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Abstract. Covariance matrices capture correlations that are invaluable in mod-
eling real-life datasets. Using alld2 elements of the covariance (ind dimensions)
is costly and could result in over-fitting; and the simple diagonal approximation
can be over-restrictive. We present an algorithm that improves upon the diagonal
matrix by allowing a low rank perturbation. The efficiency is comparable to the
diagonal approximation, yet one can capture correlations among the dimensions.
We show that this method outperforms the diagonal when training GMMs on both
synthetic and real-world data.
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1 Introduction

Sample covariance matrices provide important informationabout the probability dis-
tribution of the samples. This information can be used in pre-processing, such as PCA
and whitening, where the samples can be reduced in dimensionality or decorrleated.
Our focus is on fitting probabilistic models, such as the Gaussian Mixture Model. In
particular, we will be looking at high dimensional models.

A major drawback of the covariance matrix is its computational cost, which grows
quadratically with respect to the sample dimension. Thus, as the dimension of our data
grows, the curse of dimensionality comes into effect. Although there are methods for
feature selection or dimension reduction, it is not always desirable or sufficient. Leav-
ing out samples does not help much since the computational cost grows linearly with
respect to our sample size. The additional drawback of the full covariance matrix in
high dimension is that the additionalO(d2) parameters can lead to heavy overfitting.

Due to the computational cost associated with the full covariance matrix, an ap-
proximation of the covariance matrix is often used instead.The problem then becomes
one of balancing computational cost with accuracy. A simpleapproximation is to use
the diagonal of the covariance matrix or, in other words, useonly the dimension by di-
mension variances. As we will explore further in Section 2, there are several proposed
approximations which mostly utilize decompositions of thecovariance matrix.

While the diagonal can be computed quickly, it loses all the correlation information.
We propose to use the diagonal plus a low-rank perturbation.The motivation is to keep
the computational cost linearly bounded to the dimension, while obtaining correlation
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information; this yields a more accurate approximation by only using twice the number
of parameters,d parameters for the diagonal andd for the perturbation. These extra
parameters provide an improvement over the high restrictions of the diagonal. Note that
the low rank perturbation does not yield a low rank covariance matrix. The perturbation
is what will be low rank, but will add back most of the correlation.

Our method is tested against the diagonal approximation andthe full covariance ma-
trix for Gaussian Mixture Models. Our experiments involve various types of synthetic
data as well as real world data. We examine the in-sample and out-sample average log
probabilities of the models. The runtime is compared between the models to show that
it is bounded linearly with respect to the sample dimension.The practicality of our
method is shown by its application to real world data.

2 Covariance Matrix Approximation

We seek to address two problems. First is the computational cost of training a Gaussian
Mixture Model (GMM) when using the full covariance matrix. Second is the potential
to overfit due toO(d2) parameters in the full covariance matrix.

Problem Definition The covariance is the defining characteristic of the GMM over
other clustering algorithms. Typically the EM algorithm isused for training a GMM
on a given dataset. The expectation step uses the inverse of the covariance matrix to
calculate the probability of each sample. The maximizationstep updates the covariance
matrix using these probabilities. The running time of a single step of this EM algorithm
is O(NKd2), whereN is the number of samples andK is the number of mixtures in
the model. The appearance ofd2 can be prohibitive for high dimension problems, and
thus one often uses an approximation to the full covariance.The ideal approximation
for the full covariance is one that is not only accurate and calculated quickly, but also
has an inverse that can be efficiently used to calculate sample probabilities quickly.

Since we are focusing on the GMM, our metric is the log likelihood of the GMM.

log L = −
1

2

N
∑

i=1

(xi − µ)T Σ̂−1(xi − µ) +
N

2
log |Σ̂−1| −

Nd

2
log 2π , (1)

whereN is the number of samples,d is the sample dimension, and̂Σ is the estimate of
Σ. Our discussion will focus on a single component. All our arguments extend to mix-
tures with multiple components. After differentiating, the log likelihood is maximized
for

µ =
1

N

N
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i=1

xi Σ =
1

N

N
∑

i=1

(xi − µ)(xi − µ)T . (2)

This can be computed inO(Nd2). The basic analytic task we address is how to effi-
ciently chooseΣ̂, under a sparsity constraint, so as to do so efficiently.
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Previous WorkThere has been some work in covariance matrix approximations. These
involve a variety of approaches, mainly decomposition [3][7], statistical estimation [4],
and using assumptions on the matrix [2][1].

In [3], El Karoui looks into estimating the spectrum of largedimensional covari-
ance matrices. The vector of eigenvalues is defined as an observation of a probability
distribution. Using random matrix theory and convex optimization, this probability dis-
tribution is estimated. The resulting estimates can be usedin algorithms such as PCA.
In [7], decompositions are used to overcome the difficulty ofestimating positive definite
matrices. The Cholesky decomposition is seen as a better decomposition than variance-
correlation or spectral decomposition. In [4], authors usekernel-based and parametric
spectral estimation procedures to produce heteroskedasticity and autocorrelation con-
sistent matrices. These above methods have the advantage ofbeing applicable to most
types of covariance matrices, but suffer by having quadratic, or worse, time complexi-
ties. The following approaches exploit various propertiesto achieve better runtimes.

In [2], an iterative method of estimation is proposed using an equivalent covariance
graph and constraining the covariance matrix to be sparse. In [1], the authors estimate
covariance matrices of particular distributions by two methods. First, by the EM algo-
rithm. Secondly, by using a priori information on the distribution of the samples. With
limited data, [6] finds that a mixture of the sample and commoncovariance matrices,
along with their diagonals, can be a better approximation ofthe covariance matrices. In
general, all these methods areO(NKd2) or cannot be efficiently inverted.

3 Approximating the Full Covariance

The diagonal approximation is the simplest. Let∆xn = xn−µ andΣ = 1

N

∑

i ∆xi∆xT
i ;

for Σ̂ = D, a diagonal matrix,

log L = −
1

2

N
∑

n=1

(xn − µ)T D−1(xn − µ) +
N

2
log |D−1| −
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2
log 2π , (3)

which is maximized when we minimize
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We can now solve forD by setting the derivative to zero

∂ε

∂D
=

1

N

N
∑

n=1

∆x2

n − D ⇒ D =
1

N

N
∑

n=1

∆x2

n . (5)

We can see that, with the diagonal constraint, the maximizerof log L is the diagonal of
Σ. This can be computed inO(Nd), but loses all off-diagonal correlations.
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3.1 Low Rank Perturbation to Diagonal

Our approximation toΣ is using a low-rank perturbation of a diagonal matrix

Σ−1 ≈ D2 + aaT . (6)

whereD is our diagonal matrix anda is ad-dimensional vector that defines the low-rank
perturbation.D2 is used to ensure the approximation is positive semi-definite without
having to add constraints The log-likelihood of a GMM, usingthis approximation is

log L = −
1

2

N
∑

i=1

(xi − µ)T (D2 + aaT )(xi − µ)

+
N

2
log |(D2 + aaT )| −

Nd

2
log 2π . (7)

whereN is the number of samples andd is the sample dimension. Maximization of this
equation is equivalent to minimizing our optimization equation:

ε = min
1

N

N
∑

i=1

(xi − µ)T (D2 + aaT )(xi − µ) − log |(D2 + aaT )| . (8)

By using an approximation based on a low-rank perturbation of a diagonal matrix,
our intention is to obtain an improved accuracy over the diagonal approximation but
maintain a linear bound with respect to the sample dimension. The low-rank perturba-
tion adds anotherd parameters over the diagonal approximation’sd parameters. There-
fore, we expect the computational cost to be higher than the diagonal approximation,
but still below that of the full-rank approximation which has d(d + 1)/2 parameters.
Although this new approximation may seem nearly as restrictive as the diagonal, the
addition of off-diagonal information allows for a significantly closer approximation.
Further, by directly approximating the inverse of the covariance matrix, the cost of
inversion is avoided. Note that this low rank perturbation implies a similar low rank
perturbation expression forΣ itself. In this paper we explore a rank-1 perturbation.

In finding the optimal values forD and a, it may seem that using the diagonal
of Σ for D is sufficient. However, this requires fittingaaT to Σ with zeros along the
diagonal. This pullsa away from its optimal value and towards a saddle-point ata = 0d.
In finding the optimal values for our parameters,D anda, we search for the point where
the gradient of our optimization equation reaches zero. First, we find the gradient with
respect to theα element ofD, denotedDα:

∂ε

∂Dα

=
2

N

N
∑

n=1

xT
nαDαxnα − trace

(

(D2 + aaT )−1
∂(D2 + aaT )

∂Dα

)

=

N
∑

n=1

xT
nαDαxnα − trace

((

(D−2 −
D−2aaT D−2

1 + aT D−2a

)

(2δα)

)

=

N
∑

n=1

xT
nαDxnα − 2D−1

α +
trace(2δαD−2aaT D−2)

1 + aT D−2a
. (9)
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Algorithm 1 Conjugate Gradient
1: Input: datax, diagonal matrixD0, perturbationa0, thresholdTg

2: g0 ← [ ∂ε
∂a0

, ∂ε
∂D0

] ; v0 ← −g0.
3: while |gi| > Tg do
4: Perform a line search alongvi to find optimal step size,s.
5: ai+1 ← ai + s · vi(1 . . . d).
6: Di+1 ← Di + s · vi(d + 1 . . . 2d).
7: gi+1 ← [ ∂ε

∂ai+1
, ∂ε

∂Di+1
]

8: β ←
gi+1(gT

i+1
gi)

gT

i
gi

9: Calculate new direction,vi ← −gi+1 + βvi.
10: end while

where the derivative of thelog |(D2 + aaT )| term is derived using Jacobi’s formula
d det(A) = tr(adj(A)dA); δα is the vectorD with all elements set to zero exceptDα;
andtrace() is the trace function. This formula can be written in vector form as:

∂ε

∂D
= diag(Σ)D − 2D−1 +

2d(D−2a)2

1 + aT D−2a
. (10)

The gradient fora can be derived in a similar manner

∂ε

∂aα

=
2

N

N
∑

n=1

(

d
∑

i=1

xniai

)2

xnα − trace

(

(D2 + aaT )−1
∂(D2 + aaT )

∂aα

)

(11)

=
2

N

N
∑

n=1

(

d
∑

i=1

xniai

)2

xnα −
2aα

Dα

+
2aα

Dα

d
∑

i=1

a2

i

Di

. (12)

which can be put into vector form as

∂ε

∂a
= 2Σa − 2D−2a +

2(D−2a)(D−2a)T a

1 + aT D−2a
. (13)

Instead of an analytical solution, we use the conjugate gradient descent to reach an
optimum[5] (See Algorithm 1). We initializea to be a random vector, whose elements
are random samples from the uniform distribution in[0, 1]; D is initialized as the inverse
of the diagonal ofΣ, which can be easily calculated in linear time. The gradientreferred
to asg in the algorithm is just the concatenation of the gradient for a and the gradient
for D. The search direction is referred to asv. The threshold,Tg, is set to 0.001, our
stopping criterion.

Although in theory we would used steps of the conjugate gradient method, prac-
tice shows that only a few steps are needed. In the next section, we explore how our
approximation compares to the diagonal approximation and the full covariance matrix.

4 Experiments

Synthetic DataWe synthesized GMM data with six clusters, randomly generated means,
and randomly generated positive semi-definite covariance matrices for each mixture.
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An experiment consists of training a GMM on a dataset using one of the approximation
methods described above (full covariance matrix, diagonal, or low rank perturbed). See
Table 4 for the results, which are averaged over 100 runs.

Training Performance We observe performance from two perspectives, the in-sample
(samples used for training) and out-sample (samples used for testing) average log prob-
abilities. Experiments were performed over various sampledimensions, dataset sizes,
and number of model mixtures.

In-Samp N=10k In-Samp N=1k Out-Samp N=1k
Dims. Diag. Pert. Full Diag. Pert. Full Diag. Pert. Full

10 -109 -101 -87 -10.9 -9.96 -8.53 -11.0 -10.2 -8.95
50 -1032-1005 -734 -94.7 -93.2 -85.8 -95.6 -94.5 -95.6
100 -2250-2219-1667 -224.2-225.6-197.3 -225.9 -232.2 -249.1

Table 1. Probabilities for various sample sizes and dimensions

We see that the perturbed matrix probabilities are consistently closer to the full ma-
trix probabilities than those for the diagonal matrix. Further, since this also holds in the
out-sample results, we see that the perturbed matrix is not obtaining higher probabilities
by overfitting the data. Note, however, that the full covariance matrix has the potential
to severly overfit whend is large (see Table 4 for d = 100).

Runtimes Our main motivation is to improve approximation without incurring large
computational cost. Run time for the training phase is shownin Figure 1.

Fig. 1. Relation between runtimes and number of model clusters

In Figure 1, we compare the runtimes versus the number of clusters in our model.
Here we can see that the approximation by perturbation is faster than the full rank
matrix. This improvement becomes more significant with higher dimensional data and
more complex models (i.e. more clusters). We see that the full rank performs almost as
fast as our algorithm at low dimensions and low number of clusters. This is likely due
to the overhead of the perturbation approximation, which could be overcome by further
optimization. Also, it should be noted that in this case of low dimension and low model
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Fig. 2. Relation between runtimes and dimension.

complexity, the total computational time is also very low, so any approximation would
most likely fail to improve performance enough to compensate for the lack of accuracy;
our algorithm is most useful whend is large.

The runtimes in Figure 2, show how the training time increases with dimension for
models with various numbers of mixtures (in this case, 3,6, and 9 mixtures). This makes
it easier to see how the computational cost increases with respect to sample dimension.
In these graphs, we can see that both the diagonal and perturbed approximations have a
cost that increases linearly with respect to sample dimension; also, the full covariance
matrix cost is quadratic.

4.1 Real Data

We look at GMMs for speech data. The speech comes from a TIMIT corpus of Amer-
ican English accents. Speakers who had grown up from variousplace in America were
recorded while speaking 10 sentences. We look particularlyat those speakers who were
raised in the northern and southern regions. The data is processed so that every 25ms of
speech yields a 39-dimensional sample. We then train two GMMs, one for the northern
samples and another for the southern samples. Test samples are then categorized based
on which GMM gives a higher log probability. Whole words are similarly classified
based on which GMM gives a higher average log probability.

Full Cov. DiagonalPerturbed
Sample Acc. 61.6% 49.5% 54.3%
Word Acc. 76.5% 45.9% 60.0%

Fig. 3. Accuracy of GMMs on speech samples

The out-sample results are show in
the table to the right. As we saw in the
synthetic data, the low rank perturbed ap-
proximation gives a better performance
over the diagonal approximation. In par-
ticular, there is a significant increase with
respect to the accuracy in classifying spoken words.

5 Conclusion

We have proposed a new method of approximating the covariance matrix for a Gaussian
Mixture Model. Instead of simply using the diagonal, we use alow-rank perturbation of
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a diagonal matrix and approximate the inverse of the covariance matrix. The conjugate
gradient method is used to optimize the parameters with respect to the log probability
of a GMM. By approximating the inverse of the covariance matrix, we developed an
algorithm that is bounded linearly with respect to sample dimension. This makes its
computational cost comparable to the that of the diagonal approximation.

We compared our approximation method to the diagonal approximation and the
full covariance matrix. The in-sample accuracies show thatwhile the perturbed matrix
is not an exact approximation, it is consistently better than the diagonal. Further, the
out-sample accuracy shows that this improved flexibility does not result in overfitting,
since the perturbed approximation also out-performs the diagonal approximation in this
respect as well. Our method has a comparable computation cost to the diagonal approx-
imation (linear ind).

Although more complex in theory, the implementation of our method is efficient,
since the conjugate gradient method has very efficient implementations. Also, this method
is applicable to any sample-based covariance matrix, and not specifically in a GMMs.

In the future, we may look into lowering the absolute computational cost of the
perturbed approximation by finding the optimal values and thresholds for the conjugate
gradient method. Also, we plan to look into using various ranks of perturbation. Intu-
itively, it seems that all perturbations from rank 1 to full rank can be similarly derived
and provide a greater flexibility in finding the balance between computational cost and
accuracy. This would allow the approximation to be more adaptable.

ACKNOWLEDGEMENTSResearch was sponsored by the Army Research Laboratory
and was accomplished under Cooperative Agreement Number W911NF-09-2-0053.
The views and conclusions contained in this document are those of the authors and
should not be interpreted as representing the official policies, either expressed or im-
plied, of the Army Research Laboratory or the U.S. Government. The U.S. Government
is authorized to reproduce and distribute reprints for Government purposes notwith-
standing any copyright notation here on.

References

1. Astrand, M., Mostad, P., Rudemo, M.: Improved covariance matrix estimators for weighted
analysis of microarray data. J. Comp Bio. : a journal of computational molecular cell biology
14(10), 1353–67 (2007)

2. Chaudhuri, S., Drton, M., Richardson, T.S.: Estimation of a covariance matrix with zeros.
Biometrika 94(1), 199–216 (2007)

3. El Karoui, N.: Spectrum estimation for large dimensional covariancematrices using random
matrix theory. The Annals of Statistics 36(6), 2757–2790 (2008)

4. Haan, W.J.D., Levin, A.: A Practitioner’s Guide To Robust Covariance Matrix Estimation. In:
in Handbook of Statistics: Robust Inference (Vol 15. pp. 291–341. North-Holland (1997)

5. Hestenes, M., Stiefel, E.: Methods of conjugate gradients for solvinglinear systems. Journal
of Research of the National Bureau of Standards 49(6) (1952)

6. Hoffbeck, J., Landgrebe, D.: Covariance matrix estimation and classification with limited
training data. IEEE Tran Pattern Anal and Mach Intel 18(7), 763–767 (1996)

7. Pourahmadi, M.: Cholesky Decompositions and Estimation of A Covariance Matrix: Orthog-
onality of Variance Correlation Parameters. Biometrika 94(4), 1006–1013 (2007)


