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Abstract—This paper focuses on the principled study of ~ The simplest and most common embodiment of such
distance reconstruction for distance-based node localiza- algorithms considers the estimation of a coordinate sys-
tion. We address an important issue in node localization by tem from a set of pairwise distance measurements among
showing that a highly incomplete set of inter-node distance gangor nodes. However, it is well known, that in realistic
measurements obtained in ad-hoc node deployments car- o000 ments obstacles and large node separations render

ries sufficient information for the accurate reconstruction th lecti f alln? dist infeasible. M fth
of the missing distancesgeven in the presence of noise and € collection ot a IStances inteasible. viany of the

sensor node failuresWe provide an efficient and provably €XiSting algorithms try to resolve this issue by providing

accurate algorithm for this reconstruction, and we show heuristic approximatio.ns to the -miss.ing distances. The
that the resulting error is bounded, decreasing at a rate success of such techniques has invariably been measured

that is inversely proportional to /n, the square root of the experimentally. There is an alarming lack of simple
number of nodes in the region of deployment. Although algorithms with bounded running time complexity —
this result is applicable to many localization schemes, in gjther centralized or decentralized — that are able to
this paper we illustrate its use in conjunction with the o\ ap)y|ocalize the sensor nodes up to bounded error.
popular Mult|D|m.enIS|onaI Scaling algorithm. Our_ analys!s The work in this paper takes a forward step in this
reveals valuable insights and keyfact'ors to con&derdgrlng di . b idi imol d ble alqorith
the sensor network setup phase, to improve the quality of Irection, by providing a S'm_p ean provg g ago_”t -m
the position estimates. for the accurate reconstruction of the missing pairwise
distance measurements. The main contribution of this
paper is to show that highly incomplete distance matrices
such as the ones obtained in ad-hoc deployments, contain
In the past few years the sensor network commaufficient information to allow the accurate reconstruc-
nity has reached a consensus that knowledge of ndi of the missing distances, even in the presence of
locations is unquestionably one of the most desiralbi@ise. To this end, we describe a provable reconstruction
attributes of ad-hoc sensor networks. Knowledge afgorithm with bounded error and illustrate its use in
location can support many networking and maintenancenjunction with the popular Multidimensional Scaling
services, and more importantly map the sensed data(MDS) algorithm [12], [13], [8]. However, we empha-
physical space. Since the manual recording of node mize that this presentation focuses on matrix distance
sitions is a difficult task even for modest sized networkegconstruction. We acknowledge the fact that to obtain
the community has invested significant effort in creatingore accurate locations an additional iterative refinement
algorithms that can derive locations based on inter-nodkease similar to the ones described in [13] and [14]
measurements. is necessary. This presentation does not delve into the
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details of iterative refinement. i, © € 1...n. Let d;; denote the Euclidean distance
Section lll gives an intuitive overview of the mainbetween nodesandj for i,j € 1...n, i.e.,
results, followed by a detailed description in Sections

2 | P Ty _ oxTs.
IV and V and our evaluation results in Section VII. dig = llxi =35 = %3 % + %53 — 2% %;.
Il. RELATED WORK Let X denote then x 2 position matrix whoseth row is

Node localization has b biect of int ) x!' and letD denote the: x n distance matrix given by
ode localization has been a subject of intense stu : :
J &y — d?j. We emphasize that the entries Df are the

. . . 1
in the recent literature. The various approaches méé{ijareof the Euclidian distance;;. We assume that the
be classified based on whether they are assisted or isors are distributed on a bounded domaind;sa

1.

hoc, centralized or distributed, or based on the type @fd ] Estimatesd?. — d2. + ¢;. are measured for

. y Amazx|- i — Qs ij
technologies they employ. Some approaches are baggfe pairs of nodes,]whetg]models the measurement
on radio received signal strength [15], [13], [10], otherggise "we assume that the noise is zero mean and has

employ more accurate distance measurement technqjgynqe variance. However, we do not assume that it is
gies [11], and others assume a combination of angle 83gssjan. The goal of localization is to recover estimates

distance measurements [4], [10]. _ %; € R? that are “close”, up to rotation/reflection and
Our work is closely related to studies that use aRanslation. to thex: foralli € 1...n
, ; .

proximations to distance measurements. These inCIUd%xisting algorithms for localization (e.g., the MDS-

the MDS based approaches described in [12], [13], [§jap algorithm of [12], [13]) start by using the incom-
Novel distance reconstruction techniques via SemiDefate and noisy distance information contained in the

inite_Programming formulations (SDP) have been rer. 14 first reconstruct all the distances;. The goal of

cently proposed in [3], [9], [14]. Our work addresses thg

same problem. However, to the best of our knowledgg,.onstryctingthe entire distance matrix, given a small

no explicit connection between the accuracy of the - bar of noisy pairwise distancegj. In particular,
reconstruction and the number of sensor nodes in th ; ; . .
1i/v‘é obtain estlmated?j for all 4,5 € 1...n for which,

network has been pr_ovi_d_ed in existing work._ modulo our assumptions,

There has been significant recent theoretical work in
generalmatrix reconstructionproblems, a special case 1 =, 0 212 1
of which is the Euclidean distance matrix reconstruction n2 2D (@ —dy)*=0 <\/ﬁ> '
problem. In particular, Achlioptas and McSherry in [1],
[2] proved that given randomly sampled elements ofla words, the squared error per entry drops inversely
matrix, it is possible to accurately approximate the speroportional to the square root of the number of nodes in
tral characteristics — singular values and singular vectdfe sensor network. Thus, we lay a theoretical foundation
— of a matrix. Drineat. al. in [5], [6] proved that it is upon which existing algorithms, such as MDS-MAP,
also possible to approximate the spectral characteristiggy operate.
of a matrix by sampling a small constant number of ronwdotation. Let 1,, be then-dimensional vector of ones,
and/or columns of a matrix. We refer the reader to thend I,, the n x n identity matrix. For any matrixA,

i=1 j=1

references for further details. |A|% = > Agj and [[A [, = maxy =1 [|Ay].
I11. DISTANCE MATRIX RECONSTRUCTION B. MDSLocALIzE Using Exact Distances
A. Problem Statement To motivate the need for accurate reconstruction of

the distance matrix, we can ask whether it is possible to

In a sensor network localization problem, sensor th iinal i ‘ tation/reflect
nodes are placed in the two (or threajimensional recover the onginal posl 'Onfl (up o rotation/retiection
Q translation), giverall n= pairwise Euclidean dis-

Euclidean space. Every sensor measures its distafit : . e
ces, without any measurement noise. A SemiDefinite

(up to noise) to a subset of the other sensors. Giv : h d in I3] sh that th
this (incomplete) distance information, the task is fp'09raming approach use In [3] shows that the answer

recover the positions of the individual sensor node® this question is affirmative. It has been folklore knowl-
More formally, letx; € R2 denote the position of nodeedge that under the same assumptions, MultiDimensional
1 T

Scaling (MDS) approaches do the same. We summarize
!In the interest of space, we only focus on the 2D case. The éBe MDS algonthm below, and give a proof of Theorem
case is a straight forward extension. 1 in the Appendix.



and intuitively, the correctness of our algorithm and the

Algorithm MDSLOCALIZE quality of our bounds. Intuitively, it states th@ has
1) Centering. Compute 7(D) = —%LDL, a lot of structure. Roughly speaking, even thoubh
whereL =1, — (1/n)1,1%, hasn? entries, there exist only 4 linearly independent

2) SVD. Compute»(D), the best rank 2 ap{ columns (or rows) ifD or, equivalently, there exist only
proximation tor (D) using its Singular Value| 8n degrees of freedom il. Thus, a carefully chosen
Decomposition;, (D) = U, X2U7L. 8n entries inD should suffice to reconstru® exactly.

3) Return X = UyXs.

D. SamplingD

At the second step dWIDSLOCALIZE, Usis annx2  ag discussed, onlgn entries inD should suffice for
matrix of the top two left singular vectors of(D), and  econstruction, and hence localization. As a motivating
¥ is a2 x 2 diagonal matrix. At the third step, th€" example, consider an idealized setting, in which we
row of X is the estimatex/ . could choose which entries &f to measure. Suppose we

Theorem 1:MDSLocCALIZE, when applied to the pjck 4 linearly independent rows @, say (without loss
complete, exact distance matdX returns estimates of ¢ generality) the first 4 rows. This amounts to the un-
the positionsx; that are equal (up to rotation/reflectioneaistic assumption that we are given all distances from
and translation) to the true positioss for all i. the first 4 sensor nodes #il other nodes. Assume also

The above theorem immediately suggests an approgght we are given at least 4 entries from every other row
when some of the pairwise distances are missing: replagep, i.e., every sensor is able to compute its distance
the missing entries by estimates and run MDS on this at least 4 other sensors (a realistic assumption). The
estimate ofD. Indeed, this approach has been suggestgtentries in row;j (j > 4) may be used to determine
and experimentally evaluated in [12], where a missifge linear combination of the first 4 rows that would
distance between nodesand j is approximatedby give the jth row, and hence determine the entjfl
its shortest path distance in the sensor network cqigmw. We know that this process is feasible, sifdehas
nectivity graph. The hope has always been that if thgnk at most 4. Thus, the 4 given entries in each row
estimate ofD is accurate enough, then the result of th§yffice to reconstruct the entire row. Assuming that the
MDSLocALIZE procedure will mimic the statement ofmeasurements are noiseless, the reconstructidd &f
theorem 1. We will show here that the first step can %rfect_
accomplished, namely th& can be reconstructed from  1q assumption that the first 4 rows are given is clearly
partial information with provable accuracy. The analysi§; of reach, since this would imply the existence of 4
of running MDSLOCALIZE on this provably accurate exremely powerful sensor nodes, which can compute
reconstruction will be discussed in upcoming work.  heir distance to any other sensor node. In a realistic
setting, we do not get to choose the entrie®othat are

. _ _ measured. Instead, we can postulate a reasonable model
A crucial question naturally arises. Can one accurateyger which the entries db are “sampled”, and ask

approximate the missing distances, given a small sub§gfether these “sampled” entries are sufficient to recover
of pairwise distances? the structure ofD, even in the presence of noise. The

C. Inferring Missing Distances

Lemma 1:The rank ofD is at most 4. above discussion highlights two points) D has a lot
Proof: Notice that of structure, and a carefully chosen small sample of its
D=1,2" + 217 — 2xX7, 1 entries will result in accurate reconstruction. Therefore,

(i) the relevant question is what realistic assumptions
wherez is ann x 1 vector whoseth element is equal on the sampling oD give accurate reconstruction?
to ||x;||*> = x7x;. To conclude, observe thd is the ~ We describe a general, realistic model to answer the
sum of three matrices of ranks 1, 1, and at most 2. Moadove question. Introduce anx n sampling matrixP
generally, ind dimensions, the rank of the third matrixwhose(i, j)-th entryp;; € [0,1] denotes the probability
is at mostd, giving rank(D) < d + 2. that node: successfully measured its exact distance to
¢ nodey, ie., dfj is measured with probability;;, and
This simple lemma lies at thieeart of our work. The is unknown with probabilityl — p;;. The measurements
fact thatD is of rank at most 4 explains, both rigorouslyare corrupted, thus we measuig = d; + ;; with
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probability p;;. Recall thate;; are independent zeroS is well defined since the;; are known and non-
mean, bounded variance random variables. zero. Thew;; are values representing our “best guess”
Our model includes the commonly assumed dighr the distance between nodésand j, given that the
model which setsp;; ~ 1 if d;; < R, andp;; ~ two nodes were not able to detect their distance. These
0 otherwise. HereR denotes the sensor radius. Ouwvalues naturally model side information that is available
model implicitly allows for operation in obstructed enin practice. Our algorithm works for any choice for the
vironments and varying signal propagation models, by;, e.g., ally;; might be set to zero. However, better
allowing more general values fgr;. choices for they;; can improve the accuracy of the
reconstruction. We will quantify this in equation (4),
and in Section VII we will demonstrate the experimental

We need to make some assumptions orpifien order performance of th&sVD-RecoNsTRUCTalgorithm for
to prove that localization is, in principle, feasible. Noticgarious choices for the;.

that some assumptions on thg are clearly necessary The next step is to constru@,, the best rank 4

in order to give any provable guarantees for IocalizatiogpproximaﬁOn toS (recall thatD has rank at most 4).
For example, if all buO(1) of the p;; are equal to zero,

E. Assumptions

localization is impossible. We state our assumptions ndAI ithm SVD-R

defer a detailed discussion of their plausibility to Sectian gon 'm - ECONSTRUCT

VI, after the presentation of our reconstruction algorithm. 1) Given D, constructS. o
Assumption 1:All the p,;’s are known. 2) Constru_ctS4, the_ best rank 4 apprOX|ma_t|_on

Even though this assumption sounds quite strong, we will to S, using the Singular Value Decomposition

argue that it is essentially implicit in existing literature. of S. o

More importantly, it is actually feasible to get realistiq, ~3) Run MDSLOCALIZE on Sy to obtain x;,

accurate estimates of thg; in practical settings. @ = 1...n, which approximate the; up to
Assumption 2:p;; > p. > 0, for all i,j = 1...n, for rotation/reflection and translation.

some small positive constapt.
In words, we assume that even far away sensors hav@he entries ofS satisfy two important properties.
a very small, non-zero probability of detecting theilheir expectationE [S;;] is equal todfj for all ; and
distance. This assumption might be true as sensor teghtrecall that the expectation af; is equal to zero),
nology improves, or if the sensors are spread over smalhd their variance is bounded since fhe are bounded
bounded regions. away from zero; see Section V for details. These two
properties will allow us to use the bounds of [1], [2] to

prove thatS,, the best rank 4 approximation 19, is

‘We describe the reconstruction algorithm, which wese” 10 D. More specifically, we shall obtain bounds
will analyze in Section V. The algorithm is tantalizinglysq, ID — S4H§«“-

simple, and is motivated by recent important results
regarding the reconstruction of low-rank matrices [1], V. ANALYSIS OF SVD-RECONSTRUCT
[2]. The main goal of this paper is to lay a formal
SVD-RECONSTRUCTtakes as input a fraction of thefoundation for localization by giving provably accurate
entries of D that are available, i.e., entries @ that algorithms for reconstructingdd from highly incom-
correspond to pairs of nodes that were able to measptete distance information. We now show th@&VD-
their pairwise distances — recall thaf; = d?j = d§j+eij~ RECONSTRUCTIs one such algorithm. Instrumental to
is measured with (known) probabilipy;. Thus, the input this goal will be the fact thaD has low rank (lemma
to SVD-RECONSTRUCTIs the matrixD given by 1).
The following lemma is crucial to the analysis. Its
essential content is th& is an unbiased estimator for

D.
The ? denotes that the entry is unknown. The first stepl emma 2:For all 4, 5,

is to construct a new matri$ with entries

IV. SVD-RECONSTRUCT

5. _ | @ +e; with probability p;,
97 "2 with probability 1 — p;;.

diiteii—vii(1—pij) E [SZ N DU] = 0
S = e if d;; was detectedp(;),  We give the proof in the Appendix. The lemma holds
! Vi otherwise ( — p;;). because of our careful choice of trezaling factors




for the entries ofS. We now show thaS, is close to whereag is bounded as in equation (4). Lét . denote

D, which implies thatSVD-RECONSTRUCTaccurately the max; ;d;; over alli,j € 1...n. Since |D| <

recoversD. ndmax, assuming thap. is any small constant,
Lemma 3 (Theorem 1, [2])Let S, be constructed as

described inSVD-RECONSTRUCT Then, ID — 84”% < O(ndpyay + ”3/2d§nax)-
ID—S4llp < [I(D—8)4lp Thus, the average square error per entrngjnis
+ 2/~ S)lly IDs O/ 1+ B/ V).
and also Assuming thatd,.x is independent ofn, the error
ID—S4l, < 2|(D—Sul,. decreases inversely proportional to the.
The above lemma is essentially Theorem 1 of [2], using VI. DISCUSSION

the fact that||D — Dy||, = ||D — Dy|l, = 0. We now
present a bound fof{(D — S)4|| . To prove this bound
we first need to bound|(D — S)4|, = D —S|s.
Towards that end we use Theorem 5 of [2].

Lemma 4 (Theorem 5, [2])Let ag denote an upper
bound for the variance of the entriesSfor equivalently,
Var[S;;] < o% for all i,j = 1...n. Then, with S = { 7 +eij if d;; was detected
probability at leastl — 1/(2n), for sufficiently largen, Y vij  otherwise

We briefly discuss the impact of the assumptions
of Section llI-E in light of the SVD-RECONSTRUCT
algorithm. Consider Assumption 1. Traditionally [12],
MDSLocALIZE has been run on a reconstructed dis-
tance matrix

|ID -S|, < 4o0sVv2n, (2) where~;; is the shortest path distance betweeand j
I(D=S)lly < 1204 /om. (3) On the sensor network connectivity graph. In the context
Combining lemmas 3 and 4 we can easily derive a bouff Constructings, this corresponds to setting; ~ 1
on the quality ofS, as an approximation t®. if the distance is measured, and; ~ 0 otherwise.
Lemma 5:S, is a “good” approximation td, since Thus, the traditional setting implicitly assumes that the
with probability at least — 1/(2n), pi; are known, i.e.p;; is closely approximated by a step

function of d;;.
ID—S4llp < 1205V2n+8y/osV2n|D| Our setting is more general, since it admits the pos-
ID—S4, < 805v2n sibility that the probability for a sensor to detect its
9 :

See the Appendix for a proof of the above lemma. V\;gstar?ce to another sensor may smoothly_decay. In such a
situation, one needs to be more careful in selecting

now bound therg term in lemmas 4 and 5. We will use

the fact thatk;; is zero mean and its variance is boundegPecifically, .thepij nee_d to be mcorpqrated Ints;.
by 2. Indeed (for details see Appendix) Note that this automatically happens in the traditional
z.

9 setting because of the assumed form for the The
Var [S;;] < — ((d5; — vi5)° + 02) . drawback of this more general, and more realistic setting
Pij is that one needs to know thsg;. In practice, this is a
Notice that the quality of the bound improvesqif; is reasonable requirement, since prior to deploying the sen-
close tod;;. Overall, usingp;; > p. (Assumption 2),  sors, one can gather a great deal of technical information
9 _ 2 9 9 9 on the sensors. For example, through rigorous repeated
75 = pj“}j‘}x ((dij = )" + 7). (4) experimentation, one can obtain near exact estimates
The following theorem summarizes our results regardi§) how a signal transmitted by a sensor degrades as
the accuracy of the reconstruction process, and arg@edunction of distance. This suffices to derive simple
that the average reconstruction error per entry decreal¥§ulas for the probability;; based on various random
inversely proportionato the square root of the numbefmodels of the background noise. It turns out that such
of nodes in the sensor network. (unbiased, bounded variance) estimates opthsuffice.
Theorem 2:Let S, be constructed as described in thé detailed discussion of relaxing the requirement that the
SVD-RecoNsTRucTalgorithm. Then, with probability €xactp;; are known is deferred to a full version of this

at leastl — 1/(2n), paper.
We now turn our attention to Assumption 2, which
|D — S4llp < 1209V2n + 8y/osvV2n | D]z, states that even far away sensors have some arbitrarily



small, though non-zero probability of detecting theibased. We assume that each node detects nodes that are
distance. As sensor technology improves such an asthin a radius ofR = 0.165 with probability one; if two
sumption becomes only a mild restriction. In generatodes are at distance more thah65 the probability that

pij IS a continuous, non-linear, decreasing function tfiey detect each other jg = 1/100. Thus we satisfy

the distancel;; between the two nodesandj. Simple Assumption 2, while at the same time the connectivity
models for the detection probabilities can be derivesf the sensor network remains essentially the same.

for RF sensors [16], based on the fact that the received
power decreases inversely proportional to the square of 25, -
the distance from the source. Since sensors are deployed S
in a bounded region, the detection probability among a 200
pair of sensors might become very small, however, it \
remains bounded away from zero.

One may, however, encounter settings where two sen-
sors have essentially zero probability of detecting their
distance. For example, if the sensors are so far apart
that the signal to noise ratio is too small, then there
is no chance that the sensors will detect their distance.
Our results do not strictly apply to this setting in the . s
global sense, however they do apply in the local sense. oo 150 200 250 00 350 400 450 500
Specifically, in any “local” region, it is certainly the case
that p. is bounded away from zero. Our results imply Fig. 2: Uniform Deployment w/o noise
that in this local region, which corresponds to a sub-
matrix of the full distance matrix, the distances can be
reconstructed accurately. Thus for this particular local _ ‘ ‘ ‘ ‘ ‘
region, the positions of the sensors can be recovered in 0
their own local coordinate system. The global localiza- y

— 2
20k e yii—(shonest graph path ii) |

tion problem then becomes equivalent to a problem of - - theoreical error
meshing together sevenalovably accuratdocal “maps” )
into a single global map, where each local map can be I
in its own coordinate system.
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VIl. EVALUATION
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0 . . . . . . .
100 150 200 250 300 350 400 450 500
nodes

0.8

0.7F P

osl Fig. 3: Uniform Deployment with noise

o4y * In the uniform scenarios nodes are randomly scattered
03f in a1l x 1 square field following a uniform distribution.
0.2r In the corridor shaped scenarios, nodes are scattered on a
01f Z 1 x 1 square using the same uniform distribution. Corri-
ok S = S i dors are formed by creating two rectangular gaps inside
X the square field as shown in Fig 1. For each scenario,
Fig. 1: Example corridor shaped scenario we evaluate the reconstruction trend for network sizes

ranging from 100 to 500 nodes with 10 scenarios for each

size. The average connectivity ranges from (roughly) 5

We evaluate the trends of the reconstruction algorithtm (roughly) 42. We subsequently plot the average for
on two main types of deployment, uniform and corridogach size. We evaluate the quality of our reconstruction
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for v;; = 0, 15; = R? and;; = shortest path The where two different types of sensolsy and S, are
reconstruction trends are shown in Figs 2, 3, 4, and Sleployed in adversarial environments, where even though
Figures 2 and 4 show the trend when measuremet® sensors are within range of each other they might
are noise free. Figures 3 and 5 display the same resultifl fail to detect and measure their pairwise distance.
when distance measurements are corrupted by a ndisé sensors of typeS; fail with probability p; and sen-
drawn from a zero mean uniform distribution tha68% sors of typeS; fail with probability p;. These probabil-
of the actual measurement. Clearly, the plots verify tliges may be inferred from past deployment experience.
main result of our work: the accuracy of the localizatiode assume that the radius of either type of sensors is
drops inversely proportional to the square root of thR. We scatter sensor nodes of both types uniformly at
number of nodes in the sensor network. The similaritgndom over a x 1 square field.
between the theoretical error bound curve and the curves
for the casesy;; = 0 and~;; = R? is indeed striking.
As predicted by equation (7), noise does not significantly
affect the distance matrix reconstruction error, since the

:

—— ;=0

—— ¥R
ij

12

. . . . . N —o— MDS-MAP [12] ||
variance of the n0|seaf) is dominated by the first term > ~ — — theoretical error
of equation (7). 10r
40 ‘ =
— y|.=0 L
350 o yi:=R2 g_

—— y“:(shonesl graph path Il)2
- - theoretical bound

0 . . . . . . .
100 150 200 250 300 350 400 450 500
nodes

Fig. 6: Comparison with MDS-MAP(p; = % p, =
3,R=0.1)

0 . . . . . . .
100 150 200 250 300 350 400 450 500
nodes

Fig. 4: Corridor Deployment w/o noise

40

— Vi.:
35 e vlisz
—— y":(shoneslgraph path Il)2
301 - — theoretical bound
o N;—&,
oy a
¢
=Y
) ) ) ‘ ‘ ‘ ‘ $00 150 200 250 200 350 400 250 500
fo0 150 200 250 300 350 400 450 500 nodes
nodes
Fig. 5: Corridor Deployment with noise Fig. 7: g:ompanson with MDS-MAP(p; = 3,p2 =
3 R=0.1)
47

Finally, we evaluate the SVD-reconstruct algorithm on
the following deployment scenario. Consider a situation Now consider the 4 possibilities that arise in this set-

7



12 : : ‘ ‘ ‘ ‘ ‘ of applying theMDSLoOcCALIZE algorithm on there-

N constructeddistance matrixS,. (iii) We investigate fully
R XI}E,Z_MAP[W distributed, gossip-based protocols fdDSLOCALIZE

. — - theoretical error and SVD-RECONSTRUCT with provable running time

] and message size guarantg@s. We intend to evaluate
these algorithms on a real testbed at ENALAB at Yale
University.

2, 2
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APPENDIX Bounding the variance of the entries &f; (0%):
Proof of Theorem 1: After the first step of the
algorithm, 7(D) is an n x n matrix whose Var [S;;] =
(i,j)-th entry is equal to the inner product !

o () (<] (/mrtX) . e words, = VrIDy~ Sil =B [y = 5’

the (7, j)-th entry of 7(D) is equal to the inner product d?j +e— (1 — pij) ; 2
of the coordinate vectors corresponding to thh = Prlg;=¢ | py Dij — di
and thej-th sensors, translated in a coordinate system

whose origin is the poinfl/n) """ ; x;. Notice that + (1= piy) (i — dfj)Q leij = 6)

D =1,z" +z11 — 2XX7, (5)

2
_ PI‘[G"—E] - (dzzjiryij)(lipij) +i

wherez is ann x 1 vector whose-th element is equal i Dij Di; -

to ||x;||*. Then,

+ (=) (g — %) leis = 6)

2(dF; — vi)*(1 = pig)* N 2B [E?J}
Pij Pij

Nothe thatm(D) is a symmetric positive semidefinite | (1 piy) (i — d?j)2

matrix of rank at most 2 and its Singular Value Decom- o N2 Ny )

position (computed at the second step of the algorithm)_ (d5; — 7i5)"(1 = pij) (2 — pij) + 20¢

has the same left and right singular vectors. Thus, Dij Dij

2

X=Us% = (X= (/)L 1IX)W, () = - ((dfj —ij)* +0?2).
ij

for some 2 x 2 orthonormal matrix W. Clearly, Notice that the quality of the bound improvesf; is
(1/n)1TX = (1/n) Y1, x; is the translation an® is  close tod;;. Overall,
the rotation/reflection. Thus, up to rotation/reflection and

. . . 2
translation, we have recovered the original coordinates 0% < max — ((d?j — )% + cr?) . (7)
X. WP

1
(D) = —EL(lnzT + 217 — 2XXT)L =

— (X - (1/n)1,17X) (X - (1/m1,10X)" <

Proof of Lemma 2:
E[S;;] = Prle; =¢
(M?ij + (1 = pij)vijle; = 6)
Dij
= dj; =Dy
Proof of Lemma 4: The first part of the lemma is an

instantiation of Theorem 5 of [2]. For the second part,
notice that

4
(D =S)llz: = D of (D~8))
i=1

407 (D —S)4)

= 4[|(D - S)4l3

2
= 4||D_SH2
< 1280?971,

and the lemma follows by taking square roots of the two
sides.



