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Abstract

We give a permutation approach to validation (estimation of out-sample error). One typical

use of validation is model selection. We establish the legitimacy of the proposed permutation

complexity by proving a uniform bound on the out-sample error, similar to a VC-style bound.

We extensively demonstrate this approach experimentally on synthetic data, standard data sets

from the UCI-repository, and a novel diffusion data set. The out-of-sample error estimates are

comparable to cross validation (CV); yet, the method is more efficient and robust, being less

susceptible to overfitting during model selection.

1 Introduction

The holy grail when learning from data is an in-sample estimate of the out-sample error, i.e. model

validation. Assume a standard setting with data

D = {xi, yi}n
i=1,

where (xi, yi) are sampled iid from the joint distribution p(x, y) on R
d × R (for regression) or on

R
d × {±1} (for binary classification). Let H be a learning model (e.g. decision tree, k-nearest

neighbor, linear regression) which produces a hypothesis g ∈ H when given D. Our discussion,

though mostly generalizable, will assume that H is closed under negation, and that the risk is the

squared error (the misclassification error rate and the least squares regression error can both be

written as the squared error). Denote by ein the in-sample error,

ein(h) =
1

n

n∑

i=1

(h(xi) − yi)
2,

and by eout the out-sample error,

eout(h) = E[(h(x) − y)2].

∗A preliminary version of this paper appears in the Siam Data Mining Conference, 2010
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The expectation is over the joint distribution p(x, y). We wish to estimate eout(g), and typically

ein(g) is not an unbiased estimate of eout. For example, when g minimizes the in-sample error over

H, then for a small data set, ein will typically have a large optimistic bias precisely because you are

minimizing ein. Instead of eout, it is equally good to get an estimate of the generalization error1

egen(g) = eout(g) − ein(g),

which is typically positive and explicitly measures the optimism of the in-sample error.

Our goal is to present a method for estimating the generalization error, in particular, we present

a permutation estimate for the generalization error. Loosely speaking, it considers learning prob-

lems related to permutations of the realized data. These permutation problems can be explicitly

generated from the realized data set. For each permutation-transformed problem, we compute the

expected optimism of the in-sample error. The average of this optimism over permutations is the

permutation estimate for egen(g). To make the idea more concrete, we will illustrate on a toy

vision problem of learning to distinguish between male and female faces, using a labeled data set

of images. Assume some algorithm which produces a classifier, given a data set. A small data set

is shown in Figure 1. After learning on the data, suppose the learned hypothesis (hypothetically)

Male Female

Figure 1: A sample data set for learning to distinguish male from female faces.

classified the images in red boxes as female (in this example, the learned rule is “roundish face or

long hair is female”) – after learning the rule, you can classify the in-sample data. If your rule were

perfect in-sample, all the faces on the right would be boxed in red, and none of the faces on the

left would be boxed. This rule is not quite perfect, and your in-sample classification error on this

example data set is about 11% (2 errors). How reliable is this error of 11%? Do we expect that

this rule will generalize well to out-sample, and achieve eout ≈ 11%?

The permutation estimate would provide one estimate of the reliability. To apply the permuta-

tion estimate, we first generate a random permutation of the data, i.e. permute the labels (male or

1some authors use generalization error to denote what we call the out-sample error.
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female) randomly, to obtain a permuted data set. One such realized random permutation is shown

in Figure 2. This data with the randomly permuted labels is a very confusing data set. Clearly one

“Male” permuted data “Female” permuted data

Figure 2: A permuted version of the same sample data in Figure 1. Learning on this data set
should not yield anything meaningful.

should not expect better than 50% performance from any algorithm out-of-sample, if the real data

distribution was like this permuted data. Nevertheless, we can go ahead and attempt to learn with

the same learning algorithm. Since, in-sample, your learning algorithm is fitting the data, it may

overfit even this randomly permuted data. In our example, suppose the new learned rule is “dark

skin or long hair is female”; this gives the in-sample classifications of females shown above (red

boxes). In this case, on the randomly permuted data, we have made 6 errors (the 3 boxed images

on the left and three un-boxed images on the right), or roughly 33% classification error rate. As we

already argued, for such randomly permuted data distribution, no algorithm can give out-sample

error better than 50% (assuming that there are equal numbers of male and female faces), and so this

achieved in-sample error rate of 33% is optimistic by about 17%. That is, the learning algorithm

has overfit the permuted data by 17% (the generalization error is 17%). This level of overfitting

is a single sample estimate of the overfitting capability of the model on data “of this type” – for

another type of data, say digit classification, the level of overfitting on permuted data could be

different. Thus, this permutation estimate of generalization error is data dependent, and certainly

depends on the complexity of the model, and the learning algorithm. It seems reasonable to guess

that this same level of overfitting might have affected the actual fitting on the actual data, since

the actual data is, at least on the surface, of this “type”. We thus apply this 17% optimism of the

in-sample error obtained from looking at the permuted data to the learning on the unpermuted

data; we conclude that our original classifier “roundish face or long hair is female”, which had

in-sample error of 11% would have an out-sample error more like 28%. The goal of this paper is to

first define the permutation estimate for both regression and classification; provide some theoretical

justification for its use, and experimentally compare it with some other methods for validation.

Our empirical comparisons will use leave-one-out cross validation, LOO-CV, as the strawman
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Real Data Permuted Data

Linear Fit 4th Order Fit

ein = 0.02 ein = 0.002
eout = 0.11 eout = 0.256
egen = 0.08 egen = 0.254

êout = 0.07 êout = 0.192

Linear Fit 4th Order Fit

Eπ(eπ

in) = 0.12 Eπ(eπ

in) = 0.05
Eπ(eπ

out) = 0.17 Eπ(eπ

out) = 0.24
êgen = 0.05 êgen = 0.19

Table 1: On the left, a linear and 4th order fit to some data. We estimate ein and egen and eout are
not available. On the right, 6 example permuted data sets. For the permuted data, we can also get
ein, but now we can also compute eout (see Theorem 1); thus, for the permuted data distribution,
we can estimate êgen; we use this estimate, together with ein on the real data to estimate eout on
the real data.

benchmark. This is a general validation method, which is in common use. It has also been compared

with most other validation methods, and hence is a valid benchmark. Our permutation estimate

(as with LOO-CV) can be applied to any learning model or error metric, requiring only the ability

to run the model. However, it is more efficient than LOO-CV and suffers less from the potential

to be overfit during model selection, especially in regression.

1.1 Our Results.

We give a permutation estimate for validation. Validation is one of the most important tasks

when learning from data. We quantitatively illustrate the permutation estimate using a regression

problem in Table 1 using a linear versus a 4th order polynomial model. The algorithm begins by

fitting the real data to obtain ein. Next one permutes the y values (shown are 6 permutations) using

a random permutation π; one then uses each model to fit the permuted data sets, to compute the

average in-sample error and the average out-sample error (Theorem 1 shows how to compute the

average out-sample error for the permuted data distribution). The permutation estimate êgen =

Eπ[eπ

out−eπ

in] (the difference between the average in-sample and out-sample errors on the permuted

data). The out-sample error estimate is then êout = ein + êgen. In this particular instance, model

selection with respect to êout would select the linear model over the quartic model, and it would

be correct. We show empirically that this method works well, and is superior to other methods for

model selection, in particular the leave-one-out method.

Corresponding to the permutation estimate, we define a “permutation complexity” measure for
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the complexity of a learning model, which is data dependent:

Pin(H|D) = Eπ

[
max
h∈H

1

n

n∑

i=1

yπi
h(xi)

]
.

Here, π is a random permutation on [1, n]. We theoretically justify the permutation estimate in

the context of empiral error minimization in classification problems by proving a uniform bound

for the out-sample error in terms of this data dependent permutation complexity. Specifically, we

prove that for the empirical risk minimizer g, with probability at least 1 − δ,

eout(g) ≤ ein(g) + 2êgen(H|D) + 4ȳ Eπ [ḡπ] + O

(√
1

n
ln

1

δ

)
.

For balanced distributions (ȳ = O
(√

1
n ln 1

δ

)
), and so this result provides direct theoretical justifi-

cation for the permutation estimate. When a distribution is not balanced, the theoretical bound is

weaker, nevertheless we have found that the permutation estimate still works well empirically. This

is because for the empirical risk minimizer on a permutation, gπ is attempting to fit the permuted

data and so ḡπ ≈ ȳ; this term is then approximately ȳ2 which is close to a (small) constant for all

the models, and hence will not significantly affect the model selection. From the practical, imple-

mentation point of view, we show that the permutation estimate (expectation over permutations)

concentrates around its expectation, meaning that a few random permutations suffice to compute

it. To our knowledge, this is the first theoretical result within this setting for a dependent sampling

process (both for the generalization bound and for the concentration result). The novel aspects

of the proof technique are the introduction of a second ghost data set to handle the dependent

sampling in the permutation complexity, and the linking of the permutation estimate to the boot-

strap estimate to obtain the concentration result; to our knowledge, these are the first use of such

techniques.

On the practical side, we give a detailed experimental investigation to support the permutation

estimate. We show that it is more efficient than the leave-one-out cross validation method, with

comparable or better performance. We use LOO-CV as our strawman benchmark, since most

validation methods have been compared to this benchmark, including the leave-K-out methods,

and other statistical estimators. leave-K-out methods are also more efficient than LOO CV, but

they will sacrifice on accuracy.

Note to Practitioners. The theoretical bound applies only to classification, and is “loose” in

the sense that there is an factor of 2 multiplying êgen, together with the ȳ bias. The concentration

result, however, has real practical significance. It essentially says that a very small number of

learning episodes (on different permutations) suffices to get a good estimate of êgen. Contrast this

with K-fold cross validation where one needs K episodes of learning on data sets of size n(K−1)/K.

Ideally, one wants to choose K as large as is computationally feasible, and typically, computation

is a real bottle neck, which means that in practice, one often never has the luxury of running

LOO-CV. In practice, probably 10-fold validation is the most commonly used.
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The existence of the uniform bound is comforting, however it shouldn’t be taken too literally2.

Though the bound is loose, it is found in practice that criteria for which uniform bounds are

available (eg. VC-bound, permutation estimate, Rademacher complexity) work well for model

selection, even if these bounds are weak. This highlights the role of variance versus bias when it

comes to model selection. A model selection criterion which has a large but systematic bias (with

respect to the true out-sample error), but very low variance is perfectly fine; in fact all one needs is

that the model selection criterion be monotonic in the true out-sample error, and have low variance.

On the other hand, a model selection criterion which has very low bias, but very high variance can

lead to serious problems, especially when one is selecting among many models; by chance, a very

bad model can be selected due to the large variance. In practice, it is often found that criteria, for

which one can obtain uniform bounds that hold for all data distributions, tend to display significant

bias, but with low variance; this bias also tends to be somewhat systematic across different models,

and so the decreased variance more than compensates for the large bias, when it comes to model

selection.

Our experimental results will illustrate this general bias-variance tradeoff for model selection.

LOO-CV has low bias, but its relatively high variance causes serious problems in practice, resulting

in excellent performance for out-sample error estimation, but poor performance for model selection.

On the other hand, the permutation based method tends to have a relatively higher bias, but this

bias is systematic across models (so it does not affect the model selection), and the variance is

much lower. This much lower variance (with potentially higher but generally systematic bias),

when coupled with the fact that the permutation estimate is more computationally efficient (via

the concentration result) means that the permutation estimate is a serious alternative to LOO-

CV for model selection in both regression and classification. If bias were the only concern (for

example, when it comes to out-sample error estimation for a single model), it is very hard to beat

the LOO-CV estimate (assuming computation is not an issue).

Paper Outline. Next, we review some relevant literature, followed by a description of the permu-

tation method and the uniform bound which justifies its use. We then give a detailed experimental

investigation and conclusions.

1.2 Related Work

Out-sample error estimation has extensive coverage in the literature, both in the statistics commu-

nity and the learning commuity. Broadly speaking there are three approaches:

(i) Statistical methods which try to estimate the out-sample error asymptotically in n, giving

consistent estimates under certain model assumptions, for example: final prediction error (FPE)

(Akaike, 1974); Generalized Cross Validation (GCV) (Craven and Wahba, 1979); or, covariance-

type penalties (Efron, 2004; Wang and Shen, 2006). Statistical methods tend to work well when

the model has been well specified. Such methods are not our primary focus. However, we do show

that for linear models in the statistical regression setting, the permutation estimate reduces to

an AIC-type prediction error estimate with the noise estimated by the in-sample variance in the

targets.

2A similar comment would apply to the VC-generalization bound: it is very loose.
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(ii) Bounds. The most celebrated uniform bound on generalization error is the distribution

independent bound of Vapnik-Chervonenkis (VC-bound) of Vapnik and Chervonenkis (1971). Since

the VC-dimension may be hard to compute, empirical estimates have been suggested (Vapnik et al.,

1994). The VC-bound is optimal among distribution independent bounds; however, for a particular

distribution, it could be sub-optimal. Several data dependent bounds have been proposed, which

can typically be estimated in-sample via optimization: maximum discrepancy (Bartlett et al., 2002);

Rademacher-style penalties (Bartlett and Mendelson, 2002; Fromont, 2007; Kääriäinen and Elomaa,

2003; Koltchinskii, 2001; Koltchinskii and Panchenko, 2000; Lozano, 2000; Lugosi and Nobel, 1999;

Massart, 2000); margin based bounds, for example (Shawe-Taylor et al., 1998). Relevant to this

work are Rademacher penalties. Let r be a sequence of iid binary random variables with P[+1] = 1
2 .

The Rademacher complexity is

R(H|D) = Er

[
1

n
max
h∈H

n∑

i=1

rih(xi)

]
.

Generalizations to Gaussian and symmetric, bounded variance r have also been suggested, (Bartlett

and Mendelson, 2002; Fromont, 2007) . The permutation estimate is related to a “permutation

complexity” which is a Rademacher-like complexity where the ri are obtained via a random per-

mutation of the observed target values in D, instead of via independent uniform Bernoulli trials.

Thus, the permutation estimate more closely mimics the distribution supported by the data. It

also has the advantage that the estimate can be used with multi-class and regression problems, and

can accomodate regularized learning algorithms.

(iii) Sampling methods, such as leave-one-out cross validation (LOO-CV), try to estimate the

out-sample error directly. Cross validation is perhaps the most used validation method, dating as

far back as 1931 (Larson, 1931; Wherry, 1931, 1951; Katzell, 1951; Cureton, 1951; Mosier, 1951;

Stone, 1974). The permutation estimate uses a “sampled” data set on which to run the model and

obtain the estimate; other than this superficial similarity, the estimates are inherently different.

The permutation estimate is more like a Rademacher penalty in spirit.

Permutation Methods are not new to statistics (Good, 2005). They have been suggested as

tests of significance for specific model selection tasks (Golland et al., 2005; Wiklund et al., 2007).

In (Golland et al., 2005), the authors give a concentration inequality for such a test which involves

the Rademacher complexity. We directly give a uniform bound for the out-sample error in terms

of a permutation complexity, which answers a question posed in Golland et al. (2005), where the

authors suggest that there should be a direct link between permutation statistics and generalization

errors. There have also been some early studies of using permutation tests for model validation,

though none are specifically of our form, and there are no uniform bounds on out-sample error

proven (Lindgren et al., 1996; Golland and Fischl, 2003; Carmack et al., 2002).

2 The Permutation Estimate

Consider a new learning problem, for which the input space is exactly the data examples, and

the outputs are a random permutation of the observed target values. This problem mimics the

learning problem at hand, in that the targets have the same joint distribution but for which there
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is no input-output relationship. For this new permutation-learning problem, we can compute the

“out-sample” error for a test example drawn from this same random permutation distribution. If we

fit the model to the data, we obtain the in-sample error of the learned function which will generally

be lower than this computed out-sample error. The expected difference between the in-sample

error and the computed out-sample error for the learned function is the estimate of the optimistic

bias. We use this optimistic bias as the estimate of the generalization error for the particular data

set D (after fitting the model to it). There is a leap of faith here: we are using the average level

of optimism for this random class of problems as the measure of optimism for the single actual

realized problem. We will provide justification for this leap of faith by relating the permutation

estimate (for binary classification) to a uniform upper bound on the out-sample error. We now

describe the details.

In order to specify the random permutation learning problem, pπ(x, y), we will take an op-

erational route. (We use the superscript (·)π for quantities relevant to the random permutation

learning problem.) Let

Dπ = (x1, yπ1
), . . . , (xn, yπn),

be a random permutation of the data, where π is a random permutation of 1, . . . , n. This is a

new learning problem in which the x values are unchanged but the target function fπ is a random

function with P[fπ(xi) = yj ] = 1
n for j = 1, . . . , n, independent of the particular xi. Though

the target values are independent of xi, the target values at two different inputs xi,xj are not

independent. This target function has the same joint distribution of outputs on the data as the

true target function, but otherwise it is independent of the input, and so there is no input-output

relationship to be learned. Let gπ be the function output by the model (e.g. via empirical risk

minimization). If the model “learns” a relationship, it has overfit the permuted data. In order to

compute the level to which it has overfit the data, we need to first compute the out-sample error

for this permuted learning problem.

2.1 Out-Sample Error for the Random Permutation Problem

The out-sample error of any function h ∈ H can be computed because we know the target function

fπ, which is specified by pπ(y|x) (uniform on {yi}). Let ȳ and s2
y be the sample mean and sample

variance of the target values.

Theorem 1.

eπ

out(h) = s2
y +

1

n

n∑

i=1

(h(xi) − ȳ)2.

Proof.

eπ

out(h) =
1

n

n∑

i=1

Epπ [(h(xi) − fπ(xi))
2]

=
1

n

n∑

i=1

1

n

n∑

j=1

(h(xi) − yj)
2.
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Adding and subtracting ȳ in the summand, we have:

eπ

out(h) =
1

n2

n∑

i=1

n∑

j=1

(h(xi) − ȳ + ȳ − yj)
2

= s2
y +

1

n

n∑

i=1

(h(xi) − ȳ)2.

Notice that for this random learning problem, the best one can do is achieve an out-sample error

of s2
y which is attained by the function which predicts the mean target value for all data points.

2.2 Estimating the Generalization Error

We now compute the bias of the in-sample error (typically obtained via empirical risk minimization)

on a random permutation problem. On the permuted data, the in-sample error is:

eπ

in(g
π) =

1

n

n∑

i=1

(gπ(xi) − yπ

i )2.

For h ∈ H let h̄ be the average value of h over the data set, h̄ = 1
n

∑n
i=1 h(xi). Since the general-

ization error is eπ

gen(g
π) = eπ

out(g
π) − eπ

in(g
π), we have the following result.

Theorem 2.

eπ

gen(g
π) =

2

n

n∑

i=1

(yπ

i − ȳ)gπ(xi)

=
2

n

n∑

i=1

yπ

i gπ(xi) − 2ȳḡπ.

Proof. Using Theorem 1,

eπ

gen(g
π) = s2

y +
1

n

n∑

i=1

(gπ(xi) − ȳ)2 − 1

n

n∑

i=1

(gπ(xi) − yπ

i )2,

and the result follows after some elementary algebra.

Note that eπ

gen is twice the covariance between the learned hypothesis and the randomly per-

muted target values. We wish to estimate Eπ[eπ

gen(g
π)]. Naturally we have to do this by sampling.

Unfortunately, yπ

i are dependent (sampled without replacement), and so it is not easy to obtain a

concentration result around the expectation; nevertheless, it is possible (see Section 3.3). For iid

sampling with replacement, it is immediate that the generalization error on the random problem

concentrates about its expectation (via McDiarmid’s Inequality). Thus, one can compute the gen-

eralization penalty for sampling with or without replacement using just a single random sample

(asymptotically). Since one is always in the finite regime, we recommend to average over M ran-

dom permutations, for some reasonably sized M – the real value of validation estimates is for small
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n when overfitting is a real concern. We compared M = 1000 and M = 10 in our experimental

results. The results were not significantly different from each other of from M = 1 when n, the

number of data points, is large. Summarizing,

êgen(H|D) = Eπ[eπ

gen(g
π)] ≈ 1

M

M∑

m=1

eπm
gen(gπm). (1)

(we use hat notation (̂·) for estimates of quantities relevant to the data D.) As with cross validation,

the drawback with using more samples (larger M) is that one has to learn a final hypothesis for

each permuted data set. Luckily, small M is enough for most practical purposes. The benefit over

cross-validation is that for each iteration of training, one gets n estimates of the generalization

error.

We now estimate the out-sample error for the distribution supported by the realized data D by

êout(g) = ein(g) + êgen(H|D). (2)

This generalization error estimate is data dependent, because the randomly permuted learning

problems were modeled after the original data set D. This is one of the advantages of such a

method over distribution independent methods (such as VC) which may not be optimal for a

particular problem.

2.2.1 Permutation Estimate for Linear Ridge Regression.

Ridge regression (regression with weight decay) is popular in statistics, and many statistical esti-

mates of the out-sample error exist. Our permutation estimate closely resembles the AIC criterion

(Akaike, 1974) in this setting.

A linear model has the form

H =
{
wtz|w ∈ R

d+1
}

,

where zt = [1,xt] is the original input prepended by a 1 for the constant. Let Xt = [z1, . . . , zn] be

the input data matrix and yt = [y1, . . . , yn] be the target values. Assume for simplicity that X has

full column rank. If λ is the ridge regression parameter, then the optimal regularized fit minimizing

ein(w) + λwtw is given by

win = (XtX + λI)−1Xty,

and the in-sample predictions are ŷ = S(λ)y, where,

S(λ) = X(XtX + λI)−1Xt.

(We will typically suppress the dependence on λ.)

For linear models, we can obtain the permutation estimate without sampling, via an analytic

computation. We want Eπ[eπ

gen(g
π)]. The predictions on the permuted data are ŷ(π) = Sy(π),

where S is independent of the permutation π because it only depends on the x values in the data.
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Using Theorem 2:

eπ

gen(g
π) =

2

n

n∑

i,j=1

Sij(y
π

i yπ

j − ȳyπ

i ) (3)

To compute Eπ[eπ

gen(g
π)] for Theorem 3, we will need the next result on the correlations.

Lemma 1.

Eπ[yπ

i ] = ȳ, Eπ[yπ

i yπ

j ] =

{
ȳ2 + s2

y i = j,

ȳ2 − 1
n−1s2

y i 6= j.

Proof. The first equality follows immediately because yπ

i is uniform over y. To prove the second,

note that

E[yπ

i , yπ

j ] =
n∑

i=1

∑

j 6=i

1

n(n − 1)
yiyj ,

=
1

n(n − 1)

n∑

i=1




n∑

j=1

yiyj − y2
i



 ,

=
n

n − 1
ȳ2 − 1

n − 1
y2,

from which the result follows, because s2
y = y2 − ȳ2.

Define σ̂2
y = n

n−1s2
y, the unbiased variance estimate for y, and let 1 be the n–vector of ones.

Theorem 3.

êout(g) = ein(g) +
2σ̂2

y

n

(
trace(S) − 1tS1

n

)
.

Proof. Using (3),

êgen(H|D) = Eπ[eπ

gen(g
π)]

=
2

n

n∑

i,j=1

Smn(Eπ[yπ

i yπ

j ] − ȳ Eπ [yπ

i ]).

The result follows using Lemma 1 after some algebra.

With no regularization (λ = 0), S is a projection matrix (projecting onto the columns of X).

Since the first column of X is a column of ones (representing a constant term in the regression),

then S1 = 1 and the permutation estimate becomes

êout = ein +
2σ̂2

yd

n
.

Thus, with no regularization, the permutation estimate reduces to an AIC-like criterion, and the

term 2σ̂2
yd/n is a penalty for model complexity. Observe that (trace(S)+1− 1

n1tS1) is an “effective

number of parameters”. The choice deff = trace(S) has been proposed in the literature (see for

example Bishop (2006)).
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Kernel Based Classification. For classification in a linear space, in general it is not possible

to compute the empirical risk minimizer. However, there are many algorithms which could be used

to approximate this; one is the support vector machine algorithm; another approach is to simply

use the linear regression solution for classification, for which case the generalization estimate is

êgen =
2

n
Eπ

n∑

i=1

(yπ

i − ȳ)sign




n∑

j=1

Sijyπj



 .

Since the permutation estimate concentrates about its expectation, a few sample random permu-

tations should suffice to compute êgen.

2.3 Extensions

Sampling with Replacement. A simpler alternative to the permutation estimate (sampling

the yi without replacement) is to sample the yi independently with replacement according to the

bootstrap distribution B to generate a sampled data

DB = {(xi, y
B
i )}.

Computationally, this is slightly simpler, but it does not preserve the joint distribution of the target

values (they are now independent at two different points xi,xj). There are some advantages to

this approach, for example one can obtain easy concentration results for eB
gen about its expectation.

This implies that even one random learning problem could be enough for estimating the optimism

penalty (the concentration result for the permutation estimate is much harder to obtain).

Theorems 1 to 2 are unchanged, as they simply rely on EB[yB
i ] = ȳ. However, the derivation

of the bootstrap estimate for linear ridge regression does change as now yi and yj are independent.

Our entire discussion will generalize easily to this setting, and Theorem 3 for linear ridge regression

becomes

eB
out(g) = ein(g) +

2s2
ytrace(S)

n
.

Note that trace(S) plays the role of an effective number of parameters. When λ = 0, eB
out(g) =

ein(g) +
2s2

y(d+1)

n , again, similar to the AIC estimate.

Multi-Class. Suppose you have K classes c1, . . . , cK , so yi ∈ [1, K]. Assume a loss matrix L(y, y′)
which quantifies the loss of classifying class y′ when the true class is y. So,

ein(g) =
1

n

n∑

i=1

L(yi, g(xi)),

and

eπ

in(g
π) =

1

n

n∑

i=1

L(yπ

i , gπ(xi)), and eπ

out(g
π) =

1

n2

n∑

i,j=1

L(yj , g
π(xi)).

The permutation estimate can be extended to different risk metrics for regression problems in an

analogous way. The analogues of Theorems 1 and 2 would need to be computed; their form may

12



not be as simple, but nonetheless it is a straightforward task. It is not immediate how to extend

the Rademacher penalty to regression, since, for example, the maximizer of covariance for a linear

model is not well defined.

3 Uniformly Bounding Out-Sample Classification Error

For classification (y ∈ {±1}), the estimate êgen is closely related to a Rademacher-like “permutation

complexity”. We now give a bound for the out-sample error using this permutation complexity for

empirical risk minimization. We will adapt the standard ghost sample approach in VC-type proofs

and the symmetrization trick in (Giné and Zinn, 1984) which has greatly simplified VC-style proofs.

In general, high probability results are with respect to the distribution over data sets. Our main

bounding tool will be McDiarmid’s inequality:

Lemma 2 (McDiarmid (1989)). Let Xi ∈ Ai be independent; suppose f :
∏
i

Ai 7→ R satisfies

sup
x∈

Q

i Ai
z∈Aj

|f(x) − f(x1, . . . , xj−1, z, xj+1, . . . , xn)| ≤ cj ,

for j = 1, . . . , n. Then, for all t > 0,

P[f(X1, . . . , Xn) − Ef(X1, . . . , Xn) ≥ t] ≤ e−2t2/
Pn

i=1
c2i .

Corollary 1. With probability at least 1 − δ,

f(X1, . . . , Xn) ≤ Ef(X1, . . . , Xn) +

√√√√1

2

n∑

i=1

c2
i ln

1

δ
.

Note that the reverse inequality Ef ≤ f +
√

1
2

∑n
i=1 c2

i ln 1
δ can also be obtained by applying

McDiarmid’s inequality to −f . So, by applying the union bound, with probability at least 1 − δ,

|f − Ef | ≤
√

1
2

∑n
i=1 c2

i ln 1
δ .

3.1 Permutation Complexity

The out-sample permutation complexity of a model is:

Pout(H) = ED,π

[
max
h∈H

1

n

n∑

i=1

yπ

i h(xi)

]
,

where the expectation is over the data D = (x1, y1), . . . , (xn, yn) and a random permutation π. For

a particular sample D, the in-sample permutation complexity is

Pin(H|D) = Eπ

[
max
h∈H

1

n

n∑

i=1

yπ

i h(xi)

]
.

13



We note that the above definitions can be extended to models not closed under negation by con-

sidering maxh∈H
∣∣ 1
n

∑n
i=1 yπ

i h(xi)
∣∣. Let D′ differ from D only in one example, (xj , yj) → (x′

j , y
′
j).

Lemma 3. |Pin(H|D) − Pin(H|D′)| ≤ 4
n .

Proof. Consider any permutation π; the sum
∑n

i=1 yπ

i h(xi) changes by at most 4 (only two points

are affected) for every h ∈ H. Thus, the maximum over h ∈ H changes by at most 4 and the lemma

follows.

Lemma 3 together with McDiarmid’s inequality implies a concentration of Pin about Pout, which

means we can work with Pin instead of the unknown Pout.

Corollary 2. With probability at least 1 − δ,

Pout(H) ≤ Pin(H|D) +

√
8

n
ln

1

δ
.

Let gπ be the empirical risk minimizer for the permuted data. Since ein(h) = 2− 2
n

∑n
i=1 yih(xi),

it follows that the empirical risk minimizer maximizes the correlation, and so:

max
h∈H

1

n

n∑

i=1

yπ

i h(xi) =
1

n

n∑

i=1

yπ

i gπ(xi).

Thus, combining with Theorem 2, we have that for empirical risk minimization, êgen and Pin are

related:

Theorem 4. For empirical risk minimization, Pin(H|D) = 1
2 êgen(H|D) + ȳ Eπ [ḡπ].

We will now prove our uniform bound on the generalization error, with respect to Pin.

3.2 Bound for the Out-Sample Error

We are interested in the worst case generalization error, suph∈H{eout(h)−ein(h)}. We will need some

regularity property of the error ein. Generally, ein(h) = 1
n

∑n
i=1 e(yi, h(xi)), and we will suppose that

ein satisfies a “continuity condition” similar to the assumptions in McDiarmid’s lemma. Specifically,

for data sets D and D′ which differ on only one point, (xi, yi) → (x′
i, y

′
i),

|ein(h|D) − ein(h|D′)| ≤ c

n
.

Most of our discussion has been based on the squared error function e(y, y′) = (y−y′)2; in this case,

the regularity condition holds with with c = 4 for classification. For regression, one would assume

a bounded range for the target and hypothesis functions to ensure such a regularity condition.

The first step in the proof of our bound uses the standard ghost sample and symmetrization

arguments typical of modern generalization error proofs (see for example Bartlett and Mendelson

(2002); Shawe-Taylor and Cristianini (2004)). Let r = [r1, . . . , rn] be an arbitrary ±1 sequence.

Lemma 4. With probability at least 1 − δ:

sup
h∈H

{eout(h) − ein(h)} ≤ ED,D′

[
sup
h∈H

{
1

n

n∑

i=1

ri(e(y
′
i, h(x′

i)) − e(yi, h(xi)))

}]
+

√
c2

2n
ln

1

δ
.
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Proof. The following sequence of inequalities establishes the result.

sup
h∈H

{eout(h) − ein(h)}
(a)

≤ ED

[
sup
h∈H

{
Ex,y[e(y, h(x)) − 1

n

n∑

i=1

e(yi, h(xi))]

}]
+

√
c2

2n
ln

1

δ
,

= ED

[
sup
h∈H

{
ED′

[
1

n

n∑

i=1

e(y′i, h(x′
i)) − e(yi, h(xi))

]}]
+

√
c2

2n
ln

1

δ
,

(b)

≤ ED,D′

[
sup
h∈H

{
1

n

n∑

i=1

e(y′i, h(x′
i)) − e(yi, h(xi))

}]
+

√
c2

2n
ln

1

δ
,

(c)
= ED,D′

[
sup
h∈H

{
1

n

n∑

i=1

ri(e(y
′
i, h(x′

i)) − e(yi, h(xi)))

}]
+

√
c2

2n
ln

1

δ
.

(a) follows from the regularity condition on ein and McDiarmid’s inequality because eout(h)−ein(h)

changes by at most c
n if one data point changes, and so the maximum changes by at most that

much; (b) follows from convexity (supremum of expectation is at most expectation of supremum);

finally, (c) follows because ri = −1 corresponds to exchanging xi,x
′
i in the expectation which does

not change the expectation (it amounts to relabeling of random variables).

For classification and the squared error, y2 = h2 = 1 and so we have

Corollary 3. For classification and squared error, with probability at least 1 − δ:

sup
h∈H

{eout(h) − ein(h)} ≤ ED,D′

[
max
h∈H

{
2

n

n∑

i=1

ri(yih(xi) − y′ih(x′
i))

}]
+

√
8

n
ln

1

δ
.

Lemma 4 holds for an arbitrary sequence r which is independent of D, D′. An immediate

corollary is that we can take the expectation with respect to r, for arbitrarily distributed r, as long

as r is independent of D, D′.

Fix y. For a given permutation π, we will define a corresponding sequence rπ as follows: rπ

i =

yπ

i yi; then, because y2
i = 1, yπ

i = rπ

i yi. Thus, given y, for each of the n! permutations π1, . . . ,πn!,

we have a corresponding ±1 sequence; we thus obtain a multiset of sequences Sy = {rπ1 , . . . , rπn!}
(there may be repetitions in this set as two different permutations may result in the same sequence

of values); we have a mapping from permutations to the ±1 sequences in Sy. If r is a random vector

of ±1s which is selected uniformly from Sy, then r.y (componentwise product) is uniform over the

permutations of y. We say that Sy generates the permutations on y. Similarly, we can define

Sy′ , the generator of permutations on the ghost target vector y′. Unfortunately, Sy, Sy′ depend on

D, D′, and so we can’t take the expectation uniformly over (for example) r ∈ Sy. We can overcome

this by introducing a second ghost data set D′′ to “approximately” generate the permutations for

y,y′, ultimately allowing us to prove the main theorem.

Theorem 5. With probability at least 1 − δ,

sup
h∈H

{eout(h) − ein(h)} ≤ 4Pout(H) + 3

√
8

n
ln

6

δ
.
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3.2.1 Proof of Theorem 5

Let D′′ be a second, independent ghost data set, and let Sy′′ be the generator of permutations for

y′′. We will use Corollary 3, and take the expectation with respect to the ±1 sequences r′′ ∈ Sy′′ .

The first term on the RHS of Corollary 3 becomes

ED,D′

1

n!

∑

π

[
sup
h∈H

2

n

n∑

i=1

r′′i (π)(yih(xi) − y′ih(x′
i))

]
, (4)

where the first summation is over the n! permutations, each permutation π inducing a particular

sequence r′′(π). Consider the sequences of ±1 vectors {r1, . . . , rn!} and {r′1, . . . , r′n!}, corresponding

to the permutations {π1, . . . ,πn!}. The next lemma will ultimately relate the expectation over

permutations in the second ghost data set to the permutations over D, D′.

Lemma 5. With probability at least 1 − δ, there is a one-to-one mapping from the sequences in

Sy′′ = {r′′(πi)}n!
i=1 to Sy = {r(πj)}n!

j=1 such that

∣∣∣∣∣
1

n

n∑

i=1

(r′′i − ri(r
′′))yih(xi)

∣∣∣∣∣ ≤
√

8

n
ln

2

δ
,

for every r′′ ∈ Sy′′ and every h ∈ H (we write r(r′′) to denote the sequence r ∈ Sy to which r′′ is

mapped). Similarly, there exists such a mapping from Sy′′ to Sy′.

Proof. We can (without loss of generality) reorder the points in D′′ so that the first k′′ are +1,

so y′′1 = · · · = y′′k′′ = +1, and the remaining are −1. Similarily, we can order the points in D so

that the first k are +1, so y1 = · · · = yk = +1. We now construct the mapping from Sy′′ to Sy as

follows. For a given permutation π, we map r′′(π) ∈ Sy′′ to r(π) ∈ Sy. This mapping is clearly

bijective since every permutation corresponds uniquely to a sequence in Sy (and Sy′′).

By definition, ri = yπ

i yi and r′′i = y′′i (π)y′′i (we use the notation yπ and y(π) interchangably).

If ri 6= r′′i , it implies that either yπ

i 6= y′′i (π) or yi 6= y′′i . Since y and y′′ disagree on exactly |k− k′′|
locations (and similarly for yπ and y′′(π)), the number of locations where r and r′′ disagree is

therefore at most 2|k − k′′|. Thus, for any r′′ and any h ∈ H,

∣∣∣∣∣
1

n

n∑

i=1

(r′′i − ri(r
′′))yih(xi)

∣∣∣∣∣ ≤ 1

n

n∑

i=1

∣∣r′′i − ri(r
′′)
∣∣ |yih(xi)|

=
1

n

n∑

i=1

∣∣r′′i − ri(r
′′)
∣∣

≤ 4|k − k′′|
n

,

where the last inequality follows because there are at most 2|k − k′′| locations where r′′ and r(r′′)
disagree, and when they disagree, the difference ±2. We observe that 1

2

∑n
i=1 yi − y′′i = k − k′′ and

so, ∣∣∣∣∣
1

n

n∑

i=1

(r′′i − ri(r
′′))yih(xi)

∣∣∣∣∣ ≤
∣∣∣∣∣
2

n

n∑

i=1

yi − y′′i

∣∣∣∣∣ =
∣∣∣∣∣
2

n

n∑

i=1

zi

∣∣∣∣∣ ,
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where zi = yi − y′′i . Since y and y′′ are identically distributed, zi are independent and zero mean.

We consider the function f(z1, . . . , zn) = 1
n

∑n
i=1 zi. Since zi ∈ {0,±1}, if you change one of the zi,

f changes by at most 2
n , and so the conditions hold to apply McDiarmid’s inequality to f . Thus,

with probability at least 1 − δ,

1

n

n∑

i=1

zi ≤
√

2

n
ln

1

δ
.

By the symmetry of zi, it follows that with probability at least 1 − 2δ,

∣∣∣∣∣
1

n

n∑

i=1

zi

∣∣∣∣∣ ≤
√

2

n
ln

1

δ
.

To conclude, multiply by 2 and rescale 2δ → δ.

Given D, D′, D′′, assume the mappings which are known to exist by the previous lemma are

r(r′′) and r′(r′′). We can rewrite the internal summand in the expression of Equation (4) using the

equality

r′′i (yih(xi) − y′ih(x′
i)) = (r′′i − ri(r

′′) + ri(r
′′))yih(xi) − (r′′i − r′i(r

′′) + r′i(r
′′))y′ih(x′

i).

Using Lemma 5, we can, with probability at least 1−δ, bound the term which involves (r′′i −ri(r
′′))

in Equation (4); and, similarly, with probability at least 1 − δ, we bound the term involving

(r′′i − r′i(r
′′)). We can apply this bound inside the sup because the bound from Lemma 5 applies

to every h ∈ H for the given mapping. Thus, with probability at least 1 − 2δ, the expression in

Equation (4) is bounded by:

ED,D′

1

n!

∑

π

[
sup
h∈H

2

n

n∑

i=1

(ri(r
′′)yih(xi) − r′i(r

′′)y′ih(x′
i))

]
+ 2

√
8

n
ln

2

δ
,

where r′′(π) cycles through the sequences in Sy′′ . Since the mappings r(r′′) and r′(r′′) are one-to-

one, r(r′′).y cycles through the permutations of y, and similarly for r′(r′′).y′. Since H is closed

under negation, we finally obtain the bound

ED
1

n!

∑

π

[
sup
h∈H

2

n

n∑

i=1

yπ

i h(xi)

]
+ ED′

1

n!

∑

π

[
sup
h∈H

2

n

n∑

i=1

yπ

i h(x′
i)

]
+ 2

√
8

n
ln

2

δ
.

Since D, D′ are identically distributed, this reduces to 2ED,π

[
suph∈H

2
n

∑n
i=1 yπ

i h(xi)
]

= 4Pout(H)+

2
√

2
n ln 2

δ . To summarize, with probability at least 1 − 2δ, the first term on the RHS of Corolarry

3 is bounded by this expression. We thus conclude that with probability at least 1 − 3δ,

sup
h∈H

{eout(h) − ein(h)} ≤ 4Pout(H) +

√
8

n
ln

1

δ
+ 2

√
8

n
ln

2

δ
.

After redefining 3δ → δ, the RHS is bounded by 4Pout(H) + 3
√

8
n ln 6

δ .

The bound, being uniform, applies to the empirical risk minimizer g. Combining Theorem 5

with Corollary 2 and Theorem 4, we obtain a bound for the generalization error.

17



Corollary 4. With probability at least 1 − δ,

eout(g) ≤ ein(g) + 2êgen(H|D) + 4ȳ Eπ [ḡπ] + 4

√
8

n
ln

12

δ
.

Remarks. Corollary 4 justifies using the permutation estimate êgen(H|D); one could use the

bound in Corollary 4, which can be computed just as easily. Typically, ȳ is close to 0 (balanced

data) and ḡ ∼ ȳ, so the third term is approximately ȳ2 which is small and approximately constant

(hence it will not affect model selection much). Hence the bound, up to small correction terms is

2êgen for empirical risk minimization. Since the bound in Theorem 5 is uniform, it applies to any

algorithm; the bound, as with all other data dependent bounds, only looks at the hypothesis set – the

permutation complexity is a complexity measure for the model. However, as the example with linear

ridge regression illustrates, the permutation estimate uses a penalty which is algorithm specific,

and can directly account for regularization in the learning algorithm. We show empirically that the

permutation estimate works even for regularized algorithms. This can be justified because there are

two ways to view a regularized algorithm. The practical approach is to consider a regularization

penalty term and minimize the penalized in-sample error. An alternative view is to consider

regularization as a constraint on the hypothesis set, in which case one performs constrained in-

sample error minimization. In this second view, since one is doing empirical risk minimization, our

results apply, and the permutation complexity uniform bound justifies the use of the permutation

generalization estimate.

The analysis can accomodate models not closed under negation by using absolute values in the

permutation complexity. All the analysis can be extended to sampling with replacement rather than

permutations (sampling without replacement). One could use techniques for bounding Rademacher

complexity to bounding permutation complexity on specific domains (for example, see Bartlett and

Mendelson (2002) for decision trees, neural networks, kernel methods).

Any approximate estimate of the out-sample error (which satisfies some bound of this form) can

be used for model selection, after adding a (small) penalty for the “complexity of model selection”

(see Bartlett et al. (2002)). In practice, this penalty for the complexity of model selection is ignored

(as in Bartlett et al. (2002)).

3.3 Concentration around Pin(H|D)

The goal here is to show that one can essentially estimate Pin(H|D), which is an average over

all permutations of the data, using one permutation of the data – i.e., for a randomly selected

permutation π, suph∈H
1
n

∑n
i=1 yπ

i h(xi) concentrates around its expectation over all permutations.

We prove:

Theorem 6. For a random permutation π, with probability at least 1 − δ,

Pin(H|D) ≤ sup
h∈H

1

n

n∑

i=1

yπ

i h(xi) + c

√
2

n
ln

2

δ
.

for some c ≤ 2 + 1√
2 ln 4

.

To prove Theorem 6, we will link the permutation complexity to the bootstrap distribution
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(sampling targets uniformly with replacement). Specifically, we will show that the permutation and

the bootstrap estimates are close. We will then show that the bootstrap estimate is concentrated via

McDiarmid’s inequality, which will ultimately allow us to conclude that the permutation estimate

is also concentrated.

The bootstrap sampling process B constructs an independent, random sequence of targets yB,

where each yB
i is sampled independently and uniformly from y1, . . . , yn; the key requirement is that

yB
i are independent samples. We define the bootstrap complexity

Bin(H|D) = EB

[
sup
h∈H

1

n

n∑

i=1

yB
i h(xi)

]
,

which is very similar to the permutation complexity, except the yi are sampled with replacement.

It is convenient to define some basic processes which will help in relating the bootstrap process to

the permutation process. We can view the bootstrap process as the composition of two processes:

1. Sample κ, the number of +1s in the sequence yB; κ has a binomial distribution.

2. Among all sequences with κ +1s, sample one of them uniformly. We denote this process B|κ.

Note that if κ = k, where k is the number of +1s in y, then B|κ is exactly the permutation process.

Infact, one way to generate a sample according to B|κ is to first generate a random permutation π.

Now, if κ < k, randomly select |k−κ| +1s and flip them to −1; similarly, if κ > k, randomly select

|k − κ| −1s and flip them to +1. We call this random flipping process Fk,κ. More formally, Fk,κ

takes as input a sequence with k +1s and returns a random sequence with κ +1s. We have that

B|κ = Fk,κ ◦ π,

where when the context is clear, we use π to denote the random sampling process which generates

permutations as well as a specific random permutation.

Lemma 6. |Bin(H|D) − Pin(H|D)| ≤ 1√
n

.

Proof. Let k be the number of yi which are +1. Based on the discussion above, B is the composition

of two processes, so

Bin(H|D) = Eκ EB|κ

[
sup
h∈H

1

n

n∑

i=1

yB
i h(xi)

∣∣∣∣∣κ
]

.

We also have that

EB|κ

[
sup
h∈H

1

n

n∑

i=1

yB
i h(xi)

∣∣∣∣∣κ
]

= EFk,κ
Eπ

[
sup
h∈H

1

n

n∑

i=1

yπ,F
i h(xi)

]
,

where we use the notation yπ,F to denote the random vector which results from generating a random

permutation π and then applying the random flipping process Fk,κ. Since yπ,F differs from yπ in

exactly |k − κ| positions, and when they differ, the difference is ±2,

sup
h∈H

1

n

n∑

i=1

yπ

i h(xi) −
2|k − κ|

n
≤ sup

h∈H

1

n

n∑

i=1

yπ,F
i h(xi) ≤ sup

h∈H

1

n

n∑

i=1

yπ

i h(xi) +
2|k − κ|

n
.
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Now, first take the expectation with respect to π; then with respect to Fk,κ; and, finally with

respect to κ to obtain:

Pin(H|D) − 2

n
Eκ [|k − κ|] ≤ Bin(H|D) ≤ Pin(H|D) +

2

n
Eκ [|k − κ|].

By convexity, Eκ[|k − κ|] ≤
√

Eκ[|k − κ|2] =
√

Var[k − κ] ≤ 1
2

√
n (the last inequality is because κ

has a binomial distribution), the result follows.

In addition to furthering our cause toward the proof of Theorem 6, Lemma 6 is interesting in its

own right, because it says that permutation and bootstrap sampling are similar (for classification).

The nice thing about the bootstrap estimate is that the expectation is over independent yB
1 , . . . , yB

n ,

and so we can easily get a concentration result.

Lemma 7. For a random bootstrap sample B, with probability at least 1 − δ,

Bin(H|D) ≤ sup
h∈H

1

n

n∑

i=1

yB
i h(xi) +

√
2

n
ln

1

δ
.

Proof. Since the function inside the expectation changes by at most 2
n if you change one of the

samples, the result follows by application of McDiarmid’s inequality,

We are now ready to prove concentration for Pin.

Proof. (Theorem 6.) As in the proof of Lemma 6, we generate yB in two steps. First generate

κ, the number of +1’s in yB; κ has a binomial distribution with expectation k. Now, generate a

random permutation yπ, and flip (as appropriate) a randomly selected |k − κ| entries using the

random flipping process Fk,κ (remember, k is the number of +1s in y). Consider the function

f(yB) = κ, the number of +1s in yB. Changing a single entry of yB changes f by at most 1. We

can thus apply McDiarmid’s inequality f to obtain that with probability at least 1 − δ,

|κ − k| ≤
√

n

2
ln

2

δ
.

Thus, with probability at least 1− δ, yB differs from yπ in at most
√

n
2 ln 2

δ positions. Hence, with

probability at least 1 − δ,

sup
h∈H

1

n

n∑

i=1

yB
i h(xi) ≤ sup

h∈H

1

n

n∑

i=1

yπ

i h(xi) + 2

√
1

2n
ln

1

δ
.

Combining with Lemma 7, we conclude that for a random permutation π, with probability at least

1 − 2δ,

Bin(H|D) ≤ sup
h∈H

1

n

n∑

i=1

yπ

i h(xi) + 2

√
2

n
ln

2

δ
.

By Lemma 6, Pin(H|D) ≤ Bin(H|D) + 1√
n
; setting δ → δ

2 , and using δ ≤ 1, we obtain Theorem 6

after a little algebra.
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Remarks. We have not only established that Pin is concentrated, but we have also established

a general connection between the permutation and bootstrap based estimates. In this particular

case, we see that sampling with and without replacement are very closely related. In practice,

sampling without replacement can be very different, because one is never in the truly asymptotic

regime. Along that vein, even though we have concentration, it pays in practice to take the average

over a few permutations. Since êgen = 2Pin − 2ȳ Eπ [ḡπ], it follows that êgen also concentrates

when ḡπ concentrates about its expectation. This will not be the case for all learning algorithms;

but, for learning algorithms which minimize an error function which satisfies a lipshitz-like con-

straint (such as empirical risk minimization where the risk is lipshitz, as in our case of empirical

minimization of misclassification error), then we do get concentration. The proof is similar to the

concentration around Pin, and we omit the details. First one shows concentration for the bootstrap

sampling statistic ḡB; one then links the bootstrap and permutation estimates to finally arrive at

the destination.

3.4 The Permutation Complexity for VC-Classes

The growth function mH(n) is the maximum number of dichotomies a hypothesis set can implement

on a data set D with n points. A VC-class has finite VC-dimension dVC which means that mH(n) =

O(ndVC). When
∑

i yi = 0, the bootstrap complexity is equivalent to the Rademacher penalty, which

can be bounded by the VC-dimension (Shawe-Taylor and Cristianini, 2004). Using the arguments

in the previous section which relate sampling without replacement to sampling with replacement,

one can thus bound the permutation complexity as well. The asymptotics will not change if instead

of ȳ = 0, one has µ = E[y] = 0, because then ȳ = 1
n

∑
i yi is close to zero (to within O(

√
1
n ln 1

δ ))

with probability at least 1 − δ.

When µ 6= 0, the theoretical bounds here get loose, and one needs to make a more careful study.

Nevertheless the permutation estimate shows good empirical performance.

4 Experiments

We compared the permutation estimate in a variety of settings to test both its validation capability,

and its performance during model selection. For regression, we used linear models and conducted

an extensive comparison of several methods, including several statistical estimates on simulated

data (we averaged results over more than 1 million experiments). For classification on real data,

we used a held out test set for evaluation (we averaged results over 1,000 random test-training

splits). In general we compare LOO-CV and the permutation estimate, which are both generally

applicable, requiring only the ability to learn with a model. For classification, we also compared the

Rademacher penalty, used in a similar vein to the permutation complexity by applying the algorithm

to the Rademacher variables (it is not possible to compute the empirical Rademacher complexity as

that would entail a full empirical risk minimization). We use LOO-CV as the strawman benchmark

because it is widely used; it should be noted that some of the pitfalls of the LOO-CV are its

computation complexity, which is addressed by the leave-K-out CV estimate (with K < n); we

also compared with 10-fold cross validation when learning was costly. The tradeoffs between leave-

K-out and LOO have been studied, and in general most validation methods have been compared
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(a) Different Polynomial Order. (b) Different Regularization Parameter.

Figure 3: Performance of validation measures as compared to the true expected out-sample error.
LOO-CV gives very good estimates of the out-sample error on average.

to LOO. Hence LOO is a valid benchmark. For linear regression, we compared some statistical

estimates (eg. Akaike’s final prediction error (FPE)), as well as the VC penalty measure.

4.1 Data

We considered a number of data sets:

Simulated Data – Regression. The input x is uniform on [−1, 1]. The target function is a

polynomial of degree df , which we write as f(x) =
∑df

i=0 aiLi(x), where Li(x) are the Legendre

polynomials. The regression model is

yi = f(xi) + σǫi,

where ǫi are iid standard Normals and σ2, the noise variance, was chosen uniformly from (0, 1].

We consider polynomial models of different order (order selection) and different regularization

parameters λ in the ridge regression (regularization parameter selection). For order selection, we

used n = 100 and for regularization parameter selection, we used n = 15.

Simulated Data – Classification. We considered the 2-D problem shown in Figure 4, where

the green region is +1. We used k-nearest neighbor (complexity parameter is k) and decision trees

with greedy splitting according to information gain (complexity controlled by number of leaves).

More precisely, we used variation of the ID3 decision tree learning algorithm Quinlan (1986), where

the tree is constructed by splitting the node which produces the maximum information gain over

all leaf node splits; the algorithm starts with a single root node.

In the simulated setting we are able to generate data points controlling the amount of noise

and the proportion of positive and negative examples in the data. This allows us to conduct a

systematic comparison of the different validation methods in different settings.
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Figure 4: Simulated classification problem.

Data |D| Pos./Neg. Dim.

Abalone 4,177 0.50/0.50 7
Ionosphere 351 0.64/0.36 34
M.Mass 830 0.51/0.49 5
Parkinsons 195 0.75/0.25 22
P.I.D. 768 0.35/0.75 8
Spambase 4,601 0.39/0.61 57
Transfusion 748 0.23/0.77 4
WDBC 569 0.37/0.63 30
Diffusion 3,554 0.22/0.78 16

Table 2: Real datasets used in experiments.

Real Data – Classification. We evaluated the methods on various UCI ML repository data

sets (Asuncion and Newman, 2007), using decision trees (DT) and k-nearest neighbors (k-NN).

Seee Table 2 for some statistics on the data sets we used. For Abalone data the decision task was

to predict [age ≥ 10]. We also used a novel large data set for predicting the diffusion of YouTube

videos in the LiveJournal blogosphere – the task is to determine if a video will spread to at least M

blogs, based on features of the early diffusion (e.g. the in/out-degrees of initially affected bloggers).

This is an extremely hard and noisy prediction problem. For a detailed description of the data set,

see Magdon-Ismail et al. (2009)

4.2 Results on Regression

In the simulated linear ridge regression setting, we compared the permutation and LOO-CV esti-

mates together with Akaike’s FPE Akaike (1970) (a statistical estimate from information theory)

and a VC-penalty for regression((Cherkassky and Mulier, 2007, (4.27b)) . These penalties are de-

fined in terms of an effective model complexity, deff (we used deff = trace(S(λ))). Define p = n
deff

;

the other two estimates are:

VC penalty (Cherkassky and Mulier, 2007, (4.27b)) eout(g) ≤
√

p
√

p−
q

1+ln p+ ln N
2deff

· ein(g)

Akaike’s FPE (Akaike, 1970) eout(g) ≈ p+1
p−1 · ein(g)
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(a) LOO-CV vs. Permutation (DT) (b) LOO-CV vs. Permutation (k-NN).

Figure 5: Comparison of the permutation and LOO-CV estimates on a diffusion prediction data
set with the decision tree and nearest neighbor learning models. The permutaion estimate is well
behaved and smooth where as the LOO-CV estimate is very unstable.

The graphs in Figure 3 compare the validation estimates as the model varies along two dimensions:

(a) polynomial regression models with different polynomial order and no regularization; (b) poly-

nomial ridge regression with 5th order polynomials, and different regularization parameters λ. For

the permutation estimate, we use the analytical formula given in Section 2. Similarly, for the LOO

estimate, we use the analytical formula

ELOO-CV =
1

n

n∑

i=1

(yi − (Sy)i)
2

(1 − Sii)2
.

We observe that LOO-CV is very hard to beat as an estimate of the out-sample error. However, for

model selection, by far the most important use of validation, the LOO-CV estimate performs poorly.

We tabulate the performance of model selection below. We evaluate the validation estimates using

the fractional regret (as compared to the optimal model), where the fractional regret is:

regret =
eout(selected model) − eout(optimal model)

eout(optimal model)
.

Table 3 summarizes the performance of model selection using each of the validation estimates.

LOO-CV experiences huge regret. This is because in practice it pays to be conservative: LOO-CV

pays too big a price when it is wrong (erring on the side of too complex a model). It is already

known that LOO-CV can suffer from overfitting during model selection, and several approaches to

“regularizing” cross validation have been suggested (see for example Ng (1997),(Hastie et al., 2001,

1-σ rule, pg 216)).

We take a simple approach to regularizing model selection by removing the choice λ = 0 from

the set of models. This corresponds to “regularizing” the model selection methods, because by

removing the λ = 0 model, we are not allowing any validation method to be too aggressive. This

makes practical sense, because whenever noise is present in the data, which is the typical case, one
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Validation Order Selection λ Selection

Estimate Regret Avg Order Regret Avg. λ
N

LOO-CV 540 9.29 18.8 23.1
Perm. 185 7.21 5.96 9.57
VC 508 5.56 3.50 125

FPE 9560 11.42 51.3 18.1

Table 3: Comparison of validation estimates for polynomial order selection and regularization
parameter selection. (Regret is the % loss versus the optimal selection which minimizes eout.)

Validation λ Selection (no λ = 0)
Estimate Regret

LOO-CV 0.44
Perm. 0.39

VC 0.42
FPE 0.87

Table 4: Comparison of validation methods for selecting the regularization parameter when the
unstable case λ = 0 is excluded from the set of possible models.

expects some regularization to help. The results of model selection among models not containing

λ = 0 is shown in the Table 4. Note that all methods benefit from a more regularized model

selection which excludes the λ = 0 model. The permutation estimate is now the best performer.

The main purpose for this experiment of removing the λ = 0 model and then doing selection

is to illustrate how the bias and variance of the validation estimators trades of in model selection.

For the λ = 0 model, the LOO-CV has a pathologically high variance; this means that LOO-CV

can accidently select the λ = 0 model which is a disaster out-sample. When you remove this high

variance model, now the LOO-CV estimate looks much better, though it is still not best. We show

the bias and variance numbers for the out-sample error estimators in the table of Figure 6. The

message is that the variance of the estimators has a role to play in model selection. The bias2 +var

governs the expected error in the out-sample error estimate. If your method has unusually high

variance for a particularly bad model, then this can lead to serious problems in model selection.

The permutation estimate has a generally decent bias with much lower variance than the LOO-CV

estimate; when the model selection task is extremely adversarial (eg. when one has the λ = 0

model), very conservative methods are called for, such as the VC-penalty. As one can observe in

Figure 6 and the associated table, the VC penalty generally has large bias2 +var, but for the highly

unstable λ = 0 model, the very conservative VC-bound pays off.

4.3 Results on Classification

We compared LOO-CV, the permutation, and the Rademacher approaches to validation. When

learning is relatively costly (decision trees), all validation estimates had a fixed number of learning

episodes to make computation times reasonable (1000 in our case). We also considered another

extreme where only a very few learning episodes are allowed (10 in our case); in such a setting,

25



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

−0.5

0

0.5

1

1.5

2

2.5

3

Regularization Parameter (λ / N)

Lo
g(

B
ia

s2 +
V

ar
)

 

 

E
CV

E
perm

E
VC

E
FPE

Val. λ/N
Est. 0 0.02 0.04 0.06

LOO-CV 29400 0.0051 0.0017 0.0009
Perm. 14100 0.221 0.062 0.025
VC 13300 6.13 6.47 6.36
FPE 14100 0.422 0.180 0.11

Val. λ/N
Est. 0 0.02 0.04 0.06

LOO-CV 3.9 × 109 3.89 1.75 1.17
Perm. 0.33 0.32 0.31 0.30
VC 10.9 9.1 8.3 7.8
FPE 0.33 0.31 0.30 0.29

bias2 variance

Figure 6: Bias and Variance of the out-sample error estimates. The figure shows the bias2 + var
in the region of small λ. The VC penalty is generally inferior, except in the λ ≈ 0 region. When
there is large instability in the models, a stable estimator which has low variance is called for.

10-fold cross validation is a common alternative to LOO-CV, so we also compared with 10-fold cross

validation. When learning is cheap (e.g. k-NN), we do not limit the number of cross validation

points. The plots in Figure 5 illustrate the validation estimates for the diffusion prediction data

set.

In general, we observe that the CV estimate is more accurate but less stable than the permu-

tation estimate. Our experimental results when using the respective estimates for model selection

are shown in Table 5. The permutation and Rademacher approaches are comparable, and generally

better than LOO-CV in decision tree learning. In case of k-NN classification LOO-CV showed best

results and permutation estimate was a close second. One reason that LOO-CV performs well with

k-NN is because there was no limit on the number of learning episodes. For simulated data, we

used a balanced data set with 300 data points and 40% noise. We used the simulated example

as a testbed to study how the noise level affected the validation estimates. For small noise, the

LOO-CV estimate suffers most, and for large noise, approaching 50%, all methods equalize with

LOO-CV slightly better. The permutation estimate slightly dominates the Rademacher estimate.

These results are shown in Table 7. We also did a systematic study of how the positive to negative

example imbalance affects the estimates. We found that when the imbalance in the data increases,

the permutation estimate dominates the Rademacher estimate.

For DTs, learning is costly (relative to k-NN), so we fixed the number of learning episodes, and

LOO-CV is generally inferior. For k-NNs, when learning is not costly, LOO-CV works well. For

both DTs and k-NNs, the permutation estimate generally dominates the Rademacher approach.

We have also tried using the uniform bounds for model selection instead of the estimates, and that
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Data Decision Trees k-Nearest Neighbor
LOO-CV Perm. Rad. LOO-CV Perm. Rad.

Abalone 0.05 0.02 0.02 0.04 0.04 0.04
Ionosphere 0.17 0.16 0.17 0.17 0.70 0.83
M.Mass 0.09 0.05 0.05 0.09 0.11 0.11
Parkinsons 0.24 0.34 0.41 0.25 0.33 0.43
Pima Indians Diabetes 0.09 0.07 0.07 0.11 0.11 0.14
Spambase 0.07 0.06 0.07 0.19 0.43 0.55
Transfusion 0.10 0.08 0.09 0.09 0.12 0.19
WDBC 0.20 0.23 0.34 0.21 0.34 0.51
Diffusion 0.04 0.03 0.02 0.04 0.06 0.03

Simulated 0.16 0.15 0.15 0.21 0.21 0.21

Table 5: Average regret after model selection when using various validation estimates. For decision
trees, the permutation estimate performs best, and for k-NN, LOO-CV seems best, with the per-
mutation estimate a clear second. For decision trees, 1000 learning episodes were available to all
estimates. For k-NN, no limit was placed on the number of learning episodes as learning is “free”.
One can compare these results to Table 6, where only 10 learning episodes were available to each
method.

is generally inferior.

Table 6 shows the performance of model selection when the number of learning episodes was

limited to 10. The permutation and Rademacher results are similar to using a large number of

learning episodes (Table 5), a by-product of the concentration of the complexity measures about

their expectation. The performance of CV significantly deteriorated. This is to be expected,

because the validation estimate is computed using only 10 test points in total; naturally it will

be a very unstable estimate. The alternative to LOO with 10 episodes of learning 10-fold cross

validation, a very popular technique; this has the advantage of using all the data as test points.

The tradeoff is that this 10-fold cross validation estimates the out-sample performance of learning

with 9
10th of the data, which is only an approximation to learning with all the data, and this

introduces a systematic bias. From Table 6, it is not clear which of the two CV measures is better,

but the permutation estimate is now dominant. The ability of a method to perform under such

limited conditions (very few learning episodes) is important when model construction is expensive

and model application is cheap (e.g. Decision Trees). The permutation method works well with

just one additional learning episode, producing an estimate using all the data. The permutation

estimate also seems to dominate the Rademacher approach because it takes more properties about

the distribution into account, without sacrificing on stability.

5 Discussion

Cross validation is general, but may be unstable and computationally intensive, which has led to a

variety of alternate validation methods. We presented a permutation estimate (Equations (1), (2)

and Theorem 2), which, as with cross validation, is generally applicable, requiring only the ability

to learn with a model. It can be applied to: classification or regression; general models and error
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Data n Decision Trees k-Nearest Neighbor
LOO-CV 10-fold Perm. Rad. LOO-CV Perm. Rad.

Abalone 3,132 0.12 0.13 0.02 0.02 0.24 0.09 0.12
Ionosphere 263 0.24 0.21 0.18 0.19 0.49 0.75 0.84
M.Mass 667 0.23 0.13 0.06 0.06 0.15 0.11 0.12
Parkinsons 144 0.25 0.31 0.34 0.40 0.34 0.32 0.44
Pima Indians Diabetes 576 0.18 0.18 0.07 0.07 0.16 0.12 0.15
Spambase 3,450 0.28 0.09 0.07 0.07 0.44 0.43 0.54
Transfusion 561 0.19 0.13 0.08 0.09 0.17 0.12 0.19
WDBC 426 0.31 0.40 0.24 0.37 0.55 0.33 0.50
Diffusion 2,665 0.13 0.04 0.03 0.02 0.09 0.06 0.04

Table 6: Average regret for model selection with number of learning episodes limited to 10. The
permutation estimate is now clearly dominant. There is no clear pattern between 10-fold CV (10
learning episodes on 9

10th of the data, each being evaluated on the left out 1
10th of the data), and

10 learning episodes on n − 1 points, each being evaluated on the single left out point.

Noise(%) LOO-CV Perm. Rad.

5 0.30 0.28 0.28

10 0.28 0.27 0.27

15 0.28 0.25 0.25

20 0.28 0.26 0.26

25 0.26 0.25 0.25

30 0.24 0.24 0.24

35 0.24 0.23 0.24
40 0.25 0.26 0.26
45 0.24 0.26 0.26

Table 7: Regret for model selection on simulated data as a function of noise level. For small noise,
the permutation and Rademacher methods dominate, with the permutation method slightly better.
For large noise, all methods significantly deteriorate to large regret with LOO-CV slightly better.
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metrics; any data distribution; and, most importantly to any learning algorithm for a given model.

Other data dependent estimates, such as the Rademacher penalty, penalize the complexity of a

hypothesis set; the permutation complexity which we also introduced to justify the permutation

estimate for empirical error minimization is similar to the Rademacher complexity in that it is a

complexity measure for a hypothesis set. The permutation estimate, however, also captures the

properties of the learning algorithm (for example regularized empirical risk minimization). The

permutation estimate is general, whereas the Rademacher complexity only applies to classification

and empirical error minimization (our uniform bound involving the permutation complexity is also

similarly restricted).

For classification, with empirical risk minimization, the permutation estimate gives similar

guarantees as the Rademacher penalty, and indeed the empirical performances are comparable,

though the permutation estimate appears slightly better. We gave a detailed empirical comparison

of the permutation estimate with other estimates, including statistical estimates which are taylored

for the linear regression setting. The permutation estimate, in most cases, was either the best or

comparable to the best for model selection.

When learning is costly, cross validation is prohibitively expensive; we have demonstrated on

simulated data, the diffusion data and some standard UCI data sets that the permutation approach

gives better results for a fixed (small) number of costly learning episodes. Another way to improve

upon LOO-CV when learning is too costly is the K-fold CV procedure; 10-fold is a typical choice.

We explicitly compared the 10-fold CV with LOO-CV and with the permutation estimate (also

restricted to 10 learning episodes). The permutation estimate dominates. Naturally, our experi-

mental study is nowhere near exhaustive. The tradeoffs between K-fold CV and LOO-CV have

been extensively studied elsewhere; the conclusions of these studies are not cut and dry; for ex-

ample, the choice of K is a sticky point, and there are no clear guidelines. We see here that it is

not even clear whether a LOO-CV estimate from only 10 left out test points (corresponding to 10

learning episodes) is dominated by 10-fold CV. Fortunately, with the permutation estimate, we can

use all the data in constructing the validation estimate. Further, we gave theoretical guarantees,

and in experiments, the permutation estimate is comparable or better than CV, especially when

model construction is costly. Conclusion: the permutation estimate provides a more stable alter-

native to CV which is as generally applicable, more efficient, and (for classification) comes with a

uniform bound. There are numerous directions for further investigation, such as a more detailed

comparison with K-fold validation methods, the dependence on n, etc. These are directions for

future work.
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