ASSIGNMENT 3, Solutions

1 (200pts) Coin Model / Bin Model

(a) We want

1 — P[v # 0 for all bins]
= 1-Ply #0M
= 1-(1-@1-m)MH"

Plv =0 for at least 1 coin]

where N is number of tosses and M the number of coins. We have N = 10, thus plugging in M =
{1,1000,108} and 7 = {0.05,0.8} we get

M
i 1 1000 108
0050599 [ 1—-27x1037 ~1 | >1—10750000 1
0.8 || 1077 10~4 9.7 x 1072

(b) v can take on one of the seven values {3,122 4 5 8} with Py = {] = (%) (3)%. Thus

€ 0 0<€§% %<e§% é<€§% %<€
77 7 T

Plmax; |v; — m;| > €] = P[jvy — m1| > € or |v1 — 1| > €] = 2P[|lv — «| > €] — P[|lv — 7| > €]?, so we get

€ 0 0<e§é %<e§§ %<€§% : <e
23T 399 63
P[mzf@xh/i —mi| >€ | 1 256 1024 1024 0

The Chernoff bound for 2 coins gives P[max |v; — ;| > €] < 4exp(—2Ne€?). The true probability and the
Chernoff bound are plotted below.

Comparison of the Chernoff Bound with True Probability: N=6, M=2, 1:=0.5
4 T T T T T T T T T

w
T
-
I

N

5
T
-
I

Probability/Probability Bound

-
.
I

05F ~ 4

. . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1



2
(a)

(200pts) Computation of M (N)

Let the left end point of the interval be | and the right be r and suppose that the points are ordered,

T1 < 2o < ...<xy with N > 3. There are (N;

chosen from the N — 1 intervals between z; and z. Each of these choices yields 2 dichotomies (positive
or negative interval). If | < x; then there are N ways of placing r in a different interval, once again each
of these N ways yields 2 dichotomies. There are no other dichotomies therefore

1) ways of placing both end points in different intervals

N -1

m(N):z( 5 >+2N:N2—N+2

This formula also holds for N =1 and N = 2. m(3) =8 and m(4) = 14 so dy¢ = 3.

Let the N points be z1,... ,2n, with |21 | < | 22| < ... < |2~ |. Putting these on a line, we see that
this learning model is equivalent to the positive interval model considered in class, so

N+1) IR (O E)

m(N):1+< ) 5

m(2) =4 and m(3) =7 so dyc = 2.

(400pts) VC Dimension

Choose N different points in R? to be (i,0). Given a dichotomy, there is a polynomial of order N in z
that takes on the value of this dichotomy. Thus taking the sign will not affect the value, hence we can
implement any dichotomy (as the polynomials are continuous). Thus dy ¢ = oc.

Consider the points arranged along the y = 1 — x line as shown in the figure

Given any dichotomy, for example the one shown in the figure, let x; be the points with f(z) = +1.
The function

1if x > x; for some x; in the dichotomy
9(x) = ‘.
—1 otherwise

The decision boundary is shown in the figure. g(x) is monotonic, so we have shown how to implement
any dichotomy. Thus, dy¢ = 0.



() @

Choose the d + 1 points and define the (d + 1) x (d + 1) matrix Y as follows.
0 1 1 1 1
X X ; . . 1 1 ... 1
X1 = (-),xzz 0 , X3 = 0 , X4 = 1 ooy Xdgl = 1 , Y = X1 X2 ... Xas
0 0 0 0 1

By construction, Det(Y) # 0so Y is invertible. Given any dichotomy §, we want to find a w such
that &; = sign(W?%;), where x; = [1 x}']7. Tt suffices to find a W such that §; = w’'#;, or in matrix
form

§=YTw=w=(Y")""1s
Since Y is invertible, then sois Y7, hence, such a W exists, and, since § was arbitrary, we have shown
that for any dichotomy on these d + 1 points, a perceptron can implement it. Thus dy¢ > d + 1.

Let x1,... ,Xg442 be any set of d+2 vectors. Then X;,... ,X442 are d+2 vectors in d+1 dimensions,
hence they must be linearly dependent. Thus, for some 3, X5 = >, £ QiXi- Consider the following
dichotomy: §; = sign(a;) for i # f and d3 = —1. We prove that this dichotomy cannot be

implemented as follows. Suppose that the weight vector w implements the dichotomy for ¢ # S.
Then, for i # 8, 6; = sign(a;) = sign(w'%;) thus a; and w''%; have the same sign so a;w’%; > 0.
Now consider Xg.
wTi@ = Z awlx; >0
i#B

Thus, this weight vector cannot implement dg = —1, so no vector can simultaneously implement
the dichotomy &; = sign(a;) for i # § and dg = —1. Thus on any set of d + 2 points, there is at
least one dichotomy that cannot be implemented. Thus dy¢ < d + 2.

(d) dvc =4 (see below) hence m(N) < N* + 1.

(i)

Flexy il X9

Consider the 4 points as arranged in figure (a). It is easy to see that any of the 2* dichotomies can
be implemented with the positive rectangle learning model. Thus, dy¢ > 4.

Of the 5 points, let x; be the leftmost and x5 the rightmost. Thus the remaining points are in the
strip between x; and x». Let x3 be the topmost of these and x4 be the bottommost. x3 must be
above both x; and x2 and x4 must be below both x; and z2. Any other arrangement will leave
one point in the smallest rectangle containing two other points and thus there will be a dichotomy
that cannot be implemented. The situation is shown in figure (b), the shading indicating no points
allowed. The 5t* point can now only be placed in the middle and now the dichotomy with d5 = —1
and §; = §; = 03 = 64 = +1 cannot be implemented. Thus we have shown that on any set of 5
points, there is a dichotomy that cannot be implemented. Thus dy¢ < 5.



4
(a)

(200pts) Bounds on the Risk

We need to find N such that 6m(2N)e_62N < n where € = 0.05 and n = 0.05. One could use m(N) <
d
Nve 41 or m(N) < ( elN ) " to get a lower bound for N so that this inequality holds.

dve

dyc | 5 6
m(N) < N&ve +1 | N >23,425 N > 28,169

eN dve
m(N) < N >23,425 N > 28 169

dvc

T—v > ¢ with probability< n = Cm(2N)e < N/4. Solving for €, we find that €2 = {. ™= < ¢ with

N VT
T < vte/mr<v+e\v+e/T

probability> 1 — 7 so,
< V+e\/u+e,/y+e‘/...

thus 7 < v + €S where S > 0 satisfies S? = v 4 €S. Solving for S and choosing the positive root we see

that S = § (1 +/T+ 41//62).Thus

€2 / 4v 13 4v

Alternate Approach:

T—eyT—v<0=>HrT—ay)(Vr—a_)<0

where ax = § (1 +./1+ 41//62). Thus a_ < /7 < a4 but since 0 < a_, we get that 0 < /7 < a4 and
thus that 7 < ai which then yields the desired result since

2 2
9 € / 4v vy € 4v
a+—z<1+2 1+€—2+1+€—2>—I/+5<1+ 1+6_2)



