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1. Introduction
1.1. Notation

e Motivation:

— Linear algebra is involved in approximately 75% of scien-
tific computation
« Circuit and network analysis
* Potential theory
% Signal processing
* Acoustics and vibrations
x Optimization
* Finite difference and finite element methods
x Tomography
*x Optimal control

e Problems:

— Solve linear systems
— Solve least squares problems

— Solve eigenvalue-eigenvector problems



Notation

e Reading: Trefethen and Bau (1997), Lecture 1

e An m X n matrix

ailr Qi -+ Qip

a1 A2 -+ QA (
1)

am1 Am2 *** Amp

— Bold letters denote vectors and matrices

— Italic letters denote scalars

x Lower case letters are elements of a matrix

—a;; €N, 1=1,2,...,m,j=1,2,...,n, unless stated

_AE%TI’LXTL

x R a vector space of m X n real matrices
— A vector: x € "< = R

X1
Z2

C o xh=xy, @0, )



MATLAB

e Specify Algorithms using MATLAB

o Vector dot (scalar) product

n
c=x"y =) =z (2)
1=1

function ¢ = dot(x, y)
% dot: compute a dot product of the n-vectors x and y
n = length(x)

c=20
fori = 1:n

¢ — o + x(i)*y(i)
end

— Subscripts are enclosed in parentheses

— The MATLAB function length computes the dimension
of a vector

— The : indicates a range

x In the for loop, ¢ ranges over integers from 1 to n
— dot(x, y) is a library function in MATLAB



A SAXPY

o A saxpy (“scalar a x plus y”) is the vector

Z=aX-+Yy

function z = saxpy(a, x, y)
% saxpy: compute the vector z = a x x + y where
% a is a scalar and x and y are vectors

n = length(x)

fori = 1:n
z(i) = a*x(i) + y(i)
end

— x and y have the same dimensions n

* Production software should check this
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Matrix Multiplication

o Let Ac R B e R and C € R"*" then

r
cij:Zaikbkj, izl:m, ]:17?, (4)
k=1

function C = matmy(A, B)
% matmy: compute the matrix product C = AB
[m 1] = size(A);
[r n] = size(B);
fori = 1:m
for j = 1m
C(ij) = 0;
for k = 1ir
Cli) = CGi) + AGK*B(k,);
end
end
end

— size(A) returns the row and column dimensions of A
— The ;s suppress printing of results
— The complexity is mnr multiplications and additions

— Some details are omitted
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Matrix Multiplication

e Matrix multiplication using the dot product

— Let a; denote the jth column of A
A =laj,a, - ,a,] (5)
— Replace the loop in (4) by a dot product
c;j =a: b, i=1:m, j=1:n (6)

+ al is the ith column of AT or the ith row of A

function C = matmy(A, B)
% matmy: compute the matrix product C = AB using
% the dot product
[m 1] = size(A);
[r n] = size(B);
fori= 1:m
for j = 1m
C(i,j) = dot(A(i,1:r)",B(Lr,j));
end
end

— The range 1:r indicates an operation for an entire row or
column

— A 7 denotes transposition

— A(i, 1 : r) is the ith row of A
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Matrix Multiplication with Saxpys

e Reorder the loop structure: regard the columns of C as linear
combinations of those of A

sl =Bl i) elal e ld]

— compute C = AB as
¢, = Zbkjak, ] =1:n (7)
k=1

— Implement the sum using saxpys

function C = smatmy(A, B)
% smatmy: compute the matrix product C = AB
% using saxpys
[m 1] = size(A);
[r n] = size(B);
C = zeros(m, n);
for j = 1m
for k = 1:r
C(1:m,j) = saxpy(B(k,j), A(1l:m k), C(1:m,j));
end
end

— zeros(m,n) returns a m X n matrix of zeros.
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Outer Products

e Reorder the loops to perform an outer product

— An outer product of an m-vector x and an n-vector y is
the m X n matrix

C=xy' (8)
or
i L1 ] i L1Yr T1Y2 - T1lYn ]
C= " Y1y -] = xQ.yl xQ.yQ xQ.yn
| Tm | TmY1 TmlY2 - TmlYn

— Problem 1. do matrix multiplication using outer products

* Show this for the 2 X 2 problem

thits
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Outer Product

x Write an algorithm for a general system

e Different loop structures perform differently on different com-
puters

dot product 7,7,k
saxpy g, k.t
outer porduct £,1,J
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