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Abstract—The typical task of unsupervised learning is to finding clusters, and indeed, we take as “solved”, the task of
organize data, for example into clusters, typically disjoint clusters  jdentifying the overlapping communities. So, for examjpihe
(eg. the K-means algorithm). One would expect (for example) a groups identified in Fig. 1 are given.

clustering of books into topics to present overlapping clusters. - . .

The situation is even more so in social networks, a source of We addre_ss an aUXIIlgry problem. In dyngmlc social n_et'
ever increasing data. Finding the groups or communities in social WOrks (eg. Figure 1), which shows the behavior of the Iranian
networks based on interactions between individuals (a measure of Blogosphere, it is important to be able to measure the rate
similarity) is an unsupervised learning task; and, groups overlap of change of groups over time and to quantify the society
— an individual can be a chess player and a violin player, in which evolution in general. As can be seen in these examples, some

case he would interact with members of both these groups. f th idl th iod of
The problem we address is not that of finding the overlapping of the groups grow rapidly Over the period of one year, new

clusters, but of comparing two sets of overlapping clusters. Such groups appear, while there can also be groups which merge

a task is the basis for comparing two different clusterings, which (eg. in 2008 the groups “twelver” and “religious youth” evel

is important for comparing algorithms with e_ach other or with into the group “CiberShia” in 2009 [6]). So, by how much

a ground truth. From the social network point of view, we are  pag the community structure changed through this evol@tion

particularly interested in quantifying social group evolution — To answer this question. we need to be able to measure

how much the social group structure of a social network changed . q ! - .

— by comparing the set of groups at consecutive time intervals. the distance between sets of overlapping sets. While our
There is significant prior work on comparing sets of disjoint motivation lies in quantifying the rate of change in comntyni

clusters (partitions). When overlap is allowed, the problem structure, the task of comparing two sets of clusters has

becomes considerably more complex owing to the possibility of humerous applications, the most obvious being to compare th

degeneracies, which we illustrate through examples. We describe . . .
three novel definitions of the distance between collections of po- results of a clustering algorithm to a ground truth clusigyi

tentially overlapping sets, and present algorithms for computing ©OF t0 compare two different clustering algorithms.
those distances. We test our algorithms on diverse data sets: When it comes to partitions (clusterings into disjoint clus-
collections composed from social groups in Twitter, Blogosphere ters), numerous approaches exist, both for comparing hard
and Enron Email data. partitions and soft or fuzzy partitions. These methods can
be applied in a variety of settings including to subspace
clusterings, partial clusterings and hierarchical clstgs, see

A generic task in unsupervised learning is to organiZer example [3], [13], [8].
data into clusters. In the online world of social interagip  The situation is considerably more complicated when deal-
the examples are many: organize books into topics basad with clusterings ofoverlappingclusters. Lets first define
on similarities between books (for example two books athe problem more concretely. The general goal is to measure
similar if the same person read or purchased both); arrdrge the distance between two sets of clustersldsteringis a set
members of a social network (eg. Twitter or the LiveJournalf clusters. The clusters in a clustering may overlap and nee
blogosphere) into communities based on who interacts witlot be a cover.
whom. Such a categorization of the data should ideally tesul We note that a related problem to comparing discrete clus-
in overlapping clusters (it is possible to have a sciencéfict terings is to compare two probability densities (for exaenpl
romance, or a person who belongs to a chess group antva Gaussian mixture densities) which can be viewed as
religious organization, etc.). identifying “clusters” in a metric space. Methods for compa

Our motivation comes from social networks, which areng probability distributions exist (for example the Kuditk-
a source of abundant data (see Figure 1). Figure 1 showebler distance). Such mixture distributions can be viéwe
example social networks at two consecutive time periods; ths identifying cluster centers, and then assigning prdistbi
networks have been clustered into communities. The taskabfister membership to the data points - the clusters afe stil
clustering data into overlapping groups is indeed a chgiten disjoint, it is just that the membership is uncertain. This
one, which is far from solved; however, many approachés a different problem from discrete overlapping clustgyin
to solving this problem exist, ranging from latent Dirichlewhere the task is to creats/erlappingclusters with boolean
analysis to local optimality based methods, [2], [12], [11Jmemberships. To make the discussion more concrete, we need
[10], [5]. It is not our goal to address this problem ofome notation.

I. INTRODUCTION



Iranian Blogosphere 2008 Iranian Blogosphere 2009

Fig. 1. Evolution of part of the Iranian Blogosphere over fiegiod of 2008 and 2009. Note: each dot is a Blog, the sizeefitit represents the number of
other blogs that link to it, a measure of its popularity. Theifon of each dot is a function of its links with its neighbdisame topic Blogs tend to gather
together and form “clusters”).

Let Cy = {51, 52,...,S,} andCy = {S1,S5,...,5..} be loss of generality, we can assume the two clusterings ateeof t
two clusterings of sizev and m respectively, wheres; and same size by adding empty clusters to the smaller clusdering
S are the individual clusters; we assume that a cluster doEisese problems can be solved by a number of approaches
not contain duplicates. The goal is to compdt€’;, C5), the such as: thélungarianalgorithm [9], theMax-Flow approach
distance, between the clusterings and Cs. The algorithm or by formulating a Linear Programming problem. All of
should be efficient, and the distance should reflect the “ithese approaches try to “convert” one clustering into the
tuitive” distance between the cluster structures thatand other by finding the lowest cost matching, and are reasonably
C, represent. The crux of the difficulty is illustrated by thefficient (cubic in the clustering sizes). Unfortunatelypéthe
example in Figure 2. algorithms mentioned above do not account for the potential

overlap between the groups and thus are not suited well to
= work with clusterings found in social networks.

D This naive approach works quite well for partitions, but if
we try to apply such a naive approach to the example in Fig. 2
/) we run into a problem. First we need to add an empty cluster to
) the left clustering. Then, to convert the left clusteringthe
right would require 11 moves, one move per element. This
. . , suggests that the two clusterings are significantly differe
Fig. 2. Twooverlappingclusterings of the same data: on the left, one cluster he intuiti . Th hil o th
with 11 members; on the right, 2 clusters with 10 members each. counter to the Intuitive expectation. us, W lle many t.
known approaches perform well for clusterings of equal size
On the right, there is essentially one big cluste®nd little or no overlap, they will fall short when it comes to
{1,2,3,4,5,6,7,8,9} (the intersection) and the cluster-measuring the distance between clusterings when sucrapverl

structure on the right essentially says that items 10 and dgeneracies exist.
have slightly different relationships to this big clusteence Our Contribution. We propose tree different methods for
two clusters; on the left, all elements are in the single bigomparing clusterings which can handle overlap among clus-
cluster. So essentially these two clustering are repriggentters. The Best Matchand K-center approaches, intuitively
very similar structures — one big cluster, with minor pdsasr compute the relative number of moves necessary to transform
tions. However, the significant overlap between clusteds wC; into Cs, but in a way which takes into account overlaps;
lead to serious problems for naive approaches to quamétati The Interaction Probabilityapproach first assumes an interac-
compare these two simple clusterings. tion model and computes the probability that two individual

A simple way to define the distance between two clusteringgeract given a clustering. The problem is then reduced to
is to consider the number of changes (moves) necessaryctomparing two sets of probabilities, which can be done using
convert one clustering into the other; or, alternativelystdve any standard vector norm. We demonstrate our measures on
a weighted bipartite matching problem to assign the claster Twitter, Blog and email networks, and compare with a very
the first clustering to clusters in the second clusteringh@it recent method which can also tolerate overlaps [7].

1,2,3,4,5,6,7,8,9,10




Il. COMPARING CLUSTERINGS significant cluster overlaps. We denote this measurebine

We present three methods for comparing clusterings. In Py based measure, and use it as a benchmark to compare
cases, the input is the two clusterings = {S1, So,. .., Sy} with the methods we propose. This Entropy measure is a
and Gy = {9/, S, S’ 1, and the output is a “distance” special case of the best match algorithm with a particular

- 1>%~2 ’

d(Cy,Cs). In some cases, one can chooseto have the "choice of set distance function, whet#S, S’) is based on

. ) ' o

standard metric axioms, however this will not generally b&oW much mforrg_atlon the se$” conveys _?bolllﬂg —Itis

so. This is not a big problem because we are not interestecfh dasymm((ejtrllcf Istance measur(;aé/SpeC| 'Cﬁ Y, ass?rr;]mg a

geometrically manipulating clusterings, just measurifigis 2"c0M MOAE! for constructing an , given the size of the
intersection|S N S’| and the sizes$S|, ||, d(S,S’) captures

larity.
y how much uncertainty remains aboti given S’. The notion
A. Best Match of conditional entropy captures exactly this notion, hence
We start with the intuitively simpled®est Matchalgorithm, d(S,S') = H(S|S").

which takes as input the two clusterings, C> and a set

difference measuré(.S, S’). The functiond takes as input two The independent random model for constructiig’ gives:
sets and computes a “distance” between them. The best match 1] 15|
algorithm determines how well the clusterings represeahea P, = Plz € S] =, and?, = Ply € S'] = —,
other. Typicallyd(-, -) will have all the properties of a distance N N
measure (positivity, symmetry and the triangle inequpliyt where NV is the number of elements. We therefore have:

this is not a requirement. 1SN S|
Specifically, for each cluste; € C:, we can compute Pu=PlzeSyes| = N
its best representative if;: a clusterS” € C such that ) S| — SN S
d(S;,S") < d(S;, S}) for all S € Cy. Thus, Po=PlzeSygs] = —Fp—,
d(S;,S") = _min d(s; SJ’) Ph=PlzgSyes] = w’
j=1,....m N
We compute how well’; represents’; by summing distances  p, - — PzgSyes] = 1- IS| + S| — SN S’|.

from each member of’; to its respective best representative N

in C3. We make this distance symmetric by also summing thhe distance is given by

distances from every member 6%, to its corresponding best

representative irC’;. This gives the final symmetric measure d(s,8") = H(X|Y) = H(X,Y) - H(Y),

n m where the joint and marginal entropies aregiven by:
d(Cy,Cy) = Zj:qnnm d(Si, ) +> _min_d(S, S;). : 19 P 9 Y
=1, =1,
’ H(X,Y) = =Y PuylogPu,
a,b=0
= —PylogP, — (1—P,)log(l1— Py).

One could normalize this distance by the number of clusters,

|Cy| + |C2| to get a per-cluster distance, or by the number of H(Y)

distinct elements in the clusters to get a per-elementista

To fully specify the method, one needs the set difference-furThere is one caveat in this measure, which is filaX |Y) = 0

tion d(S, S"). The computational complexity of this method isf S is the complement of’, because knowing’ completely

given by the complexity of computing the distanédetween determinesS. For this reason the authors in [7] suggest

all pairs of clustergs;, S7). the heuristic of usingH (X) for such situations, i.e. when

1) ExamplesWe present some natural choicesdg6, S"). —3" P, log Py, < — > azp FPab10g Pap.

The first is simply the the number of moves necessary toObserve that all these examples of set distance functions

convertsS into S”: only require knowledge of the sizes of the clusters and the
01(S,8) = |S| +|8'| — 215 " &), ;srilzgezncéfr:e pairwise intersections. This need not be the cas

One advantage of this measure is that it is a sub-modular set

function, which leads to some useful algorithmic propertieB' K-center

Normalizing by|S U S’|, we get the set difference measure: Unlike the Best Matchapproach in the previous section,
15A S| vyhich works on a cluster by cluster bgsis, the:enterme_thod

“1SUST first constructs a smaller representation of the two clusjsr
[SUS| the smaller representation is of sizé. Then algorithm then

In a recent development, independently of our work, ameasures the distance between these two smaller representa

entropy based measure is introduced to compare clusteritigss. Again, we have input§;, C» and the functioni(S, S’).

allowing for overlap between clusters [7]. This is the only We first discuss how to obtain this smaller representation,

other quantitative approach we have seen which can tolerateich is a K-center. Given (sayy; = (S1,...,5,) and K,

ds(S, ') = 1



a K-centerCentery (C1), is a subset of”; of size K which settings. Specifically, a cluster of nodes should interaet i
minimizes: . tensely among themselves and not as intensely with oussider
Thus, given two clusterings of the same nodes, they represen
d(S; t ' L . o
2 (S, Center i (Ch)), two sets of pairwise interaction probabilities. We can thus
1= . . .
compare the two clusterings by comparing the induced set of

where interaction probabilities. The advantage here is thatietirggs
d(S;, Cent Cy) = min (d(S;,S,)). are complex, however there are ony(N — 1) (directed)
( enterx(C1)) j:r?,lfl.,n( ( ) interaction probabilities, so we reduce the problem to tiat

Intuitively d(S:, Centerr(C1)) is the distance frons; to the comparing two sets of probabilities. The disadvantage as th
closestsS in Center (Cy). The K-center captures as muchone has to assume an interaction probability model, and the
information/structure of the original clustering as pbsi 'eSult can depend on the assumed model. We will present a
while using at mosts sets of the original clustering. particular interaction probability model based on somepm

In general, computing an optima(-center is NP-hard. We 'Ntuitive assumptions. _
give a greedy heuristic, which is known to produceg@n1/e) Given the two clustering§’; and C;, first we compute the

approximation [4] when using the set difference measufgiderlying interaction probability grapis, and G, respec-

d, (S, S") which was described in the previous section. Thitévely. We construct the graph of communication probaie#it
by computing for each pair of elementsj € C; the

approximation guarantee is due to the sub-modularity mefid i 4 , b
tioned earlier. Usingl» (S, 5'), we lose submodularity, henceProPability of an interaction between the two elements,
we lose the approximation guarantee, however in practiee fi¢not€drs; based on the following simple model. First, we
greedy heuristic works well here too. assume that a r_10de will (on aver_age) interact withnodes

The greedy heuristic starts with an emityzcenter, and at ina clugter_ that it belon_gs Fo. .So,sz] are in the same cluster
each step adds the set which is furtherest away from thercemge theni will interact with j with probability
until K sets have been added. An efficient implementation of P P,
this algorithm maintains at each step the distance of each se P 5) = @
from the current workingK -center. Initially, these distances
are given by|S;| (for the distance measurg), so the greedy
algorithm starts by adding the largest seDne then updates
the distances of each element to fkiecenter inO(n) updates,
where each update computes the distance from each se
the set just added; to obtain the distance of a set to t -
new working K -center, one simply takes the minimum of thé tojis P
distance to the set just added and the previous distance. PG 5) = ==,

The full algorithm to computei(C;, C5) takes the two N
clusterings”; andC, and K; one first finds the twds-centers The constants’. and P, are user specified, an¥l is the total
Center (C1) and Centery (Cy) of C; and Oy respectively, humber of elements (the number of nodeR);represents the
each of size at mosk. After obtaining Centery(C;) and extent of extra-cluster communication afy the intensity of
Centery(Cy), we can use one of the naive measures @itra-cluster communication.
distance Best Matchor the Hungarian algorithm) to compute We can now compute the probability of no interaction,
the distance between the twi-centers. Typically thek- assuming that the random (extra cluster) and intra-cluster
centers will tend to have low overlap (especially for smalhteractions are all independertt: — P<**(i, j)) is the prob-

K) hence the naive methods will work here as well. ability of 7 and j do not communicate randomly; similarly
Again, we can normalize by the total number of distinctl — P& (4, j)) is the probability ofi and; not communicating
elements or the number of clusters. TKecenter algorithm  within group.S. The product of above expressions reflects the
performs well on clusterings of different size and with evertotal probability ofi andj not communicating both internally
lapping sets. It can be sensitive to clusterings of sets gith and externally. Accounting for the fact thatj may be in

that highly deviates from an average set size when ugjings Mmultiple groups together in a clustering, we have
the distance measure, as the large sets will be the setsl@ttlu

in the K-centers. This situation is improved by usidg P, (i,§) =1— (1= P"'(i, 7)) - H (1— pézt(@j)).

The nodei has such a probability to interact wighfor every
cluster they are both members of - we call thigster based
interaction There is also a possibility of random interaction.
We assume that a node will on average have random
jnteractions. So the probability of a random interactioonfr

C. Interaction Probability h=t

Thelnteraction Probabilityapproach assumes an underlyin%’lVe have a similar expression fofc, i, j). Once we have
t

interaction basis for the clusters, which is especially lwe onstructedPc, (7, j) and P, (i, j) for all pairs, we can find

motivated in social networks, but would be applicable ineoth € S|m|Iar|ty/d|stang¢ between them by using any measure f
two sets of probabilities, for example, the averdgedistance

IFor the distance measur, the initial distances are all 1 and so theO" the Kullback - Leibler distance between .the probabiitie
greedy heuristic starts by adding a random set. We denote these measurkf,,, My, respectively.



1 L ..
ML2 (G1> GQ) = N2 : E (PC1 (Za]) - PCz (Za]))2
v(i,5)

My (G, Ga) =~z 3 (P (i24) - Tog (P, (6, ) + (1 = Pe (1,9)) - og (1 Poy i, )

V(i.7)
Ch1-Cy | Cy-C5 | C3-Cy Cy-Cy | CL-CL | CL-C
Best Match|| 0.986 0.971 0.969 Best Match|| 0.17 0.26 0.21
K-Center 0.981 0.980 0.977 K-Center 0.14 0.26 0.2
My, 0.01191| 0.01171| 0.01138 My, 0.07 0.08 0.07
Entropy 0.998 0.998 0.997 Entropy 0.197 0.304 0.241

Fig. 4. The rate of change of the clusterings in Blogospheees the period of four weeks on the left and The rate of charigbeoclusterings in the Enron
organizational structure from 2000 - 2002 on the right.

lution. Best Matchis the best match approach witfy as

/(@ (E) \/ (o @ @ the set distance measure, and the Entropy method is the
G best match approach with the entropy based distance mea-

@“‘0 sure from [7]. We also compared th€-center method with

= 0.75(|C1|+C2])/2, using the greedy heuristic witfy to

compute thel{-centers; we then used Best Match to compare
the K-centers. Finally, we used the interaction probability
Fig. 3. Evolution of part of the Enron organizational sturet over the Pased method/ L, with P, = P, = 1.
periods (a): Sept. 2000 - Sept. 2001; (b): Mar. 2000 - Mar.12q0): Sept. We normalized all methods excepir, by the number of

2001 - Sept. 2002. Note: actors C, D, F' present in all three intervals. Here ; ; L ;
is who they are:B - T. Brogan.C - Peggy HeegD - Ajaj Jagsi andF - clusters to obtain a difference per clustéf;,, is normalized

Theresa Allen. by the number of possible pairwise interactions, which is

O(N?).
Best Match| K-Center| M, | Entropy a) Blogs: We used blog communications over 4 consec-
cy-cy 0.857 0.91 0.0144| 0.9 utive weeks to construct four clusteringg, Cs, C3 and Cy.

Fig. 5. The rate of change of the clusterings in Twitter netwover the EaCh consecutive clustering was constructed one week later

period of twenty weeks. than the previous, and for a consecutive pair of clusterings
the number of distinct nodes in the network was about
N = 13, 000.

We can see in the Fig. 4 that the algorithms imply that the
rate of change of groups in the Blogosphere is high and the
A. Tracking the Evolution of Community Structure groups change very dynamically from one week to another.

Our main application is to the quantitative measurement in  b) Twitter: We repeat this experiment with the Twitter
the change of community structure in social networks. Adata. We have two clusteringsy’ and C3', which were
mentioned earlier, we take as given the communities ofc@mputed on two coinciding ten week periods. For these
social network at given time periods. Some typical methodaphs,N ~ 2700.
for obtaining such communities are to aggregate the communi We used our similarity measures to track the rate of change
cations over a sliding time window, and use some overlappiffjthe network, shown in Fig. 5. Notice that the rate of change
clustering algorithm to obtain the communities over thateti in the Twitter network over @0 week periods lower than
window, or to directly detect communities in the streamintjie rate of change in Blogs overlaweek period
communications [2], [1]. We show an example evolution of c) Enron: We repeat this experiment with the Enron data.
one such discovered cluster in the Enron email data in Fig.@n each window we obtained the clusterings C5, C; and
These results were taken from [1]. One by product of the beSf. For these clusteringsy = 100. These clusterings were
match algorithm is that the best match at the next time stap tfor the network 6 months apart in time.
cluster in the previous time step serves to identify thetelts Next we used our similarity/distance measures to track the
evolution. We ran three experiments to compare the ratesrafe of change in the network. Fig. 4 illustrates the rate of
community change in Enron, the LiveJournal Blogosphere asbange of clusterings. Notice that the rate of change in the
Twitter. email networks over & month periodare significantly lower

We compared 4 methods for measuring community evtitan the rate of change in Blogs oved aveek periodBlogs

IIl. EXPERIMENTAL RESULTS



are a significantly more dynamic social network which shoulthatch and the K-center methods are more generally appdicabl

be no surprise.
We note that Blogs, Enron and Twitter are three com-
pletely different social networks. Enron represents a cmip
organizational network, which has the underlying hiergrch [1]
of command that is unlikely to change quickly over time;
the Twitter is a dynamic social network, which grows andz]
changes quickly over time; and the Blogosphere is a much
more dynamic ad hoc social network (compared to both Enrog,
and Twitter), where groups and their memberships can change
rapidly in a matter of days. This behavior is well reflected in4]
the experiments described above. [5]
Note also that the interaction probability method shows a
behavior which is less extreme. This is due to the normal[-6]
ization by N2 which ranged from100? (Enron) to 2, 7002
(Twitter) to 13, 000% (Blogs). Thus, the interaction probability
based measures are heavily influencedNbyand work well
for computing the evolution of a particular network. For
comparing the evolution of different networks, it is perbap [8]
more useful to first compare the evolution of the networlig]
with some null evolution such as the typical distance betwee
random clusterings of the observed size distributiong”in
and C,. This way, one can normalize the observed distan€¥)
by the distance for a random evolution which would be more
appropriate for comparing between social networks. Nevéti]
theless, these measures are appropriate, even without sg&h
normalization when it comes to comparing the performances
of different algorithms on the same data set (with say a gtoun
truth clustering). (23]

(7]

IV. CONCLUSIONS

Measuring the distance between partitions is an impor-
tant problem, which has received much attention. However,
modern online data sets present examples where clusters or
communities are necessarily overlapping and new methods
for comparing such clusterings should be developed. We
have made a step in this direction by presenting three novel
definitions of the distance measure between collections of
potentially overlapping sets, and we also gave algorithons f
computing those distances. These algorithms are effid@mnt (
order polynomial).

We tested our algorithms on diverse data sets, composed
from social coalitions in the Blogosphere, Twitter and the
Enron email network. Our results give the expected conclu-
sions. Future work includes further analysis and improvame
of proposed distance measures as well as potential cotistruc
of new measures suitable for structures in social networks
and other domains. For social networks, where the generativ
interaction probability model is reasonable, the inteoact
probability measure is appropriate. The interaction pidkga
model is based on the hypothesis that members of the same
cluster are more likely to interact than members of differen
clusters. This is appropriate to any domain where clusters a
defined in such a way (for example clustering books into ®pic
based on user interaction data, or social networks). The bes

to arbitrary collections of overlapping sets.
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