by de nition of H. The
key Lemma 6.3.2 establishesthat for all S u V, times t, and commadities i = 1; 2,
i A ) ; X 00 g
iR (S)+ i~ (S) - (H+°"¢) (6.4)
i=nij Sj+1

We can then apply the result to all singleton setsfvg, proving the theorem. 2
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Lemma 6.3.2 If (6.4) holdsat the beginning of round t, it holdsat the beginning of round t + 1.

Proof. The proof is by cortradiction. Let S be a set (of minimum size in case of ties)
maximizing

X
o) = H(S)j+ i (S)ii (H+°0¢):
j=nij Sj+1

In the caseof two commadities, a node might be included in S becauseit cortributes a lot
to the imbalancein one of the commadities, although its contribution to the other commadity
might actually be negative. To capture the imbalancecortribution of a node to ead commadity,
we de'ne the signad imbalance (" (v) := sgn((3; (S)) eb” (v), —8 (v) = sgn(t?) (8)) en’; (v),
=f')(v) = sgn(bfi+l (S) tbt_q(')(v) for every nodev 2 V. Here, sgndenotesthe sign of a term. Notice
that we always usethe sign of bf',r)l (S) at time t + 1, even when de ning the signedimbalanceat
time t. Then, we can rewrite the total imbalanceover the setS at time t + 1 as

X _
B @i+ = R+ &) (6.5)
u2s
Again, we show that the changein the imbalancefor set S cannot be positive, by comparing
the increasein the imbalance of S during the Adversary step with the decreaseduring the
Redistribution step, and thus obtain a contradiction.

Adversary step: We know that for ear commadity i = 1;2, the imbalanceon set S after the
Adversary step is at most jB[(')(S)j B+ jH0(s) i jsie@, i al)j by the Triangle
Inequality. Now, summing over i = 1;2 and applying the cut condition on the adversary yields
that

B (S)+ iR (S) - P (S)i+ it ()i + je(S)i:

Redistribution step: Fix anodeu 2 S, and an edgee = (u; V) of G with v 2 S. As in the proof of
Lemma6.2.2,we canusethe de nition of S (asmaximizing © and being of minimal size)to obtain
that the signedimbalancesat nodesu and v satisfy _ﬁ)l (u) + _t(f)l (u) > _t(i)l (v) + _t(f)l (v) + °C
As u and v can loseand gain at most ¢ tokensead during the Redistribution step,

Tw+Pw > PwrPwra (6.6)

In particular, there must be a commadity i suc that _t(i)(u) > _t(i)(v) + Y, and thus also

jﬁf')(u) i ﬁf')(v)j > W Hence,MCLBmoved a token along edgee during the Redistribution step
(w.l.o.g., it was a token of commadity 1). We want to show that this token actually decreased
the signedimbalance of node u. Assumethat it did not. This meansthat if the token moved

from u to v, then sgn(lﬁ)l (S)) is negative, and if the token moved from v to u, then sgn(bﬁ)1 (S)

is positive. In either case,the signedimbalancefor commadity 1 at node v must be higher than

at node u, and so

Twi Y= mi Wiz’ mi i wi

BecauseMCLB maximizes the di®erencein its choice of commadity, we obtain that

“Pwi )

vy i Y ()]
. PP wy i R (w);
= J:(;j) V)i :(E;)Ru)j
@i 8w
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Rearranging this inequality yields that
=) =) =) =@
t WM+ v), )+ (u);

and thus a cortradiction with Inequality (6.6). Therefore, every edge(u; v) with v 2 S decreases

the signedimbalanceof u by 1. Summing over all edgesand all nodesu 2 S, givesus _ﬁ)l (S) +

@ (s). “(s)+ ~? ()i je(S)j. Using Equation (6.5) and the fact that ~" (S) + ~(S) -
.—(1) . .—(2) . .. . . . .—(1) . .—(2) . . .
B (S)j+ i (S)j, we obtain joY) (S)j + ju7; (S) - jB(S)i+ B (S)ii ie(S).

Combining the argumerts for the two steps,jq(l) (S)j+ jb{z) (S)j increaseshy at most je(S)j during
the Adversary step, and decreasedy at least je(S)j during the Redistribution step. Therefore,
in total jb6Y, (S)j + jbiZ, (S)j - jb™ (S)j + jb? (S)j, a cortradiction. 2

The result for two commadities can be extendedto networks with edgecapacities, adversar-
ially changing edgesets, and adversarieswith restrictions only for larger window sizes,just like
for the single commadity case.

6.3.2 Load balancing and °ows

By omitting the adversarial and dynamic nature in the load balancing problem, and forcing the
adversary to repeat the samepattern of token additions in every round, we can infer from the
safety of the load balancing algorithm the existenceof a multi-commodity °ow. Supposethat
we are given a multi-commodity °ow instance with edgecapacities ce, source-sinkpairs (sj;t;),
and demandsd;. Let D = max; di, and let A be the adversary inserting, at every round for eat
commadity i, D + d; tokensat node s;, D | d; tokensat node t;, and D tokenseverywhere else.

Lemma 6.3.3 If any load-kalancing algorithm is safe against the adversary A, then there is a
(fractional) multi-commadity °ow f with source-sink pairs (s;j;tj) and demandsd;.

Proof. Becausewe assumedthe algorithm to be safe, all imbalances bﬁ')(v) are always
boundedin absolute value by someconstart B. Therefore, there are at most (2B + 1)k" di®erert
combinations of imbalancesfor the ertire network, and there must be times t < t% such that
K" (v) = K (v) for all nodesv and commadities i.

For each edgee = (u; V), let 3/ﬁ')(u; v) denote the number of tokensof commadity i sert from
uto vin round t, and de ne a °ow f by

) 1 x i) i)
Fluvy = 0] t¢r:t(% (u;v) i % (v;u)):

Notice that we de ne negative °ows, but only for symmetry and easeof notation. We want to
verify that f is indeed a feasiblemulti-commodity °ow for demands(s;;t;; d;).
Capacity constraints: The total °ow along any edge(u; V) is

0

X 1 XX D (v Wi
Tyl . t¢ A (u;v) i #Y(v; )
i i r=t
1 WX .
= ¢ A (uv) i A0 (v W)
r=t i
0,
1 Xt
ot v
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The “rst inequality is simply the Triangle inequality, and the secondinequality holds because
the balancing algorithm never exceedsthe capacity of any edgewith any of its token moves,and

therefore both 3/}i)(u; v) and 3/4$i)(v; u) lie between0O and cy.y)-
Flow Conservation: For any node v and commadity i, we can write

X _
(% f

(uv)
(uv)2E
% 1

= #H(u;v) i #AO(v; )

(uv)2E r=t

%1 X ®1X
= YA (u;v) | %" (v; u)

r=t (uv)2E r=t (uv)2E

. . OI 1

= hdMi b i )

r=t
= gw+al i g'wial i @ e’ )
= (% (D £ (v):

The third equality is becausehﬂ)) (V)i hEi)(v) is exactly the amount of tokensthat ertered v
during the time period [t; t°; 1], minus the amourt of tokensthat left v during this period. In

the last equality, we usedthat q‘i,’ (v) = q(i)(v) for all i and v, and that a) = r ¢D for all times

r. Now, if node v is neither the sourcenor the sink for commadity i, then J_rt(i)(v) = D, so°ow

is consened. If v is the sourceof commadity i, then tt(i)(v) = D + dj, sothe total °ow erntering
nodes; isj d;. If visthe sink for commadity i, then the total °ow entering nodet; is d;, because

irt(i)(v) = D i d; by de nition. Hence,f satis es °ow consenation and all demands.

f consenes °ow, satis es all demands, and does not exceedany edge capacities, so it is a
feasible multi-commodity °ow for the given demands. 2

By combining Lemma 6.3.3with the safety of MCLB proved in Theorem 6.3.1, we obtain asa
corollary an alternate proof of the two-commadity Max-Flow Min-Cut Theorem. In only remains
to verify that the adversary A asde ned in Lemma 6.3.3 indeed respects the cut-condition.

Corollary 6.3.4 (2-Commo dity Max-Flo w Min-Cut) Let G = (V;E) be a graph with edge
capacities ¢g, and two demandpairs (S1;t1), (S2;t2) with demandsd,, d, suchthat for any vertex
BetS Vv, the total demandof commadities i 2 f 1; 2g with exactly one of fsj;tig in S is at most

e2¢e(s) Ce- Then, there exists a feasible two-commadity *ow sendingd; units of ow from s; to
t; fori = 1;2

Proof. De ne the adversary A asin Lemma 6.3.3. To show that the algorithm MCLRB s safe
against A, we merely have to verify that A satis es the cut condition. Let S u V be arbitrary .
For corvenience,we write [u 2 S]:= 1if u2 S, and 0 otherwise. Then, for any time t

i#(s)i isje@l i al)j

i=1;2
X
= jiSj¢D + [sj 2 S]¢dij [tj 2 S]¢d;ij jSjeDj
= di ¢j[si 2 S]i [t 2 S]j:
i=1;2

In the “rst equality, we usedthe de nition of the insertion pattern for A. The contribution of
commadity i to this sum s d; if and only if exactly one of s;;t; liesin S| otherwise, it is 0.
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Hence,the value of the sum is the total Fdemand of commadities i with exactly oneof fs;;tigin
S, which by assumptionis boundedby ., s Ce. Hence,A satis es the cut condition.

We can therefore apply Theorem 6.3.1to obtain that MCLB is safeagainst A, which in turn
implies the existenceof a feasiblemulti-commodity °ow f for the giveninstancevia Lemma6.3.3.
2

The 2-Commadity Max-Flow Min-Cut Theorem was rst proved by Hu [45], essetially re-
peating Ford and Fulkerson's original [35] augmerting paths argumert for two commadities.
Seymour[77] shawved a short and simple explicit reduction to the single-commality case. Subse-
quertly, Linial, London and Rabinovich [56] gave a novel proof using geometric embeddingsand
linear programming duality. Our proof usesyet di®erernt (and much more elemenary) techniques,
and doesnot rely on the single-commality Max-Flow Min-Cut Theorem.

Another Corollary we obtain from Lemma 6.3.3is the existenceof an adversary respecting the
cut condition for k = 3 commadities, suc that no algorithm (o2ine or online) can balancethe
insertion pattern. To prove this, we simply take a 3-commality instancewith agraph G = (V;E)
and demand pairs (sj;ti);i 2 f1;2;3g (with demandsd;) sud that for all cuts (S;V nS), the
total demand acrossthe cut is at most the capacity of the edgescrossingthe cut, yet there is no
(fractional) multi-commodity °ow satisfying all demands. The rst such examplefor k = 3 was
givenin [45]. (It is well-known that with appropriate demand pairs, the complete bipartite graph
K 2.3 can be usedto obtain an example for k = 4 with unit demands.) Let A be the adversary
de ned from this instance asin Lemma 6.3.3. If any load balancing algorithm were safeagainst
A, Lemma 6.3.3 would guararntee a feasible multi-commodity °ow, a cortradiction. In Section
7.1.3we will discussan alternativ e approad for a restriction on a multi-commodity adversary.

6.4 Packet Routing

There is anatural connectionbetweenthe load balancing problem studied in the previoussections,
and the problem of routing padkets in an adversarial network. It has beenobsened previously
[3, 10] that the natural balancing algorithm SCLRE is also safefor padket routing.

The model for padket routing di®ersfrom the load balancing onein that after the Redistribu-
tion step, there is an additional Removal step during which all padkets that have readed their
destination are removed from the network. Safety of an algorithm is now de ned asmeaningthat
there is an absolute bound on all queue heights at all times, i.e. hﬁ')(v) - B for someconstarnt
B.

In the single-commality padket routing problem, we can again restrict the adversary by a
cut condition: the total number % (S) of padkets inserted into a set S must be at most je(S)j
for any set S not cortaining the sink of the padkets. If S does cortain the sink, then there is
no restriction. In the multi-commodity case,the adversary speci es a sources; and a sink t; for
ead padet inserted, and must guarartee that there is a set of edge-disjoirt paths connectingall
Si-t; pairs.

In [10], it was shawn that for the single-commality case,the algorithm SCLR is safeagainst
an adversary guaranteeing the existenceof a path for all packets inserted, even when edgesdy-
namically appear and disappear. Aiello et. al. [3] proved that an algorithm essetially equivalert
to MCLB is safefor the multi-commodity padket routing problem if the paths speci ed by the
adversary are not only disjoint, but leave an " fraction of capacity for every edgeunusedover a
given window length W.

Our techniques from Section 6.2 can be usedto obtain an alternate (and simpler) proof for
the safety of algorithm SCLR in the padket routing model. Our proof also works for the case
of adversarially appearing and disappearing edges,although the restriction on the adversary is
di®erert from (and essetially lessgeneralthan) the onein [10].

We dene ¢ and H asbefore,and let ° = 2¢ + . Then, the safety of SCLB against an
adversary respecting the cut condition is guaranteed by the following theorem.
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Theorem 6.4.1 For anytimet andsetSpu V,

X
he(S) - (H+°¢): (6.7)
j=nij Sj+1

Proof. By de nition of H, Invariant (6.7) certainly holds at time 1. Assumethat the theorem
is wrong, and let t be the earliest time sucd that there is a qgt S violating (6.7) at time t + 1.
Among all sudh sets, let S be the one maximizing he+1 (S) i ;- sj«0 (H + ° ¢j), and break
ties for minimal size. Then, we can show as in the proof of Lemma 6.2.2 that for all nodes
Uu2S;vzs, hyg (u) > heg (V) + °, and heyg (U) > H. In particular, the set S cannot contain
the sink (becausethe sink contains no tokensafter the Removal step).

Therefore, the adversary can have inserted at most je(S)j tokensinto S in the Adversary
step. During the Redistribution step of round t, a token leaves the set S along eah edge
e = (u;v) 2 ¢S), becauseewven if u had lost ¢ tokens and v gained ¢ tokens during the
Redistribution step, h(u) would still exceedh;(v) by at least . Taken together, this shaws that
the number of tokensin S cannot have increased,contradicting the choiceof t and S. 2

Extensions: Directed Graphs and More

Like the proofsin the previous sections,the proof of Theorem 6.4.1can be easily extendedto deal
with dynamically changing networks, edge capacities, and time windows in the cut condition.
In addition, this proof extendsto directed graphs G, if we rede ne e(S) in the cut condition to
be the edgescoming out of S. We can also shov safety of a wider class of single-commality
balancing algorithms. Specically, let g: N! N be a function with g(x) , x for all x. The
balancing algorithm SCLR always sendsa token from u to v (and never sendsa token from v to
u) if there is an edgee = (u;v) 2 E and h¢(u) > g(h¢(v)). It doesnot matter what the algorithm
doesif neither h¢(u) > g(h¢(v)) nor h¢(v) > g(h:(u)). Extending the above proof only slightly,
we obtain that SCLR is safefor all sudch functions g. Of course,the bound B now dependson
the rate of growth of g.

Our padket routing results also imply the safety of an interesting load balancing scenario.
Supposeead node processene job per round, sothat onetoken is removed every round from
ead node with positive queueheight. If the adversary A satis esthe constraint that the number
of tokensit addsto S is at most &(S) + Sj, then we can use Theorem 6.4.1to shaw that the
gueueheights are bounded. Consider adding a sink node v to our graph, and add an edgefrom
every node to v. We can now think of A as adding padkets to the new graph, with v being the
padets' destination. The number of edgescoming out of a set S in the new graph is exactly
e(S) = e(S) + jSj, SOA satis es the condition neededfor Theorem 6.4.1. It is easyto seethat if
the queueheights are bounded in this new padket routing scenario,then they are also bounded
in the original load balancing one.

The proofs for Theorem 6.4.1 and Theorem 6.2.1 (and the proofs in [3] and [64]) are so
similar in nature that one suspects a formal reduction from the padket routing problem to the
load balancing problem (which seemsmore general). Howewer, we have not yet been able to
determine such a reduction. It would certainly be interesting, sinceit would allow usto focuson
the load balancing problem in the future.

As with the load balancing problem, we can obtain a multi-commodity °ow if MCLB is safe
against a suitably de ned adversary A. The proof is practically identical to the one for Lemma
6.3.3, and we therefore omit it.

Lemma 6.4.2 Let A be an adversaryinserting d; tokens of commadity i (whose destination is
ti) into nodes; in everyround. If any routing algorithm is safe against this adversary, then there
is a (fractional) multi-commadity °ow f with source-sink pairs (sj;tj) and demandsd;.



Chapter 7
Conclusion and Further Directions

In this thesis we focusedon the price of stability in networks designedby self-interested agerts.
We consideredseeral versions of network creation games,and showed various bounds on the
price of stability, as well as addressedthe existence of Nash equilibria and the corvergenceof
best-respnsedynamics. We also examined network routing with atomic demands,and dynamic
distributed processesn load balancing and padket routing. Our results suggestmany concrete
open problems in these areas, as well asimportant fundamertal directions for further researd.
In this chapter we describe the most important and promising of these.

7.1 Open Questions

7.1.1 Bicriteria Appro ximations

Most of our important resultsin Chapter 3 canbe phrasedasbicriteria approximations. We show
di®eren caseswvherethere exists (or it is possibleto 'nd) a ™ -approximate Nash equilibrium that
is only a factor of ® more expensiwe than the certralized optimum. Speci cally, for the single-
source caseof the Connection Game with Arbitrary Cost Sharing we showved that there exists
an exact Nash equilibrium which costs no more than the centralized optimum, which is a (1;1)
approximation. The results of this kind from Chapter 3 are summarizedin Table 7.1. Notice that
the numbers 1.55 and 4.65 rely on the best approximation factor to the Steiner tree problem,
and will becomelower as better approximations to that problem are found. The lower bound of
(1:5; 1) from Table 7.1 meansthat there cannot be a -approximate Nash equilibrium that costs
as much asthe certrally optimal solution, with — < 1.5.

Single-Source| Multi-Source
Exists Nash (1,1) (3,1)

Can nd Nashin poly-time | (1+ "; 1:55) | (4:65+ "; 2)
Lower Bounds on Existence (1,2) (1.5,2)

Table 7.1: Bicriteria approximations, written as (" ; ®), meaning there exists (or it is possible
to nd) a -approximate Nash equilibrium that is only a factor of ® more expensiwe than the
certralized optimum.

Looking at theseresults as a two-parameter optimization problem, we seethat we have just
begunexploring the spaceof possibleapproximations. In the caseof the single-sourceproblem, we
are mostly done, sincewe cannot get a better result than a (1; 1) approximation, and it is doubtful
that we can do much better than (1;1:55) in polynomial time unlessa better approximation for
the Steinertree problem is found. For the generalmulti-source problem, however, things are very
di®erert. While we have showvn that we cannot hope to get a -approximate Nash equilibrium
with small ~ that is as good as the optimum, we do not have any results for ® > 1. In other
words, it is still possiblethat there existsa (1 + ")-approximate Nash equilibrium for the general
casethat is closeto optimum in cost. One of the most important concrete open questionshere
is:

Open Question 7.1.1 Doesthere alwaysexist a -approximate Nash equilibrium that costs at
most ® times the centralized optimum in the Connection Game with Arbitrary Cost Sharing, for
® and ~ both being small?

Our results even leave openthe possibility of a (1+"; 1+ ") approximation in this context. Proving
thesesorts of results for ® > 1 may be far more ditcult and require novel proof techniques, since
we would not be ableto usethe fact that we are dealingwith the certrally optimal solution, which
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has certain nice properties. While it seemsdoubtful that a (1 + "; 1+ ") approximation always
holds, we believe it rather likely that an approximation like (1 + "; 2) may hold. This would still
be of interest, sinceit would correspond to a good network on which the incentiv e to deviate for
any player is at most 1+ " times what they are paying now. If we were a certral authority that
wanted to build a good network, we would only needto pay tiny incerntivesto all the players
to guarantee the existenceof a cheap network built by the players themselwes. Furthermore,
this result would have the advantage that it may be possibleto "nd this (approximate) Nash
equilibrium in polynomial time, sinceit is 2 times more expensiwe than the optimal certralized
solution, and 2 is the bestknown approximation factor for the generalizedSteiner forest problem.

For the general Connection Game with Arbitrary Sharing, there are still many things we
would like to say about the existenceof approximate Nash equilibria on the optimal certralized
solution. We currently have an upper bound of 3 and a lower bound of 1.5. While 3-appraximate
Nash equilibria do not posetoo much interest, 1.5-apprakimate onesdo, since there are many
settings where players may not want to deviate if they increasetheir utilit y by a factor of 3=2,
but it is hard to imagine suc settings if the factor was instead 3. Fortunately, we believe that
the actual approximation factor is closerto 1.5, and would like to narrow the gap:

Open Question 7.1.2 Doesa 1.5-approximate Nash equilibrium that is as cheap as the central-
ized optimum always exist in the Connection Game with Arbitrary Cost Sharing? What alout a
2-approximate Nash equilibrium?

As seenin Table 7.1, besidesexistenceresults we have also provided polynomial-time algo-
rithms for "'nding good Nash equilibria. Unfortunately, it is an artifact of our proofs that an
extra factor of " is added to the approximation factor of the Nash equilibrium when we switch
from existenceto actually "nding it. We do not feelthat this factor hasto be there, and would
like to seeit removed:

Open Question 7.1.3 Can we nd an exact Nash equilibrium in the single source case which
is at most twice as expensive as the centralized optimum? In other words, can we nd a (1;2)
approximation in polynomial time?

We have shown that our bicriteria results are quite versatile and admit a number of extensions.
Unfortunately, there are a few notable extensionsthat we were not able to shov. Whether the
above results hold for those extensionsremain open questions:

Open Question 7.1.4 In the single-soure version of the Connection Gamewith Arbitrary Cost
Sharing, does there always exist an exact Nash equilibrium as cheap as the centralized optimum
if the players are trying to connectmore than 2 terminals ead? In other words, is the price of
stability still 1 in the casewhere players may be trying to connect many terminals, but share one
in common?

Open Question 7.1.5 In the geneal (multi-sour ce) version of the Connection Game with Arbi-
trary Sharing, doesthere exista -approximate Nashequilibrium that is as cheap asthe centralized
optimum if the graph is directed? (The proof for = = 3 only works for the undirected case so
far.)

7.1.2 Fair Connection Game and Extensions

For the Fair Connection Game, we showved that the price of stability is always at mostlogN, and
that this is tight for directed graphs. Howewer, the casefor undirected graphs remains largely
unresolved. The results of Section4.3 show that, at leastfor two players, the price of stability for
undirected graphs can be strictly better than that for directed. 8=5 is the greatestlower bound
we currently possesdor the price of stability of undirected graphs. This logically leadsto the
following important open question.
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Open Question 7.1.6 What is the price of stability in the Fair Connection Game with undi-
rected edges?In particular, is it a constant?

If the price of stability in this casewas 2 (which we consider quite possible), this would be a
wonderful result. We have shown in Chapter 4 that the introduction of the Shapley-walue cost
sharing scheme decreaseghe price of stability from asmuch as£(N) to £(log N) if the graph
has directed edges.If the above question was answered positively, howewer, it would tell us that
this same scheme makes an even greater improvemen in the quality of Nash equilibria for the
undirected Connection Game, since in the Connection Game with Arbitrary Cost Sharing the
price of stability for undirected graphs can be aslarge as-( N).

We shawed that the price of stability in the Fair Connection Game is logN, but we have
not actually shavn how to 'nd a good Nash equilibrium in polynomial time. Perhapsthe most
useful open question hereiis:

Open Question 7.1.7 Can we nd a cheap (possibly approximate) Nash equilibrium for the
Fair Connection Game in polynomial time?

We already attempted to answer this question by trying to analyze the corvergencerates of
best responsedynamics, which we know convergesto a Nash equilibrium in the Fair Connection
Game. Howewer, we have found that sometimes,if the choice of player movesis particularly bad,
best responsedynamics could take exponertial time to convergeto a Nash equilibrium. Howewer,
we have not resolwed the following question:

Open Question 7.1.8 For every instance of the Fair Connection Game, does there exist a
polynomial-length sequene of best-respnse movesthat endsup at a Nash equilibrium?

If this were true, and we were ableto nd this sequencethen we would be able to nd a cheap
Nash equilibrium aswell, sincewe have shown that any best responsesequencestarting with the
certralized optimum endsup at a Nash equilibrium that is at mostlogN more expensive. While
“nding the certralized optimum itself is NP-Hard, we can 'nd a constart approximation to it,
perform best responsestarting from this con guration, and end up with a Nash equilibrium that
is only O(log N) more expensive than the best certralized solution.

It may be tempting to form a polynomial-time algorithm "nding a (1 + ")-approximate Nash
equilibrium by using similar methods as we usedin Chapter 3. For the caseof the Connection
Gamewith Arbitrary Cost Sharing, however, we had an algorithm that either yielded an approx-
imate Nash equilibrium on the given set of edges,or a set of edgesthat is cheaper by a constart
factor. We have no such algorithm for the caseof the Fair Connection Game. It may seemat
“rst that the following algorithm would be enough: \Lo ok if any best-resppnsemove decreases
the potential © by more than an " factor. If it does,then takeit." Unfortunately, this would give
us a solution where no player could deviate and increaseits utilit y by more than an " factor of
the entire solution cost. Sincethe costto a particular player can be much smaller than the cost
of the entire solution, this is not an "-approximate Nash equilibrium. We can successfullyuse
this ideato form a pseudo-mlynomial time algorithm, howewver, whoserunning time dependson
the maximum edgecost.

The most natural extensionof the Fair Connection Gameis the samegamewith weighted play-
ersaddressedn Section4.5. Indeed, why should all the players sharethe cost of an edgeequally,
instead of proportionally to the amourt of tratc they are sending through? Unfortunately,
everything becomesmuch harder with weighted players. We have produced some preliminary
results, but have hardly scratched the surface. We have shawvn the existenceof Nash equilibria
only in special cases. Recerly, Chen and Roughgarden[18] proved that there exist weighted
gameswith "xed edge costs and no pure Nash equilibria, settling an open question from [6].
They alsoshaved that any weighted gamehasa O(log wmax )-approximate Nash equilibrium that
costsat most O(log W) times the certralized optimum (where wpax is the maximum weight).
This still leavesthe natural open question:
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Open Question 7.1.9 What is the price of stability of the Weighted Fair Connection Game if
all players share a terminal in common? Can the results of [18] be improvel for this case?

As for the version of the Fair Connection Game with latenciesinstead of edgecosts,the main
challengeis to provide price of stability results for the generalscenario,not just for single-source.

7.1.3 Open Questions for Simple Agents in Load Balancing

In Chapter 6, we have shown that a simple local load-balancingalgorithm is safeagainst dynamic
adversarial addition and removal of jobs in a network, solong asthe adversary is bounded by a
natural extensionof the cut condition in the sensede ned in [64]. This settles an open question
from [64]. Our proof techniquesextend to the caseof balancing two commadities at once,and to
routing padkets injected by an adversary They yield easierproofs and essetially tight bounds
for the generalcase.In addition, the safety of the load balancing algorithm for two commadities
givesa new proof of the two-commality Max-Flow Min-Cut Theorem.

This work leavesopen a number of interesting questions. Most importantly, we would like to
be able to show safety of the multi-commodity load balancing algorithm for an arbitrary number
of commadities, both for the problem of routing pacdkets and balancing loads. If we want to
prove safety of load-balancing algorithms for more commadities, we will have to use a di®eren
condition on the adversary. As a consequencef Lemma 6.3.3, any reasonablerestriction on the
adversary will have to guarartee the existenceof multi-commaodity °ows for all instanceswhere
we hope to prove safety. We therefore suggestthe following restriction:

We de_ne_demandsdgi)(v) for commadity i, node v and time t by dfi)(v) = it(i)(v) i
(af'fl i at(')). Then, the adversary is restricted to movesthat guarantee the existence

of a (fractional) multi-commodity °ow in G satisfying all thesedemands.

The disadvantage of this condition is that it bearsno direct relation to the load balancing
problem| it arisesfrom observingthe insutciency of the more natural cut condition rather than
from having an actual meaning for the problem of balancing loads. Nevertheless,this condition
should be consideredthe right restriction on the adversary to measurethe quality of MCLB or
other load balancing algorithms, which leadsto the question:

Open Question 7.1.10 Is MCLPB safe against adversaries okeying the alove condition? What
alout other simple local algorithms?

Alternativ ely, we might investigate whether the cut condition is suxcient for balancing mul-
tiple loadsif we restrict our attention to speci ¢ networks. For example, it is well known that for
trees or cycles,the cut condition implies the existenceof multi-commodity °ows, and we might
hope that it would hencebe sutcient to prove safely.

We would also be interested in algorithms that are allowed to discard some small amount
(or fraction) of jobs. In many casesthis can causesigni cant improvemen in the ability of an
algorithm to balanceload. This makeseven more sensein the scenarioof padcet routing. The
main questionshere would be:

Open Question 7.1.11 If the algorithm were allowed to discard a small fraction of jobs (or
packets), would some version of MCLB be safe against an adversary okeying the cut condition?

Open Question 7.1.12 If the algorithm were allowed to discard a small fraction of jobs (or
packets), would some version of SCLB be safe evenagainst much more powerful adversaries?

Especially for padcket routing, the above questionsare still interesting evenif we had to discard
alargefraction of padcets. If an algorithm wereableto discard 90% of the padets and by doing so
becomesafeagainst a powerful adversary, this result would imply that against such an adversary,
we are ableto achieve a 10%rate of throughput. Depending on the exact application, such results
can be extremely important.
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7.2 Further Directions

Our researd suggestsa number of important fundamental directions for further researt, some
of which we describe in this section.

The entity framew ork A lot of the questions we addressin this thesis can be expressed
coherently usingwhat one could call the entity framework(seee.g.,[65]). We are given a network
of strategic agerts. Suppose there also exists some single ertity with an objective function.
This entity is usually consideredto be a certralized authority, but could also correspond to one
particular agert in the network. The ertity also has somelimited power to a®ectthe agens.
The question is: how well can this entity do for itself? Given its limited cortrol, how big of a
personalobjective can it achieve, and can it determine how to useits power to achieve it?

The questions we ask about the price of stability in the Connection Game can be stated
simply using the entity framework. The ertity is a certralized authority desiring maximum
sacial welfare, and it achievesthis by calculating the best possible Nash equilibrium and then
suggestingit to the agerts.

In general,it is important to study the behavior of strategic agerts in various networks with
the aim of nding medanisms which ertities (whether altruistic, self-interested, or malicious)
could useto in°uence theseageris. The goalsshould be to analyze how much in°uence ertities
with various power and desireshave in various network scenarios. This power could be none at
all, could be the ability to pay ageris moneyfrom alimited budget, could bethe ability to destroy
edges,or an ability to take over a constart number of agens, etc. In many cases.this analysis
should either yield a way for improving the global qualities of a network, or a way for preventing
undesirable ertities from gaining undue in°uence over it. Traditional optimization deals with
questionsof how to nd, given a set of constraints, a solution which meetsthese constraints and
is closeto optimal. There is a needfor a framework just as developed astraditional optimization
which answers the samequestions, but assumeshat the agerts concernedare self-interested.

A start on this framework would be to consider ertities with sudh powers as the ability to
destroy or create a few edges,the ability to take over a small number of players, or the ability to
bribe a small nhumber of players with a small (but larger than ") budget. These entities should
either be altruistic, self-interested, or malicious. A self-interested entit y could be a single agert
who has the ability to bribe other agerts, for example. Note also that there are many notions
of \social good", sothere can also be many variants of an altruistic objective. Looking at such
entities in the context of the Connection Game will provide a greater understanding of how an
entit y could a®ectthe above network designprocess.

What is a good outcome? Ideally, the results of future researt will yield a deeper under-
standing of how to get self-interested agerts to behave. We must now addressthe question of
what constitutes a \desirable" outcome. The goal of the ertities in this framework is to form
a good outcome with respect to their objective function. In this thesis, we usually assumed
that any desirable outcome of the interactions between self-interested agerts must be a stable
outcome. The most popular notion of stability is a Nash equilibrium, which is a solution suc
that, onceimplemented, no single agent would want to deviate from it. Howewver, this notion is
rather limited. If two agens decidedto join forces,for example, a Nash equilibrium would not
be stable anymore, and there are examplesof gameswhere the actual resulting outcomesare not
Nash equilibria (seee.g. [53]). There are other notions of stability that needto be explored in
gamessimilar to the Connection Game, suc as stability in the face of limited numbers of agerts
acting cooperatively together [14]. If agerts could form small coalitions, we may want to nd a
solution sucdh that no coalition of small sizewould want to deviate from this solution.

Sincewe are interested in designing mechanismsto in°uence agerts in real networks, where
theseagerts may have only limited local information, anotherimportant solution conceptneeding
study in this context is the Bayes-Nashequilibrium, which is a Nash equilibrium with agers
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having certain beliefs formed from their knowledge about the gamethey are playing which may
not correspond to reality.

Appro ximate Equilibria  and Appro ximation Algorithms Tedhniques from approxima-
tion algorithms are desperately neededto addressthe typesof questionswhich arisein this thesis.
Besideshaving Nash equilibria which are approximately optimal with respect to the certrally op-
timal solution, there are also many notions here of approximately stable solutions. The de nition
of an "-approximate Nash equilibrium that we usedin this thesis was that of a solution where
no agert can becomemore than a factor of (1 + ") better o® by deviating. This solution could
correspond to a stable solution in the scenariowhere there is an " cost incurred by any agen
for deviating. If an \entity" (e.g., a certral authority with limited power) tried to implement
sudh a solution (becausethere is no good exact Nash equilibrium, for example)it could suggest
this solution and pay an "-fraction to ead agert for it not to deviate (assumingthe ertity has
this power), thereby ending up with a good stable solution and spending only a small amount
of money to get it. Most de nitions of an approximate stable solution can be interpreted as an
exact stable solution after somesmall manipulation by an ertity. For example, if we de ned an
approximate Nash equilibrium as a solution that would be an exact Nash equilibrium if k edges
were removed from the graph, then this solution could be interpreted as an exact stable solution
induced by an entity that hasthe power to remove k edges. Sinceit is important to study en-
tities with various powers to a®ectthe network at their disposal, this puts the focus on various
notions of approximation aswell, and raisesquestionsabout the ability to computationally "nd
and implement approximate Nash equilibria in gameswith strategic agens.

Cost Sharing Metho ds in the Fair Connection Game There is another interesting ertity
power, which we have already begun studying in this thesis. The Shapley-walue sharing rule in
the Fair Connection Game is really a cost sharing mechanism, which we assumeis enforced by
an underlying protocol, and therefore by someenity power. This mecanism can be used to
guarantee somebetter global properties of the network. This cost-sharing mechanism, though,
is only one of many possible. It would be wonderful to explore the existence of other suc
mecanisms which may guarantee even better global properties. These medanisms must be
judged not only on the basisof the global properties of the networks formed if all the agens obeyed
the mechanism, but alsoon whether the agerts would even desireto participate in the medchanism
at all. Thesemedanismsalsomust be fully distributed, useonly local information, and useonly
limited power, sincewhile a mecanism could be designedwhich guaranteed certralized optimal
behavior, the cost-sharing must be done quickly and locally, and therefore on an edge-ly-edge
basis. In essencethere is a tradeo® here between the power and knowledge available to the
medanism, and the quality of the solutions it can produce, and one of the major researt goals
should be to examine this tradeo® and nd medanisms with very small power and yet large
e®ect.

Player Entities Oneimportant type of entit y not mertioned yet is an ertit y that corresponds
to a particular player/agent. In the network gamewe de ned, as well as in the usual network
games,there is an assumptionthat the playersare myopic, i.e., they only do what is bestfor them
given the current con guration, and do not think aheadin any way (otherwise Nash equilibria
would not make any sensehere,we would needa di®erert solution concept). We are alsoassuming
that ead agert cannot a®ectthe others except by changing his strategy (e.g., it cannot collude
with others). Howewer, what if one agent decidedthat it will try to do better than the rest,
obtains more information, and gets additional power? The power it obtains may be anything
we mertioned above, such as the ability to pay money to other players. Then we can think of
this agert as an ertity whoseobjective is the utilit y of this single player, and who has limited
power as described above. The questionswe would ask in this context would tell us how much
this single player could a®ectthe network if it had limited power.
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Notice that in the above description we gave the entity a somewhatsubtle power: the power
of information. We assumedthat the players only know local information and therefore behave
myopically. However, an entity with more global information (whether it is a particular player
with listening posts or a certral authority) can compute a Nash advantageousto itself and then
either suggestit to all the other players or use a tiny bit of in°uence to get them to agreeto
this particular Nash. For a certral authority, it might make senseto have accessto this global
information, sinceit is possibly observingthe network over a longer period of time.

Routing  The questionsdescribed above do not apply only to network design, but to routing
on an existing network as well, sincethe Fair Connection Game becomesSel sh Routing with
atomic playersif we changethe edgecoststo be convex functions.

Game Dynamics All of the questionsaddressedabove focus on using incentivesto push the
strategic agens into a desirablestable solution. One reasonfor this is that the dynamic behavior
of agerts is dixcult to analyzeand predict. In Chapter 4, we showved that in the Fair Connection
Game, any sequenceof deviations by agerts unhappy with the current con guration will corverge
to a Nash equilibrium. In real systems,however, multiple agerts might changetheir strategy at
the sametime, and we sav many casesin this thesis where even best response dynamics may
not corvergeto a Nash equilibrium. Studying corvergenceissuesof various dynamics (especially
if these dynamics are closeto how actual players interact) is very important in these types of
network games,sinceit is not always that a certral authority can suggesta stable solution.

In addition, we do not have to insist on stable solutions, if the nature of the agert interaction
is such that all the con gurations formed by them have good global properties (and we do not
insist on stability as one of these properties). For example, if best response dynamics quickly
convergeto a (possibly unstable) solution that is closeto the certralized optimum, or if there
exists a small cycle of best-respnsessud that all the solutions in this cycle are of high quality,
this may be good enough. See[59] for someof theseideas.

Load Balancing and Distributed Computing In Chapter 6, we examinedsimple dynamics
in a network where ead agert owns a node corresponding to a processor,and an adversary is
adding jobs into the network. We shawed that a simple local protocol hasgood global properties,
speci cally that the load imbalance in the network never becomesunbounded. In Chapter 6,
the agerts were consideredobediert, but if the agens were instead self-interested with local
knowledge, this protocol with small incertivesadded would not force the agerts to do anything
against their will. With the advent of massiwly distributed computing, in the near future a
large amourt of computation will be done in a distributed fashion on many macdhines. These
machines are likely to be independen instead of certrally cortrolled agerts. In a scenariowhere
every machine wants the other machinesto do its computations, we have a needfor distributed
protocols which balance the load without forcing individual machines to perform actions they
would regard as unfair. As before, we could also ask questionsabout di®eren types of ertities
here, such asin what ways a malicious ertity could sabotage the computational process,and
in what ways a particular agert could manipulate this processto get others to perform its
calculations without performing any himself.
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