Multiplication & Division

Ref: Chapter 4
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Binary Multiplication
Pencil & Paper Algorithm

1000 «—multiplicand
X 1001 <« multiplier
1000
0000
0000
1000
1001000 «— product
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Multiplication Algorithm

» The agorithm is different than the “repeated
addition” algorithm we used in our MIPS
multiply subroutine.

» We take advantage of positional representation.
— fewer additions (many fewer)
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Comparing Algorithms

* Repeated Addition:
— could have O(232) additions

* Pencil & Paper Algorithm:
— always have 32 additions.
— also need to do some shifting at each step.
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Binary Multiplication

* At each step we multiply the multiplicand
by asingle digit from the multiplier.

— In binary, we multiply by either 1 or 0 (much
simpler than decimal).

» Keep arunning sum instead of storing and
adding all the partial products at the end.
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1a. Add multplicand to product and
place the resultin Product register

2. Shift the Multipicand register left 1 bit

3. Shift the Multplier register right 1 bit

Figure 4.26
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Exercise

¢ 4 bit multiplication of 2x3 (0010 x 0011)
e 4 stepsrequired.

¢ 8 hit result
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Trace for 0010 x 0011

If LS bit of multiplier is 1.

dd multiplicand quc
Step Multiplier  Multiplicand Product dd multiplicand to product
initial [ o011 00000010 | 00000000
la 00000010
g 0001 00000100‘_\5hm multiplicand left
123 00001000 OOOOOllO\SIHﬂ multiplier right
3 0000
1 00000110
2 00010000
3 0000
1 00000110
2 00010000
3 0000

* o
Step numbers as labeled in Fig 4.26 (slide 5)
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32 bit multiplication

¢ 32 iterations shift left i times

* Ateachiterationi

— conditionally add multiplicand<<i to running
sum.

¢ Result will be 64 bits long!
— last step: multiplicand<<31
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Implementing Multiplication

—

Multiplicand
Shift left

Ie4 bits

Product

—
Multiplier
Shift right

32 bits

| Write

I 64 bits
Figure 4.25
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Adjustments to Algorithm

¢ One big problem with the
algorithm/implementation shown:

—need a 64 bit ALU (adder).

¢ We can fix this by:
— Leaving the multiplicand alone (don't shift).
— shift the running sum right at each iteration.
— Add multiplicand to left half of running sum.
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Multplierd = 0

Adjusted Algorithm

= 1 Test
Mulipler0
the product and place

the lefthaif o the Product

Revised Addition ——

Shift partial sum/

instead of multiplicand

No: <32 repetitions

Yes: 32 repetitions

Figure 4.28
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Implementation

Multiplicand

32 hits

Shift right

Product Write

64 bits

Figure 4.28
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Wasted Space

¢ In the implementation of the adjusted
algorithm it is possible to save space by
putting the multiplier in the rightmost 32
bits of the product register.

¢ The agorithm is the same, but steps 2 and 3
are done at the same time.
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Multiplicand
o .
32 bits Multiplier is here!

./

32-bit ALU/ ™
l — i
Shift right
Profluct Write | @

| 64bits | T

Figure 4.31
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0010 x 0011

multiplier is
Step Multiplicand Product rightmost 4 bits
0010 00000011 4—
1a 0010 0010001} 1% partial product
2.3 00010001 in left 4 bits
1a 0010 00110001
Shift Right
2,3 00011000
1 0010 00011000
2,3 00001100
1 0010 00001100
2,3 0000011p
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signed vs. unsigned

* Previous algorithms work for unsigned.
* We could:

— convert both multiplier and multiplicand to
positive before starting, but remember the
signs.

— adjust the product to have the right sign (might
need to negate the product).
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Supporting Signed Integers

» We can adjust the previous algorithm to
work with signed integers
» make sure each shift is an arithmetic shift

— right shift — extend the sign bit (keep the MS bit
the same instead of shifting in a 0).

* Since addition works for signed numbers,
the multiply algorithm will now work for
signed numbers.
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1110 x 0011 (-2x 3)

multiplier is
Step Multiplicand Product rightmost 4 bits
1110 0000001L 4—
1a 1110 1110001} ggme—=1% partial product
2.3 11110001 in left 4 bits
1a 1110 1101000
Shift Right
2,3 11101000
1 1110 11101000
2,3 11110100
1 1110 11110100
2,3 1111101 4—Resuilt is 2s complement
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Booth’s Algorithm

¢ Requires that we can do an addition or a
subtraction each iteration (not always an
addition).

¢ Usesthe following property

— the value of any consecutive string of 1sin a
binary number can be computed with one
subtraction.
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A different way to compute
integer values

/‘0110 23.01 (8-2=6)
23 T
21

0011111000 28-28 (256-8 = 248)

28

N,
=)
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A little more complex example

010011010

TT TT 2807 4 25.93 4 2201
2827 [22 2t
Ll 256-128 + 32-8 + 4-2
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An overview of Booth's
Algorithm
¢ When doing multiplication, strings of Osin the
multiplier require only shifting (no addition).

¢ When doing multiplication, strings of 1sin the
multiplier require an operation only at each end.

¢ We need to add or subtract only at positionsin the
multiplier where thereis atransition froma0to a
1,orfromaltoa0.
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New First Step of Multiplication

 Look at rightmost 2 bits of multiplier:
— 00 or 11: do nothing
— 01: Marks the end of astring of 1s
« add multiplicand to partial product (running sum)
—10: Marks the beginning of a string of 1s
« subtract multiplicand from partial product.
* Initialy pretend thereis a0 past the
rightmost bit of the multiplier.
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Shifting

» The second step of the algorithm is the
same as before: shift the product/multiplier
right one bit.

— Arithmetic shift needed for signed arithmetic.
— The bit shifted off the right is saved and used

by the next step 1 (which looks at 2 hits).
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Trace of Booth’s Alg. for 2x3

Step Multiplicand Product Description

0010 00000011 O Initial Values

1 0010 11100011 O 10: subtract
2 11110001 1 shift right

1 0010 11110001 1 11: nothing
2 11111000 1. shift right
1 0010 00011000 1 01: add
2 00001100 O shift right

1 0010 00001100 O 00: nothing
2 00000110 O shift right

These are the 2 bits used in step 1\}
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2X-3

Step Multiplicand Product Description

0010 00001101 O Initial Values

1 0010 11101101 O 10: subtract
2 11110110 1 shift right
1 0010 00010110 1 01: add
2 00001011 O shift right

1 0010 11101011 O 10: subtract
2 11110101 1. shift right
1 0010 11110101 1. 11: nothing
2 1111101D0 1 shift right
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Booth’s Algorithm

» The agorithm implemented in most
processors.

» The book includes an algebraic proof that
Booth's algorithm works (pg 263).

» What happens if the multiplier looks like
thiss  01010101010101010... ?
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Integer Divsion

* In general, we divide a 2n bit number by an
n bit number.
— divide 64 bit dividend by a 32 bit divisor.

 Uses same approach as multiplication

— make use of positional representation of binary
integers to avoid simple repeated subtraction
agorithm.
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Binary Long Division

divisor 1001 «— quotient
1000 'mk dividend

10 :

101}

1010

-1000 _

T 44— remainder
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Unsigned Division Algorithm

« 1 iteration per bit (actually, we need 1 extra
step!)
* Each iteration:
— subtract divisor from a partial remainder and test
to seeif lessthan 0.

« |less than zero: divisor didn't fit once, so left shiftina0
in quotient and add divisor back to partial remainder.

« >= zero: it fit, left shift a1l in quotient.
— shift divisor register right.
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1. Subiradt the Divisor register from the

Remainder register and place the
tesultin the Remainder register

Remainder > 0 Remainder <0

2. Shiftthe Quotient register (0 the lef, 2. Restore the orginal value by adding
Seting the 1 the Remainder

regi
tegister and place the sum i the
Remainder register. Alsoshit the
Quotient register to the left, setting the
new least significant b to

3. Shift the Divisor register right 1 bt

No: <33 repetiions

Yes: 33 repetiions

Figure 4.37
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Implementation

—_

| Divisor

l 64 bits
64-bit ALU

Shift right |

Remainder
Write
| 64 bits
Figure 4.36
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00000111 / 0010

Step Quotient Divisor Remainder
0000 00100000 00000111 <« Initial values
1 11100111« after subtraction
23b 0000 00010000 00000111'\ after restore
1 [4 \ 11110111
2b 0000 00000111
3 00001000 shift right
1 4 \ 11111111
2a 0000 00000111
3 00000100
1 5 00000011
2a 0001
3 00000010
1 P4 00000001 «¢— final remainder
2a 0011
3 k 00000001
final quotient
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Division Algorithm Adjustments

¢ Aswith multiplication, we only really need
a32 bit ALU (for 64/32 division).

¢ Can shift the remainder left instead of
shifting divisor right each iteration.
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start
L Shiftthe Remainder regster left 1 bit

2. Subtract the Disor register from the
Teft halfof the Remainder regater and
place the resul nthe lef half of the.
Remainder regiser

Remainder> 0 Remainder <0

3a. Shift the fer o the.

[ regit 3b. Restore the original value by adding
Tef,seting the new righimost bit o 1

the Divisor register 0 theleft hal of the

in the eft halfof the Remainder register.
Akoshitthe - regster to e
left settng the new righimast bit 0 0

No: < 32 repetitions

Ves: 32 repetitons

Figure 4.40
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—

Quotient
Shiftleft

32 bits

Remainder

| 64 bits

Figure 4.39
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Further Modifications

» Same space savings as with multiplication:
— use right % of remainder register to hold the

quotient.

32 bits quotient
Shift right R
Remainder  shift left Contro
Write est
64 bits T
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Signed Division

» Remember the signs of the divisor and
dividend and negate the quotient if they
were different.

— The remainder must have same sign as the
dividend.
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MIPS Multiplication

» Specia register pair used to hold 64 bit
product
— two 32 bit registers: named “hi” and “lo”.

— after multiplication the product is spread over
the 2 registers.
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mul t and mul t u instructions

mult regl, reg2
multu regl, reg2

Result isawaysin hi and | o registers
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Reading hi and| o

nflo reg move fromlo
nf hi reg move from hi

move from hi/lo to any register.
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MIPS Division
div regl, reg2

divu regl, reg2
divide regl/reg2

After adivision instruction theresult isin
hi/lo:

—hi holds the 32 bit remainder
—| 0 holds the 32 hit quotient
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