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ABSTRACT

A percent-done progress indicator is a software tool
that allows a user to monitor the progress that a soft-
ware system has made toward responding to a com-
mand. Formal experiments have demonstrated that
users prefer software systems that incorporate percent-
done progress indicators over those that do not. Obvi-
ously, a system must be able to calculate (or at least es-
timate) the percentage of a computation that has been
completed in order to support a percent-done progress
indicator. This is generally straightforward for pro-
grams that make a fixed number of linear passes over
their input and then terminate (e.g., file transfer pro-
grams). Most previous percent-done progress indica-
tors have been limited to such programs. This paper
presents a new technique called “dynamic bound eval-
uation” that allows percent-done progress indicators to
be routinely incorporated into a wide range of programs
that are driven by recursive algorithms that are not re-
quired to follow the “linear pass over data” paradigm.
In addition, the paper discusses the application of this
technique to the standard Quicksort algorithm as well
as to an algorithm for computing the number of vertex
covers in a graph.

KEYWORDS: Percent-done progress indicators, re-
cursive algorithms, mathematical software.

INTRODUCTION

Many software systems incorporate algorithms that ex-
ecute almost instantly for some inputs while requiring
a very long period of time to terminate for other in-
puts. This can be unsettling for users, particularly if
a good estimate on the total computation time is not
available. A percent-done progress indicator is a soft-
ware tool that allows a user to monitor the progress
that a software system has made toward responding to
a command. This information can be displayed in a
variety of textual or graphical formats depending on
the particular interface style of the application.
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For example, Myers [9] shows how a percent-done
progress indicator can display its output as the ris-
ing “mercury” in a thermometer. An example of this
type of display is shown in Figure 1. Much like the
thermometers used in public fund-raising drives, the
shading in the percent-done thermometer expands from
bottom to top as the task progresses.

Figure 1: Percent-done Progress Indicator Output

Myers [9,10] has demonstrated formally that users
prefer software systems that incorporate percent-done
progress indicators over identical systems that do not.
He notes, however, that relatively few software systems
support these indicators. One reason for the scarcity of
progress indicators in current software systems stems
from the difficulty in calculating the percentage of a
computation that has been completed. For programs
that make a fixed number of linear passes over their
data (e.g., file transfer programs) this is a simple cal-
culation; however, for most other types of programs
such a calculation can be quite difficult. For this rea-
son most percent-done progress indicators have been
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found in systems that are primarily driven by linear
algorithms [9]. Of course, many algorithms do not fall
into the “linear pass over data” paradigm. For ex-
ample, many of the the increasingly popular symbolic
computation packages (e.g., Maple, Mathematica) rely
heavily on non-linear algorithms [7, 11]. Since non-
linear algorithms are likely to exhibit a greater vari-
ation in running time on different inputs than their
linear counterparts, the need for progress indicators in
software systems driven by this type of algorithm is
especially acute.

To illustrate this point, we briefly consider the Set-
Player system (see [4] for a complete description of Set-
Player) which has motivated much of this work. The
goal of this system is to provide a tool for students and
researchers in Discrete Mathematics much as Mathe-
matica [11] and Maple [7] provide tools for students
and researchers in calculus and algebra. One of Set-
Player’s functions, which we will refer to as VC, takes
a graph G as input and displays the number of vertex
covers of G as output.

A werter cover of a graph is a subset of the vertices
of the graph having the property that every edge of
the graph has at least one endpoint in the subset. For
example, the graph G shown in Figure 2 has the fol-
lowing six vertex covers: {A,C}, {4, B,C}, {4, B, D},
{4,C,D}, {B,C,D}, and {A, B,C,D}. Problems re-
lated to vertex covers arise frequently in Mathemat-
ics, and theoretical Computer Science. Many of these
problems, including the problem of computing the VC
function defined above, are NP-hard.

Figure 2: Graph G

Even for graphs with the same number of vertices, the
same number of edges, and identical degree sequences,
the time required to compute VC(G) can vary drasti-
cally. Table 1 shows the time required to compute VC
on three graphs G1, G2, and G3. The computation was
performed using a Sun SPARCstation-1.

Each of the graphs from Table 1 is on 110 vertices and
has 120 edges. Since the standard quantitative mea-
sures of the graphs are identical, there is no easy way
for the user to predict ahead of time that one of the
graphs will require significantly more processing time

Graph | Time Required
G1 4.5 hours
Go 19.7 seconds
G 4.8 seconds

Table 1: Time Required to Compute the VC Function

than the others. However, with the help of a percent-
done progress indicator, a user might be able to make
this determination after a small percentage of the com-
putation has completed. The user could then decide to
continue the computation interactively, to finish the
computation as a batch job, or to abort the computa-
tion entirely.

The dramatic variance in time illustrated in Table 1 is
by no means limited to the algorithm for computing
the VC function. For example, the well-known Quick-
sort algorithm sorts an n-element array in O(nlogn)
time on average but requires O(n?) time in the worst
case [1]. In [2] Bentley describes a situation where users
were worried that their sorting utility was stuck in an
infinite loop: “...a sort they expected to take a few
minutes would in fact require a few weeks of CPU time

.7. Clearly a progress indicator would have been
helpful to these users.

In the domain of symbolic computation systems, the
need for progress indicators has been clearly acknowl-
edged by Caviness and Boyle when they write in Future
Directions for Research in Symbolic Computation that
“Carefully designed monitoring aids for software and
hardware would be useful in measuring space, time,
and progress toward a solution” [6]. Similarly, Knuth
has recognized the need for progress indicators in back-
tracking programs. To emphasize his point, Knuth
writes that he “...once waited all night for the output
from such a program only to discover that the answers
would not be forthcoming for about 10® centuries” [8].

In [8], Knuth discusses a Monte-Carlo technique for es-
timating the run-time of backtrack programs. The ap-
proach requires carrying out a separate estimation pro-
cedure before starting the primary computation. The
estimation procedure provides a static pre-estimate on
the required computation time. This differs consider-
ably from the dynamic output provided by the percent-
done progress indicators described above.

In the next section of this paper we present a technique
called dynamic bound evaluation that allows percent-
done progress indicators to be incorporated into a wide
range of software systems that are driven by recur-
sive algorithms which are not limited to following the
“linear pass over data” paradigm. We have applied
this technique to the standard Quicksort algorithm as
well as to SetPlayer’s VC algorithm. The details of
the Quicksort application are presented in this section.
The final section of the paper presents empirical re-
sults that illustrate the effectiveness of the technique



as it has been applied to the Quicksort algorithm as
well as to SetPlayer’s algorithm for computing the VC
function.

DYNAMIC BOUND EVALUATION

The Basic Scheme

The dynamic bound evaluation technique, which we
present in this section, is applicable to a wide class of
recursive algorithms that work by building a tree of
subproblems. We will refer to this tree as a computa-
tion tree. The root of a computation tree is labeled by
the original input problem and the leaves of the tree are
labeled by problems that can be solved directly with-
out further subdivision. As an example of viewing the
execution of an algorithm in terms of the associated
computation tree, we consider the well-known Quick-
sort algorithm (see for example [1]). The root of the
Quicksort computation tree is labeled by the original
array to be sorted. Whenever an array labeling node p
of the computation tree is divided into two smaller ar-
rays, these new arrays label the nodes of the tree which
are the children of p. If the array labeling node p can
be sorted without further subdivision, then p is a leaf
of the computation tree.

Below we review some of the properties that are com-
mon to algorithms belonging to this class.

e The algorithm starts with an initial problem in-
stance I as the “current” problem.

e At each step, the current problem is either solved
directly or divided into one or more subproblems.
One of these subproblems becomes the current
problem. The remaining subproblems are stored
for later processing.

e When a problem S is divided into several subprob-
lems, the solution to problem S is some combina-
tion of the solutions to each of its subproblems.

e The individual subproblems are solved indepen-
dently of each other (they do not communicate in
any way). Thus, the order in which they are eval-
uated is not important.

In the case of sorting algorithms it is common to mea-
sure the work done by the algorithm in terms of the
number of key comparisons that the algorithm makes
(see, for example [1].) The dynamic bound evalua-
tion technique requires the existence of at least one
of the following functions which provide bounds on the
amount of work that will be required to apply an algo-
rithm to a particular input.

e The function ub(S) which gives an upper bound
on the amount of work that will be performed by
the algorithm when it is applied to problem S. For
sufficiently small instances of S the upper bound
should be strict.

e The function b(S) which gives a lower bound on
the amount of work that will be performed by the
algorithm when it is applied to problem S. For
sufficiently small instances of S the lower bound
should be strict.

The effectiveness of the technique will be enhanced if
the following conditions are met.

e Both (rather than just one) of the functions ub(S),
and [b(S) are available.

e The functions ub(S) and Ib(S) are based on some
parameter n, of S, that tends to decrease as prob-
lems are divided into smaller subproblems. Fur-
ther, the value of ub(S) decreases as n decreases.
Similarly, the value of Ib(S) increases as n de-
creases.

If at some early stage of the computation we can com-
pute (1) the number of units of work the algorithm has
completed, and (2) the number of units of work that
will be required before the algorithm terminates, then
we can estimate the percentage of the computation that
has been completed. Computing (1) is a routine task;
the program can simply count each unit of work as it
is performed. Computing (2) is the subject of the re-
mainder of this section.

Suppose an algorithm which meets the conditions de-
scribed above has been implemented to solve a par-
ticular problem P without regard to monitoring the
progress of the computation. A common technique for
managing the partially completed subproblems is to
store them on a programmer controlled stack (rather
then letting the machine manage the recursion auto-
matically on the run-time stack) and we assume that
this technique has been used. In what follows, we ex-
plain how such an implementation can be easily mod-
ified so that its progress can be monitored using the
functions ub(S) and Ib(S) to dynamically compute up-
per and lower bounds on the work the algorithm will
carry out. The main idea behind the technique we
present is that even if the functions ub(S) and Ib(S)
do not give tight bounds, the values of these functions
will converge as the sizes of the uncompleted subprob-
lems decrease.

Suppose at some moment during the computation the
current problem is S, the stack contains subproblems
S1,52,-...,8,, and ¢ units of work have already been
performed. ;From the definitions of the functions
ub(S) and Ib(S), it is clear that an upper bound, wu,
on the total work the algorithm will perform is given
by

uw=1i+ub(S) + zn: ub(S;)



and similarly, a lower bound, [, on the total work the
algorithm will perform is given by

=i+ 1(S) +2n:lb(5,~).

Since 7 gives the amount of work that has already been
performed, we can easily compute the percentage of the
computation that has completed in the best and worst
cases.

Bounds for the Quicksort Algorithm

We measure the amount of work that the quicksort
algorithm performs by the number of comparisons of
key elements that the algorithm makes. We assume
an implementation of Quicksort in which key compar-
isons are made only during the partitioning phase of
the algorithm. Further, we assume that n such com-
parisons are required to partition an array of size n into
two subarrays (see [1] for a description of the Quick-
sort algorithm). It is well-known that the worst case
for Quicksort occurs when the element selected as the
pivot during the partitioning phase is a maximum or
minimum value over all data elements. In this case an
array of size n is partitioned into two subarrays with
sizes n—1 and 0 (recall that the pivot element is placed
in neither subarray). Since arrays of size less than two
need no further processing, it follows that in the worst
case the total amount of work performed by the Quick-
sort algorithm when applied to an array of size n is
given by the recurrence:

w(n):{o ifn<2

n + w(0) + w(n — 1) otherwise

Similarly, the best case for Quicksort occurs when the
two subarrays produced by the partitioning phase are
as equal in size as possible. Therefore, in the best case
the total amount of work performed by the Quicksort
algorithm when applied to an array of size n is given
by the recurrence:

0 ifn <2
oy ) n+2xw'(n—1)/2) ifn>2Anodd
W) =3 ntw(((n - 1)/2))+

otherwise

w'([(n —1)/2])

These functions can be used directly by the percent-
done progress indicator, or can first be expressed in
closed form. For example, the recurrence for w(n)
given above can be re-written in closed form as: w(n) =
(n?+n)/2 — 1. Letting |S| be the size of the array rep-
resenting subproblem S, the functions ub(S) and Ib(S)
that are needed to drive the progress indicator are de-
fined by ub(S) = w(|S|) and b(S) = w'(|S]) respec-
tively.

Partial vs. Complete Percent-done Feedback
The dynamic bound evaluation technique described

above can produce two distinct types of percent-done
information. During early stages of the computation,
it is likely that the lower bound on the total work will
be significantly smaller than the corresponding upper
bound. In this case the technique only computes the
percentage of work that has been completed in the best
and worst cases. We refer to this type of percent-done
feedback as partial percent-done feedback. However, as
the computation proceeds, the remaining subproblems
become smaller and the upper and lower bounds con-
verge. Once the bounds become equal, the dynamic
bound evaluation technique will compute the exact per-
centage of work that has been completed. We refer to
this type of percent-done feedback as complete percent-
done feedback. The empirical results presented in the
final section of this paper indicate that the transition
from partial to complete percent-done feedback may
occur at an early stage of the computation.

Although it is clear that complete percent-done feed-
back is more useful to the user than partial percent-
done feedback, there are many situations in which even
partial percent-done feedback can be extremely helpful.
For example, suppose a user issues a command and,
after five seconds of computation time have elapsed,
the percent-done progress indicator reports that in the
best case the computation is 90% complete while in the
worst case it is only 50% complete. Although this is
only partial percent-done feedback, the user can deter-
mine that even in the worst case only a few more sec-
onds of computation time will be required. The user,
thus assured that this is not a computation that will re-
quire hours of computation time, will probably decide
to continue the computation.

Suppose now that the user requests the system to
carry out a second command. This time, after one
minute of computation time has elapsed, the percent-
done progress indicator reports that in the best case the
computation is 5% complete while in the worst case it
is 1% complete. The user might well decide to con-
tinue the computation in the background (or to abort
it entirely) since even in the best case twenty minutes
of computation time will be required to complete the
task.

An Improvement to the Basic Scheme

The transition from partial to complete percent-done
feedback occurs when the upper and lower bounds on
the size of the computation tree become equal. In this
section we consider a variation of the basic dynamic
bound evaluation technique that increases the rate at
which these bounds converge.

Suppose that at some moment during the compu-
tation the stack contains uncompleted subproblems
S1,82,...,85,. For a particular subproblem S; we can
compute the values of ub(S;) and Ib(S;). We refer to
the quantity ub(S;) — Ib(S;) as the uncertainty of sub-
problem S;. The smaller the uncertainty value for a



particular subproblem is, the more complete informa-
tion we have about the amount of work that will re-
quired for the algorithm to complete that subproblem.

When the uncompleted subproblems are stored in a
stack they are subdivided in a last-in, first-out fashion.
If we break away from this purely LIFO ordering, we
can process the problems based on their uncertainty
value. In particular, by selecting problems with high
uncertainty values for early subdivision we can increase
the rate at which the upper and lower bounds become
equal.

As an initial attempt at accomplishing this goal we can
try storing the uncompleted subproblems in a priority
queue. Before enqueing a subproblem S, the priority
of S is computed according to the formula pri(S) =
1/(ub(S) — Ib(S)). Using the standard convention that
lower numeric priority values have higher priority, it
follows that subproblems with greatest uncertainty will
be given highest priority and will be subdivided first.
Thus, the upper and lower bounds can be expected to
become equal at an earlier stage of the computation.

When using priority queues to manage the collection
of uncompleted problems, it is possible for the size of
the priority queue to become exponentially large with
respect to the size of the original input problem®. In
addition to the obvious storage problems this creates,
the time needed to enqueue and dequeue subproblems
can become unacceptably long. To eliminate these dif-
ficulties while retaining the improved convergence rate
that the priority queue allows, we use both a priority
queue and a stack to manage the uncompleted subprob-
lems. The priority queue is used as the primary storage
mechanism; however, the stack is used to temporarily
handle overflow should the number of problems in the
priority queue exceed some predetermined constant C),.
If the value of C}, is increased, more memory is required
to store the uncompleted subproblems and more time
is needed to enqueue and dequeue individual subprob-
lems. On the other hand, the upper and lower bounds
may converge at an earlier stage of the computation.

EMPIRICAL RESULTS

In this section we present examples of some data which
indicate the effectiveness of the dynamic bound eval-
uation technique. More detailed data which better il-
lustrate the rate at which the upper and lower bounds
may be expected to converge can be found in [5].

We have tested the dynamic bound evaluation tech-
nique on the Quicksort algorithm, as well as on Set-
Player’s algorithm for computing the VC function. We
begin our presentation with data collected from the
Quicksort algorithm. The entries in Table 2 show the
percentage of the computation that was actually com-
pleted when the dynamic bound evaluation technique

! This cannot happen with the Quicksort algorithm, but it can
happen for algorithms which may produce an exponentially large
number of subproblems

produced bounds satisfying the conditions given at the
top of the corresponding column. Specifically, the col-
umn labeled Partial denotes the percentage of the com-
putation that was complete when the upper and lower
bounds satisfied the condition /b = ub/10. When the
bounds satisfy this condition, we say the total amount
of work required is known to within an order of mag-
nitude. The column labeled Total denotes the percent-
age of the computation that was complete when the
upper and lower bounds first became equal. As the
data indicates the transition to complete percent-done
feedback occurs at a late stage of the computation (we
will see that the bounds for the Vertex Cover algorithm
converge much more quickly). However, after approx-
imately one tenth of the computation is complete, the
user is informed of the remaining computation time to
within an order of magnitude. This information lets
the user estimate whether the remaining computation
will require a matter of seconds, minutes, hours, or
days.

N || Partial | Complete
500 79 % 99.9%
1,000 8.4 % 99.9%
5,000 || 10.4% 99.9%

Table 2: Transition from Partial to Complete Percent-
done Feedback when Applying Quicksort to an Array
of Size N

We next consider data for the VC function. As de-
scribed previously, the input to this function is a graph
G, and the output is the number of vertex covers of
G. Recall the values shown in Table 1 which illus-
trate that the time needed to compute this function
can vary greatly even for two inputs of identical size.
This makes the function an ideal test-bed for dynamic
bound evaluation.

The algorithm that drives SetPlayer’s VC command
is recursive and belongs to the class of algorithms
that builds a tree of subproblems as it executes. We
have developed functions ub(G) and Ib(G) that eval-
uate to strict (as opposed to asymptotic) upper and
lower bounds on the work that will be performed by
SetPlayer’s algorithm for computing VC when applied
to graph G. Although complete derivations of these
functions are beyond the scope of this paper, they are
similar in spirit those presented for the Quicksort algo-
rithm. In brief, the derivations are based on modeling
the best and worst-case behavior of the algorithm with
recurrence relations, and then finding closed-form so-
lutions to these relations. The interested reader is re-
ferred to [3,4] for a complete description of SetPlayer’s
algorithm for computing VC, as well as a discussion of
the recurrence relations that model the algorithms and
the solutions to these recurrences.

Our presentation of data for the VC algorithm begins
by returning to the graphs G; and G5 presented in Ta-



ble 1 in the Introduction of this paper. Recall that both
of these graphs were on 110 vertices and 120 edges.
Although the standard quantitative measures of these
graphs are the same, as reported in Table 1, SetPlayer
required approximately 4.5 hours to compute VCon Gy
but required only approximately 20 seconds to compute
the same function on Gs.

Tables 3 and 4 illustrate that the dynamic bound eval-
uation technique was able to detect the drastic vari-
ation in time required to compute VC on these two
graphs. Table 3 shows that after only one unit of work
had been completed, the upper and lower bounds on
the total work required were both 2,097,151. Since
the values were equal, the percent-done progress indi-
cator was able to give complete (rather than partial)
percent-done feedback even at the earliest stages of this
computation.

Nodes Completed || Lower Bound
1 2,097,151

Upper Bound
2,097,151

Table 3: Percent-Done Feedback for VC(G)

Nodes Completed || Lower Bound | Upper Bound
1 57 786,431
50 293 1,951
127 1,535 1,535

Table 4: Percent-Done Feedback for VO(G2)

For the case of graph G, the convergence was some-
what slower as illustrated in Table 4. This table shows
that after 127 units of work had been constructed, the
upper and lower bounds on the total work required
had converged to the value 1,535. Thus, after ap-
proximately 8% of the computation had completed, the
percent-done progress indicator was able to make the
transition from partial to complete percent-done feed-
back.

The previous section of this paper described how the ef-
fectiveness of the dynamic bound evaluation technique
is altered by the value of C), which controls the number
of subproblems that the priority queue can hold before
storing additional subproblems on the stack. The data
shown in Tables 3 and 4 were gathered using a value of
Cp = 2,200.

We conclude this section by presenting data illustrat-
ing the effect of varying the value of the constant C).
Table 5 presents data obtained by computing VC of
a randomly generated 3-regular graph on 60 vertices
(a graph is said to be k-regular iff every vertex of the
graph is incident to precisely k edges).

The entries in Table 5 indicate the percentage of the
computation that was actually complete when the dy-
namic bound evaluation technique produced upper and
lower bounds satisfying the conditions given at the top

C, |[ 1b=ub/10 | Ib =9ub/10 | Ib = ub
3,600 4.3% 50.3% | 60.8%
4,800 13% 35.1% | 50.0%
6,000 4.3% 241% | 38.6%
7,200 1.3% 22.2% | 36.2%

Table 5: Convergence of Upper and Lower Bounds
when Computing VC on a 3-Regular Graph on 60 Ver-
tices Using Various Values of Cp

of the corresponding column. For example, the en-
try for the row labeled 3,600 and the column labeled
Ib = ub/10 is 4.3%. This means that when 4.3% of the
computation had actually been completed, the lower
bound on the total work required was one-tenth of the
upper bound (in this case the total amount of work
required was known to within an order of magnitude).
The right-most column of the table is labeled by the
equation [b = wub. Therefore, the values in this col-
umn indicate the percentage of the computation that
was complete when the percent-done progress indicator
made the transition from providing partial to complete
percent-done feedback.

As we would expect, the rate of convergence for the up-
per and lower bounds increases with the value of C,.
Each time VC(G) is computed, SetPlayer automati-
cally adjusts the value of C), based on the size of graph
G. The system attempts to allocate enough memory
to ensure a reasonable convergence rate, but not so
much memory that the system’s performance degrades.
However, the user can alter the value of C, set by the
system if convergence rate appears to be too slow.

Previously, percent-done progress indicators have been
limited to linear algorithms. However, the data pre-
sented in this section indicate that the dynamic bound
evaluation technique is a viable approach to incorporat-
ing percent-done progress indicators into a large class
of recursive algorithms. The problem of incorporating
percent-done progress indicators into algorithms that
follow other paradigms remains open.
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