
Chapter �

Solution Techniques for Elliptic

Problems

��� Direct Solution Methods

In Sections ���� �� we saw that the discretization of an elliptic partial di�erential equation

led to the solution of a large� sparse� linear algebraic system� In this chapter� we address

the solution of such systems� A slight change in notation will simplify the presentation�

Thus� our goal is to solve linear algebraic systems of the form

Ax � b� ������	

where A is a large� sparse� and typically positive
de�nite N �N matrix� In this section�

we study direct techniques where the solution of ������	 is found after a �nite number

of algebraic operations� In subsequent sections� we�ll consider iterative techniques where

the solution of ������	 will only be found as the number of steps becomes in�nite�

Direct solution utilize Gaussian elimination and its many variants� Pivoting is un


necessary with positive
de�nite systems and we shall assume that this is the case here�

Gaussian elimination is regarded as a factorization of A into the product

A � LU �

�
������

�
l�� �
l�� l��
���

���
� � �

lN� lN� � � � �

�
������

�
����
u�� u�� � � � u�N

u�� � � � u�N
� � �

���
uNN

�
���� � ������	

The matrix L is lower triangular and U is upper triangular� Zero elements above the

�
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diagonal of L and below the diagonal of U are not shown� Expanding ������	

uij � aij �
i��X
k��

likukj� j � i� i 
 �� ���� N� ������a	

lji �
�

uii
�aji �

i��X
k��

ljkuki	� j � i 
 �� i
 �� � � � � N� i � �� �� � � � � N� ������b	

The summations involved in ������	 are understood to be zero if the lower limit exceeds

the upper one�

Once L and U have been determined� ������	 may be solved by forward and backward

substitution� thus� we have

Ax � LUx � b�

Let

Ux � y ������a	

then

Ly � b� ������b	

Expressed in scalar form� the forward substitution ������b	 and the backward substitution

������a	 are

yi � bi �
i��X
k��

likyk� i � �� �� � � � � N� ������a	

xi �
�

uii
�yi �

NX
k�i��

uikxk	� i � N�N � �� � � � � �� ������b	

The procedure fails if uii � �� i � �� �� � � � � N � Pivoting may be necessary if this should

occur�

The above procedures ignore sparsity in A which� as we�ll show� is not practical� As

a �rst step towards this end� let us consider the banded structure of A�

De�nition ������ A matrix A is called a band matrix of bandwidth p
 q 
 � if aij � �

for j � i
 p and i � j 
 q�
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A=

q + 1

p + 1

L =

q + 1

p + 1

U =

p + q + 1

Figure ������ Structure of a band matrix A of bandwidth p
 q
� �left	 and of its lower
and upper triangular factors L �right	 and U �bottom	� respectively� Elements not in
the shaded regions are zero�

When using Gaussian elimination with a band matrix� it is easily shown that the

factors L and U� respectively� have the structures of the lower and upper portions of A

�Figure �����	� thus� lij � � for i � j 
 q and j � i and uij � � for i � j and j � i 
 p�

For a band matrix with q � p� the factorization ������	 and forward and backward

substitution ������	 phases of Gaussian elimination become

uij � aij �
i��X

k�max���j�p�

likukj� j � i� i 
 �� � � � � i
 p� ������a	

lji �
�

uii
�aji �

i��X
k�max���j�p�

ljkuki	� j � i 
 �� i
 �� � � � � i
 p� i � �� �� � � � � N�

������b	
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yi � bi �
i��X

k�max���i�p�

likyk� i � �� �� � � � � N� ������a	

xi �
�

uii
�yi �

min�N�i�p�X
k�i��

uikyk	� i � N�N � �� � � � � �� ������b	

The algorithm ������������	 ignores embedded zeros within the band� Accounting for

these is typically not necessary with a direct solution method since� as will be discussed�

they become nonzero during the elimination process�

The reduction in time and space complexity is signi�cant when p� N � Approximate

operation counts for the factorization and forward and backward substitution phases of

the full and banded procedures are given in Table ������ In order to provide some meaning

to these estimates� consider the solution of a Dirichlet problem for Laplace�s equation

on a square� With �x � �y the resulting algebraic system ������	 has the form shown

in Figure ������ Using ������	� reveals that the diagonal elements of A are unity and all

o�
diagonal terms are ����� Each block of A is �J � �	 � �J � �	 and there are J � �

blocks� Thus� N � �J � �	� and p � J � �� Using this data with the estimates shown in

Table ����� gives the approximate operation counts reported on the right of Table ������

Even modest values of J indicate the impracticality of ignoring the sparsity present in

A�

Full Banded

Factor N��� Np�p
 �	
Solve N� N��p
 �	

Full Banded

Factor J��� J�

Solve J� �J�

Table ������ Approximate operation counts for solving full and banded N � N linear
systems having a bandwidth of �p 
 � by Gaussian elimination �left	� Approximate
operation counts when solving a Dirichlet problem for Laplace�s equation on a J � J
square mesh �right	 which has N � �J � �	� and p � J � ��

The factorization of A creates nonzero entries within the band� Hence� for the Lapla


cian operator� the storage needed for L and U using banded Gaussian elimination is

approximately �J�� while the nonzero entries of A only require �J� memory locations�
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j = 0 1 J
k = 0

1

J

x∆ ∆ x

Figure ������ Uniform square mesh �left	 and structure of the corresponding matrix A
for the solution of Laplace�s equation using centered �nite di�erences ������	�

We will have to use iterative methods in order to take full advantage of the sparsity in

A� Nevertheless� some additional time and space savings are possible� For example� a

symmetric� positive de�nite matrix A may be factored as

A � LDLT ������a	

where

L �

�
������

�
l�� �
l�� l��
���

���
� � �

lN� lN� � � � �

�
������ � D �

�
����
d�

d�
� � �

dN

�
���� � ������b	

Computing the product in ������a	 using ������b	 yields

di � aii �
i��X
k��

dkl
�
ik� ������a	

lji �
�

di
�aji �

i��X
k��

dkljklik	� j � i
 �� i
 �� � � � � N� i � �� �� � � � � N� ������b	

The solution phase follows by substituting ������a	 into ������	 to get

Ax � LDLTx � b�



� Solution Techniques for Elliptic Problems

Letting

LTx � y� Dy � z� Lz � b� �������	

The solution is obtained after forward� diagonal� and backward substitution steps� which

have the scalar form

zi � bi �
i��X
k��

likzk� i � �� �� � � � � N� �������a	

yi � zi�di� i � �� �� � � � � N� �������b	

xi � yi �
NX

k�i��

lkixk� i � N�N � �� � � � � �� �������c	

Banded versions of the factorization and solution steps can also be developed�

The block tridiagonal algorithm ��� exploits the fact thatA has a tridiagonal structure

with entries that are matrices �cf� ������		� This too has �approximately	 the same

number of operations as banded Gaussian elimination ������� �����	� A di�erent ordering

of the equations and unknowns� however� can signi�cantly reduce �ll
in of the band and�

hence� the order of operations� Nested dissection� developed by George ��� ��� is known

to be optimal in certain situations� The dissection process is illustrated for a �� � mesh

in Figure ������ Alternate unknowns are eliminated �rst to create the coarser mesh of

�macro elements� shown at the right of Figure ������ Midside nodes of these macro

elements are eliminated next to leave� in this case� a single unknown at the center of the

domain �bottom	� Although we will not describe how to do the dissection for a more

general mesh and problem� one can visualize the process and essential idea�

The structure of the linear systems obtained by using the row
by
row and nested


dissection orderings are shown in Figures ����� and ������ respectively� for the �� � mesh

of Figure ������ The matrix A obtained by the nested
dissection ordering has a larger

bandwidth than the one with the row
by
row ordering� However� even with this simple

�� � problem� we can see that the �ll in is less with the nested dissection ordering than

with the row
by
row ordering �Figures ����� and �����	�
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Figure ������ Nested dissection of a uniform ��� mesh� Unknowns at the �nest level �left	
are eliminated �rst to create the coarser mesh �center	� These unknowns are eliminated
next to leave a single unknown �bottom	�

A banded structure is not necessary for the e�cient implementation of a Gaussian

elimination procedure� It is just about as simple to implement a �skyline� or �pro�le�

elimination strategy where the local bandwidth is used� This requires an additional

vector indicating� e�g�� the number of leading zeros in a row or column� Let

lij � �� � � j � m�
i �������a	

and

k� � max�m�
i � m

�
j	 �������b	

then the skyline form of the symmetric Cholesky decomposition ������	 is

di � aii �
i��X
k�k�

dkl
�
ik� �������a	
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Figure ������ Matrix A when the �nite di�erence equations for a �� � mesh are ordered
by rows �left	 and the resulting �ll
in of U �right	�
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Figure ������ Matrix A when the �nite di�erence equations have a nested dissection
ordering �left	 and the resulting �ll
in of U �right	�

lji �
�

di
�aji �

i��X
k�k�

dkljklik	� j � m�
i 
 �� i
 �� � � � � N� i � �� �� � � � � N� �������b	

This procedures ignores any zeros within the pro�le of L� George ��� proved that the

pro�le algorithm �������� ������	 with the nested dissection ordering could solve a Dirich


let problem for Poisson�s equation on a J � J square mesh in O�J�	 operations with

O�J� log� J	 storage� These should be compared to the O�J�	 operations and O�J�	

storage required for the banded algorithm of Table ������ George ��� additionally showed

that the nested ordering is optimal in the sense that all orderings of the mesh must yield

an operation count of at least O�J�	�
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��� Basic Iterative Solution Methods

The direct methods of Section ��� require storage within the band or pro�le which could

be signi�cant for very large problems �e�g�� in excess of ������ equations	� Storage and�

perhaps� computer time can be reduced through the use of iterative techniques� As in

Section ���� we�ll focus on techniques for N � N linear system having the form ������	�

Using a ��xed
point� strategy� we rewrite ������	 in the form

x �Mx 
 �b ������	

and consider the iteration

x����� �Mx��� 
 �b� � � �� �� � � � � ������	

The iteration must be designed so that

lim
���

x��� � x�

Example ������ Write

A � A
 I� I�

where I is the N �N identity matrix� and rewrite ������	 as

Ix � �I�A	x
 b�

This system has the form of ������	 with

M � I�A� �b � b�

Here are two fundamental convergence criteria�

Theorem ������ The iteration ������� converges to a �xed point x of ������� when

kMk � �� ������	

Proof� De�ne

e��� � x��� � x ������	
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and subtract ������	 from ������	 to obtain

e����� �Me����

Thus�

e����� �Me��� �M�e����� � � � � �M���e�	�

or

e��� �M�e�	��

Taking a norm

ke���k � kM�e�	�k � kM�kke�	�k � kMk�ke�	�k� ������	

When kMk � �� we see that ke���k � � as � �� and� hence� the iteration converges�

Theorem ������ The iteration ������� converges from any initial guess if and only if the

spectral radius

��M	 � max
��i�N

j�i�M	j � � ������	

where �i� i � �� �� � � � � N � are eigenvalues of the N �N matrix M�

Proof� From Lemma ����� we know

���M	 � ��M�	 � kM�k�

If the iteration ������	 converges from any initial guess e�	�� then the results of Theorem

����� imply kM�k � � as � ��� hence� ��M	 � ��

Proving that ������	 converges when ��M	 � � is slightly more involved� We�ll estab


lish the result when M is diagonalizable� Isaacson and Keller ���� Section ���� establish

the result under more general conditions�

If M is diagonalizable� then there is a matrix P such that

PMP�� � �

where � is a diagonal matrix� Now�

M� � �P���P	�P���P	 � � � �P���P	 � P����P�
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If j�ij � �� i � �� �� � � � � N � then

lim
���

kP����Pk � �

and the iteration ������	 converges�

Theorems ����� and ����� prescribe convergence conditions� We also want an indica


tion of the convergence rate of the iteration� Many measures are possible and we�ll settle

on the following�

De�nition ������ The average convergence rate of the iteration ������� is

R��M	 � � ln kM�k
�

� ������a	

Using ������	

ke���k � kM�kke�	�k � e��R�ke�	�k�

Thus� convergence is fast when R� is large or� equivalently� when kMk is small� Addi


tionally� since ��M�	 � kM�k and kM�k � � for a converging iteration�

R��M	 � � ln ��M	� ������b	

Thus� we may take � ln ��M	 as a measure of the convergence rate� Although the spectral

radius is more di�cult to compute than a matrix norm� this rate is independent of � and

the particular norm�

Many iterative procedures partition A as

A � D� L�U ������a	

where

D �

�
����
a��

a��
� � �

aNN

�
���� � L �

�
����

�
�a�� �
���

���
� � �

�aN� �aN� � � � �

�
���� � ������b	

U �

�
����

� �a�� � � � �a�N
� � � � �a�N

� � �
���
�

�
���� � ������c	
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����� Jacobi and Gauss�Seidel Iteration

Three classical iterative methods have the splitting de�ned by ������	� With the Jacobi

method� we solve for the diagonal terms of ������	� Thus� using ������a	� we write ������	

in the form

�D� L�U	x � b ������	

and consider the iteration

x����� � D���L
U	x��� 
D��b �������a	

which has the form of ������	 with

MJ � D���L 
U	� �bJ � D��b� �������b	

The scalar form �������	 is

x
�����
i � �

NX
j���j ��i

aij
aii

x
���
j 


bi
aii

� i � �� �� � � � � N� �������	

Example ������ The Jacobi method for the Poisson equation ������a	 is

U
�����
jk � �x�U

���
j���k 
 U

���
j���k	 
 �y�U

���
j�k�� 
 U

���
j�k��	 
 �xyfjk�

j � �� �� � � � � J � �� k � �� �� � � � � K � �� �������	

Updates to the solution at �j� k	 are computed as a weighted average of solutions at

its four neighboring points� Contrary to solutions obtained by direct methods� parallel

computational techniques are easily used with Jacobi�s method since the solution state

at iteration � 
 � is explicit�

It�s easy to show that Jacobi iteration converges when A satis�es some rather restric


tive properties�

De�nition ������ A matrix A is strictly diagonally dominant if

NX
j���j ��i

jaijj � jaiij� i � �� �� � � � � N� �������	
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Theorem ������ The Jacobi iteration converges in the maximum norm whenA is strictly

diagonally dominant�

Proof� If A is strictly diagonally dominant� we may use ������	 and �������	 to obtain

kMJk� � max
��i�N

NX
j���j ��i

jaijj
jaiij � ��

Convergence of Jacobi�s method is too slow for practical serial computation� although

it may be used for parallel computation� Gauss
Seidel iteration uses the latest solution

information as soon as it becomes available� Thus� when computing x
�����
i according to

�������	� we could use the latest iterates x
�����
j � j � �� �� � � � � i� �� on the right to obtain

x
�����
i � �

i��X
j��

aij
aii

x
�����
j �

NX
j�i

aij
aii

x
���
j 


bi
aii

� i � �� �� � � � � N� �������	

In the matrix form of ������	� this is equivalent to

�D� L	x����� � Ux��� 
 b �������a	

which has the form of ������	 with

MGS � �D� L	��U� �bGS � �D� L	��b� �������b	

Example ������ The Gauss
Seidel iteration for the Poisson equation ������a	 is

U
�����
jk � �x�U

�����
j���k 
 U

���
j���k	 
 �y�U

�����
j�k�� 
 U

���
j�k��	 
 �xyfjk�

j � �� �� � � � � J � �� k � �� �� � � � � K � �� �������	

The solution process depends on the order in which the equations are written� As de


scribed above and as shown in Figure ������ row ordering has been assumed�

Example ����	� Consider the boundary value problem for Laplace�s equation on a

unit square �

�u � �� �x� y	 � ��

u�x� y	 �

�
�� if x � �� y � �
�� if x � �� y � �

� �x� y	 � 	��
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Figure ������ Gauss
Seidel iteration with row ordering�

Let us solve this problem on a �� � mesh using Jacobi and Gauss
Seidel iteration with

�x � �y � ���� hence� using ������	 with �x � �y � ��� and fjk � �� we have

Ujk �
�

�
�Uj���k 
 Uj���k 
 Uj�k�� 
 Uj�k��	� j� k � �� ��

The Jacobi iteration is

U
�����
jk �

�

�
�U

���
j���k 
 U

���
j���k 
 U

���
j�k�� 
 U

���
j�k��	� j� k � �� �� � � �� �� � � � �

Starting with the trivial initial guess U
�	�
jk � �� j� k � �� �� we present solutions after the

one and �ve iterations in Table ������ The exact solution and di�erences between the

exact and Jacobi solutions after �ve iterations are shown in Table ������

The Gauss
Seidel method for this problem is

U
�����
jk �

�

�
�U

���
j���k 
 U

�����
j���k 
 U

���
j�k�� 
 U

�����
j�k�� 	� � � �� �� � � � �

Its solution after �ve iterations is shown in Table ������

The maximum error after �ve Jacobi iterations is ������� and after �ve Gauss
Seidel

iterations is �������� Thus� as expected� Gauss
Seidel iteration is converging faster than

Jacobi iteration
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� � � ���
� � ���� �
� ���� ��� �

��� � � �

� � � ���
� ������� ������� �
� ������� ������� �
��� � � �

Table ������ Solution of Example ����� after one iteration �� � �� left	 and after �ve
iterations �� � �� right	 using Jacobi�s method�

� � � ���
� ���� ��� �
� ��� ���� �
��� � � �

� � � �
� ������� ������� �
� ������� ������� �
� � � �

Table ������ Exact solution of Example ����� �left	 and the errors in the Jacobi solution
after �ve iterations �right	�

� � � ���
� ������� ������� �
� ������� ������� �

��� � � �

� � � �
� ������� ������� �
� ������� ������� �
� � � �

Table ������ Solution of Example � after �ve iterations �� � �	 using the Gauss
Seidel
method �left	 and errors in this solution �right	�

Example ����
� We�ll try to quantify the di�erences in the convergence rates of Jacobi

and Gauss
Seidel iteration for Poisson�s equation on a rectangle� Jacobi�s method satis�es

�������	 and we let p be an eigenvector of MJ with corresponding eigenvalue 
� thus�

MJp � 
p� �������a	

Using �������	� we see that the component form of this relation is


pjk � �x�pj���k 
 pj���k	 
 �y�pj�k�� 
 pj�k��	� j � �� �� � � � � J � ��

k � �� �� � � � � K � �� �������b	

where pjk is a component of p� �The double subscript notation for a vector component is

non
standard� but convenient in this case since it corresponds to a position in the �nite

di�erence mesh�	 One may easily verify that

pjk � sin
mj�

J
sin

nk�

K
�������c	
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and


 � �� ��x sin
� m�

�J
� ��y sin

� n�

�K
� m � �� �� � � � � J � �� n � �� �� � � � � K � ��

�������d	

Remark �� The �J � �	�K � �	 eigenvectors and eigenvalues of MJ are indexed by m

and n�

Remark �� The eigenvector p is the eigenfunction of the Laplacian sampled at the

mesh points j � �� �� � � � � J � �� k � �� �� � � � � K � �� The eigenvalue 
 is� however� not

an eigenvalue of the Laplacian�

The largest eigenvalue and� hence� the spectral radius of MJ may be obtained by

setting m � n � � in �������d	 to obtain

��MJ	 � �� ��x sin
� �

�J
� ��y sin

� �

�K
� �������e	

In the special case of a square� �x � �y � ��� and J � K� thus�

��MJ	 � �� � sin�
�

�J
�

For large values of J � we may approximate this as

��MJ	 	 �� ��

�J�
� �� C�x��

since J � a��x for an a � a square region� Thus� the spectral radius approaches unity

and the convergence rate slows as J increases �or as �x decreases	�

In a similar manner� Let q and � be an eigenvector
eigenvector pair of the Gauss


Seidel iteration matrix MGS for Poisson�s equation on a rectangle �������	� Thus� using

�������b	

MGSq � �D� L	��Uq � �q� �������a	

or� using �������b	� in component form

�qjk � ���xqj���k 
 �yqj�k��	 � ��xqj���k 
 �yqj�k��	� j � �� �� � � � � J � ��

k � �� �� � � � � K � �� �������b	
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This problem appears more di�cult to analyze than the eigenvalue problem �������b	 for

the Jacobi method� however� there is a transformation that simpli�es things considerably�

Let

qjk � ��j�k���rjk

and substitute this relationship into �������b	 to obtain

��j�k�����rjk � ��j�k�������xrj���k 
 �yrj�k��	 � ��j�k�������xrj���k 
 �yrj�k��	�

Dividing by the common factor yields

����rjk � �x�rj���k 
 rj���k	 
 �y�rj�k�� 
 rj�k��	�

This is the same eigenvalue problem as �������b	 for Jacobi�s method with 
 replaced by

����� thus� using �������d	

� � 
� � ��� ��x sin
� m�

�J
� ��y sin

� n�

�K
��� m � �� �� � � � � J � ��

n � �� �� � � � � K � �� �������c	

In particular�

��MGS	 � ���MJ	� �������d	

Thus� according to ������b	� Gauss
Seidel iterations converge twice as fast as Jacobi

iterations�

In the special case of Laplace�s equation on a square mesh with large J we obtain the

asymptotic approximation

��MGS	 	 �� ��

J�
� �������	

The results of Example ����� generalize as indicated by the following theorem�

Theorem ������ Suppose that A satis�es aij�aii � �� i 
� j� then one and only one of

the following conditions can occur�

�� ��MJ	 � ��MGS	 � ��

�� � � ��MGS	 � ��MJ	 � ��
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�� ��MJ	 � ��MGS	 � �� or

	� � � ��MJ	 � ��MGS	�

Proof� cf� ���� p� ���

In the important Case �� Gauss
Seidel iterations always converge faster than Jacobi

iterations�

����� Successive Over Relaxation

�Relaxation� is a procedure that can accelerate the convergence rate of virtually any

iteration� At present� it suits our purposes to apply it to the Gauss
Seidel method� The

process begins by using the Gauss
Seidel method �������	 to compute a �provisional�

iterate

�x
�����
i � �

i��X
j��

aij
aii

x
�����
j �

nX
j�i��

aij
aii

x
���
j 


bi
aii

�������a	

and concludes with the �nal iterate

x
�����
i � ��x

�����
i 
 ��� �	x

���
i � i � �� �� � � � � N� �������b	

The acceleration parameter � is to be chosen so that the iteration �������	 converges

as fast as possible� In particular� �������	 is called Gauss
Seidel iteration when � � ��

successive under relaxation when � � �� and successive over relaxation �SOR� when

� � �� Over relaxation is the important method with elliptic problems�

Using ������	� we can write �������	 in the vector form

D�x����� � Lx����� 
Ux��� 
 b �������a	

x����� � ��x����� 
 ��� �	x���� �������b	

We can further eliminate the provisional iterate and write �������a� ������b	 in the form

of ������	

x����� �M�x
��� 
 �b� �������c	
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with

M� � �D� �L	������ �	D
 �U�� �b� � ��D� �L	��b� �������d	

Our goal is to �nd the value of � that minimizes ��M�	 and� hence� maximizes the

convergence rate� There is a wealth of theory on this subject and let us begin with some

preliminary considerations�

De�nition ������ A matrix A is two cyclic if there is a permutation of its rows and

columns that reduce it to the form �
D� F

G D�

�

where D� and D� are diagonal�

De�nition ������ A matrix A is weakly two cyclic if D� and D� are zero�

Example ������ The matrix shown in Figure ����� is two cyclic as revealed by an

interchange of its second and third rows and columns��
� � c �
a � c
� a �

�
�

�
� � c �

� a �
a � c

�
�

�
� � � c

� � a
a c �

�
�

Figure ������ Matrix �left	 whose second and third rows are interchanged �center	 and
whose second and third columns are interchanged to obtain a two
cyclic form �right	�

Example ����
� Consider the Laplacian operator on a �� � grid as shown in Figure

������ Instead of ordering the equations and unknowns by rows� order them in �checker


board� or �red
black� fashion by listing unknowns and equations at every other point�

The resulting matrix has the two
cyclic form�
�������������

� � �
� � �

� � � � �
� � �

� � �
� � � �
� � � �

� � � �
� � � �

�
�������������
�
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6 2

7 3

4 9 5

1

8

Figure ������ Red
black ordering of the Laplacian operator on a �� � square mesh

De�nition ������ A two�cyclic matrix of the form of ������� is consistently ordered if

the eigenvalues of

D���
L

�



U	

are independent of 
 for all real 
 
� ��

We�re now ready to search for the optimal choice of ��

Theorem ������ If a matrix A is consistently ordered then the eigenvalues � ofM� and


 of MJ are related by


 �
�
 � � �

�����
� �������	

Proof� From �������d	� we see that the eigenvalues of M� satisfy

�D� �L	������ �	D
 �U	�q � �q

where q is the eigenvector of M� corresponding to �� Multiplying by �D��L	� we have

���� �	D
 �U� ��D� �L	�q � 	�

Multiplying by D����

�D���U 
 �L	� �
 � � �

�
I�q � 	�

Finally� multiplying by ����� yields

�D�������L
 �����U	� 
I�q � 	
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where 
 satis�es �������	� Thus 
 is an eigenvalue of

D�������L 
 �����U	�

If A is consistently ordered then the eigenvalues of this matrix are independent of the

parameter ����� Thus� we can choose any convenient value of � to �nd the eigenvalues


� In particular� if we choose � � � then 
 is an eigenvalue of MJ �cf� �������b	�

Remark �� Setting � � � for the Gauss
Seidel method and using �������	� we see that


 � ����� con�rming the relationship between the eigenvalues of MJ and MGS that we

found in Example ����� for the discrete Laplacian�

Remark 	� The transformation used in Example ����� could have also been used to

prove this theorem for the discrete Laplacian operator�

Let us assume that the eigenvalues 
 of MJ are real� �It su�ces to assume that

A is symmetric�	 Let us also assume that ��MJ	 � �� Then� using Theorem ������

��MGS	 � �� Let

f��� �	 �
�
 � � �

�
� g��� 
	 � 
����� �������	

We sketch f��� �	 and g��� 
	 as functions of � in Figure ������ Both halves of g��� 
	

are shown since the eigenvalues of MJ occur in pairs� Thus� if 
 is an eigenvalue of MJ �

so is �
� This may be shown for Laplace�s equation using the results of Example ������

but we won�t do it here�

Let�s list several properties of f��� �	 and g��� 
	 that can be discerned from �������	

and Figure �������

�� f��� �	 � �� � ��

�� The function g��� 
	 increases linearly with j
j� Its largest amplitude occurs when


 � ��MJ	�

�� For �xed 
 and �� the eigenvalues of M� are given by the values of � where

f��� �	 � g��� 
	 �cf� �������		� With 
 � ��MJ	� these eigenvalues are shown

as points A and B on Figure ������ The larger value of � at the points labeled A

corresponds to ��M�	 �Item �	�
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f, g

B

1

1

g(λ,ρ (M
J
))

A

B

AA

B

C

ffff

f

(λ,0)(λ,ω)(λ,1)

(λ,ω)

λ

∼

Figure ������ Functions f��� �	 and g��� ��MJ		 vs� ��

�� Setting � � � gives f��� �	 as the line � � �� If � � �� then the values of � at

the intersection points �not shown in Figure �����	 would exceed unity� and the

iteration �������	 would diverge�

�� Setting � � � in �������	 gives f��� �	 � �� which is the Gauss
Seidel method�

�� As seen in Figure ������ the maximum eigenvalue � of M� can be reduced further

by choosing � � �� The minimum real solution for � occurs at � � �� when f��� ��	

is tangent �at point C	 to g��� ��MJ		�

Let us rewrite �������	 as

�� �
���� 
 � � � � ��
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This is a quadratic equation in ����� thus�

� �
h
�
���

p
��
��	� 
 �� �

i�
� �������a	

The point of tangency �C	 occurs at �� when

���
��	� 
 �� �� � �

or

��� �
�

��
p

�� 
�
�

For � � 
 � �� we see that � � ��� � � and � � ��� ��� We�ll show in a moment that

the interesting range of � is ��� ��� thus� the appropriate value of �� is ���� We�ll drop the


 subscript and simply let

�� �
�

� 

p

�� 
�
� �������b	

Substituting �������b	 into �������a	 yields

�� � ����	 � ���
��	� � �� � �� �������c	

Values of � � �� produce real values of � while values of � � �� yield complex values

of �� In this latter case� we may use �������a	 to show that

j�j � � � �� � � ���

We�re now able to state our main result�

Theorem ����
� Let A be a symmetric and consistently�ordered matrix� then the optimal

relaxation parameter satis�es

�OPT �
�

� 

p

�� ���MJ	
�������a	

and

��M�	 �

	 h
���MJ	�� 


p
����MJ	��	� 
 �� �

i�
� if � � � � �OPT

� � �� if �OPT � �
� �������b	
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1

1 2

ω

ρ( Mω

ρ( M

)

J

ω
OPT

) = 0.95

0.9

Figure ������ Spectral radius ��M�	 as a function of � for SOR iteration�

Proof� With the various symmetries �cf� Strikwerda ���� Section ����	� it su�ces to

consider positive values of 
� With this choice and our interest in calculating the spectral

radius of M�� we clearly want the positive sign in �������a	� Thus� in summary� we have

�� � � � when � � ��

�� � �
h
�
�� 


p
��
��	� 
 �� �

i�
� � � � � ��� and

�� j�j � � � �� �� � ��

The values of � increase with 
� thus� the spectral radius ��M�	 occurs when 
 �

��MJ	� as given by �������b	� The minimum value of ��M�	 occurs at �� corresponding to


 � ��MJ	� as given by �������a	� The spectral radius ��M�	 is displayed as a function

of � in Figure ������

Several corollaries follow from Theorem ����� and we�ll list one�

Corollary ������ Under the conditions of Theorem ������ the SOR method converges

for � � ��� �	 when ��MJ	 � ��
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Proof� From �������	

��M�OPT 	 � �OPT � � �
�

� 

p

�� ���MJ	
� ��

Thus� � � ��M�OPT 	 � � when � � ��MJ	 � ��

Additional inspection of �������b	 reveals that d��M�	�d� is non
positive when � �

�OPT and unity when � � �OPT �Figure �����	� Since ��M�	 � � at � � �� �� we conclude

that ��M�	 � � for � � � � ��

An examination of �������	 and Figure ����� reveals that �OPT � ��� �	� Increasing

��MJ	 increases �OPT and� in particular� �OPT � � as ��MJ	 � �� From Figure

������ we also see that overestimating �OPT by a given amount increases ��M�	 less than

underestimating it by the same amount�

Example ������ Let us solve the problem of Example ����� using SOR iteration� With

J � K � � and �x � �y � ���� we obtain the Gauss
Seidel method �������	 as

�U
�����
jk �

�

�
�U

���
j���k 
 U

�����
j���k 
 U

���
j�k�� 
 U

�����
j�k�� 	�

With relaxation� we compute

U
�����
jk � � �U

�����
jk 
 ��� �	U

���
jk �

We�ll explicitly eliminate the intermediate variable to obtain the SOR method as

U
�����
jk �

�

�
�U

���
j���k 
 U

�����
j���k 
 U

���
j�k�� 
 U

�����
j�k�� 	 
 ��� �	U

���
jk �

Using �������e	 with J � K � �� the spectral radius of the Jacobi method is

��MJ	 � �� sin�
�

�
� sin�

�

�
�

�

�
�

thus� using �������a	

�OPT �
�

� 

p

�� ���
	 �����

The SOR solution and errors after �ve iterations are shown in Table ������ After �ve

iterations� the percentage errors at point ��� �	 are ���� ����� and ������ respectively� for

the Jacobi� Gauss
Seidel� and SOR methods �cf� Example �����	�
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� � � ���
� ������� ������� �
� ������� ������� �

��� � � �

� � � �
� ������� ������� �
� ������� ������� �
� � � �

Table ������ Solution of Example ����� after �ve iterations �� � �	 using the SOR method
with � � ���� �left	 and errors in this solution �right	�

Example ������ Let us examine the convergence rate of SOR a bit more closely for

Laplace�s equation� Using �������e	� the spectral radius of Jacobi�s method on a square

is

��MJ	 � �� � sin�
�

�J
� cos

�

J
�

Using �������a	

�OPT �
�

� 

p

�� cos� ��J
�

�

� 
 sin��J
�

Now� using �������b	

��M�OPT 	 � �OPT � � �
�� sin ��J

� 
 sin ��J

or� for large values of J �

��M�OPT 	 	 �� ��

J
�

Recall �Example �����	 that the spectral radius of Jacobi and Gauss
Seidel iteration under

the same conditions is � � O���J�	� Thus� SOR iteration is considerably better� We�ll

emphasize this by computing the convergence rate according to ������b	� For the Jacobi

method� we �nd

R��MJ	 � � ln ��MJ	 	 � ln��� ��

�J�
	 	 ��

�J�
�

Similarly� for the Gauss
Seidel method� we have

R��MGS	 	 ��

J�
�

and for SOR� we have

R��M�OPT 	 	
��

J
�

Thus� typically� the Jacobi or Gauss
Seidel methods would require O�J�	 iterations to

obtain an answer having a speci�ed accuracy while the SOR would obtain the same

accuracy in only O�J	 iterations�
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The optimal relaxation parameter is not known for realistic elliptic problems because

the eigenvalues of MJ are typically unavailable� Strikwerda ���� Section ����� describes

a way of calculating approximate values of �OPT � The optimal relaxation parameter for

many elliptic problems is close to � and may be approximated by an expression of the

form

�OPT �
�

� 
 Ch
�������	

where h is some measure of the grid spacing� e�g�� h � max��x��y	� The value of the

constant C can be determined by calculating �OPT on some coarse grids and then extrap


olating to �ner grids� The values of �OPT on a coarse grid is determined experimentally

by making several computations on the grid with di�erent values of �� The value that

produces the fewest iterations for a given level of accuracy is assumed to be �OPT �

Some common variations of SOR iteration follow�

�� Red�Black �Checkerboard� ordering� We presented this ordering in Example ������

As usual� let a point in a rectangular mesh be denoted as �j� k	� With red
black

ordering� we number all equations and unknowns at� e�g�� odd values of j
k before

those with even values of j 
 k �Figure �����	� Recall� that this gave us a system

of the form

Ax �

�
D� F

G D�

� �
x�
x�

�
�

�
b�
b�

�

where D� and D� are diagonal and x� and x� correspond to unknowns at odd


and even
numbered points� respectively� SOR iteration is performed �rst on the

odd points and then on the even points� Note that the updating of an unknown

at each odd point is independent of that at any other odd point� hence� they may

be done in parallel without a need for synchronization� Similarly� unknowns at all

even points may be updated in parallel�

�� Symmetric ordering �SSOR�� Generally� the matrixM� is not symmetric even when

the original matrix A is� There are instances when it is important to maintain

symmetry� e�g�� when using SOR iteration as a preconditioning for the conjugate

gradient method �Section ���	� A symmetric iteration matrix can be obtained by
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performing a standard SOR sweep with� say� row ordering followed by one with the

reverse of this ordering�

�� Line or block procedures� Order the unknowns by rows� but gather all of the un


knowns in a row into a vector to obtain a �block tridiagonal� system� For Poisson�s

equation� this system was given as ������	� It is partially reproduced here for con


venience as

Ax �

�
����
C� D�

D� C� D�

� � �

DK�� CK��

�
����
�
����

x�
x�
���

xK��

�
���� �

�
����

b�
b�
���

bK��

�
���� �

The matrices Ck� etc� were de�ned by ������c
�����d	� The SOR procedure is

applied to an entire row� i�e�� we compute

Ck�x
�����
k � �Dkx

�����
k�� �Dkx

���
k�� 
 bk�

x
�����
k � ��x�����k 
 ��� �	x���k � k � �� �� � � � � K � �� � � �� �� � � � �

Thus� we have to solve a tridiagonal system at each step of the process� This

procedure converges faster than point SOR iteration by a factor of
p
��

�� Alternating direction implicit �ADI� methods� By considering an elliptic problem as

the steady state limit of a transient parabolic problem� we can use some methods for

time
dependent problems to solve them� In particular� the ADI method �cf� Section

���	 has been adapted to the solution of elliptic problems� The goal� when using this

approach� is to select the �time step� so that the ADI scheme converges to steady

state as fast as possible� The ADI method with a single acceleration parameter

�arti�cial time step	 has the same convergence rate as SOR� Further acceleration

is possible by choosing a sequence of arti�cial time steps� changing them after each

predictor
corrector sweep� and applying them cyclically� Wachspress ��� has shown

how to select nearly optimal acceleration parameters�

The results shown in Table ����� summarize the convergence rates of the methods that

we have studied in this section� They are all obtained by solving a Dirichlet problem on a



���� Basic Iterative Solution Methods ��

square mesh with uniform spacing h � �x � �y� The convergence rates of all methods

decline as the mesh spacing decreases� Degradation in performance is least with the

ADI method� however� computing optimal parameters can be problematical in realistic

situations�

Method Conv� Rate

Jacobi h�

Gauss
Seidel �h�

SOR �with �OPT 	 �h
ADI � with m parameters	 


m
�h
�
	��m

Table ������ Convergence rates for various iterative methods as a function of mesh spacing
h for a Dirichlet problem on a square�

Problems

�� Consider a problem for Laplace�s equation

uxx 
 uyy � �� �x� y	 � ��

where � is the region between a �� � square and a concentric �� � square �Figure

�����	� The Dirichlet boundary conditions are u � � on the outside of the � � �

square and u � � on the edge of the �� � square� Due to symmetry� this problem

need only be solved on the one octant shown on the right of Figure ������ The

subscript n denotes di�erentiation in the outer normal direction�

���� Construct a discrete approximation of the above problem on the region shown

on the right of Figure ������ Use the �ve point di�erence approximation for

Laplace�s equation and� for simplicity� assume that the mesh spacing in the x

and y directions is the same� say� �x � �y � ��N � Take appropriate steps

to ensure that the �nite di�erence approximations at the symmetry boundary

and the interior have O���N�	 accuracy�

���� For the special discretization when �x � ��� the discrete problem has only

four unknowns� Write down an SOR procedure for determining these un


knowns� Calculate the Jacobi iteration matrix MJ � Find an expression for
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the spectral radius ��MSOR	 of the SOR matrix� Plot ��MSOR	 and determine

the optimal relaxation parameter �� �This problem should be done symboli


cally�	

������
������
������
������

������
������
������
������

1 2 1

1

1

2

1 1

1

u = 0

u = 1

u  = 0 u  = 0
x n

Figure ������ Domain for Problem � �left	� Due to symmetry� the problem need only be
solved on the octant shown on the right�

��� Conjugate Gradient Methods

The �xed
point iterative methods of the previous section deteriorate in performance as

the dimension N of the linear system increases� The faster SOR and ADI techniques

depend on acceleration parameters that may be di�cult to estimate� We seek to over


come these de�ciencies without raising the storage requirements to the level of a direct

method� Solving the linear system ������	 when A is symmetric positive de�nite matrix

is equivalent to minimizing the quadratic functional

E�y	 �
�

�
yTAy � bTy� ������	

The necessary condition for a minimum�

E ��y	 � Ay � b � 	� ������a	

implies that y � x� the solution of ������	�
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If we de�ne the residual

r�y	 � b�Ay ������b	

then ������a	 may be written as

E ��y	 � �r�y	� ������c	

The level surfaces E�y	 � C �a constant	 of ������	 are ellipsoids in 
N with a common

center at x� Since the gradient of a function is in the direction of steepest increase� to

minimize a E�y	 at a point x�	�� we could move in a direction opposite to the gradient

of the level surface through x�	�� From ������c	� the gradient at x�	� is

E ��x�	�	 � �r�x�	�	 � �r�	��

Let our subsequent guess x��� for the minimum x be

x��� � x�	� 
 
	r
�	��

and let us calculate the distance 
	 moved in the negative gradient direction r�	� so as

to minimize E�x���	� Using ������	� we have

E�x���	 � E�x�	� 
 
	r
�	�	 �

�

�
�x�	� 
 
	r

�	�	TA�x�	� 
 
	r
�	�	� bT �x�	� 
 
	r

�	�	�

Di�erentiating with respect to 
	

d

d
	
E�x�	� 
 
	r

�	�	 � ��x�	�	TA� bT 
 
	�r
�	�	TA�r�	� � ��

Using ������b	


	 �
�r�	�	T r�	�

�r�	�	TAr�	�
�

With subsequent iterates computed in the same manner� the process is called the

method of steepest descent� A pseudocode algorithm of the method appears in Figure

������ Some comments on the procedure and method follow�

�� The calculation of r����� shown in the algorithm follows de�nition ������b	� thus�

r����� � b�Ax����� � b�A�x��� 
 
�r
���	 � r��� � 
�Ar

���� ������	

Formula ������	 is less susceptible to the accumulation of round
o� error than direct

computation using ������b	�
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procedure steepest descent

r�	� � b�Ax�	�
� � �
while not converged do


� � �r���	T r�����r���	TAr���

x����� � x��� 
 
�r
���

r����� � r��� � 
�Ar
���

� � � 
 �
end while

Figure ������ A steepest
descent algorithm�

�� The algorithm only has one matrix multiplication and two vector multiplications

per step� When solving partial di�erential equations� it is not necessary to store

the matrix A� The product Ar��� can be obtained directly from the di�erence

scheme� For example� when solving a problem for Poisson�s equation using centered

di�erences ������	� we could compute Ar��� at grid point �j� k	 as

Ar
���
jk � r

���
jk � �x�r

���
j���k 
 r

���
j���k	� �y�r

���
j�k�� 
 r

���
j�k��	�

The matrix A is not stored and the vector r��� is stored in the mesh coordinates�

�� Using ������	 and the de�nition of 
� given in the algorithm of Figure ������ we

have

�r�����	T r��� � �r���	T r��� � 
��r
���	TAr��� � ��

Thus� the search directions r���� k � �� �� � � � � are �orthogonal� in the sense that

�r�����	T r��� � ��

�� The steepest descent method converges from any initial guess x�	� when A and

ATA�� are positive de�nite� thus� symmetry of A is not necessary ����� Section

����	�

�� Let us introduce the strain energy norm

kxk�
A
�� xTAx� ������a	
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Then ����� Section ���	

kx����� � xk�
A
� ��� �

���A	
	kx��� � xk�

A
������b	

where �� is the condition number of A in the L� norm as given by

���A	 � �max��min� ������c	

and �max and �min are the maximum and minimum eigenvalues of A� Convergence

is slow when ��A	 is large andA is said to be ill conditioned in this case� When this

occurs� the level surfaces of E�y	 are often elongated ellipses with the minimum

x lying at the bottom of a narrow valley with steep walls� Successive iterates

tend to wander back and forth across the valley making little progress towards the

minimum�

Example ������ Let�s solve a simple problem with

A �

�
� �
� ��

�

to illustrate some geometrical aspects of the method of steepest descent� With b � 	�

the minimum of ������	 is at the origin� We select the initial guess

x�	� � �������� �������T

to be such that E�x�	�	 � � �Figure �����	� Since b � 	� we obtain

r�	� � ��������� ��������� 
	 � ������� x��� � �������� ��������T �

The second iteration produces

r��� � ��������� �������T � 
� � ������� x��� � �������� �������T �

The iteration seems to be converging to the minimum at the origin� These two iterates

and the level surfaces E�y	 � �� ����� ���� ���� are shown in Figure ������ The initial

iteration proceeds �downhill� in a direction opposite to the gradient at x�	� until a local

minimum is reached� The second iterate proceeds from there�
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Figure ������ Convergence of the method of steepest descent for the problem of Example
������ Ellipses have level values of �� ����� ���� and ���� �outer to inner	� The �rst two
iterations are shown to be converging to the solution at ��� �	�

����� The Conjugate Gradient Method

The remedy for the slow convergence encountered with the method of steepest descent

is to choose other search directions� With the conjugate gradient method� we choose

x����� � x��� 
 
�p
��� ������a	

with

p��� � r��� 
 ���x
��� � x�����	� ������b	

Thus� the new search direction is a linear combination of the steepest descent search

direction and the previous �correction� x��� � x������ The parameters 
� and �� are to

be determined�

Using ������a	� we rewrite ������b	 in the form

p��� � r��� 
 ��
���p
����� � r��� 
 ����p

����� ������c	
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with the goal of specifying 
� and ���� so that convergence is as fast as possible� As

with steepest descent� we choose 
� to minimize E�x�����	� In this case�

E�x�����	 � E�x��� 
 
�p
���	 �

�

�
�x��� 
 
�p

���	TA�x��� 
 
�p
���	� bT �x��� 
 
�p

���	�

������	

Di�erentiating with respect to 
�

E ��x��� 
 
�p
���	 � �x��� 
 
�p

���	TAp��� � bTp��� � �

or� using ������b	

��r��� 
 
�p
���A	Tp��� � ��

Thus�


� �
�r���	Tp���

�p���	TAp���
� � � �� �� � � � � ������	

Let�s develop a few properties and relationships that will be interesting in their own

right and useful for calculating �� � First� we�ll use ������b	 and ������a	 to write

r����� � b�Ax����� � b�A�x��� 
 
�p
���	 � r��� � 
�Ap

���� ������	

Taking an inner product with p��� to obtain

�r�����	Tp��� � �r���	Tp��� � 
��p
���	TAp����

Using ������	 to eliminate 
� reveals the orthogonality condition

�r�����	Tp��� � �� ������a	

Next� take the inner product of ������c	 with r����� to obtain

�r�����	Tp����� � �r�����	T r����� 
 ���r
�����	Tp���

or� using ������a	�

�r�����	Tp����� � �r�����	T r������

If we select p�	� � r�	�� then we may write the above expression as

�r���	Tp��� � �r���	Tr���� � � �� �� � � � � ������b	
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Let us next expand ������	 while using ������	 and ������b	 to show that

E�x�����	 � E�x���	� 
��r
���	Tp��� 
 ����	
�

��p
���	TAp����

Using ������	 and ������b	

E�x�����	 � E�x���	� �

�

��r���	Tp�����

�p���	TAp���
� E�x���	� �

�

��r���	T r�����

�p���	TAp���
� �������	

Having �������	� we see that the errorE�x�����	 is decreased most rapidly when �p���	TAp���

is minimal� This will be our criterion for determining ��� Using ������c	� we have

�p���	TAp��� � �r��� 
 ����p
�����	TA�r��� 
 ����p

�����	�

Minimizing with respect to ���� gives

���� � � �r���	TAp�����

�p�����	TAp�����

or reindexing

�� � ��r�����	TAp���

�p���	TAp���
� � � �� �� � � � � �������	

Using ������c	

�p�����	TAp��� � �r�����	TAp��� 
 ���p
���	TAp����

which� upon use of �������	� reveals

�p�����	TAp��� � �� � � �� �� � � � � �������a	

Thus� the search directions are orthogonal with respect to a strain energy inner prod�

uct� We usually call this a conjugacy condition and say that the search directions are

conjugate�

Using �������a	 with ������c	� we have

�p���	TAp��� � �r���	TAp��� 
 �����p
�����	TAp��� � �r���	TAp����

Combining this result with ������	 yields

�r�����	T r��� � �r���	T r��� � 
��p
���	TAr��� � �r���	T r��� � 
��p

���	TAp����
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Using ������	 and ������b	� we �nd the orthogonality relation

�r�����	T r��� � �� �������b	

Equation �������	 can be put in a slightly simpler form by using ������	 and �������b	

to obtain

�r�����	T r����� � �r�����	T r��� � 
��r
�����	TAp��� � �
��r�����	TAp����

Using this with �������	 and ������	

�� �
�


�

�r�����	T r�����

�p���	TAp���
�

�r�����	T r�����

�p���	T r���
�

Finally� using ������b	

�� �
�r�����	T r�����

�r���	T r���
� �������c	

We summarize our �ndings as a theorem�

Theorem ������ The residuals and search directions of the conjugate gradient method

satisfy

�r���	T r��� � �p���	TAp��� � 	� 
 
� �� �������	

Proof� This has essentially been proven by the prior developments�

An algorithm for the conjugate gradient method is presented in Figure ������ Some

comments on the algorithm follow�

�� Equation ������b	 was used to modify the expression ������	 for 
� �

�� The procedure requires storage for the nonzero elements of A and for x���� p����

and r���� An additional vector is needed to store the product Ap���� Thus� storage

costs remain modest relative to the direct methods of Section ����

�� The procedure requires a matrix multiplication �Ap���	 and computation of two

inner products ��r���	T r��� and �p���	TAp���	 per step�

�� Unlike SOR methods� there are no acceleration parameters to determine�
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procedure conjugate gradient

p�	� � r�	� � b�Ax�	�

� � �
while not converged do


� � �r���	T r�����p���	TAp���

x����� � x��� 
 
�p
���

r����� � r��� � 
�Ap
���

�� � �r�����	T r�������r���	T r���

p����� � r����� 
 ��p
���

� � � 
 �
end while

Figure ������ Conjugate gradient algorithm�

The conjugate gradient method is both a direct and an iterative method as indicated

by the following theorem�

Theorem ������ Let A be a positive de�nite� symmetric� N � N matrix� Then the

conjugate gradient method converges to the exact solution in no more than N steps�

Proof� By Theorem ������ the residuals r���� � � �� �� � � � � N��� are mutually orthogonal�

Since the space is N 
dimensional� the residual r�N� must be zero� hence� the method

converges in N steps�

While convergence is achieved in N steps� the hope is to produce acceptable approx


imations of x in far fewer than N steps when N is large� Practically� convergence may

not be achieved in N steps when round
o� errors are present�

Example ����� ����� Section ����	� Consider the solution of Laplace�s equation on a

square region with �x � �y � h� Let the Dirichlet boundary conditions be prescribed

so that the exact solution is

u�x� y	 � ex sin y�

Solutions were calculated using SOR and conjugate gradient iterations until the change

in the solution in the L� norm was less than ����� The value of � � ���� 
 �h	 was

used with the SOR method� Results are shown in Table ������ The two methods are

comparable� Apparent convergence is at a linear rate in h� i�e�� doubling h approximately
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doubles the number of SOR and conjugate gradient iterations to convergence� Since an

SOR iteration is less costly than a conjugate gradient step� we may infer that the SOR

procedure is the faster�

��h SOR CG

�� �� ��
�� �� ��
�� ��� ���

Table ������ Number of SOR and conjugate gradient iterations to convergence for Exam

ple ������

The following theorem con�rms the �ndings of the previous example�

Theorem ������ Let A be a symmetric and positive de�nite matrix� then iterates of the

conjugate gradient method satisfy

kx��� � xkA � �


p
�� � �p
�� 
 �

��

kx�	� � xkA �������	

where k kA and �� were de�ned in �����	a� ����	c��

Proof� cf� ���� Section �����

Examining �������	 and ������c	� we see that convergence is fastest when the eigen


values of A are clustered together� i�e�� when ���A	 	 ��

Example ������ The factor

R �

p
�� � �p
�� 
 �

determines the convergence rate of the conjugate gradient method� Since the condition

number �� depends on the eigenvalues of A� it would seem that we have to examine the

eigenvalue problem

Aq � �q�

Using ������a	� let us write this relation as

�D� L�U	q � �q
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where D� L� and U were de�ned by ������b
�����c	� Multiplying by D�� and using

�������b	� we have

MJq � �I� �D��	q

where MJ is the Jacobi iteration matrix� For the Laplacian operator� D � I and we have


 � ���� where 
 is an eigenvalue of MJ � Still con�ning our attention to the Laplacian

operator� we may use �������d	 to evaluate 
 and� hence� obtain

� � ��
 � ��x sin
� m�

�J

��y sin

� n�

�K
� m � �� �� � � � � J � �� n � �� �� � � � � K� ��

For simplicity� let us focus on a square grid �J � K	 where

� � sin�
m�

�J

 sin�

n�

�J
� m� n � �� �� � � � � J � ��

The smallest eigenvalue occurs with m � n � � and the largest occurs with m � n �

J � �� thus�

�min � � sin�
�

�J
� �max � � sin�

�J � �	�

�J
�

Hence� using ������c	

�� �
sin��J � �	���J

sin� ���J
�

When J � � we may approximate this as

p
�� �

sin�J � �	���J

sin���J
	 �J

�
�

Thus�

R 	 �� ���J

� 
 ���J
	 �� �

J
�

Convergence is� therefore� at the same rate as the SOR method �Example �����	�

����� Preconditioned Conjugate Gradient Iterations

From Theorem ������ we see that the performance of the conjugate gradient method

improves when the eigenvalues of A are clustered about a point� This suggests the

possibility of preconditioning A by a positive de�nite matrix M and solving

M��Ax �M��b� �������	
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If the eigenvalues of M��A were clustered� the conjugate gradient procedure may con


verge at a faster rate� The preconditioner M should be chosen to minimize the solution

time� There are� however� competing priorities� Thus� for example� the optimal choice of

M as far as clustering eigenvalues is concerned is M � A� This choice requires a direct

solution of the original system and� thus� has an extreme cost� The optimal choice of

M as far as computational e�ort is concerned is M � I� This is the conjugate gradient

algorithm and� thus� no improvement has been provided� The search for the best precon


ditioning is still an active area of research with optimality dependent on many factors

including sparsity and intended computer architecture�

The preconditioning shown in �������	 is called a left preconditioning� A right precon�

ditioning is

AM��w � b� x �M��w� �������a	

A symmetric preconditioning is

C��AC�Tw � C��b� x � C�Tw �������b	

where C�T denotes the transpose of C��� The preconditioning matrix C need not be

symmetric since C��AC�T is symmetric and positive de�nite when A is� The matrix C

may be a Cholesky factor of M� i�e��

M � CCT � �������c	

In this case� C would be lower triangular and it could be obtained from the symmetric

factorization of M given by ������� �����	 or �������� ������	�

The preconditioned conjugate gradient �PCG	 algorithm with the symmetric precon


ditioning may be implemented by applying the conjugate gradient procedure to

�Aw � �b �������a	

where

�A � C��AC�T � �b � C��b� w � CTx �������b	
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� � �
while not converged do


� � ��r���	T�r������p���	T �A�p���

w����� � w��� 
 
� �p
���

�r����� � �r��� � 
� �A�p���

�� � ��r�����	T�r��������r���	T�r���

�p����� � �r����� 
 �� �p
���

� � � 
 �
end while

Figure ������ Main loop of the conjugate gradient algorithm applied to �������	�

The main loop of the conjugate gradient algorithm of Figure ����� is reproduced in Figure

����� for the system �������	� In this algorithm

�r��� � �b� �Aw��� � C���b�Ax���	 � C��r��� �������a	

Also

�p��� � CTp���� �������b	

Using �������	� let us rewrite the conjugate gradient algorithm of Figure ����� in terms

of the original variables as

��r���	T�r��� � �r���	TC�TC��r��� � �r���	TM��r���� �������a	

�A�p��� � C��AC�TCTp��� � C��Ap��� �������b	

��p���	T �A�p��� � �p���	TCC��Ap��� � �p���	TAp��� �������c	

The PCG algorithm written in terms of the original variables appears in Figure ������

Some comments follow�

�� The PCG algorithm does not involve C or a Cholesky factorization of M� Thus� a

PCG algorithm with the left preconditioning �������	 would be identical� The PCG

algorithm with the right preconditioning also gives the same sequence of operations

����� Section ���	�
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procedure pcg

r�	� � b�Ax�	�
Solve Mz�	� � r�	�

p�	� � z�	�

� � �
while not converged do


� � �r���	Tz�����p���	TAp���

x����� � x��� 
 
�p
���

r����� � r��� � 
�Ap
���

Solve Mz����� � r�����

�� � �r�����	Tz�������r���	Tz���

p����� � z����� 
 ��p
���

� � � 
 �
end while

Figure ������ PCG algorithm�

�� Rather than compute M��� it is more e�cient to solve Mz��� � r��� for z����

�� The original conjugate gradient alogorithm of Figure ����� would set �p�	� � �r�	��

Using �������a� ������b	

CTp�	� � C��r�	�

or� using �������c	

p�	� � C�TC��r�	� �M��r�	� � z�	��

This explains the choice of p�	� in the initial stages of the algorithm� The subsequent

calculation of p����� uses the same manipulations�

�� Storage is needed for A� M �possibly in factored form	� x���� p���� r���� z���� and

Ap���� Relative to the conjugate gradient procedure� additional storage is needed

for M and z���� Storage costs are still modest relative to those of direct methods�

�� In addition to the matrix multiplication �Ap���	 and the two inner products per step

required by the conjugate gradient method� a linear equations solution �Mz����� �

r�����	 is required
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�� Using �������	 for the conjugate gradient method

��r���	T�r��� � �� ��p���	T �A�p��� � �� � 
� 
�

Using �������a� ������b	� we obtain the �orthogonality conditions�

�r���	TM��r��� � �� �p���	TAp��� � �� � 
� 
 �������	

�� When M is positive de�nite

�r���	Tz��� � �r���	TM��r��� � ��

Thus� values of �� can always be obtained and the procedure does not fail�

Let us select some preconditionings� beginning with some choices based on iterative

strategies� It will be convenient to write the basic �xed
point strategy ������	 in the form

�Mx����� � �Nx��� 
 b �������a	

where

A � �M� �N �������b	

Comparing �������	 with �������b	� �������b	� and �������d	� we have

� Jacobi iteration�

�MJ � D� �NJ � L
U �������	

� Gauss�Seidel iteration�

�MGS � D� L� �NGS � U �������	

� SOR Iteration�

�M� �
�

�
�D� �L	� �N� �

�� �

�
D
U� �������	
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Recall that D is the diagonal part� L is the negative of the lower traingular part� and

U is the negative of the upper triangular part of A �cf� ������		� Let us also include

symmetric successive over relaxation �SSOR	 in our study� As discussed in Section ����

SSOR takes two SOR sweeps with the unknowns placed in reverse order on the second

sweep� Using �������	 and �������	� the �rst step of the SOR procedure is

�D� �L	x������� � ���� �	D
 �U�x��� 
 �b� �������a	

Reversing the sweep direction on the second step yields

�D� �U	x����� � ���� �	D
 �L�x������� 
 �b� �������b	

The intermediate solution x������� can be eliminated to obtain a scheme of the form

�������	 with �cf� Problem � at the end of this section	

�MSSOR �
�

���� �	
�D� �L	D���D� �U	� �������a	

�NSSOR �
�

�
�I� �

�� �
�D� �L	D�����U
 ��� �	D�� �������b	

At the moment� the iteration matrix �M of �������	 and the preconditioning matrixM

of �������	 are unrelated� however� observe that the exact solution of �������a	 satis�es

�Mx � �Nx
 b�

Multiplying by �M��

�I� �M�� �N	x � �M��b�

Using �������b	 to eliminate �N	

�M��Ax � �M��b�

This has the same form as the left preconditioning �������	� thus� �M serves as a precon


ditioner�

Examining ������� 
 ������	� �������	� however� we see that �MGS and �M� are not

symmetric� Thus� only the Jacobi and SSOR methods will furnish acceptable precondi


tionings and� of the two� we focus on the SSOR preconditioner �������a	�



�� Solution Techniques for Elliptic Problems

At each PCG iteration �Figure �����	 we must solve

�MSSORz
��� � r���� �������a	

If A is symmetric then U � LT and �������a	 becomes

�MSSOR �
�

���� �	
�D� �L	D���D� �LT 	� �������b	

Thus� �������a	 may be solved with a forward� diagonal� and backward substitution as

�D� �L	 z � ���� �	r���� �������c	

D���z �  z� �������d	

and

�D� �LT 	z��� � �z� �������e	

The choice of � doesn�t appear to be critical and may� e�g�� be selected as unity�

Example ����	 ����� Section ����	� Consider the solution of Poisson�s equation on a

square with uniform spacing �x � �y � h� Suppose that the forcing and boundary data

is such that the exact solution is

u�x� y	 � cos x sin y�

The initial iterate was trivial inside the square and all other numerical parameters were

selected as for Example ������ Comparisons of results obtained using SOR� CG� and PCG

are presented in Table ������ The number of iterations of the SOR and CG algorithms is

increasing as ��h while that of the PCG algorithm is increasing as ��h���� The work of

the conjugate gradient method is about twice that of the SOR method and that of the

PCG method is about four times the SOR method� Thus� for small systems� the SOR

and conjugate gradient method will be superior� but the SSOR
PCG method overtakes

these methods for larger systems�

One of the most successful preconditioning techniques utilizes incomplete factorization

by Gaussian elimination� Thus� let

M � L	D	L
T
	 �������	
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��h SOR CG PCG

�� �� �� ��
�� �� �� ��
�� ��� ��� ��

Table ������ Number of SOR� conjugate gradient� and SSOR
PCG iterations for Example
������

A =

J J

L  =
0

Figure ������ Nonzero structure of a discrete Poisson operator A �left	 and an approxi

mate lower triangular factor L	 �right	�

where L	 is determined to have a particular sparsity structure�

Example ����
� Consider a Dirichlet problem for Poisson�s equation� which has the

nonzero structure shown in Figure ������ Ordering the equations by rows� we have

�Ax	n � �xn 
 �x�xn�� 
 xn��	 
 �y�xn�J 
 xn�J	� �������a	

If equation n corresponds to mesh point �j� k	� we may also write �������a	 in the �double


subscripted	 mesh notation as

�Ax	jk � �xjk 
 �x�xj���k 
 xj���k	 
 �y�xj�k�� 
 xj�k��	� �������b	

We insist that

�L	x	n � xn 
 bnxn�� 
 cnxn�J � �������a	

Taking a transpose

�LT	 x	n � xn 
 bn��xn�� 
 cn�Jxn�J � �������b	
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Likewise

�D	x	n � dnxn� �������c	

Multiplying �������b	 and �������c	

�D	L
T
	 x	n � dn�xn 
 bn��xn�� 
 cn�Jxn�J	�

Now� using �������a	

�L	D	L
T
	 x	n � �D	L

T
	 x	n 
 bn�D	L

T
	 x	n�� 
 cn�D	L

T
	 x	n�J �

Combining the above two equations

�L	D	L
T
	 x	n � dn�xn 
 bn��xn�� 
 cn�Jxn�J	 
 bndn���xn�� 
 bnxn 
 cn�J��xn�J��	


cndn�J�xn�J 
 bn���Jxn���J 
 cnxn	�

Regrouping terms

�L	D	L
T
	 x	n � �dn 
 dn��b

�
n 
 dn�Jc

�
n	xn 
 dn��bnxn�� 
 dnbn��xn��


dncn�Jxn�J 
 dn�Jcnxn�J 
 bn���Jdn�Jcnxn���J 
 bndn��cn�J��xn�J��� �������	

Thus� L	D	L
T
	 has seven non
trivial bands as shown in Figure ������

Using incomplete factorization� we equate the coe�cients of xn� xn��� and xn�J in

�������	 to those of �Ax	n in �������a	� This yields

dn � ��� dn��b
�
n � dn�Jc

�
n� n � �� �� � � � � N� �������a	

bn�� � �x�dn� n � �� �� � � � � N � �� �������b	

cn�J � �y�dn� n � �� �� � � � � N � J� �������c	

Example ������ ����� Section ����	� Consider the solution of Laplace�s equation on

the unit square using a square mesh ��x � �y � ���	 with h � h spacing by the �
point

approximation of the Laplacian

�

�
�Uj���k�� 
 Uj���k�� 
 Uj���k�� 
 Uj���k��	
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J
J - 1

T
0 0

L D L  =
0

Figure ������ The seven
band structure of L	D	L
T
	 �



�

�
�Uj���k 
 Uj���k 
 Uj�k�� 
 Uj�k��	� ��

�
Ujk � ��

The �
point approximation of the Laplacian is accurate to O�h�	 compared to the O�h�	

accuracy of the �
point formula� The Dirichlet boundary conditions are established so

that the exact solution is

u�x� y	 � e�x sin �y�

The problem is solved using the PCG method with the following preconditioners�

� None� No preconditioning�

� SSOR�
� SSOR iteration using the �
point approximation of the Laplacian�

� SSOR��� SSOR iteration using the �
point approximation of the Laplacian� and

� ILU����
� Incomplete Cholesky factorization of the �
point Laplacian with no �ll

in�

Each method was started with a trivial solution in the interior and one that satis�ed

the exact solution on the boundary� The iteration was terminated when the di�erence

between successive iterates in the L� norm was less than ����	� Each SSOR method used

� � ���� 
 �h	� The number of iterations to reach convergence are recorded in Table

������
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��h None ILU��	
� SSOR
� SSOR
�

�� �� �� �� ��
�� �� �� �� ��
�� ��� �� �� ��

Table ������ Number of iterations to convergence for the PCG solution of Example �����
using the indicated preconditioners�

The number of iterations for the two SSOR preconditioners increases as O�h����	�

The more accurate SSOR
� iterative preconditioning di�ers little from the SSOR
� pre


conditioning� The number of iterations for the incomplete factorization preconditioner is

increasing slower than O���h	 but faster than O�h����	� All preconditioners in the table

are better than using the conjugate gradient method without preconditioning�

Thus far� we have used incomplete factorization without allowing any �ll in� In

Example ������ we referred to this preconditioning as ILU��	� The ILU��	 preconditioning

may not provide enough acceleration to the basic conjugate gradient algorithm� Thus�

we consider continuing the factorization to additional levels by allowing some �ll in� We

will call a preconditioner ILU�p	 if there are p levels of �ll in� The next preconditioner

beyond ILU��	 allows one level of �ll in� The structure of L� for this ILU��	 algorithm

is shown on the right of Figure ������ One row nearest the bandwidth has been �lled in�

It�s simplest to imagineA as having the two bands corresponding to the �lled band of L�

as also being fulled in� This situation is shown on the upper right of Figure ������ The

product L�DL
T
� �lls in yet another band �cf� the lower portion of Figure �����	� which is

ignored in the elimination�

An algorithm for performing incomplete factorization to level p for elliptic problems

on rectangular meshes follows the procedure described in Example ������ Let�s� instead�

illustrate the method for a more general sparse matrix� This is typically done by de�ning

a level of �ll for each element created by Gaussian elimination� The assumption is that

elements get smaller as the �ll in progresses� A size �k� � � � � �� is assigned to an

element at �ll level k� Initially� a nonzero element has a unit level of �ll and a zero

element has an in�nite level of �ll� Rather than work with the LDLT factorization� let�s

simplify our task and work with a more general LU factorization such as ������	� The
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A =

J J

L  =
1

J
J - 1

L D L  =
1 1

T

Figure ������ Imagined structure of A �top left	 and structure of L� �top right	 for an
ILU��	 preconditioner� The �ll in when calculating L�DL

T
� is shown at the bottom�

computation is generated within a loop and� typically� the elements of L replace the

elements in the lower triangular portion of A and the elements of U replace the elements

in the upper triangular portion of A� A sample loop structure for the elimination is

shown in Figure ������ This is very basic Gaussian elimination� No pivoting is performed

and sparsity is not included�
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for i � � to N do

for k � � to i� � do
aik � aik�akk
for j � k 
 � to N do

aij � aij � aikakj
end for

end for

end for

Figure ������ Gaussian elimination loop�

The Gaussian elimination update in Figure ����� is

aij �� aij � aikakj�

Let the current level of �ll of aij be denoted as levij� Then the size of updated element

aij should be

�levij � �levik�levkj � �levij � ��levik�levkj��

Roughly speaking� the size of the updated element aij will be the maximum of the two

sizes �levij and ��levik�levkj�� Thus� it makes sense to de�ne the new level of �ll as

levij �� min�levij� levik 
 levkj	�

It is common �cf� ���� Section ����	 to shift all levels by 
� from this de�nition� Thus� the

initial level of �ll of aij is set as

levij ��

�
�� if aij 
� �� or i � j
�� otherwise

� �������a	

The updated level of �ll is

levij �� min�levij� levik 
 levkj 
 �	� �������b	

We see that levij cannot increase during the factorization� Thus� if aij 
� � in the original

matrix A� levij never becomes nonzero� Equations �������	 suggest a natural way of

discarding elements during the incomplete factorization� With an ILU�p	 algorithm�

we�ll keep all elements whose level of �ll does not exceed p� The zero pattern of A for

the ILU�p	 procedure may be de�ned as the set

Zp�A	 �� f�i� j	jlevij � pg� �������c	
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This de�nition is consistent with the ILU��	 preconditioning described in Example ������

De�ne levij according to �������a	
for i � � to N do

for k � � to i� � do
if levik � p then

aik � aik�akk
for j � k 
 � to N do

if levij � p then
aij � aij � aikakj
Update levij according to �������b	

end if

end for

for j � k 
 � to N do

if levij � p then
aij � ��
levij ��

end if

end for

end if

end for

end for

Figure ������� Incomplete ILU�p	 factorization�

A pseudocode ILU�p	 algorithm appears in Figure ������� It is intended to give the

general idea of the procedure and� as stated� is not very e�cient� It ignores sparsity and

does too much searching for levels� These conditions can be remedied� For example� the

search for levels does not depend on the values of the elements of A and can be separated

from the elimination process� It can� thus� be done in advance and be used for several

matrices having the same structure� However� because the algorithm is based on levels of

�ll rather than numerical information� some large elements of A may be dropped because

of their locations rather than their sizes� This may result in a poor preconditioning and�

hence� require more iterations than necessary for convergence�

A threshold elimination procedure �ILUT	 would identify small elements of A and set

them to zero during the factorization� At its simplest� this can be done by modifying the

algorithm of Figure ������ as follows�
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�� eliminate the de�nition and updates of levij�

�� replace the tests on levik � p and levij � p by tests on aik 
� � and aij 
� ��

respectively�

�� insert a rule for dropping aik following its calculation �aik � aik�akk	� and

�� replace the statements within the second j loop by rules for dropping aij�

Rules for dropping elements are described by Saad ���� Section ����� Brie!y� he suggests

�� dropping elements aik �Item � above	 and aij �Item � above	 that are less than a

tolerance � relative to the size �e�g�� the L� norm	 of row i� and

�� only retaining the p largest elements aij �Item � above	 of row i without dropping

the diagonal element�

The goal of the second dropping rule is to control the number of elements per row

�or column	 of L� The �rst rule avoids retaining unnecessarily small elements in the

factorization�

Problems

�� Consider the method of steepest descent and� using ������	 and ������b	� show that

E�y	 �
�

�
�y � x	TA�y� x	� �

�
xTAx�

�� Show that the SSOR procedure �������	 has the form of �������	 with �M and �N

given by �������	�

�� Indicate the algorithm for solving �������c 
 ������e	 when D and L correspond to

centered di�erencing of the two
dimensional Laplacian�

��� Krylov Subspace Methods

The conjugate gradient method is applicable to symmetric and positive de�nite linear

systems� While many elliptic problems satisfy these conditions� there are important
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problems that do not� Convection
di�usion equations� studied in Section ��� are a good

example� The use of upwind di�erencing of the convective ��rst
derivative	 terms will

produce an unsymmetric algebraic system� Of course� if our goal is to solve ������	� we

could modify the problem to

ATAx � ATb� ������	

This system is symmetric and positive de�nite� hence� we can solve it using the steepest

descent or conjugate gradient method� However� the condition number ������c	 of ATA

is the square of that of A� and this may lead to ill conditioning� Thus� we can expect

slow convergence when applying this procedure�

An alternate possibility is to seek an approximate solution by projection methods�

With such an approach� our goal is to �nd approximations

�x � x�	� 
 v ������a	

where x�	� is an initial guess and v is an element of an M 
dimensional �M � N	 subspace

V of 
N � The subspace V is called the trial� candidate� or search space� In order to

determine �x we must specify M conditions or constraints for v to satisfy� Using the

Petrov�Galerkin method� we introduce a second M 
dimensional subspace W of 
N � and

determine �x such that

��r�w	 � �b�A�x�w	 � �� �w � W� ������b	

Thus� the residual r is orthogonal to all �M linearly independent	 vectors w � W� The

subspace W is called the test or constraint space� Orthogonality can involve the usual L�

inner product

�v�w	 �� wTv� ������c	

however� we�ll consider other inner products �e�g�� strain energy �������a		 as well�

Using ������a	 in ������b	

�b�A�x�	� 
 v	�w	 � �r�	� �Av�w	 � �� �w � W� ������	
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r

Av

W

r = r  - Av(0)
(0)

Figure ������ Orthogonal projection in three dimensions�

The orthogonality condition is now imposed on the �new residual� r�	� � Av and all

vectors w � W� This is illustrated for two
 and three
dimensional spaces in Figure ������

Two choices of the test space W are important� W � AV and W � V� In the

�rst case� the solution of ������b	 �or ������		 is optimal in the sense of minimizing k�rk��
�w � AV� To show this� let �x satisfy ������b	� add a perturbation �x� and consider the

residual

krk�� � �b�A��x
 �x		T �b�A��x
 �x		�

Expanding

krk�� � k�rk�� � ��A�x	T �b�A�x	 
 �xATA�x�

With �x � V and w � A�x � W� we have from ������b	

�A�x	T �b�A�x	 � 	� ������	

Thus�

krk�� � k�rk�� 
 �xATA�x�

Since �xATA�x is non
negative de�nite� we establish k�rk�� as the minimum� The con


verse� i�e�� that minimizers of krk satisfy ������b	� is also true and its proof follows similar

arguments�

Using ������	

�r � b�A�x�	� � v	 � r�	� �Av�
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Condition ������	 enforces orthogonality between �r and all vectors in AV� Using the

above relation� we say that Av is the orthogonal projection of r�	� onto the subspace V
�Figure �����	� Methods of this type are called residual projection methods�

WhenW � V� the method ������b	 is called Galerkin�s method� When A is symmetric

and positive de�nite� Galerkin�s method is optimal in the sense of minimizing

kx� yk�A � �x� y	TA�x� y	 ������a	

for all y � x�	�
v� v � V� The appropriate inner product for use with this strain energy

norm is

�v�w	 �� wTAv� ������b	

Thus� if �x satis�es ������b	� we have

wTAT �b�A�x	 � 	� �w � V� ������c	

Proving that �x also minimizes ������a	� and conversely� follows the lines of the proof for

residual projection methods and is left as an exercise �cf� Problem � at the end of this

section	�

If our aim is to address nonsymmetric systems� we will primarily be interested in

residual projection methods� however� let us proceed in a more general manner for the

moment and examine solution schemes for ������b	� Let

V � �v��v�� � � � �vM �� W � �w��w�� � � � �wM � ������a	

be N �M matrices whose columns form bases for V and W� respectively� Then� letting

v � Vc� w �Wd� ������	

we write ������	 as

�r�	� �AVc�Wd	 � ��

The requirement that this result hold for all w � W is equivalent to it holding for all

possible choices of d� For this to occur� we must have

�r�	� �AVc�W	 � 	�
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When the inner product corresponds to ������c	� we have

WT �r�	� �AVc	 � 	�

Thus� c satis�es

WTAVc �WT r�	��

Assuming that the M �M matrix WTAV is invertible� we �nd

c � �WTAV	��WTr�	� ������a	

and� using ������a	 and ������c	�

�x � x�	� 
V�WTAV	��WTr�	�� ������b	

Let�s look at two methods where the subspaces V and W are one dimensional�

Example ��	��� Let V �W � spanfv�g where v� is an N 
vector and choose v� � r�	��

Then� using ������	

c �
�r�	�	T r�	�

�r�	�	TAr�	�

and

�x � x�	� 
 cr�	��

We recognize this as being one step of the steepest descent algorithm �Figure �����	�

Example ��	��� In minimum residual �MR	 iteration� we select V � spanfv�g � r�	�

and W � spanfw�g � Ar�	�� Using ������	

c �
�r�	�	TAT r�	�

�r�	�	TATAr�	�

and

�x � x�	� 
 cr�	��

The matrix A need not be symmetric but only be positive de�nite for MR to converge

����� Section ���	�

Many iterative techniques for symmetric and non
symmetric matrices utilize Krylov

subspaces for the trial space V� A Krylov subspace of dimension M is

KM�A� r�	�	 � spanfr�	��Ar�	��A�r�	�� � � � �AM��r�	�g� ������	
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It seems clear that vectors v � KM have the form v � p�A	r�	� where p�A	 is a polynomial

of degree not exceeding M � � in A� Methods using Krylov subspaces as trial spaces

are called Krylov subspace methods or simply Krylov methods� Di�erent approaches are

distinguished by their choice of the test space W� with the two most popular choices

being KM and AKM � The generalized minimal residual �GMRES	 method� in particular�

uses the latter choice� Thus� if we de�ne the Krylov matrix

KM � �r�	��Ar�	��A�r�	�� � � � �AMr�	���

we could select

VM � KM � WM � AKM �

choose the M th solution iterate according to ������a	 and ������c	 as

x�M� � x�	� 
VMc
�M�� �������	

and determine the M th
GMRES iterate from ������a	 as

c�M� � �KT
MA

TAKM	��KTAT r�	��

We see that�

�� The GMRES procedure is the extension of the MR procedure to higher
dimensional

spaces�

�� The dimension of the Krylov space increases by one after each iteration�

�� As may be expected from our earlier work� x�M� minimizes

kr�M�k� � kb�Ax�M�k�

Unfortunately� the procedure just outlined is unstable �sensitive to round
o� error

accumulation	� It will be necessary to select a more well conditioned basis for KM and

we�ll do this by constructing a set of mutually orthogonal vectors� This orthogonal

projection onto KM is usually done by Arnoldi�s method and a pseudocode procedure for

its construction appears in Figure ������ The procedure begins with an initial vector v�
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which is the initial residual r�	� normalized to have a unit Euclidean length� Successive

vectors vj are chosen to be orthogonal to the previous ones and to have unit lengths�

Indeed� the algorithm of Figure ����� is just classical Gram
Schmidt orthogonalization

modi�ed by the presence of A to produce an orthonormal basis for the Krylov subspace

KM�A�v�	 � spanfv��Av��A�v�� � � � �A
M��v�g� �������	

The algorithm will halt prematurely if any unnormalized vector wj has a zero Euclidean

length� The Boolean variable quit is set to true should this happen� Proving these

assertions may be done with an induction argument ����� Section ���	� but we�ll proceed

less formally� At the �rst �j � �	 step of the algorithm� we obtain

procedure arnoldi
quit � �kr�	�k� � �	
if not quit then
v� � r�	��kr�	�k�

end if

j � �
while �j � M	 and �not quit	 do
wj � Avj
for i � � to j do

hij � vTi Avj
wj � wj � hijvi

end for

hj���j � kwjk�
quit � �hj���j � �	
if not quit then
vj�� � wj�hj���j

end if

j � j 
 �
end while

Figure ������ Arnoldi Gram
Schmidt orthogonal basis construction for KM �

h��v� � w� � Av� � h��v��

Taking an inner product with v�

h��v
T
� v� � vT�Av� � h��v

T
� v��
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However� vT� v� � � and h�� � vT�Av�� so v� is orthogonal to v�� It is also clear that v� is

a linear combination of v� and Av� and� hence� an element of K��A�v�	� The extension

of the induction argument to higher values of j is similar�

From the for loop within Arnoldi�s algorithm� we may infer

hj���jvj�� � Avj �
jX
i��

hijvi� j � �� �� � � � �M� �������a	

or

Avj �

j��X
i��

hijvi� j � �� �� � � � �M� �������b	

Let VM be the N �M matrix whose columns are v��v�� � � � �vM and let  HM be the

�M 
 �	�M Hessenberg matrix

 HM �

�
������

h�� h�� � � � h�M
h�� h�� � � � h�M

h�� � � � h�M
� � �

���
hM���M

�
������ � �������	

Then �������	 can be written in matrix form as

AVM � VM��
 HM � �������a	

Additionally� let HM be the matrix obtained by deleting the last row of  HM � Then�

either by using �������a	 or �������a	� we have

AVM � VMHM 
wMe
T
M �������b	

where� from Arnoldi�s algorithm� wM � hM���MvM�� and eM is the M th column of the

identity matrix� Finally� multiplying �������b	 by VT
M and using the orthogonality of its

columns� we obtain

VT
MAVM � HM � �������c	

The Arnoldi algorithm as stated in Figure ����� is subject to round
o� error accu


mulation� The modi�ed Gram
Schmidt procedure� as illustrated in Figure ������ is much
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more stable and less sensitive to round
o� error di�culties� Mathematically� the steps in

the two Arnoldi procedures are identical� however� the modi�ed Gram
Schmidt version

avoids cancellations of nearly equal quantities� In cases of severe round
o� error accumu


lation� Householder transformations can be used to construct the orthogonal basis� We

will not do this here� but interested readers may consult Saad ���� Section ����

procedure marnoldi
quit � �kr�	�k� � �	
if not quit then
v� � r�	��kr�	�k�

end if

j � �
while �j � M	 and �not quit	 do
wj � Avj
for i � � to j do

hij � vTi wj

wj � wj � hijvi
end for

hj���j � kwjk�
quit � �hj���j � �	
if not quit then
vj�� � wj�hj���j

end if

j � j 
 �
end while

Figure ������ Arnoldi modi�ed Gram
Schmidt orthogonal basis construction for KM �

We are now in a position to improve the stability of the GMRES procedure� Again�

choose x�M� according to �������	 and calculate the residual

b�Ax�M� � b�A�x�	� �VMc
�M�	 � r�	� �AVMc

�M��

Using �������	

b�Ax�M� � �v� �VM��
 HMc

�M� � VM����e� �  HMc
�M�	 �������a	

where e� is the �rst column of the identity matrix and �Figure �����	

� � kr�	�k�� �������b	
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Since the GMRES approximation minimizes kb�Ax�M�k�� our task is to �nd c�M� as

the minimizer of kVM����e� �  HMc
�M�	k�� Actually� since VM is orthogonal� it su�ces

to minimize k�e� �  HMc
�M�k�� The approximate solution is then given by �������	�

The minimizer c�M� is computationally inexpensive� It requires the solution of an

�M 
 �	 �M least
squares problem where M is typically small relative to N � An al


gorithm for the GMRES procedure appears in Figure ������ The procedure is basically

the Arnoldi
modi�ed Gram
Schmidt algorithm with a least
squares procedure� Some

additional comments follow�

procedure GMRES
 HM � 	

r�	� � b�Ax�	�
� � kr�	�k�
quit � �� � �	
if not quit then
v� � r�	���

end if

j � �
while �j � M	 and �not quit	 do
wj � Avj
for i � � to j do

hij � vTi wj

wj � wj � hijvi
end for

hj���j � kwjk�
quit � �hj���j � �	
if not quit then
vj�� � wj�hj���j

end if

j � j 
 �
end while

m � j � �
Determine c�M� as the minimizer of k�e� �  HMc

�M�k�
x�M� � x�	� 
VMc

�M�

Figure ������ Generalized minimum residual algorithm�

�� As stated� the GMRES procedure does not calculate the solution at each step�

Thus� it is di�cult to know when to stop� It would be better to calculate x�j�



�� Solution Techniques for Elliptic Problems

during the procedure and to check for convergence by� e�g�� monitoring the size of

the residuals�

�� If the procedure terminates before completing M steps �quit � true	� then x�j� is

the esact solution� This is the only way that the GMRES procedure can terminate

prematurely� Although shown� the least
squares solution need not be calculated in

this case�

�� The GMRES procedure becomes impractical because of the growth of memory and

computational requirements when M becomes too large� One remedy is to restart

the orthogonalization after a �xed number �M	 steps using the last computed

solution x�M� as an initial guess� This procedure tends to converge slowly when A

is not positive de�nite�

�� A second technique for restricting the size of M is to truncate the Arnoldi process�

With this approach� only the last k vectors are made orthogonal� The �rst M � k

vectors can be discarded and need not be stored�

The only remaining detail is the solution of the least
squares problem

min
c

k�e� �  HMck��

Since  H is a Hessenberg matrix� it seems reasonable to transform it to upper triangular

form� We�ll do this by using plane rotations �Givens matrices	 of the form

�i �

�
������������

�
� � �

�
ci si
�si ci

�
� � �

�

�
������������

row i
row i 
 �

�������a	

with

c�i 
 s�i � �� �������b	
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We multiply �e��  HMc on the left by a sequence of rotations �i with the coe�cients ci

and si designed to eliminate hi���i� i � �� �� � � �M � If M were �ve� we would have

 HM �

�
�������

h�� h�� h�� h�� h��
h�� h�� h�� h�� h��

h�� h�� h�� h��
h�� h�� h��

h�� h��
h��

�
�������
�  g �

�
�������

�
�
�
�
�
�

�
�������
�

We multiply  HM and  g by

�� �

�
�����

c� s�
�s� c�

�
�

�

�
�����

with

c� �
h��p

h��� 
 h���
s� �

h��p
h��� 
 h���

to obtain

 H
���
M �

�
�������

h����� h����� h����� h����� h�����

h
���
�� h

���
�� h

���
�� h

���
��

h�� h�� h�� h��
h�� h�� h��

h�� h��
h��

�
�������
�  g��� �

�
�������

c��
�s��
�
�
�
�

�
�������
�

The process continues with the parameters for rotation i satisfying

ci �
h�i���iiq

�h
�i���
ii 	� 
 h�i���i

si �
hi���iq

�h
�i���
ii 	� 
 h�i���i

� �������c	

At the end of M �� �	 rotations� we have

 H
���
M �

�
��������

h
���
�� h

���
�� h

���
�� h

���
�� h

���
��

h
���
�� h

���
�� h

���
�� h

���
��

h
���
�� h

���
�� h

���
��

h����� h�����

h
���
��

�

�
��������
�  g��� �

�
����
��
��
���
��

�
���� �

In the general case� let

QM � �M�M�� � � ��� �������a	
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and

 RM �  H�M�
M � QM

 HM �  gM �  g�M�
M � QM�e�� �������b	

Since the matrices �i� i � �� �� � � � �M � and QM are orthogonal�

min
c

k�e� �  HMck� � min
c

k gM �  RMck��

The solution of this problem is obtained by deleting the last row of  RM and  gM and

solving the resulting upper triangular linear system for c�M�� Thus� letRM be the M�M
matrix obtained by deleting the last row of  RM and gM be the M 
vector obtained by

deleting the last element of  gM � then

c�M� � R��
M gM � �������	

Example ��	��� Saad ��� solves the partial di�erential equation

�uxx � uyy � uzz 
 ���exyu	x 
 ���e�xyu	y � f�x� y� z	

on a unit square with trivial Dirichlet boundary conditions� He chooses a �� � �� � ��

mesh and uses centered di�erencing� The function f�x� y� z	 is chosen so that the right

side b of the discrete problem ������	 satis�es

b � A��� �� � � � � ��T �

With Dirichlet boundary conditions� the dimension of the discrete system is ���	� � �����

Saad ��� solves this system by GMRES procedures with and without preconditioning� The

results of some of his calculations are reported in Table ���� The column labeled Iter

reports the number of matrix
by
vector multiplications to reduce the initial residual by

a factor ot ��� in the L� norm� The parameter Kflops reports the number of !oat


ing point operations performed divided by ����� The parameters Residual and Error

record the residual and error in the L� norm� The �rst row of Table ��� reports data for

restarted GMRES with a Krylov space of dimension M � ��� The second row displays

data for GMRES calculations performed with a truncated orthogonalization using k � ��

columns� The third and fourth rows contain results of preconditioned GMRES calcula


tions using� respectively� SSOR and ILU��	 preconditioners� The acceleration parameter
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� was set to unity for the SSOR technique� The preconditioned versions increased the

dimension of the Krylov space until convergence was attained� All procedures were ini


tiated with a random initial guess�

Method Iter K!ops Residual Error

Restarted GMRES �� ����� �����
�	 �����
�	
Truncated GMRES �� ����� �����
�	 �����
�	
SSOR
GMRES �� ���� �����
�	 �����
�	
ILU��	
GMRES �� ���� �����
�	 �����
�	

Table ������ Number of iterations �Iter	 to convergence� number of !oating point opera

tions �K!ops	� and the residual and error in L� for GMRES procedures with and without
preconditioners �Example �����	�

The results with preconditioning are much better than those without� The restarted

and incomplete orthogonalization versions of GMRES have comparable performance�

Likewise� the SSOR and ILU��	 preconditionings are comparable�

Problems

�� With A being positive de�nite and symmetric� show that solutions �x of ������c	

minimizes ������a	� and conversely�
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