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Abstract. Covariance matrices capture correlations that are invaluable in mod-
eling real-life datasets. Using alf elements of the covariance (hdimensions)

is costly and could result in over-fitting; and the simple diagonal apprdioma
can be over-restrictive. We present an algorithm that improves ugodidigonal
matrix by allowing a low rank perturbation. The efficiency is comparable ¢o th
diagonal approximation, yet one can capture correlations among trensiioms.

We show that this method outperforms the diagonal when training GMMstn b
synthetic and real-world data.
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1 Introduction

Sample covariance matrices provide important informa#ibout the probability dis-
tribution of the samples. This information can be used ingrexessing, such as PCA
and whitening, where the samples can be reduced in dimeai#ioor decorrleated.
Our focus is on fitting probabilistic models, such as the GeusMixture Model. In
particular, we will be looking at high dimensional models.

A major drawback of the covariance matrix is its computatiaost, which grows
quadratically with respect to the sample dimension. Thsisha dimension of our data
grows, the curse of dimensionality comes into effect. Alifjlo there are methods for
feature selection or dimension reduction, it is not alwagsimble or sufficient. Leav-
ing out samples does not help much since the computatiosalgcows linearly with
respect to our sample size. The additional drawback of thedwariance matrix in
high dimension is that the addition@l(d?) parameters can lead to heavy overfitting.

Due to the computational cost associated with the full davae matrix, an ap-
proximation of the covariance matrix is often used inst&dwak problem then becomes
one of balancing computational cost with accuracy. A singgproximation is to use
the diagonal of the covariance matrix or, in other words,ardg the dimension by di-
mension variances. As we will explore further in Sectionhré are several proposed
approximations which mostly utilize decompositions of theariance matrix.

While the diagonal can be computed quickly, it loses all theatation information.
We propose to use the diagonal plus a low-rank perturbafiba.motivation is to keep
the computational cost linearly bounded to the dimensidrilenobtaining correlation



information; this yields a more accurate approximation bly asing twice the number
of parametersd parameters for the diagonal addor the perturbation. These extra
parameters provide an improvement over the high restnistid the diagonal. Note that
the low rank perturbation does not yield a low rank covarsamatrix. The perturbation
is what will be low rank, but will add back most of the corrédat

Our method is tested against the diagonal approximatiomhanill covariance ma-
trix for Gaussian Mixture Models. Our experiments invohaious types of synthetic
data as well as real world data. We examine the in-sample aiagaonple average log
probabilities of the models. The runtime is compared betwhe models to show that
it is bounded linearly with respect to the sample dimensidme practicality of our
method is shown by its application to real world data.

2 Covariance Matrix Approximation

We seek to address two problems. First is the computati@salof training a Gaussian
Mixture Model (GMM) when using the full covariance matrixe®nd is the potential
to overfit due taD(d?) parameters in the full covariance matrix.

Problem Definition The covariance is the defining characteristic of the GMM over
other clustering algorithms. Typically the EM algorithmused for training a GMM
on a given dataset. The expectation step uses the inverse abvariance matrix to
calculate the probability of each sample. The maximizasiep updates the covariance
matrix using these probabilities. The running time of a Erggep of this EM algorithm
is O(NKd?), whereN is the number of samples arid is the number of mixtures in
the model. The appearancedsf can be prohibitive for high dimension problems, and
thus one often uses an approximation to the full covariambe.ideal approximation
for the full covariance is one that is not only accurate arldutated quickly, but also
has an inverse that can be efficiently used to calculate sapnpbabilities quickly.

Since we are focusing on the GMM, our metric is the log liketid of the GMM.
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whereN is the number of sampled,is the sample dimension, addis the estimate of
X7, Our discussion will focus on a single component. All ounengnts extend to mix-
tures with multiple components. After differentiatingetlog likelihood is maximized
for
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This can be computed i@(Nd?). The basic analytic task we address is how to effi-
ciently chooseY, under a sparsity constraint, so as to do so efficiently.



Previous WorkThere has been some work in covariance matrix approximstibimese
involve a variety of approaches, mainly decompositionfBl§tatistical estimation [4],
and using assumptions on the matrix [2][1].

In [3], El Karoui looks into estimating the spectrum of lardienensional covari-
ance matrices. The vector of eigenvalues is defined as amvalisa of a probability
distribution. Using random matrix theory and convex optiation, this probability dis-
tribution is estimated. The resulting estimates can be irsatfjorithms such as PCA.
In [7], decompositions are used to overcome the difficultgsifimating positive definite
matrices. The Cholesky decomposition is seen as a bettengexsition than variance-
correlation or spectral decomposition. In [4], authors kesnel-based and parametric
spectral estimation procedures to produce heteroskeiastnd autocorrelation con-
sistent matrices. These above methods have the advantagigfapplicable to most
types of covariance matrices, but suffer by having quatiratiworse, time complexi-
ties. The following approaches exploit various propertieachieve better runtimes.

In [2], an iterative method of estimation is proposed usingquivalent covariance
graph and constraining the covariance matrix to be spamgé],Ithe authors estimate
covariance matrices of particular distributions by two hogls. First, by the EM algo-
rithm. Secondly, by using a priori information on the distiiion of the samples. With
limited data, [6] finds that a mixture of the sample and commavariance matrices,
along with their diagonals, can be a better approximaticdh@ftovariance matrices. In
general, all these methods @éN K d?) or cannot be efficiently inverted.

3 Approximating the Full Covariance

The diagonal approximation is the simplest. let,, = z,—pandX = % Do Az; AxT;
for ¥ = D, a diagonal matrix,
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which is maximized when we minimize
N
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We can now solve foD by setting the derivative to zero

N
— NZAa: D:D—%ZAQ:?Z. (5)

We can see that, with the diagonal constraint, the maxinuikkrg L is the diagonal of
Y. This can be computed iff( Nd), but loses all off-diagonal correlations.



3.1 Low Rank Perturbation to Diagonal

Our approximation ta” is using a low-rank perturbation of a diagonal matrix
Yt~ D?*+ad” . (6)

whereD is our diagonal matrix andis ad-dimensional vector that defines the low-rank
perturbation.D? is used to ensure the approximation is positive semi-defimithout
having to add constraints The log-likelihood of a GMM, usthig approximation is
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whereN is the number of samples adds the sample dimension. Maximization of this
equation is equivalent to minimizing our optimization etjoi

N
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By using an approximation based on a low-rank perturbatfadiagonal matrix,
our intention is to obtain an improved accuracy over the ali@d approximation but
maintain a linear bound with respect to the sample dimendiba low-rank perturba-
tion adds anothet parameters over the diagonal approximatiehfsarameters. There-
fore, we expect the computational cost to be higher than idgodal approximation,
but still below that of the full-rank approximation whichdé(d + 1)/2 parameters.
Although this new approximation may seem nearly as resteics the diagonal, the
addition of off-diagonal information allows for a signifitidy closer approximation.
Further, by directly approximating the inverse of the caace matrix, the cost of
inversion is avoided. Note that this low rank perturbatiomplies a similar low rank
perturbation expression far itself. In this paper we explore a rank-1 perturbation.

In finding the optimal values foD anda, it may seem that using the diagonal
of X for D is sufficient. However, this requires fitting:” to X with zeros along the
diagonal. This pulls away from its optimal value and towards a saddle-pointat0<.

In finding the optimal values for our parametefsanda, we search for the point where
the gradient of our optimization equation reaches zerat,Rive find the gradient with
respect to thex element ofD, denotedD,, :
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Algorithm 1 Conjugate Gradient

1: Input: dataz, diagonal matrixDo, perturbatiorug, thresholdr,
2 go — ;TE,BBTEU} y Vo < —go-
3: while |gif > T, do

Perform a line search along to find optimal step sizes.
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. Calculate new directiony, < —g;+1 + Bv;.
10: end while

where the derivative of thivg |(D? + aal)| term is derived using Jacobi’'s formula
ddet(A) = tr(adj(A)dA); d, is the vectorD with all elements set to zero except,;
andtrace() is the trace function. This formula can be written in vectumi as:
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The gradient for can be derived in a similar manner
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Instead of an analytical solution, we use the conjugateignddescent to reach an
optimum([5] (See Algorithm 1). We initialize to be a random vector, whose elements
are random samples from the uniform distributiofifnl]; D is initialized as the inverse
of the diagonal of”, which can be easily calculated in linear time. The gradiefrred
to asg in the algorithm is just the concatenation of the gradientzfand the gradient
for D. The search direction is referred to@asThe threshold]}, is set to 0.001, our
stopping criterion.

Although in theory we would usé steps of the conjugate gradient method, prac-
tice shows that only a few steps are needed. In the next seet® explore how our
approximation compares to the diagonal approximation hedull covariance matrix.

4 Experiments

Synthetic DataWe synthesized GMM data with six clusters, randomly gemeerateans,
and randomly generated positive semi-definite covarianagices for each mixture.



An experiment consists of training a GMM on a dataset usirgaiithe approximation
methods described above (full covariance matrix, diagardbw rank perturbed). See
Table 4 for the results, which are averaged over 100 runs.

Training Performance We observe performance from two perspectives, the in-sampl
(samples used for training) and out-sample (samples uséesiing) average log prob-
abilities. Experiments were performed over various sardptensions, dataset sizes,
and number of model mixtures.

In-Samp N=10k In-Samp N=1k Out-Samp N=1k
Dims.|Diag.| Pert.| Full ||| Diag.| Pert.| Full || Diag.| Pert.| Full
10 || -109|-101| -87 ||| -10.9|-9.96| -8.53||| -11.0| -10.2| -8.95
50 ||-1032-1005 -734||| -94.7|-93.2| -85.8(|| -95.6| -94.5| -95.6
100 [[-2250-2219-1667|||-224.2-225.6-197.3||-225.9|-232.2|-249.1

Table 1. Probabilities for various sample sizes and dimensions

We see that the perturbed matrix probabilities are congigteloser to the full ma-
trix probabilities than those for the diagonal matrix. et since this also holds in the
out-sample results, we see that the perturbed matrix ishitatrang higher probabilities
by overfitting the data. Note, however, that the full covaciea matrix has the potential
to severly overfit whe is large (see Table 4 for d = 100).

Runtimes Our main motivation is to improve approximation without imdng large
computational cost. Run time for the training phase is shiowigure 1.
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Fig. 1. Relation between runtimes and number of model clusters

In Figure 1, we compare the runtimes versus the number ofeckig our model.
Here we can see that the approximation by perturbation terfakan the full rank
matrix. This improvement becomes more significant with bigtimensional data and
more complex models (i.e. more clusters). We see that theafulk performs almost as
fast as our algorithm at low dimensions and low number oftehss This is likely due
to the overhead of the perturbation approximation, whialld¢be overcome by further
optimization. Also, it should be noted that in this case of imension and low model
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Fig. 2. Relation between runtimes and dimension.

complexity, the total computational time is also very low,ay approximation would
most likely fail to improve performance enough to compeasat the lack of accuracy;
our algorithm is most useful whehis large.

The runtimes in Figure 2, show how the training time increasi¢gh dimension for
models with various numbers of mixtures (in this case, 318,%mixtures). This makes
it easier to see how the computational cost increases vwajient to sample dimension.
In these graphs, we can see that both the diagonal and pedtapgproximations have a
cost that increases linearly with respect to sample dinsensilso, the full covariance
matrix cost is quadratic.

4.1 Real Data

We look at GMMs for speech data. The speech comes from a TIMipus of Amer-
ican English accents. Speakers who had grown up from vapilae® in America were
recorded while speaking 10 sentences. We look particudditlyose speakers who were
raised in the northern and southern regions. The data igpsed so that every 25ms of
speech yields a 39-dimensional sample. We then train two GMivie for the northern
samples and another for the southern samples. Test samgliéen categorized based
on which GMM gives a higher log probability. Whole words armiarly classified
based on which GMM gives a higher average log probability.

The out-sample results are show i Full Cov/DiagonalPerturbe
the table to the rlght As we saw in thtﬂsample Acdl 61.6% | 495% | 54.3%
synthetic data, the low rank perturbed aPWord Acc. Il 76.5% | 45.9% | 60.0%
proximation gives a better performanc
over the diagonal approximation. In par-rig. 3. Accuracy of GMMs on speech samples
ticular, there is a significant increase with
respect to the accuracy in classifying spoken words.

5 Conclusion

We have proposed a new method of approximating the covariaadrix for a Gaussian
Mixture Model. Instead of simply using the diagonal, we usanarank perturbation of



a diagonal matrix and approximate the inverse of the conaeianatrix. The conjugate
gradient method is used to optimize the parameters withertgp the log probability
of a GMM. By approximating the inverse of the covariance imaive developed an
algorithm that is bounded linearly with respect to samplaatision. This makes its
computational cost comparable to the that of the diagonaicegimation.

We compared our approximation method to the diagonal ajipation and the
full covariance matrix. The in-sample accuracies showwidte the perturbed matrix
iS not an exact approximation, it is consistently bettentttee diagonal. Further, the
out-sample accuracy shows that this improved flexibilitgglaot result in overfitting,
since the perturbed approximation also out-performs tagatial approximation in this
respect as well. Our method has a comparable computatiotodhe diagonal approx-
imation (linear ind).

Although more complex in theory, the implementation of owethod is efficient,
since the conjugate gradient method has very efficient impigations. Also, this method
is applicable to any sample-based covariance matrix, ahgpszifically in a GMMs.

In the future, we may look into lowering the absolute compatel cost of the
perturbed approximation by finding the optimal values amegholds for the conjugate
gradient method. Also, we plan to look into using variousksaaf perturbation. Intu-
itively, it seems that all perturbations from rank 1 to fudhk can be similarly derived
and provide a greater flexibility in finding the balance betweomputational cost and
accuracy. This would allow the approximation to be more &atzp.
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