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Abstract

We focus on constructing e cient algorithms for problems arising in applications of machine
learning in the eld of computational nance, in particular pricing and trading. One generally
should consider three di erent facets of designing an algathm for an arti cial intelligence appli-
cation:

() Constructing a training dataset
(i) Developing a training algorithm for discovering patterns
(i) Using side information for avoiding over tting the trainin g data.

The rst part of this thesis addresses (i). Speci cally, we consider the problem of nding
optimal trading strategies with respect to the total cumulative return, Sterling ratio and two
variants of the Sharp Ratio. Knowing what the optimal trades are is necessary for constructing the
training dataset for a supervised learning algorithm The catribution in this work is to give e cient
(low order polynomial time) algorithms to compute the optim al trading strategy for various pro t
objectives, and under constraints on the number of trades tlat can be made. The heart of our
algorithms is a new general algorithm for maximizing quotients over intervals, which we solve by
relating this one-dimensional optimization problem to corvex hull operations on the plane.

The second part of this thesis addresse@i) . The problem of learning - discovering hidden pat-
terns in the collected data - often can be considered as the pblem of nding a linear separator for
two sets of points in multidimensional space. When the sets i@ not separable, we are interested in
nding a subset of points such that after removing these poirts, the remaining points are separable.
Such a set is called a separator set. If we assign a positive igat to every point (its delity), then
we wish to nd a separator set with the minimum possible weigh. We provide a combinatorial
deterministic algorithm for computing such a minimum separator set in 2 dimensions. The con-
structed algorithm also addresses the statistical properies of the resulting separator by providing
leave-one-out error simultaneously.

The problem of over tting training data is well recognized in the machine learning community.
Standard approach to deal with this threat is the early stopping of the training algorithm iterations.
Important question is when the iterations should be stopped Usually one monitores another error
measure and stops iterations when the associated error ster growing. The associated error can
be same error function measured on separate set of datapomt(validation set) or even completely
di erent error function. Since the associated error measue is somewhat di erent from the primary,
it does not necessary shows monotinical behavior but often@pears as random uctuations around
unknown function. In order to pinpoint the exact location of the critical point, one can perform
shape constrained optimization to t function to the ibserv ed values of the associated error. An-
other application of the shape constrained regression arisin the pricing of nancial instruments, for
example the american put option. Isotonic and unimodal regession are both examples of nonpara-
metric shape constrained regression. In the third part of ths work we present e cient algorithms
for computing for L, , L isotonic and unimodal regressions.



Chapter 1

Introduction and Motivation

We focus on constructing e cient algorithms for problems arising in applications of machine learn-
ing in the eld of computational nance, in particular prici ng and trading. A trader has in mind
the task of developing a trading system that optimizes some [ t criterion, the simplest being the
total return. A more conservative approach is to optimize a risk adjusted return. Widely followed
measures of risk adjusted returns are the Sterling Ratio andSharpe Ratio. In an enviroment where
markets exhibit frequent crashes and portfolios encountesustained periods of losses, the Sterling
ratio and the Sharpe ratio have emerged as the leading perfarance measures used in the industry.
Given a set of instruments, a trading strategy is a switchingfunction that transfers the wealth from
one instrument to another.

One generally should consider three di erent facets of degning an algorithm for an arti cial
intelligence application:

() Constructing a training dataset
(i) Developing a training algorithm for discovering patterns
(i) Using side information for avoiding over tting the trainin g data.

The rst part of this thesis addresses (i) . Speci cally, we consider the problem of nding opti-
mal trading strategies with respect to the total cumulative return, Sterling ratio and two variants of
the Sharp Ratio. The motivations for constructing such optimal strategies are: (i) Knowing what
the optimal trades are is necessary for constructing the trining dataset for a supervised learning
algorithm (ii) The optimal performance modulo certain trad ing constraints can be used as a bench-
mark for real trading systems. (iii) Optimal trading strate gies (with or without constraints) can
be used to quantitatively rank various markets (and time scdes) with respect to their pro tability
according to a given criterion. A brute force approach to obtining such optimal trading strategies
would search through the space of all possible trading stratgies, keeping only the one satisfying
the optimality criterion. Since the number of possible trading strategies grows exponentially with
time, the brute force approach leads to an exponential time #gorithm.

All the reasearch on optimal trading falls into two broad categories. The rst group is on the
more theoretical side where researchers assume that stockipes satisfy some particular model, for
example the prices are driven by a stochastic process of knawform; the goal is to derive closed-
form solutions for the optimal trading strategy, or a set of equations that the optimal strategy must



follow. Representative approaches from this group includesingle-period portfolio optimization [69],
representation of optimal strategies as a solution of fredsoundary problem [74] and characterization
of optimal strategies in terms of a nonlinear quasi-variatonal stochastic inequality [9]. The main
drawbacks of such theoretical approaches is that their presiptions can only be useful to the extent
that the assumed models are correct. The second group of remeh which is more on the practical
side is focused on exploring learning methods for the predion of future stock prices moves.
Intelligent agents are designed by training on past data andtheir performance is compared with
some benchmark strategies. Examples from this group incluel work of Zakamouline [77] where he
characterize optimal strategy as function of the investors horizon, current market state and the
composition of the investor's wealth. He also provides numecal method for nding the optimal
strategies.

The Sharpe ratio was introduced in [65], [66] and since then &came a popular and widespread
risk-sensitive measure of a portfolio performance. Faugeret al. in [68] used Sharpe ratio as one of
performance measures to compare e ectiveness of di erentecision-making criteria. Pedersen et al.
in [63] performed empirical comparison of many performanceneasurement methodologies for the
global nancial services sector and documented strong evieince in support of using Sharp-Ratio
based measures. It was also pointed out that correlation oflte Sterling ratio with other measures
is usually small and dips below 5% in some instances. Surpiigly, there is little previous research
on portfolio optimization with respect to the Sharpe ratio or Sterling ratio, partially because of the
intristic di culty of these non-linear optimization crite ria. Usually one employs heuristic methods
to obtain a locally optimal trading strategy [32] or uses other learning methods where training
dataset is not necessary [34].

The contribution in this work is to give e cient (low order polynomial time) algorithms to compute
the optimal trading strategy for various prot objectives, and under constraints on the number of
trades that can be made. The heart of our algorithms is a new geeral algorithm for maximizing
guotients over intervals, which we solve by relating this ore-dimensional optimization problem to
convex hull operations on the plane.

The second part of this thesis addresse@i) . The problem of learning - discovering hidden pat-
terns in the collected data - often can be considered as the pblem of nding a linear separator for
two sets of points in multidimensional space. When the sets i@ not separable, we are interested in
nding a subset of points such that after removing these poirts, the remaining points are separable.
Such a set is called a separator set. If we assign a positive igat to every point (its delity), then
we wish to nd a separator set with the minimum possible weight. Optimal linear separator also
can be used for optimal boosting of two classi ers (see sean 3.4). Popular approaches here are
combinatorial heuristics, reduced convex hulls [5] and inerior point techniques for combinatorial
optimization [49, 11, 33, 40, 35]. We provide a combinatoribdeterministic algorithm for computing
such a minimum separator set in 2 dimensions with time compleity O(n2log n). An important
issue in the design of e cient machine learning systems is tle estimation of the accuracy of learn-
ing algorithms, in particular its sensitivity to noisy inpu ts. One classical estimator isleave-one-out
error, which is commonly used in practice. Intuitively, the leave-one-out error is de ned as the
average error obtained by training a classier onn 1 points and evaluating it on the point left
out. Our algorithm also addresses the statistical propertes of the resulting separator by providing
leave-one-out error simultaneously.

The problem of over tting training data is well recognized in the machine learning community.
Standard approach to deal with this threat is the early stopping of the training algorithm iterations.
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Important question is when the iterations should be stopped Usually one monitores another error
measure and stops iterations when the associated error star growing. The associated error can
be same error function measured on separate set of datapomt(validation set) or even completely
di erent error function. Since the associated error measue is somewhat di erent from the primary,

it does not necessary shows monotinical behavior but often@pears as random uctuations around
unknown function. In order to pinpoint the exact location of the critical point, one can perform
shape constrained optimization to t function to the ibserv ed values of the associated error. An-
other application of the shape constrained regression aresin the pricing of nancial instruments,
for example the american put option. A futher example of applcation of isotonic regression is
epidemiologic studies, where one may be interested in ass#sg the relationship between dose of
a possibly toxic exposure and the probability of an adverse esponse. In characterizing biologic
and public health signi cance, and the need for possible reglatory interventions, it is important to

e ciently estimate dose response, allowing for at regions in which increases in dose have no e ect.
In such applications, one can typically assume a priori thatan adverse response does not occur
less often as dose increases, adjusting for important confieding factors, such as age and race. It
is well known that incorporating such monotonicity constraints can improve estimation e ciency
and power to detect trends. Isotonic and unimodal regressio are both examples of nonparametric
shape constrained regression.

It is known that L, isotonic regression can be performed e ciently in linear time [1, 61]. For
L ; isotonic regression, algorithms in the e ciency classO(nlogn) are known [13, 57, 62]. While
O(nlogn) is optimal for L, pre x-isotonic regression [72], it is not known whether the apparently
simpler isotonic regression problem can be performed fasteghan O(nlogn). We take a rst step
in this direction by obtaining a linear bound in terms of the size of the output (K). In the third
part of this work we present e cient algorithms for computin g for L1 , L, isotonic and unimodal
regressions.



Chapter 2

Collecting Training Dataset Using
Optimal Trading Strategies

2.1 Introduction and Basic De nitions

A trader has in mind the task of developing a trading system that optimizes some pro t criterion,
the simplest being the total return. A more conservative appoach is to optimize a risk adjusted
return. Widely followed measures of risk adjusted returns ae the Sterling Ratio and Sharpe Ratio.
In an enviroment where markets exhibit frequent crashes angbortfolios encounter sustained periods
of losses, the Sterling ratio and the Sharpe ratio have emeggl as the leading performance measures
used in the industry. Given a set of instruments, a trading strategy is a switching function that
transfers the wealth from one instrument to another. In this chapter, we consider the problem of
nding optimal trading strategies, i.e., trading strategi es that maximize a given optimality criterion.

The knowledge of what the optimal trading strate-
gies are is necessary for constructing a training dataset
for a supervised learning algorithm. One popular ap- Stock price
proach to the predicting the future stock prices moves
is training an automated intelligent agent that discover
patterns in the stock prices dynamic right before a ma-
jor market move. During the exploitation stage, the
agent observes current state of market. If a pattern v v
recognized that was seen before, agent gives a buy/sell o A N A 2 time
signal. If we have an optimal ex-post trading strategy,
we know when it was the best time to buy or sell an
asset. Then we can investigate the short interval of Figure 2.1: Constructing training set from
time that preceeds the optimal entry/exit point and Optimal strategies.
extract a set of features that describe market condition duing the interval. Examples of com-
monly considered features include market volatility, total volume and amount of open interest.
The features vector that was extracted from an interval preeeding the optimal entry point become
a training point with value +1 and features extracted from an interval preceeding the optimal exit
point become training point with value 1 (see Fugure 2.1 above).

In this work we consider optimal strategies with respect to the total cumulative return, as well




as with respect to various risk adjusted measures of returnthe Sterling ratio and variants of the
Sharpe ratio). A brute force approach to obtaining such optmal trading strategies would search
through the space of all possible trading strategies, keepg only the one satisfying the optimality
criterion. Since the number of possible trading strategieggrows exponentially with time, the brute
force approach leads to an exponential time algorithm, which for all practical purposes is infeasible
{ even given the pace at which computing power grows. The contbution in this work is to give
e cient (polynomial time) algorithms to compute the optimal tradin g strategy for various prot
objectives, and under constraints on the number of trades tlat can be made.

The motivations for constructing such optimal strategies ae: (i) Knowing what the optimal
trades are, one can one can try tolearn to predict good trading opportunities by using market
and/or technical indicators as features on which to base theprediction. A host of such activity
goes under the name ofnancial engineering. (ii) The optimal performance modulo certain trading
constraints can be used as a benchmark for real trading systes. For example, how good is a trading
system that makes ten trades with a Sterling ratio of 4 over a gven time period? One natural
comparison is to benchmark this trading strategy against a erling-optimal trading strategy that
makes at most ten trades over the same time period. (iii) Optimal trading strategies (with or
without constraints) can be used to quantitatively rank various markets (and time scales) with
respect to their pro tability according to a given criterio n. So for example, one could determine
the optimal time scale on which to trade a particular market, or given a set of markets, which is
the most (risk adjusted) pro t-friendly.

In order to make the preceeding discussion more precise and tnore accurately state our results,
lets introduce a few de nitions. Assume that we have two instuments, for concreteness, a stocls

si = log % and correspondingly,l3 = log %. We assume that one of the instruments is the
benchmark instrument, and that all the equity is held in the b enchmark instrument at the begining
and end of trading. The bond is usually considered the benchiark instrument, and for illustration,
we will follow this convention. The trivial trading strateg y is to simply hold onto bond for the
entire duration of the trading period. It is useful to de ne t he excess return sequence for the stock,
S =si b. When the benchmark instrument is the bond, the excess retun as we de ned it is the
conventionally used one. However, one may want to measure permances of a trading strategy
with respect to the S&P 500 as benchmark instrument, in whichcase the excess return would be
determined relative to the S&P 500 return sequence. The exas return sequence for the bond
is just the sequence of zerosf) = 0. Conventionally, the performance of a strategy is measued
relative to some trivial strategy, so the excess return segence will be the basis of most of our
performance measures.

De nition 2.1.1 (Trading Strategy) A trading strategy T is a boolean n-dimensional vector
indicating where the money is at the end of time period;:

1 if money is in stock at the end oft;;

T[i]=
g 0 if money is in bond at the end oft;:

1The asymptotic running time of an algorithm is measured in te rms of the input size n. If the input is a time
sequence ofn price data points, then polynomial time algorithms have run time that is bounded by some polynomial
in n. Exponential time algorithms have running time greater tha n some exponentially growing function in n [17].
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We assume thatT[0] = T[n] =0, i.e., all the money begins and ends in bond. A trade is entete
attime tj if T[i]=0 and T[i+1]=1. A trade is exited at time t; if T[i]=1 and T[i+1]=0.
The number of trades made by a trading strategy is equal to theumber of trades that are entered.

Note that we make the following assumptions regarding the tading:

Al [All or Nothing] : The position at all times is either entirely bond or entirely stock.

A2 [No Market Impact]: Trades can be placed without a ecting the quoted price.

A3 [Fractional Market] : Arbitrary amounts of stock or bond can be bougnt or sold at ary time.

A4 [Long Strategies] We assume that we can only hold long positions in stock or bod.
These assumptions are rather mild and quite accurate in mostiquid markets, for example foreign
exchange.Al implies (for example) that one can not leg into a trade. For sane optimality criteria,
legging into a trade may be bene cial, however, in most circunstances, an all-or-nothing optimal
strategy can be chosen.A3 is a consequence oAl, since if all the money should be transfered
to a stock position, this may necessitate the purchase of a fictional number of shares. Note that
if Ti 1] & T][i], then at the begining of time period tj, the position was transfered from one
instrument to another. Such a transfer will incur an instantaneous per unit transaction cost equal
to the bid-ask spread of the instrument being transfered inb. We assume that the bid-ask spread
is some fraction fg for bond and f g for stock) of the bid price.

We denote the equity curve for a trading strategy T by the vector Er, i.e., Er[i] is the equity
at the end of time period t;, with Er[0] = 1. Corresponding to the equity curve is the excess retun
sequencet for the trading strategy T, i.e,, fori 1

Er [i]

rr[i] =log B0 1 b: (2.1)

If we ignore the bid-ask spread, then the excess return in tire periodt; is given by
refil=%Tlhl=(si  bB)TI: (2.2)

The bid-ask spread a ects the return, reducing it by an amourt depending onT[i 1]. Denoting
this transactions cost attributable to T[i] by [ i], we have that

[i]= T [ 1@ TI[Ds @TI[ 1NTLIfs; (2.3)

wheref’s = log(1+ fs) and fg = log(1+ fg). Thus, the bid-ask spread can be viewed as introducing
an instantaneous return of fg or fs whenever the position is switched. To exactly which time
period this transactions cost is applied may depend on the riaire of the market, i.e., it may be
applied to rr[i], rr[i 1] or ry[i +1]. The nature of the results will not change signi cantly
for either of these options, so in our algorithms, we will geerally make the choice that o ers the
greatest technical simplicity. For a trading strategy T, we de ne the total return (T), the sum of
the squared returnss?(T), the sum of squared deviations of the returns 2(T) and the maximum



drawdown MDD (T) as follows,

X0
(T) = rrlil; (2.4)
i=1
sA(T) = rrlil?; (2.5)
i=1
1 2 1
XT) = | rri] ~ (T) =s%T) o 2(T); (2.6)
i=1 x|
MDD (T) = 1mka>|<n rr[i]: 2.7)

i=k

When it is clear from the context what trading strategy we are talking about, we will generally
suppress the explicit dependence oit . The performance measures that we consider in this chapter
are derived from these statistics. In particular, we are inierested in the total return , the Sterling
ratio Strl, and variants of the Sharpe ratio, Shrp, and Shrp,:

(T) . _ (M), _
W(T), Shrpl(T) = ﬁ, Shrpz(T) =
Shrp, is the conventionally used Sharpe ratio.Shrp, is a more risk averse performance measure, as
it is more sensitive to the variance in the returns. Often, Strl as we have de ned it is refered to as
the Calmar ratio in the literature [31], and the Sterling rat io adds a constant (for example 10%) to
the MDD in the denominator [53]. Such a constant can easily be accondated by our algorithms,
and so we will maintain this simpler de nition for the Sterli ng ratio.

We will use standard O() notation in stating our results: let n be the length of the returns
sequences; we say that the run time of an algorithm i©O(f (n)) if, for some constant C, the runtime
is Cf (n) for any possible return sequences. If (n) is linear (quadratic), we say that the runtime
is linear (quadratic).

Next, we discuss the existing related work, followed by a dediled discussion of the algorithms,
along with all necessary proofs.

M.
2Ty

Strl(T) = (2.8)



2.2 Related Work

The body of literature on optimal trading is so enormous that we only mention here some represen-
tative papers. All the reasearch on optimal trading falls into two broad categories. The rst group
is on the more theoretical side where researchers assume thstock prices satisfy some particular
model, for example the prices are driven by a stochastic pragss of known form; the goal is to
derive closed-form solutions for the optimal trading strategy, or a set of equations that the optimal
strategy must follow. We highlight some of this research bedw.

Lobo et al. in [69] consider the problem of single-period pdfolio optimization. They consider
the maximization of the expected return subject to di erent types of constraints on the portfolio
(margin, diversi cation, budget constraints and limits on variance or shortfall risk). Under the
assumption that the return on asseti at the end of period is the random variablea; and both rst
and second moments of the joint distribution of the random vaiables are known, this optimization
problem can be represented as a convex optimization problerand thus can be e ciently solved by
a numerical methods (eq. by Karmarkar's interior-point method [38]).

Thompson in [74] considered the problem of maximizing the (epected) total cumulative return
of a trading strategy under the assumption that the asset prce satis es a stochastic di erential
equation of the form dS; = dB; + h(X)dt, where B is a Brownian motion, h is a known function
and X; is a Markov Chain independent of the Brownian motion. In this work, he assumes xed
transaction costs and imposes assumptioné 1, A2, A4 on the trading. He also imposes a stricter
version of our assumptionA3: at any time, trader can have only 0 or 1 unit of stock. He prowes that
the optimal trading strategy is the solution of a free-boundary problem, gives explicit solutions for
several functionsh and provides bounds on the transaction cost above which it i®ptimal never to
buy the asset at all.

Pliska et al. in [8] considered the problem of an optimal invstment for a continuous-time
market consisting of the usual bank account, a rolling horion bond and a discount bond whose
maturity coincides with the planning horizon. They assume nterest rates to be stochastic (driven
by a stochastic di erential equation) and derive an equation satis ed by the trading strategy that
maximizes the HARA utility wealth function.

Bielecki in [9] considered the problem of maximizing the rik sensitive expected exponential
growth rate of the investor's portfolio in a economy model casisting of a bank account and a risky
security (stock) with a stochastic interest rate. The optimal trading strategy is characterized in
terms of a nonlinear quasi-variational inequality and he developed a numerical approach to solving
this equation.

Berkelaar and Kouwenberg in [7] considered asset allocatioin a mean versus downside-risk
framework. Downside-risk measures penalize only negativeeturns relative to a given benchmark.
Investors have a trade-o between mean and downside-risk. @sed-form solutions for the optimal
asset allocation are derived for the case where asset pricdlow geometric Brownian motions with
constant interest rate.

The main drawbacks of such theoretical approaches is that thir prescriptions can only be useful
to the extent that the assumed models are correct. The secondroup of research which is more on
the practical side is focused on exploring learning method$or the prediction of future stock prices
moves. Intelligent agents are designed by training on past dta and their performance is compared
with some benchmark strategies.

Liu in [42] consider the optimal investment policy of a consant absolute risk aversion (CARA)



investor who faces xed and proportional transaction costswhen trading multiple risky assets. He
show that when asset returns are uncorrelated, the optimal mvestment policy is to keep the dollar
amount invested in each risky asset between two constant lals and upon reaching either of these
thresholds, to trade to the corresponding optimal targets.

Zakamouline in [77] studies the optimal portfolio selectiomn problem for a constant relative risk
averse investor who faces xed and proportional transactimm costs and maximizes expected utility
of the investor's end-of-period wealth. The author appliesthe method of the Markov chain approxi-
mation to numerically solve for the optimal trading strategy. The numerical solution indicates that
the portfolio space is divided into three disjoint regions Buy, Sell and No-Transaction), and four
boundaries describe the optimal strategy. If a portfolio lies in the Buy region, the optimal strategy
is to buy the risky asset until the portfolio reaches the lowe (Buy) target boundary. Similarly, if
a portfolio lies in the Sell region, the optimal strategy is to sell the risky asset until the portfo-
lio reaches the upper (Sell) target boundary. All these boularies are functions of the investor's
horizon and the composition of the investor's wealth.

Choi and Liu in [41] considered trading tasks faced by an autnoomous trading agent. An au-
tonomous trading agent works as follows. First, it observeghe state of the environment. According
to the environment state, the agent responds with an action,which in turn in uences the current
environment state. In the next time step, the agent receivesa feedback (reward or penalty) from
the environment and then perceives the next environment stée. The optimal trading strategy for
the agent was constructed in terms of the agent's expected lltty (expected accumulated reward).

Cuoco et al. in [36] considered Value at Risk as a tool to measa and control the risk of the
trading portfolio. The problem of a dynamically consistent optimal porfolio choice subject to the
Value at Risk limits was formulated and they proved that the risk exposure of a trader subject to
a Value at Risk limit is always lower than that of an unconstrained trader and that the probability
of extreme losses is also decreased. They also prove that @her risk measure - Tail Conditional
Expectation - is equivalent to the Value at Risk. In particul ar, they showed that in a dynamic
setting it is always possible to transform any given Tail Corditional Expectation limit into an
equivalent Value at Risk limit and conversely.

Dammon and Spatt in [70] explored the optimal trading and pricing of taxable securities with
asymmetric capital gains taxes and transaction costs. Undecurrent U.S. tax law, gains on capital
assets are not taxed until the investor sells the asset and th tax rate that applies to capital gains
and losses may be a function of the investor's holding period These features give investors the
incentive to time their asset sales so as to minimize the tax brden of owning taxable securities.
In this work the optimal trading strategy is derived in the pr esence of capital gains taxes and
transaction costs and the implications of the optimal trading strategy for asset pricing is explored.

Mihatsch and Neuneier in [46] considered problem of optimiation of a risk-sensitive expected
return of a Markov Decision Problem. Based on an extended sebf optimality equations, risk-
sensitive versions of various well-known reinforcement Erning algorithms were formulated and
they showed that these algorithms converge with probabiliy one under reasonable conditions.

The Sharpe ratio was introduced in [65], [66] and since then édcame a popular and widespread
risk-sensitive measure of a portfolio performance. Faugeret al. in [68] used Sharpe ratio as one of
performance measures to compare e ectiveness of di erentecision-making criteria. Pedersen et al.
in [63] performed empirical comparison of many performanceneasurement methodologies for the
global nancial services sector and documented strong evieince in support of using Sharp-Ratio
based measures. It was also pointed out that correlation oflte Sterling ratio with other measures



is usually small and dips below 5% in some instances.

A number of authors associated with BARRA (a major supplier of analytic tools and databases)
have used the termsinformation ratio [29] or Appraisal ratio instead [10]. Goodwin in [29] considers
the relationship between the Sharpe ratio and other perfornance measures, compares four methods
of annualizing an information ratio, and presents the empilical evidence on the distribution of
information ratios by style, which provides a context in which to examine manager performance.

Surprisingly, there is little previous research on portfolo optimization with respect to the Sharpe
ratio or Sterling ratio, partially because of the intristic di culty of these non-linear optimization
criteria.

Moody and Saell in [64] presented methods for optimizing patfolios, asset allocations and
trading systems based on a direct reinforcement approach. nl this approach, investment decision
making is viewed as a stochastic control problem and the neetb build forecasting models is elim-
inated. An adaptive algorithm called recurrent reinforcement learning for discovering investment
policies was proposed and they demonstrated how it can be uddo optimize risk-adjusted invest-
ment returns like the Sterling Ratio or Sharpe Ratio, while accounting for the e ects of transaction
costs.

Liu et al. in [32] proposed a learning-based trading strateg for portfolio management, which
aims at maximizing the Sharpe Ratio by actively reallocating wealth among assets. The trading
decision is formulated as a non-linear function of the latesrealized asset returns, and the function
cam be approximated by a neural network. In order to train the neural network, one requires a
Sharpe-Optimal trading strategy to provide the supervisedlearning method with target values. In
this work they used heuristic methods to obtain a locally Shap-optimal trading strategy. The
transaction cost was not taken into consideration. Our mettods can be considerably useful in the
determination of target trading strategies for such approahes.

Tasche and Tibiletti in [73] explored ways to speed up the orihe computation of the Sharpe
ratio of a current portfolio and how the Sharpe ratio will change if a candidate new asset will be
incorporated into the portfolio. Approximation formulae w ere derived that are based on certain
derivatives of the Value-at-Risk.

Hellstrom in [34] formulates an alternative formulation of the stock prediction problem based
on a statistical investigation of the stock's ranks. In this work a single perceptron neural network
is trained to nd the parameter vector that maximizes the Sharpe ratio. Due to the lack of the
Sharpe-optimal trading decisions that can be supplied as teget values, a special technique for
optimization without derivatives is utilized [59].

Our work does not make any assumptions about the price dynanus to construct ex-post optimal
trading strategies. Obtained results furnish (i) optimal strategies on which to train intelligent agents
and (ii) benchmarks with which to compare their performance
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2.3 Contribution Summary

The contribution in this work is to give e cient (polynomial time) algorithms to compute the
optimal trading strategy for various prot objectives, and under constraints on the number of
trades that can ber made. A main component in presented algathms is the ability to e ciently
maximize quotients over intervals. Consider following optmization problem:

De nition 2.3.1 Given two sequences of real numberkcigi2;, fdigi2;, G 0, d 0, nd a
single continuous subinterval of indeces) | such that
P P
p22 G G . gj0
1+ 50 1+ 55007

This problem is relevant because problems of nding the Steling optimal trading strategy,
Sharp; and Sharp, optimal trading strategies can be solved by solving a sequare of corresponding
optimization problems of type 2.3.1.

We relate this one-dimensional optimization problem to corvex hull operations on the plane,
that allowed us to constructed an e cient O(NlogN) algorithm that solves problem 2.3.1. Using
this algorithm as a starting point, we can then prove the following theorems.

Theorem 2.3.2 (Return Optimal Trading Strategies) A total return optimal trading strat-
egy can be computed in linear time. Speci cally,

i. Unconstrained Trading. A trading strategy T can be computed inO(n) such that for any other
strategy T, (T ) (T).

ii. Constrained Trading. A trading strategy TX making at mostK trades can be computed in
O(K n) such that for any other strategyT X making at mostK trades, (TX)  (TX).

Theorem 2.3.3 (Sterling Optimal Trading Strategies) A Sterling optimal trading strategy
can be computed in near linear time. Speci cally,

i. Unconstrained Trading. A trading strategy Tsy; can be computed inO(nlogn) such that
for any other strategy T, Strl(Tsy)  Stri(T).

ii. Constrained Trading. A trading strategy Ts'ﬁrl making at mostK trades can be computed in
O(n logn) such that for any other strategyT ¥ making at mostK trades, Strl(T&,)  Strl(TK).

Theorem 2.3.4 (Sharpe Optimal Trading Strategies) A Sharpe optimal trading strategy can
be computed in near quadratic time. Speci cally, trading stategies Tsprp, and Tsprp, can be found in
O(n?logn) such that for any other strategyT, Strly(Tshp,)  Strla(T) and Strlx(Tsprp,) — Strl(T)

11



2.4 Collecting Training Dataset: Return-Optimal Trading S trate-
gies

the return optimal strategies, we will use a dynamic programming approach to solve a more general
problem. Speci cally, we will construct the return optimal strategies for every pre x of the returns
sequence. First we consider the case when there is no restian on the number of trades, and
then the case when the number of trades is constrained to be anost K. Although we maintain
assumptionsAl-A4 for simplicity, A1, A3 and A4 can be relaxed without much additional e ort.

2.4.1 Unconstrained Return-Optimal Trading Strategies

First we give the main de nitions that we will need in the dyna mic programming algorithm to
compute the optimal strategy. Consider a return-optimal strategy for the rst m time periods,
[t1;tm]. De ne S[m;0] (S[m; 1]) to be a return-optimal strategy over the rst m periods ending
in bond (stock) at time ty,. For ° 2 f0;1g, let [m;"] denote the return of S[m; ] over [t1;tm],
i.e., [m;°]= (S[m;’]). Let Prev [m; ] denote the penultimate position of the optimal strategy
S[m; "] just before the nal time period tp,.

The optimal strategy S[m; ] must pass through either bond or stock at time periodm 1.
Thus, S[m; "] must be the extension of one of the optimal strategiedS[m 1;0];S[m 1;1]g by
adding the position ™ at time period t,,. More speci cally, S[m; "] will be the extension that yields
the greatest total return. Using (2.2) and (2.3), we have tha

(fSIm  L,0;°g)= [m 1L,01+%, fs;
(fSIm 11’9 = [m L1+%, fs@ )
Since [m; ] is the maximum of these two values, we have the following raasion,

n 0
M’ ]=max [m 21;0]+%8," fs [m Li]+%, fs@ )

The position of the optimal strategy S[m; ] just before time period m is given by the ending
position of the strategy that was extended. Thus,

0 if [m L0]+%8n fs [m L1]+%, fsg@ )

Prev [m; ] = .
1 otherwise.

If we already know [m 1;0] and [m 1;1], then we can compute [m; ] and Prev [m; "] for
© 2 f0;1g in constant time. Further, we have that [1;,0]=0and [1;1]=%; f's, and so, by a
straight forward induction, we can prove the following lemma.

Lemma 2.4.1 Prev [m; ] forall ~2f0;1gand m n can be computed inO(n).

The optimal strategy T is exactly S[n; 0]. Prev [n; 0] gives the position att, 1, and the optimal
way to reach Prev [n;0] at t, 1 is given by optimal strategy S[n  1;Prev [n;0]]. Continuing
backward in this fashion, it is easy to verify that we can recastruct the full strategy T using the
following backward recursion:

T [n]
T [m]

0;
Prev [ m+1;T [Im+1]]; forl m<n:

12



is linear time, and so we have proved the rst part of Theorem 23.2. Further, it is clear that the
algorithm requires memory that is linear in n to store Prev [m; ]. While we have assumed that
the algorithm works with excess returns, the optimal strategy does not depend on this assumption,
thus the algorithm works correctly even with the actual return sequences. The generalization of
this algorithm to N > 2 instruments is straightforward by suitably generalizing a trading strategy.
S[m; "] retains its de nition, exceptnow ~ 2f0;:::;N 1g. To compute [m; ] will need to take a
maximum over N terms depending on [m 1;°9, and so the algirithm will have runtime O(Nn).

One concern with the unconstrained optimal strategy is that it may make too many trades. It
is thus useful to compute the optimal strategy that makes at most a given number of trades. We
discuss this next.

2.4.2 Constrained Return-Optimal Strategies

We suppose that the number of trades is constrained to be at m&t K. It is more convenient to
consider the number of jumpsk, which we de ne as the sum of the number of trades entered and
the number exited. For a valid trading strategy, the number of trades entered equals the number
of trades exited, sok = 2K . Analogous to S[m; "] in the previous section, we de neS[m;k; "] to be
the optimal trading strategy to time period t,, that makes at most k jumps ending in instrument
. Let [m;k; ] be the return of strategy S[m:k; ], and let Prev [m:k;1] store the pair (k%"9,
where % is the penultimate position of S[m;k; ] at t,, 1 that leads to the end position *, and k°
is the number of jumps made by the optimal strategy to time peliod t, 1 that was extended to
S[m; k;"].

The algorithm once again follows from the observation that the the optimal strategy S[m;k; "]
must pass through either bond or stock att,, ;. A complication is that if the penultimate position
is bond and™ = 0, then at most k jumps can be used to get to thhe penultimate position, howeve
if * =1, then only at most k 1 jumps may be used. Similarily if the penultimate position is stock.
We thus get the following recursion,

n 0
[mk;0] = max [m 21k;0 [m 21k L1 fs ;

n 0
[m;k;1] = max [m Lk 20]1+%, fs; [m 21k 1]+%n

This recursion is initialized with  [m; 0;0] =0and [m;0;1] = NULLfor1 m n. Once [m;k;’]
is computed for all m; ", then the above recursion allows us to compute [m;k + 1;°] is computed
for all m;”. Thus, the computation of [m;k;’]forl m n,0 k 2K and’ 2f0;1g can be
accomplished inO(nK ). Once again, the strategy that was extended givedrev [m;k; "],

( i Kk . . .
Prev [m;k; 0] (k; 0) it [m . Lk0]> [m Lk 11 fg;
(k 1;1) otherwise.

(k; 1) otherwise.
Since computing [m;k; "] immediately gives Prev [m;Kk; ], we have the following lemma,

Lemma 2.4.2 Prev [m;k; ] forall " 2f0;1g, m nandk 2K can be computed inO(nK).

13



TK is given by S[n; 2K; 0], and the full strategy can be reconstructed in a single baaward scan
using the following backward recursion (we introduce an augliary vector ),

T[] = 0;
([n ;T[N 1) = Prev [n;2K; T¥[n));
( [m]; T [m]) Prev [m+1; m+1];TK[m+1]); ford m<n 1

Since the algorithm needs to storePrev [m;k; "] for all m;k, the memory requirement is O(nK).
Once again, it is not hard to generalize this algorithm to woik with N instruments, and the resulting

run time will be O(nNNK ).
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2.5 Collecting Training Dataset: Sterling-Optimal Tradin g
Strategies

It will rst be useful to discuss some of the MDD properties of the return-optimal strategy T , as
these properties will have implications on our algorithm to determine Sterling-optimal strategies.
For a strajegy T, itis useful to de ne the cumulative return series, Ct[i] as the sum of the returns,
Crli] = }:1 rrli]- Notethat (T )= Cy [n] Ct[n]= (T) for any strategy T. The equity
P .
curve is given by Er[i] = exp CtJi]+ J!=l b .
First, we will upper bound MDD (T ), because this in turn serves as an upper bound for the

MDD of the Sterling-optimal strategy,

Lemma 2.5.1 MDD (Tsw) MDD (T ).

: it (Tsu) (T) (Ts)
Proof: By d(_e nition, 55 S(‘T'Sm)_ MDD () for any T. Thus, MDF) (Tstn) _ ($‘)' MDD (T) for
any T. ChoosingT = T and noting that (Tsy) (T ), we obtain the desired result. [

Since the cost (in terms of the cumulative return) of entering and exiting a trade is (f'\g + f'\B), no
segment of the optimal trading strategy T should lose more than this in return.

Lemma 252 Foranyi<j,Cr[j] Crli] (fs+fg).
Proof.  Suppose, for contradiction, that for somei<j , Cr [[] Cr [i] < (t’\5+ t"B). By setting

must increase, which contradicts the optimality of T . [

For technical convenience, we will assume that the transagbns cost when entering a trade is
assigned to the time period prior to the entry, and the transections cost when exiting a trade is
assigned to the time period after the trade. Note that just prior to entering, the position is 0 and
so it will now have a return of f’\s, and just after exiting, the position is 0, and will now have a
return of fg.

Let fgp = fs + f. From Lemma 2.5.2, no segment of the optimal strategy can los more than
fsp, and so this immediately gives an upper bound onMDD (T ). For the trivial strategy that
makes no trades, theMDD is 0. If a strategy makes exactly one trade, then there is a dnadown
of at least f's at the begining, and of at leastfs at the end. If at least two trades are made, then
there is a drawdown of at leastf s, between the exit of one trade and the entry of another, and sice
the drawdown cannot exceedf sp, the MDD must therefore equalfsp,. We thus have the following
lemma.

Lemma 253 ( MDD of T ) If T makes no trades,MDD (T ) =0. If T makes one trade,
maxffs;fgg MDD (T) fgp. If T makes at least two tradesMDD (T ) = fgp.

Note that if we relax assumption A1, then by legging into a trade, it may be possible to decrease
the drawdown, in which case Lemma 2.5.3 would no longer be via. We are now ready to discuss
the O(nlogn) algorithms to obtain Sterling-optimal trading strategie s. First we will consider
unconstrained Sterling optimal strategies, and then we wil require number of trades K.
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2.5.1 Unconstrained Sterling-Optimal Strategies

For a degenerate trading system with all returns equal to zeo, we de ne its Sterling ratio as 1. The
only trading system with a MDD of O is a degenerate trading system, so with this de nition, the
Sterling ratio is de ned for all possible trading systems. The computation of the Sterling-optimal
trading system breaks down into three cases, according to t number of trades its makes:

i. Sterling-optimal that makes zero trades. In this case Stelihg Ratio is 1.

ii. Sterling-optimal that makes one trade. Then optimal tradin g strategy contains a single interval
of 1's.

iii. Sterling-optimal that makes at least two trades. Any tradin g system that makes at least two
trades has anMDD  fg,. SinceMDD (T ) fgp (Lemma2.5.3), T has the smallestMDD
among all such systems. Since it also has the highest total tern, we conclude that if the
Sterling-optimal system makes at least two trades, thenTgy = T .

The rst case is trivially computed. The third case, i.e., th e Sterling optimal strategy that makes
at least two trades can be computed in linear time using the dypamic programming algorithm to
compute T . If we also compute the Sterling-optimal system that makes gactly one trade, then, we
solve our problem by taking the case with the maximum Sterlirg ratio. We now focus on nding
the trading strategy that makes only one trade and has greatst Sterling Ratio among all such
strategies.

Let T be a strategy that makes exactly one trade. The trade interva is the interval of time
periods, [tj;tj] on which T =1, i.e., the trade interval is an interval of 1's in the tradi ng strategy.
An elementary algorithm that considers all the O(n?) possible trade intervals, picking the best is
a quadratic time algorithm. The remainder of this section is devoted to providing an algorithm
which computes such a strategy inO(nlogn) time, which will complete the proof of the rst part
of Theorem 2.3.3. In fact the algorithm that we present is a mwch more general algorithm that
computes the single interval that optimizes a general clas®f optimality criteria. This algorithm
will be useful when we discuss the Sharpe-optimal strategy.

returns non-negative and the last one positive, i.e.s* 0;8+ 0;:::;8+k > 0.

Lemma 2.5.4 Either the optimal single trade interval does not intersectthese time periods, or an
optimal single interval can be chosen to contain this interal.

Proof: Suppose thatT[i+ j]=21and T[i+j +1]=0 for some 0 <k . Extend the trading

the MDD , contradicting the optimality of the original interval. On the other hand, suppose that
Tli+j]=1and T[i+] 1]=0 forsome 0<j k. Once again, by extending the trading interval,

k 1, with% 08+ 0;:::;8+k < 0. If an optimal trading interval only intersects part of
these time periods, this intersection can be removed withotidecreasing the Sterling ratio. Thus,
by Lemma 2.5.4, any sequence of time periods with all returngon-negative (non-positive) can be
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condensed into a single time periodli0 =t + + ti+k, with ’sio =5 + + %5, k. Further, this
operation can be performed in linear time on the entire exces return sequence, so from now on
we assume without loss of generality that the excess returnexjuence consists of alternating time
periods of strictly positive and negative excess returns. fl§ < 0, then t; cannot be the rst 1 of
a trade, since by entering one time period later, we exclude my this negative return and do not
increase theMDD . Similarily, it cannot be the last 1 of a trade.

Lemma 2.5.5 The rst 1 and the last 1 of the optimal trade interval must ocas at time periods
t; andt, for which & > 0and § > 0.

The pictorial illustration of this lemma is given below on Figure 2.2 where we show the cumulative
return curve. The time instants a; are the possible entry points, and the time instantsh are the pos-

(a; are the entry points, and by are the exit points). Note that after the preprocessing into alter-
nating intervals, k d n=2e. Notice that without loss of generality, we can throw away the rst
interval if it has a negative return, as it can never be an entry point, and the last interval if it has
a negative return, for a similar reason. The optimal trade irterval will be of the form (a;; b+ ),
r O.

Our algorithm for nding the Sterling-optimal in-
terval will be to consider every possible starting point
a;, and nd the Sterling-optimal interval with this
point as starting point (i.e. we have to nd the end
point of this interval). As the algorithm proceeds, we
keep track of the best entry point (and its correspond-
ing exit point). The entry points a; are processed from
right to left. After processing a new entry point a;, we
will modify the alternating sequence to facilitate faster
processing of the remaining points. More speci cally,
we will delete the processed entry point and add a
weight to the edge betweenh ; and by to preserve all Figure 2.2: Possible entry and exit points.
the necessary information { we cannot simply delete
the entry point a;, since we have to keep track of maximum MDD that occurs in our a&tivity inter-
val. Since betweenb, 1 and a; we have a drawdown ofty ; a&;, we need to keep this information
in an edge weight connectingly ; to by. Please note that at any stage of algorithm edge weight
connectingly ; to by will be equal to the MDD of the interval [ by 1;x] and this MDD is realized
onprexof [ 1;k],i.e. MDD ([ 1;k]) = C(lh 1) C(x), forsomex 2 [bx 1;k] - Invariant
(*) . We will show this weight attached to b, in parentheses, (v;)hb, where the value ofw; appearing
in parentheses indicates the weight.

We start our backward scan at the last entry point, ax, for which there is only one pos-
sible interval (ay;b¢). We update the weight wy b 1 ak, store the current best interval
(ax; b; Strly), and delete the possible start pointag from the sequence to give the processed se-
quencefasg;by;i;ak 1;b¢ 1; (Wk)beg. Note that (ag; by; Strly) is a one-step trade, but we keep it
here for simplicity. We now proceed toayx 1 and so on.

In the general case, suppose we have processed (backwards}lze entry points up to (including)
the entry point a;+1, and are currently processing entry pointa;. The weighted exit sequence is

Cumulative Return

Time
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t + m may not equal k due to possible deletion of points which we discuss below. Asme that
fh+1 <:::<bwmg thisis true after we have processed the rst start point (since the sequence
consists only of one point), and we will maintain this condition by induction. If b < b1, then the
entire sequence of exit points is monotonically increasingOn the other hand, if by b1, b+1 need
not be considered as an exit point for any optimal interval with entry point a; or earlier, because
by stopping earlier at by, we do not decrease the cumulative return, nor increase th&1DD . Hence,
we can delete the possible exit pointy+1 . However, we must now update the weight in (vi+2 )b+o
to store the new drawdown betweenb and bi, as followsw;.o maxfwi+1 ;W2 + b Be1 0.

Lemma 2.5.6 If b b1, the weighted exit sequence is updated as follows:

The correctness of the weight updating rule above follows fsm the Invariant (*). Please note that
the transformation above preserves the Invariant (*).

This process is continued until the next exit point after b is either above b, or there are no
remaining exit points after Iy. In either event, the new sequence of exit points availabledr a; is
strictly monotonically increasing (by the induction hypot hesis). Observe that any deletion of a
possible exit point is a constant time operation. Further, ance each deletion drops a point from the

We thus have the following lemma.

Lemma 2.5.7 When a; is processed by the algorithm, the exit point§ < b+ < are monoton-
ically increasing. The cost of maintaining this condition for the entire algorithm is O(k) operations.

Suppose thatwi.o <Wiz <:::<W . Initially this sequence is the empty sequence and so this
condition holds, and once again, by induction we will ensurehat this condition will always hold. If
Wi+1 W2, then no optimal interval can have entry point a; or earlier, and exit at b1, because
otherwise by exiting at b+o, sincel+» > b1 (Lemma 2.5.4), the MDD is not increased, however
the total return is increased. Thus if wix1 W42, We can remove the possible exit pointy .+, from
the weighted exit sequence and updatewv;.» Wi+1 . Please note that this transformation also
preserves the Invariant (*).

Lemma 2.5.8 If wivr W42, the weighted exit sequence is updated as follows:

We continue removing exit points in this way until either the re is only one weight left in the weighted
exit sequence, or all the weights are strictly monotonical increasing (by induction).

Suppose thatwi+;  f. In this case, we observe thaty cannot be the exit of an optimal interval
with entry a; ;, wherer 0. To see this note that ifby a; f’\s < 0, then the return of this
interval is negative and this interval cannot be an optimal interval. If b a; fs 0 then since
the interval already has MDD of at least f , so by continuing to b1, we do not increase theM DD
but strictly increase the return, hence it cannot be optimal to exit at b.

Lemma 2.5.9 Let

ag; b (Wi )bes 200 (Wee m) B m
be the weighted exit sequence and [&t2 [t;:::;t + m] be such an index thatvr <f andwr, f.
Then no Sterling-optimal interval that starts at a; or earlier can exit at fhy;:::;br 10
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Lemma 2.5.10 When a; is processed by the algorithm, the weights/.1 are monotonically in-
creasing. The cost of mainitaining this condition for the entire algorithm is O(k) operations.

We thus assume from now on that when processing entry poing;, the weighted exit sequence
fag; by ag b (Wi )bt s 000 (Weem)bie mg With m O satis es the conditions of Lemmas 2.5.7
and 2.5.10. The rst available exit gives the trade interval (a;;br). If br a fs, O, ie., if the
return is not positive, then this cannot possibly be an optimal interval. Otherwise, the Sterling

Ratio is br ¢
3
Strlt = T s,

wherefg, = fs+ fg and f = maxffs;fgg. Now consider the exit pointsbr., r > 0, and suppose
that br wrs1 <a¢. No trade with entry at a, exiting at br+ with r > 0 can possibly be optimal,
since we could always enter later abr w41, exit at br., and strictly increase the return without
increasing the drawdown. We are thus done with tgrrocessing th entry point a;, and we can proceed
to a; 1 after updating weight w; and comparing a}%fs” with the current champion. Similarly,

if b w;q <a;forsomet 2 [t;:::;T 1], we are done with the starting point a;, and we can

point a;. Thus, without loss of generality, we can assume thator wy4+1  a andb Wy &
forall t 2 [t;:::;T 1]. Sincewt+1 f, we conclude thatby a; f. A trade, entering at a;
and exiting at br.,, r > 0 has total return br+; a fsp. The next lemma gives theMDD .

Lemma 2.5.11 Assume thatbr wy+1 & andb wyy a forallt2t:::;;T 1] The
trade (a;;br+r), r> 0, hasMDD = wr4,.

Proof: The local maxima of the cumulative return sequence for this tade arefO;lpy &
s;iiinbr & siiiiibrer & f'\sg. Sinceh wyyq a O08t2[t;:::;T 1], MDD of the
interval [a;; br] is equal to fs.
Sincebr a fs 0 and since the sequence of exit points is strictly increasin MDD ([a; br+(]) =
max(MDD ([a;;br]);MDD ([br;br+:]) = max(fs;MDD ([br;brs:)):fg) where fg is the draw
down after the last point br.,.
Since the drawdown at any time in a trade is given by the the di enence between the previous
maximum and the current cumulative return, MDD ([br;br.)) is at most maxip,,;We+i. Since
the weights are monotonically increasing, we see that this thwdown  w., which is achieved in
the interval (bisr 1;bi+r). Sincewrsr f = max(fs;fg) 8r> 0, we concludeMDD ([a;; br+,]) =
Wi+t |

Summary: For entry point a;, the sequence of exit pointsbrs,, r 2 [0;m] have cumulative
returns ¢ = br+y a fspand MDD 'sd, = wy, forr> 0anddy = f. The task is to maximize
¢ =d- with respect to r. The sequences ¢, g and f d, g are both strictly increasing. We now describe
a general algorithm for performing such a maximization.

2.5.2 Maximizing d&

r

On the two dimensional plane, consider the set of pointsPd = f(dr;c)g,. Let p®= (0;0).
Then the slope of the line joiningp to (d;;c ) is exactly the Sterling ratio of the trade (a;; b+r).
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Thus, nding the optimal trade is equivalent to nding the up per-touching point from p to
the convex hull of the set of points P2 (see Figure 2.3 below). We callp the source point.
We get the same result if we denePy = f(d;b+()gy, P =
(0;a + fsp). Given the convex hull, this touching line can found
in time O(log A) where A is number of the points on the convex hull,
[14]. It is easy to see thatA m+1 d n=2e. This algorithm
that computes the touching point in O(log A) requires the ability to
e ciently search through the convex hull. We accomplish this by
maintaining the convex hull as a doubly linked list where eat point p
in the convex hull maintains O(log A) pointers to other points in the
convex hull. More speci cally, point i points forward to points at po-

sition 21 in the convex hull of the points f(dr;c)gm;, where]j 1. Figure 2.3: Upper-touching
Each point also maintains backward pointers to any point that points point from p to the convex
forward to it. At point j, the backward pointers speci ¢ to the convex hull of the set of points PQ.
hull starting at point i <j are maintained separatly for eachi so that

constant time access to this set of pointers is possible. Anraay of an array of pointers su ces. It
is clear that the worst case memory requirement iSO(m log m) pointers. We now discuss the main
operations we would like to be able to do on our set of pointd (d;; ¢ )g and the point p and still
be able to compute the upper tangent line e ciently. First we recall that the d; are monotonically
increasing. Assume that each point ¢, ; c.) stores all the necessary forward and backward pointers.
We also assume that the point @, ; ¢;) stores the pointer to the point nxt(r), which is the next point

dr

leftmost, and so must be in the convex hull. We will see that these assumptions are maintained
inductively. Note that the initial convex hull with all the p oints is given by (dp; ¢p) followed by the
points pointed to by nxt(0); nxt(nxt(0));:::. We would like to perform the following operations on
our points and still be able to compute the upper tangent poirt e ciently:

(1) Translate p by some given vectorv.
(2) Translate all the points in f(d;;c )g by some given vectorv.
(3) Remove the leftmost point (dp; co).

(4) Add a new leftmost point (d 1;c¢ 1).
Lemma 2.5.12 Assuming that p, f(d;; ¢ ; nxt,)g'L, are given, all the operations in (1)-(4) above

can be accomplished in timeO(log m). Further, in the event that a point is added or deleted, all
necessary pointers are maintained.
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Proof: Let A = O(m) be the size of the current convex hull. For (1), we do not chaige the points at
all, we simply compute the new tangent point forp®= p+ v, which can be accomplished irO(log A).
(2) is equivalent to shifting p by v. To prove (3), notice that if we remove (dp; ¢g), then the new
leftmost point becomes @ ¢;) and we immediately have the new convex hulhxt(1); nxt(nxt(1));:::.
Thus we can nd the new upper tangent point in O(log A9 = O(log m), where A°is the size of
the new convex hull. Further, deleting (do; cp) requires rst deleting the backward pointers of the
points that it points to O(log A), and then deleting the point itself, and its forward pointers (it
has no backward pointers), O(log A). To prove (4), note that when we add (d 1;¢ 1), nxt( 1)
is exactly the upper tangent point from p®= (d 1;c 1) to the current convex hull. This can be
computed in O(log A). We now need to add all the necessary pointers into the datatsucture. For
each forward pointer we add, we will add the coresponding bdavard pointer as well. We need a
pointer at position 2! in the convex hull of (d 1;c 1). But this is exactly the point at position 21 1
in the convex hull of point nxt( 1). Sincenxt( 1) maintains a pointer to point 2! in its convex
hull, and this point will have a backward pointer by one step o this same convex hull, we can
construct the forward an backward pointer for point 2/ in the convex hull of (d 1;¢ 1) in constant
time, requiring total time O(log A9 = O(logm) to construct all the new forward and backward
pointers, where A® is the size of the new convex hull. We now construct the new uper tangent
point from p to the new convex hull of d 1;¢ 1) in O(log A9 time. The entire process is therefore
O(log m). [

The algorithm that we have just described is a general purpoe algorithm for e ciently maintaining
the upper tangent point to any set of points, as long as only a limited set of operations is &wed
on the set of points and the source point. We will now see that hese limited operations are all
that is needed for maximizing the Sterling ratio.

Suppose that point a; has been processed in the algorithm { i.e., the upper tangenipoint
(optimal trade with entry at a;) from py = (0;a + fsp) to Py = f(dr; br+,)gfy, has been computed.
Now consider the addition a; ;1 to construct the new weighted exit sequence. Delete the lefbost
point (do; br) from the convex hull. Lets consider all posible operationghat may take place. There
are several possibilities.

i. b 1 b. We remove (leftmost) points b+;, i 0, until b ; < bt+j+1, and the new weight
W&iﬂ may have increased (Lemma 2.5.6). Deleting of pointsy + i from the weighted exit
sequence doesn't implies changes of the convex hull until+ i  T. After this point, deleting
one point by + i, i 0 from the weighted exit sequence followed by deletion of coesponding
leftmost point of the convex hull. At the very end of the sequence of deletions, we have to
update the MDD of point b+j+1 from wisj+1 to wt°+i+l, this can be done by deletion of the
point (Wt+i+1;b+i+1) and addition of new point (wto+i+1 ;b+i+1). The total number of such
removals during the entire algorithm is at mostn 1. When condition Iy 1 < by is satis ed,
proceed to the next stage.

ii. by 1<Dby.
i1 Wier w;. We remove (leftmost) points b+, i 0, until w; < wi+j+1. Deleting of
points by + i from the weighted exit sequence doesn't implies changes ohé convex hull
until t+ i T. After this point, deleting one point br + i, i 0 from the weighted

exit sequence followed by deletion of corresponding leftmsd point of the convex hull. By
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Lemma 2.5.10, the total number of such removals cannot excéen 1 over the course of
the entire algorithm. When condition w; < w41 IS satis ed, proceed to the next stage.

i:2: b 1 <byand wy <Wisq .
(@) f>w . Add to the convex hull point ( f;bT).
(b) f <w ¢. Add to the convex hull points (w¢; k) and (f; by 1).

The new source pointispy 1 = (0;a; 1+ fgsp), which just corresponds to a shift of p¢, and so
once the new convex hull for the new weighted exit sequence mputed, an additional O(log n)
operations are needed to nd the new upper tangent point.

The total number of removals in the entire algorithm is O(n). For each new entry point, we
have at most a constant number of additions, and since the nurner of entry points is O(n), we see
that the total number of additions is O(n). By Lemma 2.5.12, we have that each operation takes
O(log n) in the worst case, thus the total run time is O(nlogn). Collecting all the results together,
we can nd the Sterling-optimal strategies making zero, oneor more than one trade in O(nlogn)
time, completing the proof of the rst part of Theorem 2.3.3.

Note that by only maintaining exit points with weight at most some given constantMDD g, i.e.,
by truncating some region of the points to the right, this algorithm is easily extended to computing
the Sterling-optimal strategy that uses exactly one trade and has anMDD MDD .

Proposition 2.5.13 Given MDD o, a Sterling-optimal strategy that uses exactly one trade ah
hasMDD MDD g can be computed inO(nlogn) time.

This result will be useful when we consider constrained Stding-optimal strategies.

2.5.3 Constrained Sterling-Optimal Strategies

As with the return-optimal strategies, the unconstrained sterling-optimal strategies may make too
many trades. Here, we consider the the Sterling-optimal stategy that makes at most K trades,
Ts'irl. We refer to such strategies aK -Sterling-optimal. First, we present some properties of ths
strategy, before giving an e cient algorithm to compute it.

A maximal return-optimal strategy T is a return-optimal whose trade intervals cannot be
enlarged. Given any return-optimal strategy T , in one (linear time) scan from left to right, we can
enlarge any trade intervals maximally to the right as long asthey keep the same return. Similarily,
in one backward scan, we can extend all trade intervals maxirally to the left. Since T can be
computed in linear time, we conclude that

Lemma 2.5.14 A maximal return-optimal strategy T can be computed in linear time.

If any trade interval of a maximal return-optimal strategy i s extended in either direction, then
the total return must strictly decrease. In the previous sedion, we gave aO(n logn) algorithm for
computing the Sterling-optimal strategy with exactly 1 tra de. We also saw that if the unconstrained
Sterling-optimal strategy contains more than 1 trade, thenitis T . Fix K, and let the number of
trades that T makes beKo K. In this case T&, = T , and we are done. Thus we only need
to consider the case that 1< K < K . Some important properties of T are summarizelg below.
When it is clear, We also useT to refer to the set of trading intervals flrng:"l. Let C; = }:1 §
denote the cumulative return sequence of the excess returns
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Lemma 2.5.15 Let T be maximal return-optimal. Let | be an interval [t;;t;].

P .

P
ii. Supposel does not intersect with any interval inT and let the return of I ( ’k:i &) be (I).
Then, (1) fsp. If I is adjacent to some interval of T , then (1) < 0. If | is adjacent to
two intervals in T , then (1)< fgp,

jii. Let [t;;t;] and [tjo:t;0] be two consecutive trade intervals inT , | r<19%9 r% Then,
Cr Cp>fgpandforallr<q<!® Co<Cq<Cy.

Let f(aj;hh)g denote the local minima and maxima off Cjg, as in the previous section. Any trade
of T or Tsfrl must enter (exit) at a local minimum (maximum). Further, the entry (exit) point

must be a minimum (maximum) in the trade, otherwise we can shink the trade, strictly increasing

the return without increasing the MDD .

Lemma 2.5.16 Let | =[t;;t/] be a trade interval of T or Td&,. Then C, is a local minimum, C,
is a local maximum, and for anyk, with | k r, C Cx C;

We now give an important inclusion property of the TSKm.

Proposition 2.5.17 Let T be a maximal return-optimal trading strategy. There existsa K -
Sterling-optimal strategy Ts'irl, K > 1, with the following property: if | = [t;;t;] is any trading
interval in T&,, then a prex of | and a sux of | are trades in the maximal return-optimal
strategy T .

Proof. First we show that for every trading interval | =[tg;ty]in T with I\ | 6 ;, one can
pick T, such that | | . Suppose to the contrary, that for somel , either t; <t andt, t; or
ta trandt,>t,. We will extend | without decreasing the Sterling ratio of T, so that | l.
Supposet, <t)andt, t; (a similar argument holds fort, t; andty>t,). There are two cases:

i. | does not intersects any other interval 0fTs§r|3 Applying Lemma 2.5.16 to | , we have:
Ca C,. Thus by extending | to [tg;t;], the return of the interval cannot decrease. Since
MDD (I ) fgp, this extension cannot increase theMDD (Tsfrl), since we already have that
MDD (T&)  fsp.

ii. 1 intersects with the previous trading interval of strategy T 919=[tj0;tro] 2 TK, such that
ta  tro<t). Since kit 1] is a subinterval of I , | _tay § fsp (Lemma 2.5.15). If
we mergel and | by adding the interval [tyo1 ;t; 1] into Ts'irl, we save on the transaction cost
of fsp, and so the total return will not decrease. We show that theMDD has not increased.
SinceCyois a maximum in [tjo; t,o], the drawdown for all points in [ty ;1] is at most fsp. Since
C, is @ minimum in [t;;t,], we conclude that the drawdown for any point in [t;;t;] is at most
maxf fsp; MDD (1)g. SinceMDD (Td&,) fsp, we conclude that this merger does not increase

the MDD .

Note that (I) O otherwise we improve the return ofTS*irI by removing I, without increasing the
MDD , ans soTS'§rI cannot possibly be optimal. Thus, without loss of generaliy, we assume that
the return of | is positive. Suppose thatl \T = ;. Then, by adding | to T , we strictly increase
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the return, a contradiction on the optimality of T . Thus, every interval of TX, contains at least
one interval of T . Now consider the maximal pre x Pmax Of I that does not overlap with any
interval of T . Since we know thatl contains some interval of T , we conclude that this maximal
pre x must be adjacent to some interval of T . By Lemma 2.5.15, this interval has strictly negative
return, so removing it from | strictly increase the return of T&,, without increasing its MDD . This
contradicts the optimality of Ts'irl, thus, Pmax must be empty. Similarily, the maximal su x of |
that is non-intersecting with T must be empty, concluding the proof of Proposition 2.5.17. [

As a result of Proposition 2.5.17, we assume from now on thatvery interval of the sterling
optimal strategy Ts'ﬁrl is pre xed and su xed by (not necessarily distinct) interva Is from a maximal
return-optimal strategy that makes K trades.

Lemma 2.5.18 If 1<K Kg then Td, can be chosen to make exactli trades.

Proof: If K = Kg, then T itself is K-Sterling-optimal. If K <K g, we show that if the number
of trades made is less tharK , we can always add one more interval without decreasing the t8rling
ratio of the strategy. First, note that T&, cannot contain all the intervals of T , as otherwise (by
the pigeonhole principle) at least one intervall =[t;t;] of Ts'?n contains two consecutive intervals
l1=[t,;t;]and 11 =[t,;t,,] of T . The region between these two intervals has return less than
fsp (Lemma 2.5.15), so breaking ug into the two intervals [t;;t;,] and [t,,; t;] will strictly increase
the return, without increasing the MDD , contradicting the optimality of T&,. If T, does not
contain some interval of T , then by adding this interval, we do not decrease the return @ the
MDD (Lemma 2.5.15), since theMDD is already fgp. [

Lemmas 2.5.17 and 2.5.18 indicate howl &, can be constructed: start with all the intervals of
a maximal return-optimal strategy T and then merge some neighbouring intervals, keeping the
merging sequence that gave the best strategy. The number ofgssible merging sequences is ex-
ponential, however, we will now show that an e cient greedy merging algorithm gives the correct
result.

Given two consecutive non-adjacent intervalsly = [t ;t;,], 12 = [t),;t,], where |1 preceeds
I2, de ne the bridge B(l1;12) = [tr,;t),] to be interval connecting |1 with 1,. If 11 and I, are
intervals in a maximal return optimal strategy, then by Lemm a 2.5.15, theMDD of the bridge
is C; Cj,. SinceC;, is a maximum over the interval [t;,;t;,], and Cj, is a minimum over the
interval [t;,;t;,], we have that the MDD of the union of these three intervals, {j,;t,] is given by
maxf MDD (11);C;, C;,; MDD (I2)g.

For every bridgeB (I 1;1>), de ne the closure d(B(l1;1,)) to be the smallestinterval J =[t;;t,],
in the return sequence, satisfying the following three progrties.

d:..C Cn Ciforl m r,ie., C isaminimum and C; is a maximum in [t;t.].
d,. I1;12  J,i.e., J contains both 11 and I5.
Cl3. J is pre xed and su xed by intervals from a maximal return-opt imal strategy T .

Note that a bridge may not have closure. For example, if the two last intervals ||, 1;1, in T are
such that such that the end point |, is below the end point ofl, 1, then B(I, 1;1,) doesn't have a
closure. The next lemma shows that if the closurel for a bridge exists, then not only is it unique,
but any other interval satisfying Cl; - Cl3 contains J.
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Lemma 2.5.19 For two intervals 11;l,, if A(B(I1;12)) exists, then it is unique. Moreover, for
any other interval | satisfying 0, - A3, A(B(I1;12)) |I.

Proof:  Let J1 = [t,;t,] and J = [t),;t,] satisfy 1 - 3. Without loss of generality, assume
that t;, t, <t ty,. Byconstruction, J1\ J2 =[t,;t;,] satises 1 - A3. Now let A(B(l1;12))
be the intersection of all intervals that satisfy Cl; - A3, concluding the proof. [

Suppose that bridgeB and BCare bridges inT and that d(B) contains B®. Then O(B) satis es
d; - d3 with respect to B%and henced(B) also contains d(B9.

Lemma 2.5.20 Let B and B®be bridges inT . If B C I(B), then d(BY C I(B).

Any interval in Tsfr, containing bridge B satis es properties d; - U3 (Lemma 2.5.16 & Proposition
2.5.17), immediately yielding the following proposition.

Proposition 2.5.21 Let | 2T, and let B be a bridge inT .
i.If B 1,thend(B) I.
ii. If B does not have a closure, then no K-Sterling-optimal stratggcan contain B.

iii. A K-Sterling-optimal strategy with more than one tradi ng interval and no bridges ofT has
MDD = fgp. If it contains one or more bridgesB; of T , then MDD = max; MDD (C(Bj)).

iv. The MDD of a K-Sterling-optimal strategy with more than one trading interval can be one of
at most T +1 possible values wherd@ is the number of bridges between the intervals af .

Proof: (i) and (ii) are immediate. (iv) follows from (iii), thus we o nly need to prove (iii). Let

clear that MDD (1) max; MDD (d(Bj)). It is also clear that | = [ Kd(B;j). We show, by
strong induction on K, a more general statement than we need: suppose thdt= [ K d(B;), then
MDD (1) max; MDD (C(B;)). If K = 1then | = d(B1) and the result is trivial; suppose
it is true for up to K 1 consecutive bridges,K > 1, and suppose thatl is the union of K
closures of consecutive bridges. Consider the rst closur€(B1). Let | = [t;t,] and A(Bq) =
[ti;teo], t;o  tr. By denition of d(B1), Cio is a maximum over f;;t,o]. Thus, MDD (1) =
maxf MDD (CI(B1)); MDD ([t,o;t;])g. If r = r% then | = d(B;) and we are done. Ifr <r 9
then tyo,; is the begining of some bridgeB . Let 1= [ K d(Bj). Then, [tio;t,] 1°%and so
MDD ([t;o;t;]) MDD (19. But 19%is the union of at most K 1 closures, so by the induction
hypothesis, MDD (19 max; MDD (d(B;)), concluding the proof. [

We will distinguish between four types of bridges. Letlq = [t;;;t:,], 12 = [t),;t;,] be consecutive
intervals in T . The bridge B = B(l1;12) can be one of four types:

regular. C, C,andC;, Ci, ie d(B)=[Igr2]

right irregular. C;, C;, andC,, >C,,, i.e, ((B) contains the next bridge.

left irregular. C,>Cj,andC;, C;,,i.e, d(B) contains the previous bridge.

irregular. C,>Cy,and C, >Cy,, i.e., A(B) contains the next and previous bridges.
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We de ne the weight of the bridge W (B (I 1;152)) as follows:

% Cr, Gy, ifB(l1;12)is regular,
W(B(I1:15) = Cr, Cy, if B(l1;12) is leftirregular and the previous bridge is right irregular
§ Cr, Cy, if B(l1;12) is left irregular and the previous bridge is irregular
+1 otherwise.

The general idea behind our algorithm is to start with a maximal return-optimal strategy and
greedily merge pairs of intervals or pair of bridges accordig to the bridge weight, keeping track
of the bestK intervals each time. When no more merging can occur, becausge are down toK
intervals or all the bridge weights are1 , we return the bestK intervals we have seen so far. More
precisely, letT = fl1;:::;1k,0 be a maximal return-optimal trading strategy making Ko trades.
We denote this pool of trade intervals by Pg, the base poal From pool P;, we obtain pool Pj+; by a
single merge according to the following rule. LetB = B(l1;1>) be the bridge with smallest weight.
If B =1, stop (pool Pj+; does not exist). Otherwise, there are two cases.

I. Regular merge if B is regular, mergeB with 11 and I, to get a larger interval | pew = [ti;; tr,].
We now update the status (type and weight) of any neighboringbridges as follows:

Previous bridge changes from right-irregular to regular (ydate type and weight).

Previous bridge B °changes irregular to left-irregular (update type). If the bridge previous
to BOis right-irregular or irregular then update weight.

Next bridge changes from irregular to right-irregular (update type).
Next bridge changes from left-irregular to to regular (update type and weight).

ii. Irregular merge: if B is left irregular, denoting the previous bridge B , merge the two bridges
and the interval between them into one bigger bridgeBnew = B [ I1[ B. The status of bridges
other than B have not changed. The status and weight oB may need updating.

Intervals are formed only by regular merges, so it is easy toee that intervals resulting from this
merging procedure begin at a minimum and end at a maximum. Newbridges are formed by
irregular merges, and the resulting bridge must begin at a m&imum and end at a minimum. The
only bridge weights that could change are those that had weigts of 1 . In such an event the weight
will drop, but not below the weight of the original bridge used in the merge that led to the update.

Lemma 2.5.22 Let bridge B with weightw be involved in a merge, and suppose that the weight of
bridge BYis updated in the process froml to u. Then, w<u.

Proof. There are two cases:

I. The bridge involved in the merge was regular, i.e., two cosecutive intervals 11 = [t,;t,]
and I, = [t,;t;,] are merged with their bridge B12 = B(I1;12) with W(B12) = w. Let the
preceeding interval belg = [t,;t;,] and the following interval be I3 = [t},;t;,] , and let the
preceeding and following bridges bé8y; and B3 respectively. If Bo; obtained nite weight, it
cannot be left irregular, as it would remain left irregular after the merge, and hence its weight
would still be 1 . Thus, we need only consideBo; right irregular or irregular (i.e., C;, > Cy,).
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Its weight becomesu = C,, C;; >C,, (. SinceBppisregular,w=C,;, C;,<C,;, Cj
and sow < u. If B3 obtained nite weight, then it could not be right regular or i rregular as
it could not become regular or left irregular after the merge Thus, we need only consideB »3
left irregular (C;, > C},). Its weight becomesu= C;, C;,>C,, C,,. SinceBj, is regular,
C, GCi,andsou>C,, C,=w.

ii. The bridge involved in the merge was left-irregular, i.e, B1o> = [t;,;t},] is left irregular, and
Bo1 = [tr,; 1),] is either right-irregular or irregular (in both cases, C;, > C;,). Letw= C;;, C,,
be the weight of B;»,. The merged bridge isB = Bgil1B12. If B has nite weight (i.e. it is
either regular or left-irregular), then its new weight is u = C,, C;, >C(, C, = w. If
B is left-irregular or irregular, then it does not change the weight of any other bridge. If,
on the other hand, B became right-irregular or irregular, then it could a ect th e weight of
the following bridge Bz, if Boz was left-irregular (C;, > Cy,). In this case, the weight of
Bos =[tr,;t,] becomesv = C,, Cj;;,>C,, Ci,. Butsince By was left-irregular, C;, C;,,
andsov>C;, C;,=w. ]

The next lemma shows that if all the bridge weights becomel , any further merged pairs of
intervals can never be part of aK -Sterling-optimal strategy.

Lemma 2.5.23 |If all the bridge weights in a pool of intervals arel , then any further merged pairs
of intervals from this pool can never be part of aK -Sterling-optimal strategy.

Proof: (Lemma 2.5.23). LetP, be pool obtained from Py by some sequence of merging intervals
with bridges of nite weight, and suppose that all the bridges in P, have in nite weight. In

and consider bridgeBg. If By is right irregular or irregular, then all following bridges are either
right irregular or irregular since all bridges have nite weight. If a trading interval contains By, it
must contain By+1 (since By is right irregular or irregular), and so by induction, it mus t contain
all the following bridges (and their closures). But, the lag bridge does not have a closure (as it
is right irregular or irregular), a contradiction. If on the other hand, B is left irregular, then all
preceeding bridges are left irregular as all bridges have inite weight. If a trading interval contains
Bk, it must contain By 1 (since By is left irregular), and so by induction, it must contain all t he
preceeding bridges (and their closures). But, the rst bridge does not have a closure (as it is left
irregular), a contradiction. We conclude that By cannot be in any trading interval. [

Each merge decreases the number of intervals and number of idges by one. If we merge down
to pool Pk, «k, we are left with exactly K intervals. We will show that TX, can be chosen to be
the best K trades (with respect to total return) in one of these pools. $eci cally, de ne 'I'J-K to
be the K intervals in P; with the highest total return. We say that a strategy is coarser than pool
P; if the strategy can be obtained by a sequence of merges of sorf@r all) of the intervals in P;.
Clearly, 8i; Pj.1 is coarser thanP;, asP;+1 is obtained from P; after a single merge. Note that for
a strategy to be coarser thanP;, it need not contain every trade in P;, however if it contains part
of any trade in P;j, then it contains the entire trade. Next, we show that after a merge, theMDD
of the remaining intervals is equal to the weight of the bridge involved in the merging.

Lemma 2.5.24 |If pool P;, i 1, was obtained fromP; 1 by a merge involving a bridge of weight
w, then the MDD of any interval in P; is at most w. If the merge created a new interval (i.e., the
bridge was regular), then theM DD of the new interval is equal tow.
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Proof In pool Po, since any bridge is adjacent to two intervals of T , its weight is at least f

was the minimum weight bridge involved in the merge that resuted in pool P; from from P; 1. By
Lemma 2.5.22 bridges weights are non-decreasing, i.aV (Bi) W /(Bj+1).

We now use induction on the indexi. For i = 1, from Lemma 2.5.15, every interval in Py has
MDD at most fs,. If P; was obtained fromPg by an irregular merge, then all intervals of P, are
intervals of Po, with MDD at most fg,. SinceW(B1) fsp, the claim holds. If the merge was
regular, then the MDD is W(B1) fsp and the MDD of all other intervals is at most fgp. Thus,
the claim holds for P;.

Suppose the claim holds for allf <i and consider poolP; which was obtained fromP; 1 using
a merge involving B;. By the induction hypethesis, the MDD of any interval from P; 1 is at
most W(B; 1) W(B;). If P; that was obtained by an irregular merge, every interval of P; is an
interval of P; 1 and thus hasMDD at most W(B; 1) W/(B;). Suppose thatP; was obtained by
a regular merge { all intervals except the merged interval ae intervals of P; ;. Consider theMDD
of the new interval, which is obtained by the regular mergel1 [ Bi[ |2. Since new intervals are
created only through regular merges, it is easy to see by induion that property C; holds for all
the intervals in P; 1, in particular it holds for 1, andl,. SinceB; was regular, theMDD of the new
interval is max(MDD (11); W(B;j); MDD (l,)). By the induction hypothesis, MDD (11) W (B;i 1)
and MDD (1) W(B;i 1), thus, max(MDD (11);W(B;); MDD (I)) = W(B;). [

First, we show that if a K -Sterling-optimal strategy makes K trades, all of which are contained
in intervals of one of the poolsP;, then a K -Sterling-optimal strategy exists which is composed of
the K intervals with highest return in some pool P; with j .

Lemma 2.5.25 If K subintervals of the intervals of poolP; are a K -Sterling-optimal strategy, then
for somej i, the K intervals with highest return of pool P; are a K -Sterling-optimal strategy.

Proof. If P; = Py, then the claim is trivial. Suppose thati> 0,andletT = flq;:::;lk g be the
K -Sterling-optimal strategy whose trades are all subinterals of intervals in P;. Consider the set
B of all bridges in T that are contained in T, B = fBjg[_; . We can assume thatB is not empty
because if it were, thenT is composed of intervals inT , in which case the topK intervals (with
respect to return) in T are clearly optimal. SinceP; contains all the intervals in T, P; contains
all the bridges in B. Thus, there must existj i such that P; contains all the bridges in B and
no pool Py, with k < has this property, i.e., P; was obtained from the previous pool by a regular
merge involving a bridgeB which must contain some bridgeB, 2 B. Let | be the interval in T
that contains B,. Then, | must contain the whole bridge B , since if B is the result of irregular
merges, one of which involved bridgeB;, then B C I(B,), and C(B;) | (Proposition 2.5.21).
SinceB |, MDD (T) MDD (I) W(B ). By Lemma 2.5.24, sinceB was the last bridge
involved in a merge, the MDD of every interval in P; is at most W(B ). Since every interval of
T is a subinterval of some interval in P;, we conclude that T is contained in at most K intervals
of Pj. Let 'I'J-K be the top K intervals in P;. Then, the return of T is at most the return of 'I'J-K :

Further, MDD (T,X) W(B ) MDD (T), and soStrl(T;)  Strl(T), concluding the proof. =

We are now ready to prove the main result, which will lead to the greedy algorithm for con-
structing a K -Sterling optimal strategy.

Theorem 2.5.26 Let be such thatStri(T;X)  Stri(T;¥); 8j. Then T is K -Sterling optimal.
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Proof. Let S§ be a K-Sterling-optimal strategy that makes K trades { by Lemma 2.5.18,
such a strategy must exist. If S§ has the same Sterling ratio as the trading strategy composeaf
the K most pro table trades in Pg, then we are done. If not, then we know from Proposition 2.5.7
that S§ is coarser thanPg. We prove the following statement for all k 1

Q(k): Suppose there exists & -Sterling-optimal strategy Sff , that makes K trades
and is coarser thanPy ;. Then either SkK 1 Is composed ofK intervals of Py, or there
exists aK -Sterling-optimal strategy Slf that makes K trades and is coarser thanPy.

We know that Q(1) is true. Suppose that Q(k) is true for all k 1, we then prove the proposition
as follows. By an easy induction, we have that if none of theSjK , are composed oK intervals in
P; forall j  m, then there is aK -Sterling-optimal strategy SK making exactly K trades that is
coarser thanPy,. Suppose that we can construct a total of +1 pools, P; for0 i Ko K.
If <K o K then all the bridge weights in P are innite. If = Ky K, then any further
merging leads to fewer thanK intervals. In both cases, there cannot exist aK -Sterling-optimal
strategy that is coarser than P . Therefore, for somej , the K -Sterling-optimal strategy SJ-K 1
is composed ofK intervals of P; . By Lemma 2.5.25, there is aK -Sterling-optimal strategy Tgm
that is composed of the topK intervals of some poolP,, wherel | .

What remains is to show that Q(k) is true for all k 1. Suppose thatSkK 1 Is coarser than
Px 1 and is not composed oK intervals in Px. We show that there exists Slf that is coarser than
Px. Since SkK 1 Is coarser thanPy 4, it contains at least one bridge B in Py 1 with nite weight
(because if it contains an in nite weight bridge, then it eit her contains the preceeding or following
bridge; this argument continues analogously to the proof ol.,emma 2.5.23 until we include a bridge
of nite weight). Let | be the interval of S{ , that contains B, and let I, and I, be intervals in
Px 1 (which are subintervals of 1) connected byB. Let B be the bridge in P, 1 with minimum
weight that was involved in the merge to get Py from Py 1, and let I, and |, be the intervals in
Px 1 connected byB . If B = B then Slf ; Is also coarser thanPy and we are done, so suppose
B 6 B. There are two possibilities:

() B is a regular bridge. If Slf , does not containl, or I, then Slf N, [B[1)=; and
thus S{ | itself is coarser than Py, and can be chosen as$f . Suppose thatS{ ; contains
I, and not I, (similar argument if it contains |, and not I, ). Thus some interval 1°2 SX ,
has as a sux |, . Suppose we construcisl'(< by replacing interval 1°by interval 1°[ B [ I,.
Sl*f is then coarser thanPy. SinceB is regular, the return of I°[ B [ I, is at least as big
as the return of 1% |, is either an interval of Py or was obtained by merging some intervals
of Po through bridges with weight at most W(B ) (Lemma 2.5.24), and soMDD (I,)

W (B ). Since the maximum cumulative return for | %is attained at its right endpoint (Lemma
2.5.16) and the left endpoint of |, is a minimum in |, , we have that MDD (1°[ B [ I,) =
maxtMDD (19;W(B ); MDD (I,)g = maxfMDD (19;W(B )g. SinceW(B ) W (B), we
conclude that MDD (Sf) MDD (Sf ,), and thus Strl(Sf)  Stri(SK ;), which means that
SK is also K -Sterling-Optimal. Finally, suppose that S{ ; contains both I, and I,, and
consider the strategy Sl*f obtained from Slf 1 by removing bridge B and adding bridge B .

(SKy= (Sf )+ w(B) W(B) (SK ). Sincew(B) W(B ), the MDD cannot
have increased, and sCBkK is K -Sterling-Optimal and coarser than Py.
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(i) B is anirregular bridge. SinceB = B(l,;l,) has nite weight, we can conclude that B is
left-irregular and the previous bridge B = B(l, 4;1,) is right-irregular or irregular. Since
SK , does not containB , by Lemma 2.5.16, there are two possibilities:SK ; does not contain
I, , in which case it also does not contain bridgeB and soB and B can be merged into one
bridge without in uencing S 4, i.e., SK | is also more coarse tharPy; or, SK ; contains I,
as one of its intervals. In this case, sincé is left-irregular, (I,)<W (B ) W(B), and so
by dropping I, from Sl'j 1 and breaking | into two subintervals by removing B from | results
in a prot increase of W(B) (I,) > 0. Further, the MDD cannot increase, so the new
strategy makesK trades and has strictly greater Sterling ratio than SkK 1» Which contradicts
optimality of Sf ;. Thus, SK ; cannot contain I, as one of its intervals.

Thus Q(k) holds for all k 1, concluding the proof. [

We are now ready to give theO(n log n) algorithm that establishes Theorem 2.3.3. First, we can
compute the optimal strategy that makes only one trade inO(n logn) (Section 2.5.1), and compare
this with the trivial strategy that makes no trades. It remai ns to compute the K -Sterling-optimal
strategy and pick the best. We show how to do this inO(n logn) time.

First we obtain T in linear time. SupposeT makesKy > K trades (as otherwiseT is our
solution). By Theorem 2.5.26, we only need to construct the pols Pg; P1;:::, maintaining the pool
with the optimal Sterling ratio for its top K trades, as explained in the following algorithm.

1. Seti = 0; Sort (in decreasing order) the intervals from Py according to prot; Sort all the
bridges with nite weight in increasing order. Let B; be the minimum weight bridge in P;; Let
strategy S; consist of the top K intervals, and let Strlype = Strl(S;);

2: while P; contains at leastK intervals and at least one nite weight bridge do

3. if Bj= B(l;; 1) is regular then

4: Regular merge to obtainP;.1 : removel,;I,;B; from the interval and bridge orderings, and
add backl = I,[ B[ I into the interval ordering; compute (1) and MDD (l);

5 Update neighboring bridge weigths and re-insert them backmto the bridge ordering.

6: elseif Bj = B(l|;l,) is left-regular then

7: Irregular merge to obtain Pj+1: Let B be the bridge left of Bj; removel ;B ;B; from the
interval and bridge orderings. Create the new bridgeB = B [ I|,[ Bj, compute W(B)
and insert B into the bridge ordering (note that W(B) may be 1 ).

8: endif

9: i i +1; update Strl;; if Strlgpy < Strl;, then Strlgpe  Strl;.

10: end while

The correctness of the algorithm follows from Theorem 2.5.8. We now analyse the run time of
an e cient implementation of the algorithm. Pg contains at most n intervals and bridges. Each
execution of the while loop reduces loop number of bridges a@hintervals by 1 each, so the while
loop is executed at mostn=2 times. Merging two intervals is a constant time operation. The pro t

of a new interval is the prot of the merged intervals minus th e weight of the merging bridge (also
computable in constant time). The MDD of a new interval is the maximum of the MDD of the
merged intervals and the weight of the merging bridge (also emputable in constant time). The
weight of a new bridge takes constant time to compute, and updting the weights of the neighbour
bridges is a constant time operation provided that pointersare maintained to them. These pointers
can be updated in constant time as well. Thus the run time within the while loop is dominated by
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inserting into the bridge or interval orderings. At most a constant number of such such inserts into
a sorted list need to be done, and each is a®@(log n) operation [17]. To e ciently implement step
9, we maintain two sorted lists of the top K intervals in the algorithm, sorted according to return
and MDD . These can be maintained inO(log K) operations. The rst allows us to update the
total return of the top K intervals in constant time, and the second allows us to upda¢ the MDD
of the top K intervals (by taking the interval with largest MDD ) in constant time. Thus the total
running time of the while loop is O(nlogn + nlogK) = O(nlogn) The preprocessing (step 1) is
O(n), and so does not contribute to the asymptotic run time.
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2.6 Collecting Training Dataset: Sharpe Optimal Trading St rate-
gies

Another popular measure of the portfolio's risk-adjusted return is the Sharp Ratio. For trading
strategy T, we consider two versions of the Sharpe ratioShrp, and Shrp,.

_(M). (M) .
(T) 2(T)

Note that Shrp, is more conservative in that it penalizes large variances me heavily. We introduce
a simpli ed Sharpe ratio (SSR) S that will be instrumental to nding the optimal strategies,

Shrp(T) = Shrpy,(T) = (2.9)

It is easy to check that maximizing Shrp, is equivalent to maximizing —fr and that Shrp, is given
by g 2 2 ., Wherer is the mean return. We will relate the maximization of Shrp and Shrp, to the

maximization of S.

Let T be a trading strategy that makesK trades, with trading intervals 11;:::;1x . Each trade
contributes a transactions cost of fgs, to the return sequence. In general, a trade contributes
2+ {2 to s?. However, we will assume thatfs, 1 and so we will ignore the contribution of the
transactions cost to s?. Alternatively, we can justify this by assuming that the tra nsactions cost is
spread nely over many time intervals. The sum over these sml time intervals is nite, equal to

fsp, however, the sum of squares over these small time intervalsan be made arbitrarily small.
De ne the total return and sum of squared returns for each trading interval,
X X
= ()= 1L =)= il
j2l j2l;
We de ne A; as the contribution of trade i to the mean return, and B; as the contribution of trade
i to the mean squared return (|gr]9r|ng the e ect of the transadions cost), i.e,, A; = %( i Tsp)

and B; = —32 We de ne A(T) = k 1 Ai (note that r = A(T)) and B(T) = I}<<=1 Bi (note that
1s2= B(T)).

2.6.1 Maximizing the Simpli ed Sharpe Ratio S

We will need the following technical lemma, which can be proed by an easy induction.

Lemma 2.6.1 LetF = f%ll %22 pil m g be any set of fractions satisfyinghy > 0 and 5 % 8,
for all i, where b;d > 0. Then, § % . The upper (resp. lower) bound is strict if at

least one of the fractions inF is strictly upper (resp. lower) bounded by% resp g .

ST )= p P-K= A _ A,
iK—1 . B

Lemma 2.6.2 Q—: is a constant for every intervali, i.e., every trade is equivalent.
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Proof:  Suppose that min g—: < Q—jﬁ for somej (strict inequality), and without loss of generality,

assume that the minimum is attained for interval I;. By Lemma 2.6.1, if we removel 1, we get that

SUal [ k)= P < pi2—=5(2[ [ lk);
. - K. B;
i=1 =1 i=2 “I
which contradicts the optimality of T implying that min ; Q—: = g—j for all j. [

Corollary 2.6.3 An SSR-optimal trading strategy making one trade exists.

Proposition 2.6.4 An SSR-optimal strategy making one trade can be found i©(n logn) time.

Proof: By Corollary 2.6.3, we ye guarari_l,eed the existence of such strategy. It su ces to nd
the single interv%] I maximizing 2 ril= o r[i]?. Consider all intervals starting at position i
anddene g = [_;rfjlanddc= [ ;r[j]>. We wishto nd k to maximize c.=d. If we have
done this for position i, we now consider positioni 1. We show that the algorithm in Section
2.5.2 can be used. Trade intervals starting ati 1 correspond to shifting all the ¢x by r[i 1],
and all the dy by r[i 1J°. Both these operations simply correspond to shifting the oigin point p
top®=p (r[i 1r[i 1]%). We then add a new leftmost point at p. Since each update takes
O(log n), and the optimal interval for the new points can be found in O(log n), the entire algorithm
runs in O(nlogn). [

2.6.2 Maximizing Shrp

Ignoring the fsp2 term in the denominator changes the denominator slightly, ® we introduce the
slightly di erent quantity Shrp,. Speci cally,

A(T) _ S A(T)

SR = g 2oy Ay T Em AT

hered is thlg number of trades inT. By the Cauchy-Schwarz inequality, for any trading strategy,
rlil> & ;rli])% Since we are only interested in strategies for whictA(T) 0, we have

Lemma 2.6.5 For strategy T, if A(T)> OthenB(T) A?%(T)>0

We will show that maximizing Shrp, is closely related to a constrained optimization of the SSR,
and that maximizing Shrp, is not too far from maximizing Shrp,.

Let T be return optimal, with return (T ) = . For any O , we de ne the
constrained SSR-optimal strategyT as the strategy with maximum SSR among all strategies with
return at least , i.e., A(T ) and for all strategies T with A(T ), S(T ) S(T). Note that
while an SSR-optimal strategy can be chosen with one tradingnterval, a constrained SSR-optimal
strategy may require more than one trading interval. We showthat for some appropriate threshold

, the constrained SSR-optimal strategy is aShrp,-optimal strategy.

Proposition 2.6.6 90 such that the constrained SSR-optimal strategyT is Shrp,-
optimal.
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Proof: Let T be any Shrp,-optimal strategy, and let = A(T). Let T be any constrained
SSR-optimal strategy. ThenA(T ) A(T)and sinceS(T ) S(T), we have that

0 A(T )B(T) A(T)B(T ):
Suppose thatShrp,(T ) < Shrp,(T), then
0 A(T )B(T) A(T)B(T )<A(T )A(T) (A(T) A(T )):

Both A(T ) and A(T) are > 0, otherwise both strategies are inferior toT ; thus A(T) >A (T ),
which is a contradiction. Therefore Shrp,(T ) Shrp,(T) and soT is Shrp,-optimal. [

We will need the following property of any SSR-optimal interval.

Proposition 2.6.7 Let J be a subinterval of anSSR-optimal interval 1. Then, (J) fsp.
Further, if J isaprexorsuxof 1I,then (J)> 0.

Proof: IfJisaprexorsuxof | and (J) O, then deletingJ from | gives at least as much
return, with smaller sum of squared returns, contradicting the SSR-optimality of 1. Suppose that

_ . )+ (R) fsp+ (L)
| = L[ J[ R whereL and R are nonempty subintervals ofl . If SRR < s"z(L) , then by
Lemma 2.6.1,
fopt (L)+ ()t (R) fspt (L)
= < = *
W= e+ 20+ 7® a0 ©
This contradicts the optimality of |, so we have
3+ (R) fspt+ (L),
s?(J) + s*(R) (L)
Now, suppose that (J) < fsp. Using (*) and Lemma 2.6.1, we nd that
3+ (R) fsp+ (R) fspt (R)
< < = :
SR8 Eare Y R 6 R (o B (O B
becauses?(J) > 0. This contradicts the SSR-optimality of |, so (J) fsp- [

We show that adding an SSR-optimal interval to any trading strategy can only improve the
strategy.

Proposition 2.6.8 Let |o be any SSR-optimal interval, and let T be any trading strategy. Let
TO=Io[T . Then A(TY) A(T) and (TY S(T)

Proof. If 19 is contained in some interval of T, then there is nothing to prove, so suppose
that T[ 106 T, and that T containsd 1 tradeslq;:::;l4q. Note that S(T) = A(T)=B(T). If
lo and T do not intersect, then T®= Io[T = flg;l1;::::149. A(TY = A(T)+ A(lg) A(T),
becauseA(lp) 0. Sincelg is SSR-optimal, S(1g) = QE:‘;; % = S(T), so by lemma 2.6.1,

ATY _ AM)+ A(lo)  A(T) _
B(TY B(T)+ B(lo) B(T)

S(T9 = S(T):
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Suppose that T \ 1o 6 ;. We can decomposel into four parts (each part could be empty):
T =S:[ So[ I1[ I+, whereS; contains intervals that do not intersect with 1g, S, contains intervals
that are contained in | g, 1| is not contained in | g but overlaps | o on the left, and I, is not contained
in 1o but overlaps 1o on the right. T%= Io[T = Si[ I)[ lo[ Ir, i.e., adding | combines all
the trades in fSy; 1,1, g into one trade. Since the internal regions ofli o have return at least fgp
and any pre x and sux of g has positive return (Proposition 2.6.7), we see that mergig any
two consecutive trades overlappingl o decreases the number of trades by one, hence increases the
return by fsp and the added interval loses at mostf sy, hence this merge can only increasé(T ).
If either |, or I, are empty, then we are addionally adding a pre x or su x of | without changing
the number of trades, which also increaseé\(T), thus we see thatA(T9 A(T).
Let's introduce the following de nitions,

A= ASDF (N T+ () To)

Ay = A(Sg)+%( I\ 10) fspt (i) 1o) fep)
By = B(Sy)+ %(sz(h\ To)+ 2(I; \ To))

B, = B(Sp)+ %(sz(h\ lo) + s2(I: \ 1o));

where I is the complement ofl o. Letting Ao = A(lg) and Bg = B(lo), we then have

AL+ A A+ Ag
T)= —— =, and §(T") = ———:
M= 5,45, adS 9 8.7 B,
Note that S(Sz[ (I1\ To) [ (Ir\ To)) = §2, so by the optimality of I, 52 5. We show that
2\ To) Ao, 5 (r\To) Ao, )
22\ To)  Bo' ~ 2s2(I;\ To) Bo

=

If not, then suppose (for example) that 12 g2. Then,

s?(I\lo) =~ B

S|kls

. .
o[ )= Rot 5 (LA 1o) > Ao S(lo)

Bo+ %s2(Ij\ Tg) Bo
contradicting the SSR-optimality of 1o. Again, by the optimality of 1, S(S1) = ggg g—g = (o).
it also has to be sharper than strategyS;. Thus, using (**) and Lemma 2.6.1 we have that
A1 Ao BecauseA; is obtained from the returns of a collection of subintervalsof 1o, it follows

B Bo*
fr(lam Pr%position 2.6.7 that A, Ag. Now suppose thatS(T) > T9, i.e.,

(A1+ Ap)(B1+ Bo) (Ar+ Ag)(B1+ Bp)> 0
SinceA, Ay, it follows that B, Bg. Rearranging terms in the equation above, we have that
A-B1 A1B» > Ao A+ A2.
Bo(B1+ B») Bo Bit+ By’
A A+ Ay _ AB:r AiB»,
B, Bi+B, BB+ By’
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SinceS(lg) S(T), the rst inequality shows that A,B;  A1B» > 0. The second inequality then
implies that B, > B o, a contradiction. [ ]

We can now give the intuition behind our algorithm. The starting point is Proposition 2.6.6,
which says that it su ces to look for constrained SSR-optimal strategies. So the natural rst choice
is an unconstrained SSR-optimal interval To. Either this will be Shrp, optimal or not. If not, it
is because it has too small a return. So our next step is to adda this interval an new interval
(possibly adjacent) with the property that the interval inc reases the return with smallest possible
decrease in SSR, resulting in strategyl;. We repeat this process, constructing a sequence of trading
strategies Tp; Tq; : :: with the property that A(T;) > A (T, 1), and among all other strategiesT such
that A(T) > A(Ti 1), S(Ti) S(T). We then pick the strategy T; with maximum Shrp, ratio
among these strategies, which will be globally sharpe optiral.

Suppose that we have a current strategy,T;. We need to determine the next piece to add to
this so that we increase the return, with smallest possible dcrease in SSR. Lefl; be composed of

these regions are already included in the strategy. We thus latain a generalized returns sequencge
one in which some intervals are replaced by the $ symbol. Ayeneralized trading strategyon the
generalized return sequence must be composed of trades thdd not contain the $ symbol. However
trades may be adjacent to the $ symbol. A trade intervall in a generalized trading strategy can be
isolated (not adjacent to any $ symbol), extending (adjacent to one $ symbol), orbridging (adjacent
to two $ symbols). In order to correctly account for the transactions cost, we need to change how
we compute A(l), so we introduce the new functionA(l):

8
2 A(l) | is isolated
A(l) = S A(l) + f% | is extending
“A()+ Z= s bridging
The generalized simpli ed Sharp ratio (GSSR) for generalized strategyT = flq;:::;149is

ST)= P i=1::a AL
i=1::q B(I7)
Similar to the notion of a maximal return optimal strategy, w e introduce the notion of a maxi-
mal SSR-optimal (or GSSR-optimal) interval as one which camot be extended in either direction
without decreasing the SSR (or GSSR).

We now de ne generalized return sequence$Rg; R1;:::g as follows. Rq is just the original
returns sequence. Letl; be a maximal GSSR-optimal interval for R;. We obtain the generalized
sequenceRj;1 by replacing l;  R; with the symbol $. We de ne any set of generalized sequences
obtained in this way as monotone We also refer to a member of a monotone set as monotone.

be the maximal GSSR-optimal intervals corresponding to eale sequence. By construction,l; is a
maximal GSSR-optimal interval for R;. We have de ned A so that the SSR of the union of these
intervals in Rg is given by

Py
i=1 A Ri (l i) .
?:1 B (I i)

where the subscriptR; indicates on which generalized return sequence the quaniitis computed.

Srollo[ 12l [ lW)=
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Lemma 2.6.9 Sg,(li) Sri., (li+1)

Proof:  Suppose thatSg, (i) < Sg,,, (Ii+1), and let $; be the symbol that replacedl; in R; to
obtain Rj+1. If I;+1 is not adjacent with $;, then I is not GSSR-optimal in R;, a contradiction. If
li+1 is adjacent with $;, then I; [ 1i+1 has higher GSSR (by Lemma 2.6.1), so once again is not
GSSR-optimal in R;. [

Now an easy induction, using Lemmas 2.6.1 and 2.6.9 gives,

Corollary 2.6.10  Sgo(lo[ 11 [ 1k) Sk (lk) for any k.

Analogous to Propositions 2.6.4, 2.6.7, 2.6.8, we have thelowing three propositions. Their proofs
are almost identical, so we omit them.

Proposition 2.6.11 A GSSR-optimal strategy making one trade exists, and all mamal GSSR-
optimal trades can be found inO(NlogN) time.

Proposition 2.6.12 Let J be a subinterval of anyGSSR-optimal interval |. Then (J) fsp.
If J isaprexorsuxof | thatis not adjacent with the symbol '$', then (J) > O.

Proposition 2.6.13 Let |¢ be any GSSR-optimal interval, and let T be any generalized trading
strategy. Let T%= Io[T . Then, A(TY A (T) and (TY (T).

We now give the main result that will lead to the nal algorith m to obtain the Shrp,-optimal strat-
egy. Its essential content is that given a monotone set of gaaralized returns sequencesRo; R1;:::,
with corresponding GSSR-optimal intervals lo; 11;:::, for somek, T = Io[ I1[ [ Ik is Shrp,
optimal. We will need some preliminary results.

Proposition 2.6.14 Forsomek, T = lIo[ I1[ [ Ik is Shrp-optimal., where |; are the GSSR-
optimal intervals corresponding to a monotone set of genela&ed returns sequences.

Proof. First we show that there exists a Shrp,-optimal strategy Tp that contains 1. Indeed,
let T be any Shrp,-optimal strategy, and considerTo = 1o [T . By the Proposition 2.6.8, we have
S(To) S(T)and A(Tg) A(T) 0. Then,

A(To)A(T)(A(To) A(T))+ B(To)B(T)(S(To) S(T))
(B(To) A%(To))(B(T) AX(T))

Shimy(To)  Shpy(T) = 0;

thus, To is Shrp,-optimal.

Let Tx be a Shrp,-optimal strategy that contains lo[ [ Ix. We know that Tp exists. If
Tc=1lo[ [ Ik, thenwe aredone. If , Tx = lg[ [ I«[T © with T96 ;, then we show that
there must exist a Shrp,-optimal strategy Ti+1 Which contains Io[ [ Ig+1, i-€., there is some
other T 1,1 suchthat Tyss = Io[ [ Ix[T %is Shrp,-optimal. The proposition then follows
by an easy induction.

Let TO= TO[ I4y. Then, Ag,, (T A g, (TYand S, (T Sk, (TY (Proposition
2.6.13). By Corollary 2.6.10 and the GSSR-optimality ofly+;, we have that

SUol 2L 1) Srew (k1) Srewy (T% Sk, (TY
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From now on, we will drop the Ry+1 subscript. Let A = A(lo[ :::[ 1k), B = B(lo[ :::[ 1k),
A% = A(T9, BY= B(TY, A= A(T% and B®= B(T%. Let Shrp, = Shrp,(lo [ ::: [ Ik),
ng: Shrp,(lo[ :::[ 1[T ()andegO: Shrp,(lo[ :::[ 1k [T 9. Thus,

A+ A% _
B+ B0 (A+ A0

hrp, = AL Shro— A+ A2 ;a
R= g Az R~ B¥ B0 (A+A02

nd Ship=

Let A= ON and A°= OA, where %° 09> 0. Then, by direct computation, one obtains

A

B+ A2+ - o(Bx B A2’

A
B+AZ+ (2 B A2

Shrp = and  Shrp=

Since Shrpg > Shrp,, we conclude that8, B A2 < 0. Since(T%  S(T9, we have that
BO BOO . 00 0 00 0
25 2w, and since >0, 7w 170> 0, therefore

00 pgoo ) 0 Rgo )
1+ 00 00 B A 1+ 0 O B A® <0
=—00 =—0 ,
and soShrp,” Shrp, concluding the proof. ]

By Proposition 2.6.14, a Shrp,-optimal trading strategy can be obtained by constructing the
strategies T, and then picking the one with the maximum value for Shrp,. The next proposition
shows that this can be done inO(N 2logN) time.

Proposition 2.6.15 A Shrp,-optimal trading strategy can be found in time O(n?logn).

Proof. I can be obtained inO(n logn) time (Proposition 2.6.11). Since there are at mostn such
intervals (since each must be non-empty), obtaining all theintervals is in O(n?logn).
Given the intervals, a single scan can be used to obtain th& for which Ty is Shrp,-optimal. [

One can improve the runtime to O(n?) if O(n?) memory is available, however, we do not discuss
the details.

2.6.3 Approximation Ratio for Shrp,

We have given an algorithm that obtains a Shrp,-optimal strategy. A modi cation to the algorithm
constructs the hierarchy T; and pick the one with the highest one with value of Shrp,. Suppose
we have aShrp,-optimal strategy T and let T be a Shrp,-optimal strategy. Then by Proposition
2.6.6, it must be that A(T ) > A(T) and that S(T )  S(T). Since Shrp,(T)  Shrpy(T ), we
have that A (B A2) A(B A2 0, whereA=A(T);A = A(T );B=B(T);B =B(T).
We can evaluateShrp,(T ) Shrp,(T) to obtain

de 2
n'Sp
2+ B A?

0 Shr(T ) Shmp(T) Shrp, 5
nisp

When B A2 = O(1), which is usually the case, we see that this is a very accate approximation
(sincefgs, 1).
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2.6.4 Maximizing Shrp
Once again, we introduce the slightly di erent quantity Shrp,,

A : W&(TFP—A(T)Z :
df 2+ B(T) A2(T) B(T) AXT)

Shrp(T) = 4

We will optimize Shrp,(T). Since maximizing Shrp,(T) is equivalent to minimizing 1=mpf(T) the
problem reduces to maximizing

A(T)

B(T)

The entire algorithm is analogous to that for maximizing Shrp, in the previous section, we only
need to prove the analogs of Propositions 2.6.6 and 2.6.14.

Q(T) =

Proposition 2.6.16 90 such that the constrained SSR-optimal strategyl’ is Q-optimal.
Proof: Let T be Shrp-optimal, and let = A(T). Let T be a corresponding constrained
SSR-optimal strategy. A(T ) A(T) and gg g %. Multiplying these two inequalities gives
that /EZ((TT )) ABZ((TT)), i.e. T is alsoQ-optimal. n

Proposition 2.6.17 For somek, T = Ig[ I1[ [ Ik is Q-optimal., where |; are the GSSR-
optimal intervals corresponding to a monotone set of genela&ed returns sequences.

Proof: The proof is very similar to tho proof of Proposition 2.6.14. Let T be Q-optimal, and let
To=1lo[T . Then A(Tp) A(T)and S(Tp) S(T). Multiplying these two inequalities give that
Q(Tg) Q(T), or that Ty is also Q-optimal.

Let Ty be a Q-optimal strategy that contains lg[ [ Ilx. Introduce T¢T%= |4, [T %as
in the proof of Proposition 2.6.14. LetQ = Qo[ :::[ k), Q%= Qo[ :::[ k[T 9 and
Q%= Qo[ :::[ [T %,

A2
= E’

o_ (A+ A92
- B+ B0’

oo (A+ A%

Q B+ B0

and Q

Following exactly the same logic as in the proof to Propositi(a)p 2'6614' we only neg)d to 0show that
Q% QO Let A= ON and A= CA, where °° 0> 0. 85 & implies that 8 &, and so
00

quomz) O(Boil) . By direct computation, one obtains
A2 A2
Q= 1 BO ! Q™= 1 B 00
B+ 1 wo oy B B+ 1 @wop gwy B
SinceQ%> Q, it must be that —0(—5017) B< 0. Since 0 01 uTlG‘F 1 (1T1<TI so we
have that
1 B 00 1 BO
B 1 B <0
(1+ 0992 q %% 2) 1+ 92 q 9+2)
which implies that Q%° Q° n
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2.6.5 Approximation Ratio for Shrp

Once again, a modi cation to the algorithm constructs the hierarchy T; and picks the one with
the highest one with value of Shrp,. Suppose we have &hrp,-optimal strategy T and let T be a
Shrp;-optimal strategy. By direct computation, and using the fact that Shrp (T)  Shrp(T ) =)
A 2B A2B 0, we get

dfsp2
0 Shrid(T ) Shr(T) Shrg(T )ﬁ
=L+
n

q__
which gives an approximation ratio of 1 O(f sz) when B = O(2).

2.7 Conclusion and Discussion

The main goal of this chapter was to provide the theoretical kasis for the computation ofa posteriori
optimal trading strategies, with respect to various criteria. The highlights of our contributions are
that return and MDD -optimal strategies can be computed very e ciently, even with constraints on
the number of trades. Sharpe optimal strategies prove to be mch tougher to compute. However,
for slightly modi ed notions of the Sharpe ratio, where one ignores the impact of bid-ask spread
squared we can compute the optimal strategy e ciently. This is a reasonable approach since in
most cases, the bid-ask spread is 10 4. We also show that this modi ed optimal strategy is not
far from optimal with respect to the unmodi ed Sharpe ratio.

We have introduced a new technique for optimizing quotientsover intervals of a sequence.
This technique is based on relating the problem to convex sebperations, and for our purposes
has direct application to optimizing the MDD , the simplied Sharpe ratio (SSR), which is an
integral component in optimizing the Sharpe ratio, and the Downside Deviation Ratio (DDR).
This technique may be of more general use in optimizing othernancially important criteria.

A natural open problem is whether Sharpe optimal strategiescan be computed under constraints
on the number of trades.
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Chapter 3

Learning: Optimal Linear Separation

3.1 Introduction and Basic De nitions

3.1.1 Convex Hulls

The convex hull of a set of points is the smallest convex set tht contains the points. The convex hull
is a fundamental construction for mathematics and computaional geometry. Other problems can be
reduced to the convex hull - halfspace intersection, Delauay triangulation, Voronoi diagrams and
power diagrams. Aurenhammer in [2] describes applicationsf these structures in mesh generation,
le searching, cluster analysis, collision detection, crgtallography, metallurgy, urban planning,
cartography, image processing, numerical integration, sitistics, sphere packing and point location.
More formally,

De nition 3.1.1 AsetS R"is convex if 8x;y 2 Sand0 1
X +(1 )y 2S

De nition 3.1.2 Let X = fX1;X2;:::;Xn0 R2. The Convex hull H(X) is the convex set such
that X H (X) and if Y is another convex set for which this is true thenH(X) Y , in other
words convex hull is de ned as smallest convex set contairgnX .

In two dimensions, the convex hull takes on a speci ¢ form.

De nition 3.1.3 A polygon is a closed path of straight line segments ifR2. These segments
are also called edges of the polygon, and the intersection tfo adjacent edges is a vertex of the
polygon. A simple polygon is one which has no intersecting non-adjacent edgesvery simple
polygon dividesR? into an interior and an exterior region.

It is easy to see that a simple polygon isconvex if and only if the internal angle formed at
each vertex is smaller than or equal to . The convex hull of a set of pointsS 2 R? is the convex
polygon with smallest area that encloses S . Note that in two dmensions, the convex hull can be
represented by ordered sequenceiu,:::ugui 2 A where the boundary of H(A) is the union of
lines ujuj+q .
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De nition 3.1.4  Poaint x 2 X is a limit point  of X, if and only if 8 > 0, the -neighborhood of
vertices of the convex hullH (A) are the points from A which are bound points ofH (A).

Convex hulls were studied extensively in the literature. Timothy Chan in [14] presented state-of-
the-art algorithms for computing the convex hull of a set in two or three dimentions. He proved
the following output-sensitive time bounds. By the reduction from sorting, these time bounds are
optimal.

Fact 3.1.5 The convex hull for a given set of points in two or three dimeriens can be computed
in time O(N logh), where h is the number of vertices of the convex hull.

3.1.2 Linear Separators

Convex hulls are prominent in areas as Neural Networks, Supprt Vector Machines, clustering,

pattern recognition, etc. One is usually interested in nding an optimal separating plane for two

convex hulls (in n dimensions). In wide range of applications to robotics, corputer graphics,

simulation and computational geometry, intersection tests comprise some of the most fundamental
issues.

The problem of learning - discovering hidden patterns in the collected data - often can be
considered as the problem of nding a linear separator for tvo sets of points in multidimensional
space. When the sets are not separable, we are interested imding a subset of points such that
after removing these points, the remaining points are sepable. Such a set is called a separator
set. If we assign a positive weight to every point (its delity), then we wish to nd a separator set
with the minimum possible weight. Optimal linear separator also can be used for optimal boosting
of two classi ers [44]. We discuss the optimal boosting of tw classi ers in section 3.4.

Optimal linear separation plays a key role in pattern recogrition and computational geometry.
In statistical pattern recognition, a resurgence of linearseparability has emerged through its role
in Support Vector Machines and other kernel based methods B, 75]. In computational geometry,
determining the intersection of sets (mostly in two or three dimensions) is of immense practical
importance, for example in CAD systems, and thus linear sepability is of fundamental use in this
setting. To make the discussion more concrete, we need some ditions.

Throughout, we assume that we are in two or three dimensionaEuclidean space.

De nition 3.1.6  SetsA R";B R" are linearly separable i 9v2 R";vy 2 R such that

Vvixa+Vvg> 0 8xa 2A
vixg+Vvg< 0, 8xg2B

The pair (v;Vp) de nes an (oriented) separating hyperplane

De nition 3.1.7 Let A;B R". The distanced(A;B) = inf - kx yk
y

X 2A

If two sets, A; B, are linearly separable, then theoptimal or maximum margin separating hy-
perplane is a separating hyperplane with maximum possible idtance from both sets.
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De nition 3.1.8  Suppose thatA;B R" are linearly separable. Then theoptimal separating
hyperplane  (A;B) is a separating hyperplane with maximum possible distanceoin both sets.
Pair of points s2 A ;t 2 B is a realization of separation if d(s;t) = d(A;B) andd(s; (A;B))=
d(t; (A;B)) = 3d(s;t).

Suppose that weighting function W assigns a weightW (x) > 0 to point x. For hyperplane
Y= (v;v), let Q() = Qa[Q g denote the mis-classi ed points, whereQa = fx 2 AjvTx+vg 0Og
and Qg = fx ZPijTx+ vo 0g. We de ne the weight (or error) E(*) as the weight of mis-classi ed
points, E(") = 20 () W (x). Note that the sets A°= AnQa and B®= BnQg are linearly separable,
and " is a separator for them.

De nition 3.1.9 (Optimal Fat Separator) A hyperplane * = (v;Vvp) is optimal if it has mini-
mum weight. It is an optimal fat separator if it has minimum weight and separatesA® and B® with
maximum margin.

Intuitively, the optimal fat separator ° is the hyperplane with minimum error such that if the
mis-classi ed points are viewed as noisy and have their clas ipped, then the entire set becomes
separable, and’ is a maximum margin separator for the \noise-corrected" set

The goal of this chaper is to develop an e cient algorithm for exact linear separation, where
\exact" means globally optimal with respect to some (arbitr arily speci ed) error criterion. Con-
structed algorithms are applicable to the case where the dat points are not linearly separable.

In the next sections we will discuss previous related work.

3.2 Related Work
3.2.1 Convex Hulls

One of the simplestO(N logN) { algorithms for computation of the convex hull for given a set of
points on the plane is theGraham's Scan Algorithm . An online demonstration of the Graham's
Scan Algorithm can be found at [54]. Under certain conditiors on probability density function, this
algorithm has O(n) expected time complexity [20].

Algorithm 3.2.1  Graham's Scan Algorithm [30]
The algorithm works in three phases:

1. Find an extreme point. This point will be the pivot , is guaranteed to be on the hull, and is
chosen to be the point with largest y coordinate.

2. Sort the points in order of increasing angle about the pivio We end up with a star-shaped
polygon (one in which one special point, in this case the pitpcan "see" the whole polygon).

3. Build the hull, by marching around the star-shaped polygg adding edges when we make a
left turn, and back-tracking when we make a right turn.

Another popular algorithm for computing the convex hull for given a set of points on the plane is
the Quick-Hull Algorithm . An online demonstration of the Quick-Hull Algorithm can be found
at [55]. Although it's worst-case complexity is quadratic, typically the algorithm works fast on
random sets of points, and is similar to quick-sort:
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it is recursive
each recursive step partitions data into several groups

Algorithm 3.2.2  Quick-Hull Algorithm [4]
The partitioning step does all the work. The basic idea is asoflows:

1. We are given a some points, and line segmemAB which we know is a chord of the convex
hull (i.e., it's endpoints are known to be on the convex hull) A good chord to start the
algorithm goes from the leftmost to the rightmost point in tle set.

2. Among the given points, nd the one which is farthest fromAB . Let's call this point C.
3. The points inside the triangle ABC cannot be on the hull. Put them in setSp.

4. Put the points which lie outside edgeAC in set S, and points outside edgeBC in set S,.

Once the partitioning is done, we recursively invoke quickwull on setsS; and S,. The algorithm
works fast on random sets of points because step 3 of the paidin typically discards a large fraction
of the points.

Timothy Chan in [14] presented state-of-the-art algorithms for computing the convex hull of a set
in two or three dimentions. He proved the following output-sensitive time bounds.

Fact 3.2.3 The convex hull for a given set of points in two or three dimenens can be computed
in time O(N logh), where h is the number of vertices of the convex hull.

The problem of randomized computation of the convex hull in two dimensions has been well-
studied and several randomized incremental algorithms ha® been developed, with linear expected
running time (when the probability distribution satis es ¢ ertain constraints) [21] [3].

3.2.2 Separable Sets

When two sets of points are separable, an approach to constating the maximum margin separator
is to rst construct the convex hulls, and then construct the maximum margin separator for the
convex hulls. In 2 and 3 dimensions, this approach is very e égent. The maximum margin separator
can be speci ed as the orthogonal bisector of the line joinig two points on the convex hulls of the
two sets. These two points are sometimes refered to as gealization of the maximum margin
separator.

Dobkin and Kirkpatrick, [23], introduced hierarchical rep resentations for convex hulls and es-
tablished many useful properties of such representations2p, 24, 26]. Speci cally, given a standard
representation of a convex hull (in 2 or 3 dimensions), a comact hierarchical representation of
can be constructed inlinear time. This representation has been exploited in a series ofubsequent
papers dealing with separation of polytopes[23], generaed extremal queries and applications, in-
tersection of convex and non-convex polyhedra, interseabin of convex bodies with curved edges
and faces, parallel algorithms for manipulation of polytopes, applications in computer graphics etc.
[26].

In particular, they construct a sublinear deterministic algorithm for obtaining the optimal linear
separator for separable convex hulls in 2 and 3 dimensions §auming that compact hierarchical
representations for both convex hulls are available):
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Fact 3.2.4 ([23]) The optimal linear separator (P;Q) (and its realization) of convex hulls on
the planeP, Q can be determinedO(logjPj + logjQj) time from their hierarchical representations,
where jPj (jQj) is the number of vertices ofP (Q).

Using the linear algorithm for constructing the hierarchical representations combined with Fact
3.2.4, one obtains an e cient deterministic algorithm for ¢ onstructing the maximum margin sepa-
rator for separablesets in 2 and 3 dimensions:

Fact 3.2.5 ([23], [15]) The optimal linear separator (in 2 and 3 dimensions), and itsrealization,
for two separable setsA and B can be found inO(nlogn) operations.

Generalizing results of Dobkin and Kirkpatrick to d > 3 dimensions is di cult, and a more
popular approach is to re-formulate the linear separabiliy problem as a linear program or the
maximum margin separator problem as a quadratic program. Suh problems can be handled using
linear/convex programming techniques such as: the simplexmethod [19, 16], with complexity
O(N?) where the constant is exponential ind (in practice the simplex method has linear average-
case complexity [71]); or, interior point methods [22, 38, 8, 52, 49].

3.2.3 Unseparable Sets

Our work addresses the case wherh and B are not linearly separable (i.e., their convex hulls
intersect). In this case we are interested in nding a subsetQ of points such that after removing
points from Q remaining points are separable.

Combinatorial approach plagued by the exponential growth @ running time. Heuristics based
on greedy search that seeks local inprovement may trap the &ation in a local minimum which is
much worse than the true global minimum [49].

Popular approaches are to formulate some di erentiable eror as a function of the distance of
a mis-classi ed point from the hyperplane. One then seeks taninimize some heuristic function of
this error, [75, 5]. If the resulting error function is convex, then convex optimization techniques
can be brought to bear, for example in [75] one obtains a conxequadratic program. Bennet and
Mangasarian [6] propose minimizing the average distance &m mis-classi ed points using linear
programming. Most often, however, such heuristic errors a& minimized using iterative algorithms.

Another approach, suggested by Bennett and Bredensteinerni [5] use following heuristic to
deal with this problem. If most points of one class are not in onvex hull of the other, then we
could restrict the in uence of outlying points and solve the problem on reduced convex hulls. The
intuition is that it is undesirable to let one point excessively in uence the solution. Therefore, we
want the solution to be based on a lot of points, not just a few kad ones. Say we want the solution
to depend on at leastK points. This can be done by contracting or reducing the conve hull
by putting an upper bound on the multiplier in the convex combination for each point. Reduced
Convex Hull of set of points A is the set of all convex combinationsc = Au of points in A where
e'u=1,0 wu De D< 1. Typically we chooseD = Ki and 1< K jAj . K have to be
chosen su ciently large to ensure that the convex hulls do na intersect. Then problem solved for
the reduced convex hulls via linear programming.

Interior point methods also can be applied to problems of disrete optimization. These methods
do not con ne their working to a discrete solution set, but instead view combinatorial objects
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as limiting cases of continuous objects. Many computationbbreakthroughs in the approximate
solution of large scale combinatorial optimization problens achieved recently are due to the devel-
opment of interior point algorithms and implementations. T heoretical foundations and applications
of interior point techniques to the development of algorithms for combinatorial optimization prob-
lems given in [49]. These techniques are superior to combitarial heuristics and Simplex method
for some problems. Interior point methods have provided a uned approach to create e cient
algorithms for many di erent combinatorial problems. Successful approaches include an interior
point branch and bound technique [11, 47], cutting plane tebnique [33, 40, 48], and semide nite
programming relaxations [35, 76].

In contrast to these existing approaches, our work focusesroproducing globally optimal so-
lutions in 2 dimensions: for an arbitrary weight function W, the problem cannot be represented
as the minimization of some di erentiable error (convex or not). Constructed algorithms output a
minimum weight subset of the points Q such that after deleting these points, the remaining points
are separable, and the algorithms given by Fact 3.2.5 can thebe used.
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3.3 Contribution

In 2 dimensions, we giveexact algorithms for obtaining an optimal fat separator ~ for two sets A and
B with respect to an arbitrary weighting function W. In particular, if W (x) =1, then the resulting
separator minimizes the classi cation error. With respectto set intersection, Q(°) is the minimum
sized set that must be removed in order to make the remaining pints separable, and can be
viewed as the intersection of the two objects. Further, consucted algorithms also furnish an exact
calculation of the leave-one-out error with no increase in omputational complexity. Traditionally,
if n = jA[Bj is the number of data points, the computation of the leave-ore-out error incurs an
extra factor n in the runing time.

Let jJAj = m and jBj = k, and assume without loss of generality thatm k. Then, the
computational complexity of constructed algorithm is given by O(mn logn).

3.3.1 Optimal Linear Separator for Non-Separable Sets

Let A = fajg?; and B = fb; gjk:l be two sets of points, withm  k, and letn = m+ k. Itis
traditional to assign class +1 to one of the sets (say)A and 1 to the other. Every point x has a
weight W(x) > 0. A separator setQ A[B is a set with the following property: if the points
in Q are geleted, the remaining points are linearly separable. #ery separator setQ has a weight,
W(Q) = %20 W (x). An optimal separator setQ is one with minimum weight, i.e., for any other
separator setQ, W(Q) W (Q ). A brute force search through all subsets ofA[B is clearly an
exponential algorithm, and we present here a polynomial tine algorithm for the 2 dimensional case.

Theorem 3.3.1 (2-dimensions) An optimal fat separator and its corresponding optimal sepea-
tor set Q(A; B) can be found inO(mn logn) time.

Proof: We rst discuss the correspondence between optimal separat sets and hyperplanes. As
already discussed, to every oriented lin€, we can associate the separator se)(’). The converse
is also true for an optimal separator set. Specically, letQ be an optimal separator set. Then
A%= AnQ andB%= BnQ are linearly separable, so let be any separating hyperplane. Then
no points of Q must be mis-classi ed, as otherwiseQ is unnecessarily large, contradicting its
optimality. Further, if any points of Q lie on ", then by shifting ~ a little, we still separate A%and
B® however now we correctly classify some points o) , once again contradicting the optimality
of Q . Thus, we have the following lemma,

Lemma 3.3.2 Let Q be any optimal separator set. Any hyperplané that separates(A[B )nQ
also separatesQ , i.e., Q itself is separable; further,Q(") = Q .

In the proof of Lemma 3.3.2, we used the fact thatany hyperplane* that separates A[B )nQ
is such that Q(*) = Q , and so in particular the maximum margin separator for (A[B ) nQ will
have minimum weight. Thus, once we have found the optimal segrator set, we can easily construct
the optimal fat separator using the result in Fact 3.2.5.

Lemma 3.3.2 implies that any optimal separator set is the seprator set of some hyperplane.
Thus, it su ces to consider all possible hyperplanes, and their separator sets. Though it appears
that we have increased the di culty of our enumeration probl em, we will now show that not all
possible hyperplanes need be considered. In fact, we can tést ourself to hyperplanes passing
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through at least two points. This is a big step, because thereare only ( n?) such hyperplanes.
The separator set for a given hyperplane can be computed i®(n) operations, and so we immedi-
ately have an O(n?) algorithm. By being careful about reusing computations, we can reduce the
complexity to O(n?logn), which is essentially the content of the Theorem 3.3.1.

We need to consider more carefully the de nition of a separabr set, especially when points lie
on the hyperplane ™. According to the strict de nition of separability, we woul d need to include
all the points on ~ into Q(°). We relax this condition in the de nition of the positive separator set
associated to the hyperplane'.

De nition 3.3.3  For hyperplane *, the positive separator setQ* (*) contains all mis-classi ed
points except the positive points (in A9 that lie on . " is denoted the positive separator hyperplane

of Q* ().

The only di erence between the usual separator set and the psitive separator set is in how we
treat the points that reside directly on the hyperplane (Q* (*) Q ().

Let Q be an optimal separator set, and let % be a hyperplane that separatesA® and B°
constructed from A[BnQ . By Lemma 3.3.2Q('%) = Q and '°separatesQ . Let a* be the
closest positive point in A%to *. Then all hyperplanes %parallel to “%that are closer to a* and
correctly classify a* also separateA® and B® Hence, by Lemma 3.3.2 all such hyperplanes also
separateQ , i.e., for all such hyperplanes’® Q("% = Q . This means there are no points that
are on any of these hyperplanes® Now consider the hyperplane’ parallel “%and containing a*,
and considerQ* (). Any negative points on ~ already belong toQ . Thus, Q* () = Q . Suppose
that ~ contains at least one negative point. If it contains no other positive points (other than
a"), then by slightly rotating * about a*, we can classify some of these negative points correctly,
without altering the classi cations of A°or B This contradicts the optimality of Q , which gives
the following lemma,

Lemma 3.3.4 Let Q be any optimal separator set. Then there exists hyperplané such that
Q*() = Q and either:

i. two or more positive points from A reside on’;

ii. exactly one positive point from the A resides on’, and no others.

Lemma 3.3.4 shows that it su ces to consider only the positive separator sets of hyperplanes
that pass through at least one positive point. This forms the basis of the algorithm. We try every
positive point as a candidate "central" point and compute the best possible separator set for all
hyperplanes that pass through this central point. We then keep the best separator set over all
possible central points.

Let's consider how to e ciently nd the best positive separa tor hyperplane that contains some
xed positive point a*. In order to do so e ciently, we introduce a mirrored-radial coordinate
system in which all the points excepta® can be linearly ordered with respect toa™ .

We start with an arbitrary (base) vector u that de nes an axis as shown in Figure 3.1. The
origin of u is at a*. With a* as origin, we de ne the angle (x) of a point x with respect to the
base vectoru as the angle between the two vectorsx a* and u. The upper hemisphere of the
unit circle is the set of points on the unit circle with angle in the range [Q ] (shaded in Figure
3.1). We de ne the mirrored-radial projection of a point s(x) as the projection of x onto the upper
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hemisphere of the unit circle, through the origin a*. The mirrored-radial projections of x1;X»2; X3
are illustrated by s;;sp; s3 in the Figure 3.1). The mirrored-radial coordinate (x) is then the angle
of s(x), i.e., (s(x)). Notice that many points may have the same mirrored-radid projection, in
which case, they all have the same mirrored-radial coordinge.
Suppose that the mirrored radial coordinates of all the
points (except a*) have been sorted and thatu has been cho-
sen so that 0< 2 n 1 < . For convenience,
dene o=0and , = . An oriented hyperplane " can also
be uniquely speci ed by giving its angle - (see Figure 3.1),
together with its orientation ( 1). For a given orientation,
all hyperplanes with - 2 ( i; i+1), 0 i< n, partition the
points into the same two sets, and hence have the same posigv
separator set. The other possible values for- are the actual
mirrored-radial coordinates ;. Since there only two possible
orientation for a given -, we have the following lemma

Lemma 3.3.5 There are4n 2 possible equivalence classes of
positive separator hyperplanes, corresponding to the faiving

ranges for for - Figure 3.1: Mirrored-radial coordi-

nates.

For any two values of - from the same range, and for a given orientation, the positie separator
sets are identical.

The importance of Lemma 3.3.5 is that we now only have to checlone representative from
each equivalence class. Further, this can be done very e cietly with two linear time scans (one
for each orientation) as follows. Lets consider hyperplang with orientation +1. First, we compute
Q* (") for - =0, and its weight. Now, we iteratively step through the values ;. When we process

i, some (or all) of the points with mirrored radial coordinates ; will move to the opposide side
of *, which will correspond to an update of Q* (*) and the its weight W(Q™* ()). Assuming that
set membership inQ* () is maintained by an array of sizen 1, if n; points are moveed to the
opposite side, then the update ofQ* (*) and W (Q* (7)) requires O(n;) operations. After processing

i, and come to process the range (; i+1), once again at mostny points shift sides, resulting in
an update costing O(n;) operations. Thus the full scan takesO(2 n;) = O(n) operations. Since
two scans need to be made, the total cost of these scans@(n).

Recap: For every positive point, a*, we rst compute the mirrored-radial coordinates of all the
other points, requiring O(n) operations. We then sort these coordinates inO(n logn) operations.
We now make two scans (in sorted order), one for each orient&n of the hyperplane, updating the
the best positive separator set and its weight as we scan. TkirequiresO(n) operations, Since the
sorting operation has the dominant run time, this entire process is inO(nlogn). Since this entire
process has to be run for every positive point, and there aren positive points, we obtain a nal
computational complexity of O(mn logn), which completes the proof of the theorem. [

3.3.2 Leave-One-Out Error

An important issue in the design of e cient machine learning systems is the estimation of the
accuracy of learning algorithms, in particular its sensitivity to noisy inputs. One classical estimator
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is leave-one-outerror, which is commonly used in practice. Intuitively, the leave-one-out error is
de ned as the average error obtained by training a classieron n 1 points and evaluating it on
the point left out. For some learning algorithms, one can obtin estimates of the leave-one-out
error, for example for Support Vector Machines, in the sepaable case, the leave one out error can
be bounded in terms of the number of support vectors, [75]. Alorithmically, we remove one point,
train the classi er and test in on the point left out. This pro cess is repeatech times for every
possible point that could be left out. The average error on the points left out is the leave-one-out
error. More formally,

Let X denote all the points, X = A[B . Let X({) denote the points with point x; left out,
X = X nxi. Let C() denote the classi er built from X ) {in our case this is the optimal fat
hyperplane. Let e denote the error of C() applied to the input point x;.

(

o = 0 if Xj is classi ed correctly;

W (x;) otherwise:

P
The leave-one-out error, Bo is given by Bgo = % i”=1 g . We focus on the 2-dimensional case. A
brute force computation of By, results in a factor of n increase in the run time, which would result
in an O(mn2logn) algorithm. We show how to modify the algorithm so that it out puts B, with
no increase in the computational complexity. We will estabish the following theorem.

Theorem 3.3.6 (2-dimensions) An optimal fat separator, together with its optimal separabr set
Q(A;B) and the leave-one-out error can be be found in tim&©(n?logn) time.

Let Q(X) be optimal separator set for set of pointsX, and let V be any subset ofQ(X). We
consider the setX%= X nV, i.e., a set resulting from the removal of some part of an optnal
separator set from the original set. Note that Q(X) is mis-classi ed by the optimal fat separator
trained on X. Consider Q(X9, i.e. an optimal separator set for the reduced set of points and
its corresponding fat separator hyperplane’® Certainly Q(X) nV is a separator set forX? and
soW(Q(X9%) W(Q(X)) W(V). Now considering adding back the points inV. If we add into
Q(X9 all the points in V that “%mis-classi es, then we get a separator set foiX . Suppose that©
classi es any of the points inV correctly. Then the weight of the separator setQ(X 9 will increase
by less than W (V), which means we have constructed a separator set foX with smaller weight
than Q(X), contradicting the optimality of Q(X). Thus, *®must mis-classify every point inV, and
further, W(Q(X9) = W(Q(X)) W (V).

Lemma 3.3.7 LetV Q (X) and X%= X nV. Then W(Q(X9) = W(Q(X)) W(V), and any
separator hyperplane™? associated toQ(X 9 mis-classi es every point in V.

By lemma 3.3.7, we immediately have that

_wex)y, 1 X
n n

EOO

€,
Xi 2XnQ (X)

and so we immediately have a lower bound orgq,. Further, it su ces to compute ¢ only for
Xi 2 X nQ(X). With only a slight change in the algorithm given in the proof of the theorem 3.3.1
we can compute exactly the leave-one-out error. First obsese that the following lemma holds.

Lemma 3.3.8 If Q is a separator set forX (), then Q[ x; is a separator set forX.
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Thus, all separator sets ofX () are subsets of the separator sets oX .
Point x; from X can be one of three types:

Type 1. x; always classi ed correctly by any optimal fat separator corstructed for X (). Obviously,
such a point x; makes zero contribution to the leave-one-out error.

Type 2. x; always misclassi ed by any optimal fat separator construced for X (). Contribution
of such a point to the leave-one-out error is equal to its weigt W (x;).

Type 3. There are N, representative lines forX () such that optimal fat separators corresponding
to these lines will classify x; correctly and there are N representative lines for X () such
that optimal fat separators corresponding to these lines wi misclassify x;. Contribution of
such a point to the leave-one-out error is equal to the weighed probability of choosing bad

separator: W (Xi) i -

Thus, the leave-one-out error can be computed as follows: att with zero and add contribution
of every point. Points of type 1 can be ignored, and we can cormmntrate only on points of type 2
and 3.

Lemma 3.3.9 Let v be positive (negative) point from X such that there exists an optimal fat
separator © for X v that misclassi es v. Then there exists positive (negative) separator line’
that passes through positive (negative) point 2 X ;u6 v,v2Q* (" ), and Wopr  Wx (Q* ("))
Wopt + W(V), where Wy is the weight of an optimal separator set for seX.

Proof: (Lemma 3.3.9). It is enough to prove the lemma for the case whe point is positive. Let
" be an optimal fat separator for X v that misclassi es v. Since" is fat, no point from X v can
reside on it. Sincev is positive and v is misclassi ed by °, v is either reside directly on" or in the
negative side of . Thus, line ° that is parallel to °, has same orientation and passing through the
closest pointu in the positive side of * also will misclassifyv. Since " is optimal, u have to be a
positive point.

Wopt  Wx (Q* (")) by the de nition of optimal separator, and thus all we have to prove is that
Wx (Q" (")) Wopt+ W(V). Itis easy to see thatWx (Q(" )) = Wx (Q(")) and Wx (Q(" )) =
Wyx (Q( ))+ W(v). Since an optimal separator forX is also a separator forX v with weight at
most Wopt, and ~ is optimal for X v, we haveWyx (Q('))  Wopt, SOWx (Q(" ))  Wopt+ W (V).
[ ]

Lemma 3.3.10 Let v be positive (negative) point from X and let = be positive (negative) sep-
arator line that passes through positive (negative) pointu 2 X;u 6 v, v 2 Q*(" ), and
Wopt  Wx(Q* (")) < Wop + W(v). Then any optimal fat separator for X v will misclas-

sify v.

Proof: (Lemma 3.3.10). First, note that Wx (Q(" )) = Wx (Q( )) W(V) < Wgp. Since”
is a separator line forX v with weight strictly less than W, weight of any optimal separator
for X v is also strictly less than Wy:. If we suppose that there exists optimal fat separator for
X v that classi es v correctly, then this separator also would be a separator forX with weight
smaller than Wop. [ ]
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Algorithm 1 Algorithm to compute type of points.
1: // Input: Set of points X, Optimal fat separator = for X
/l Output: Typegu), 8u 2 X
LOO = 0.
Let Wopt = W(" ) be the weight of the optimal separator.
for any positive (negative) point u2 X do
Sort all other points around u accordingly to the angle coordinates.
Consider all the di erent positive (negative) representative lines that pass through u.
for every representative line® with weight W- do
8 positive (negative) v 2 Q ("), such that W(v) > W Wqy, SET Typegv) =2
8 positive (negative) v 2 Q ("), such that W(v) == W-  Wqy, SET Typev) =3
end for
: end for

el
N B Qo

The two lemmas above immediately give us Algorithm 1 for compiting the type of all the points.
Please note that point once marked as of type 2, cannot changi# anymore. Point once marked
as of type 3, can only change its type for 2. All the points leftunmarked after the Algorithm 1
stopped are of type 1.

For a xed central point u, execution of the loop 8 10 can be performed in timeO(NlogN)
as follows: for every representative line’, place two marks on the circle that bound the positive
(negative) arc of this line, and specify the representativeline weight in these marks. After this is
done for all the representatives, mark type of vertices in gigle ordered scan. Every time passing
opening mark of some representative line, insert this marknto ordered set of active bounds (bounds
sorted accordingly to the line weights). Every time passingclosing mark of a representative line,
remove corresponding mark from the ordered set of active bawds. Every time passing a point,
update the type of the vertex accordingly to the smallest actve bound.

In the Algorithm 1 above we can also keep track of number of tines every vertex of type 3
was labelled as of type 3. Adding such a countefC(v) for every vertex v 2 X won't increase the
algorithm's time complexity. It is clear that at the end of pr ocessing, counter for a vertexv will
contain number of di erent representative lines in X v such that v belongs to the separator set
de ned by the representative line: C(v) = N¢(v) + Ng(v). If vertex v belongs to the separator set
de ned by the representative line, the optimal fat separator corresponding to this representative
might or might not misclassify v. Following lemma establishes useful property of optimal fa
separators that we will use to make our algorithm e cient.

Lemma 3.3.11 Let * be a representative line andW (Q(")) = Wqpt + . Suppose there arek

can classify correctly at most one vertex inVp. If 4 classi es correctly any vertex from Q(°) Vp,
it misclassi es all the vertices from Vp.

Proof: (Lemma 3.3.11) Suppos€, classi es correctly vertex v2 Q(°). Then 8v; 2 Vp, W(v) +
W (vj) > . Thus, if "4 also classi es correctlyv;, then Wy (Q(To)) W((Q()) (W(V)+ W(v)) <
Wopt, that contradicts with the optimality of  Wqp;. [ ]

Suppose we are given a representative ling, optimal fat separator ~, corresponding to" and
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convex hull built on Q(*). Then accordingly to the lemma 3.3.11, there exists at mosbne point in
Q() with weight W(Q(")) W,y can be classi ed correctly. This point or non-existence of ach
a point can be established in timeO(logN). Thus, exact value of N¢(v) for every point v can be
computed in time O(N ?logN) as follows: for every central point, sort all the other points according
to the angle coordinates. Start enumerating all the represatative lines, for every representative
compute the optimal fat separator “, and convex hull onQ("), then increase theN. counter for the
point from Q(") with weight W(Q(')) Wopt (if any) that classi ed correctly by .

The last thing remaining to nish our proof of the propositio n 3.3.6 is to show how to update the
convex hull on Q(") for a new representative line” from convex hull for the separator of a previous
representative line Q( prev) in time O(N log N) for all representatives with a xed center . It can be
done as follows. It is well known that adding a point to a convex hull can be done inO(logN) time.
The only di culty is with deleting a point from convex hull. B ut since we process representative
lines in ordered manner, we know the order in which points wil be deleted from the convex hull for
the rst representative. We can build the convex hull for the rst representative iteratively adding
points in reversed order and store all the intermediate conex hulls (not explicitly, we only need to
store the information that will enable us restore previous @nvex hull after deleting next point in
time O(logN)). This observation nishes our proof of proposition 3.3.6.

3.4 Discussion and Open Questions

As an example application of the linear separators in

computational nance, consider the problem of opti-

mal boosting of two classi ers. We have training set bt g+
fXjgi2) of points in multidimensional space R™. Ev- o
ery datapoint x, 2 R™ corresponds to values of a o,
set of monitored features at time tx. We also given ".:+ ¢ o
values fyigi»| - change in the stock price fromt; to
t; + t. Our task is to construct an intelligent agent
able to predict values of stock in the futuretg, + t
given the value of monitored features at current mo-
ment teyr. Suppose also that we designed and trained
two di erent intelligent agents g; and g, that for ev-
ery point xy predict the direction and magnitude of
the price changegi(xx) and g(xx). We can consider mapping fromfx;g2, into 2-dimensional
spaceF (xj) = (g1(Xi); 92(Xi)). In the ideal case of perfect predictors, we would end up vih two
separable sets on the plane (see Figure 3.2).

In reality, due to the noise in the data and models limitations we will obtain non-separable sets
as depicted on Figure 3.3. Assuming that classi ersg; and g, are somewhat di erent, we want to
construct a new classi er gz as a linear combination ofg; and g, that combines strengths of both
models. Thengs corresponds to an oriented line in the {1; g2)- space. To every point fromf x;gi2;
we can assign penalty for misclassi cation of this pointW (x;). Penalties can be uniform W (x;) = 1,
8i 2 1) or di erentiated. One reasonable assignment of penaltiess W (x;) = Prob(xijgi(Xi); g2(X;)),
where P rob(xijoi(xi); g2(xi)) is the probability that observed value vy; is real given the valuesg: (X;)
and g»(xj). We want gz to classify correctly as many points as possible and, futhenore, we want
to pay more attention to the classi cation of points that are known to be more reliable. In other

Figure 3.2: Case of two perfect predictors.
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words, we want to keep the summary likelihood of the misclassed points as small as possible.
Then problem of nding the optimal linear combina-
tion g is essentially the problem of nding the optimal

separator set for a given set of weighted points in the 6w\ FA o) g o

2-dimensional space. Earlier in this chapter we pre- o P

sented O(n?logn) - algorithm for computing the opti- ¢ 3+ e o

mal separator set for an arbitrary weighting function. +@ ”.8+ ¢ o+
Interesting open question is the probabilistic inter- o- e ‘e i)

pritation of the leave-one-out error in the case when i i o, o-

points are weighted with the likelihood weighting func- . ¢ . ° o\ ‘e

tion Prob(xijgi(Xi); g2(x;)). Another open question is
the constructing of similar algorithm for 3-dimenaional
case with time complexity at most O(n?logn). It is an
interesting fact that for separable sets in 3 dimensions
linear separator can be found with same time complex-
ity as in 2 dimesions. The e ciency of the 3-D algorithm is based on properties of planar graphs
[23]. It is open question if these properties can be utilizedor constructing an e cient algorithm
for nding the optimal separator set in 3-D case.

Figure 3.3: Optimal boosting of two clas-
si ers.
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Chapter 4

Avoiding Over tting: Isotonic and
Unimodal Regression

4.1 Introduction and Basic De nitions

The problem of over tting training data is well recognized in the machine learning community.
Standard approach to deal with this threat is the early stopping of the training algorithm iterations.
Important question is when the iterations should be stopped Usually one monitores another error
measure and stops iterations when the associated error star growing. The associated error can
be same error function measured on separate set of datapomfvalidation set) or even completely
di erent error function. Since the associated error measue is somewhat di erent from the primary,
it does not necessary shows monotinical behavior but often@pears as random uctuations around
unknown function. In order to pinpoint the exact location of the critical point, one can perform
shape constrained optimization to t function to the ibserv ed values of the associated error. Another
application of the shape constrained regression arise in # pricing of nancial instruments, for
example the american put option [44].

Futher applications of isotonic regression can be found ing2, 61]. Isotonic and unimodal
regression are both examples of nonparametric shape conatned regression. Such regressions are
useful when prior knowledge about the shape but not the pararatric form of a function are known.
The importance of isotonic regression stems from the fact tht it is often the case in statistical
estimation or learning that one wishes to estimate a functim that is known to be monotonically
increasing (say), even though the data will not necessarilyexhibit this behavior, on account of
noise, [43, 67]. Examples include the probability of heart #ack as a function of cholesterol level
[43]; the \credit worthiness" as a function of income [67].

To illustrate, suppose that we would like to determine cholesterol level thresholds at which a
heart attack becomes more prevalent, and we have a sequencé matients with cholesterol levels
C1 <Cy<:::<cCp. Associated to each patienti, let x; be the number of heart attacks they had
within the following year, x; = 0;1;2;:::;K for some small value ofK. The isotonic regression
determines thresholds for the cholesterol levels that idetify di erent severities for heart attack risk.

A futher example of application of isotonic regression is ejglemiologic studies, where one may be
interested in assessing the relationship between dose of @gsibly toxic exposure and the probability
of an adverse response [51]. In characterizing biologic angublic health signi cance, and the need
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for possible regulatory interventions, it is important to e ciently estimate dose response, allowing
for at regions in which increases in dose have no e ect. In sgh applications, one can typically
assume a priori that an adverse response does not occur lesfem as dose increases, adjusting for
important confounding factors, such as age and race. It is weknown that incorporating such
monotonicity constraints can improve estimation e ciency and power to detect trends [62].

Isotonic regressionin the L, norm, p > 0, is de ned as follows. Letx =[X1;X2;:::;Xn];Xj 2 R,
be given. The task is to construct a corresponding sequence = [w; Wy ::: Wp] so that
E,(w) is minimized for some givenp, where

8
P
21T wiP 1 op<a;
Eo(w) = S i=1 _ L
T maxjxi  Wwij p=1:
|
The regression isunimodal if wi  w; Wi Wi wp, for somei; x; is denoted a

crossover point. The pre x-isotonic regression problem is to construct the isotonic regression for
all pre xes of x. We study the casesp =1 and p= 1. The casep = 1 is sometimes denoted
isotonic median regression. We will refer toE;(w) or E; (w) as the error of the regression when
the context is clear. The e ciency of an algorithm is measured in terms of n.
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4.2 Previous Work

L, isotonic regression can be performed e ciently in linear time using some variant of a Pooling
Adjacent Violators (PAV) algorithm [1, 61, 62]. For L. isotonic regression, algorithms in the
e ciency class O(nlogn) are known. Some approaches to isotonic regression are givén [13, 57,
58, 62].

The L1 and L, pre x-isotonic regression problems have been solved optiadly in [72]. For Lo,
the runtime is O(n), which is clearly optimal, and for L1 it is O(nlogn), which, by a reduction
from sorting, is optimal [72]. While O(nlogn) is optimal for L1 pre x-isotonic regression, it is not
known whether the apparently simpler isotonic regression pblem can be performed faster than
O(nlogn). We take a rst step in this direction by obtaining a linear b ound in terms of the size of
the output (K).

Unimodal regression has been studied extensively in [72], vere the author gives a linear time
algorithm for the L, case, and anO(n logn) algorithm for the L4 cases. This result was a signi cant
improvement over the exponential and quadratic algorithmsthat existed prior to this work [27, 28,
50, 56].

A general PAV type algorithm, [72], relies on the ability to e ciently update a suitably de ned
\mean". Such an algorithm is easily applicable to the L1 and L, cases, however, fop > 2, the
\Lp-mean" is not conveniently updated. For the casep = 1 it is not clear what this \mean" should
be, and hence, the algorithm cannot be applied.
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4.3 Contribution

We provide two output sensitive isotonic median regressionalgorithms and algorithms for L1
regression. More speci cally,

i. Suppose that x; 2 X where jXj = K. Then, L;-isotonic regression can be performed in
O(nlogK) time, linear in n. In the worst case,K = n and we haveO(nlogn).

ii. Suppose that x; 2 [a;k; 8i. Given > 0, we can construct an approximate L ;-isotonic
regression with error at most the optimal plus in time O(nlog(2-2)).

iii. L1 pre x-isotonic and unimodal regressions can be constructe in linear time.

4.3.1 L-Isotonic Regression

regression. Without loss of generality, we can represent th isotonic regression by a collection of
monotonically increasing level sets or intervals to each of which is associated a value otevel

C=fl ;h gK:l. Each | is an interval of the form | =i ;j ]. We assume thati; =1, jx = n,
i+1 =) tlandh <h 4 forl <K . The isotonic regression that is induced byC is given
by assigningw; = h foralli 2 1 . We de ne the error for C, E;(C), as the error E;(w) of the

corresponding induced isotonic regressionv. Figure below below illustrates all this notation for
the sequencex =[2;1;2;1;2].

2l O @) - 2l O - 2| =9 = S
| —o——@ " —e @ ; o o
C= 1([1,4];1);([5:5]; 2)g9 C=1([1;2];1);([3:5]: 2)9 C=1([1;5];2)g
w=[1;1112] w=1[1;1,2;,22] w=1[2;2,2,22]
E(Q =2 B(CQ=2 E(C =2

Note that the isotonic regression is not unique. To remove tlis ambiguity, we will only consider
the isotonic regression in which the sum of thew; is minimized (tri;e leftmost regression in the gure).
We de ne the weight of the isotonic regression byW(C) = i Wi, where fw;g is the isotonic
regression induced byC. Thus if Cis an isotonic regression, andC® is any other monotonically
increasing collection of level sets, therEy(C) E 1(CY, and if E;(C) = E(CY, then W(C) < W (&
(we will show later that the isotonic regression is indeed uigue). Throughout, we will refer to the

unique isotonic regression byC= fI =[i ;j 1;h ¢*_;, and in general, we will usel to refer both
to the interval [i ;j ], as well as to the set of pointsfx; ;:::;X; g.

We de ne the median of a level setl = [i;j], M(l), to be the median of the points
fXi;Xi+1;:::;%; 0, where the median is de ned in the usual way:

M(yr ya2iit Ym)= Ypmu ¢
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Note that M (1) = xi for somek 2 [i;j ]. Further, note thatif M (S1) M (Sy) for any S;;S,, then
M(S1)) M(S1[ S2) M(Sp). Itis also well known that the median is a minimizer of the L;
error. Since we require the weight of the isotonic regressioto be minimum, we conclude that the
level of each level set has to be the median of the set:

Proposition 4.3.1 h = M(l ) forall 2 [1K].

Proof:  Suppose thath < M (I ) for some . This means that there are strictly more points
in I aboveh than below. By raising h we can decrease the error, contradicting the optimality
of the isotonic regression. Suppose thah > M (I ) for some . In this case, by the de nition
of the median, there are at least as many points belowh as there are above. In this case, we
guarantee not to increase the error by loweringh , and at the same time decrease the sum of the
w; contradicting the minimality of W (C). [

In particular, h = xi for somek 2 [i ;j ], i.e., every level is one of thex;'s. Note that since,
h <h .1, we immediately have that the sequence of medians must be imeasing.

Corollary 4.3.2 M(( )<M (I ) for 1 < K.

The next proposition is one of the crucial properties that wewill use. It essentially states that the
isotonic regression for a set of points is the union of the igonic regressions for two disjoint subsets
of the points. Considerany level setl in the isotonic regression and de ne the left and right subsés

de ne the left and right isotonic regressionsG and G as the isotonic regressions for the respective
left and right subsets. ThenC= G[C,. We will need the following lemma to prove the proposition,

Lemma 4.3.3 Forany ,withl =[i ;j 12C,

(i) M(fxi ;:inx59) M) forallj i
(i) M(fxp;:iixp 90 M(1); foralli j

Proof: (i) Let I be the last level set for which there exists § i , with M (fx; ;:::;X;0) <
M(l ). Supposej > . Then, M(Xj ,,;::5%X)) <M (') <M(l +) and sol is not the

not to increase the error, while lowering the weight of the r@ression, contradicting the fact that C
has minimum weight among optimal isotonic regressions.

(i) Let I be the rst level set for which there exists ani j , with M (fxj;:::;%; g) >M (I ).
Supposei <i . Then, M(Xj;::5;% ;) >M (1 )>M (I 1) and sol is notthe rst level set

tradicting the fact that C has minimum error.
[ ]

Proposition 4.3.4 C=G|[C,

Note that the proposition is valid for any level set | that is used to construct S;; S;.
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Proof: Let C°= G[ C; = f1%h%gK’ . Sinceh® = M (19), it will su ce to show that 1°= 1 for
all 2 [1;K]. Suppose to the contrary and let  be the rstlevel set forwhich | 6 1° . Further,
suppose without loss of generality thatjl j > jI° j (a similar argument holds for jI j < jI° ).
Therefore,

S O R R O

whereP isaprexof 19, ,,:Notethat | ;:::;10, ., areeitherallin G or allin G. Without
loss of generality, assume they are all irG. We know that h® ,; = M (1° ;) for i 2 [0;L+1] and by
construction, h® ,; <h® ., fori 2 [0;L]. From Lemma 4.3.3, we know thatM (P) M (1%, ;)
(since is the isotonic regression forS;). By Lemma 4.3.3, we also havethatM (I ) M (1°9), and
similarly from the optimality of C, we have thatM (1°) M (I ), hence thatM (1° )= M(l ).
Therefore, we have that

M )=MU%)<M (1% 4) < <M (I%,)<M (1%, ) M(P):
SinceP isasuxof | , by the optimality of Cand Lemma 4.3.3, we have thatM (P) M (I )
which is the desired contradiction. [
An immediate consequence of this proposition is that the istonic regression is unique, by choosing
(for example) S, = x and S, = fg.
Corollary 4.3.5 The isotonic regression is unique.

Suppose we are given a constant, we would like to nd the rst level set whose height is at least

. In particular, we would like to nd the rst point of this lev el set. We call this point a pivot
point for . More speci cally, let C be the isotonic regression, and let be such that h and
if > 1,thenh 1< . We would like to nd x; . Note that if all the levels are < , then x;
does not exist, in which case we can defaultto = n+ 1. We know from Lemma 4.3.3 that it is
necessary forx; to satisfy two conditions:

i. for every sequences begining atx; , M(S) h ;
ii. for every sequenceS%ending atx; 1, M(S% h ;<
The content of the next proposition is that these conditions are also su cient.

Theorem 4.3.6 Let Cbe the isotonic regression. Given , let | be the rst level set withh
Then, x; is the rstpointin | (i.e., xj = x; ) if and only if for any sequenceS begining atx; and
any sequenceS®ending atx; 1, M (S9 < M (S):

Proof: It only remains to prove that if M (S9 < M (S) for any two sequences as described,
theni = i . We know that i must belong to one of the level setsj 2 | for some with 1 K.
We need to show three things: (i)h y (i) =10 ;@ii)) h 1<

() Suppose thath < . Then, considerS = fx;;:::;X; 9. By Lemma 4.3.3,M(S) h < . By
construction of x;, M (S) , a contradiction.

(i) Suppose that i is not the rst pointin | . Then considerS°®= fx; ;:::;X; 10. By Lemma
433,M(SY h (by (i)). By construction of x;j, M (S9 < , a contradiction.
(i) Suppose that h 4 . Consider S°= fx; 1o X 10, From (i), this is exactly | 1. By

construction of xi, M(S9= M(l 1)=h 1< , a contradiction.
n

60



Thus to nd the rst point of the rst level set with height at | east a given , we only need to
search for anx; that satis es the conditions of Theorem 4.3.6. The remainde& of this section is
devoted to developing a linear time algorithm to nd this point. This algorithm will be the basis
of our isotonic regression algorithms that we discuss in theext section.

De ne the following three quantities for any interval [ i;j ].

N*(i;j): the number of points in the set Sj;;1= fxi;:i%0.
N (i;j ): the number of points < in the set S;j;= fxi;:::;%j0.
(i) min(N*(@i;t) N (ijt)).
t2[ij 1
1(i57): max(N*(6j) N (t))).
t2[iij ]
Note that the median of the set Sy, is if and only if N*(i;j) N (i;j) > 0. From this
observation, we get the following lemma.
Lemma 4.3.7 Xy satis es the conditions of Theorem 4.3.6 if and only if one ofthe following hold:
i. k=1 and ((k;n)>0;
i. k>1, ((k;n)>0and (1;k 1) O
If no such xi exists, then the levels of all the level sets are

We show how to nd such an x; in linear time. Start two pointers pp =0 and pr = n+1. The
initial conditions of the algorithm are:

N*(pr;n)=0; N (pr;n)=0;

N*(Lp)=0 N (L;p)=0:
Let x; = X[L;p], Xr = X[pr;n], and S = x[p +1;p, 1]. Initially, x;, = x; = fg; and S = x. If
M (S) , then we know that xp, is not our solution, so we decremenp; by 1 and updatex;; x;;S.
On the other, if M(S) < , then x;+1 is not our solution, so we incrementp, by 1 and update
X1; Xr; S. We continue this process of decreasing, or increasingp, until p, = p+1. We now prove
that this algorithm correctly computes the pivot point. The nature of the algorithm is to move p;

(resp. p) until M (S) switches from (resp. < )to < (resp. ). Denote a phase in the
algorithm as the period when one of the pointers begins to ma¥ and then stops.

Lemma 4.3.8 The following invariants are maintained at the end of every pase.
i. The median of every pre x of x; is

ii. The median of every sux of x; is <
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Algorithm 2 Algorithm to compute a pivot point.
1. // Input: x = fx;ji 2 [L;n]gand 2 R.

2: /[l OQutput: i such that x; is the pivot point for

3: Setp =0, pr = n+1 and using a single scan computeN (p +1;pr 1);
4: while p+1 6 p, do

5. if N*(p+1;pr 1) N (p+1;pr 1)> Othen

6: pr pr 1,andupdateN (p+1;p- 1);

7. else

8: pp p+1, andupdate N (p+1;pr 1);

9: endif

10: end while

11: return py;fpr = n+ 1 if all levels are < .g

Proof:  We prove the claim by induction on the phase number. Initially the invariants hold by
default sincex, and x; are empty. Suppose the invariants hold up to some phase, andoasider the
next phase, i.e.,py +1 <p;.

Suppose thatp, ! p,O and x; ! x,0 in this phase. By construction, M (x[k;pr 1]) <  for
p+1 Kk plo. Sincep, stopped moving, there are two cases. (ipIO: pr 1, in which case the
median of every sux of x[p+1;pfis< . (i) p’<p, 1, in which caseM (x[p’+1;p 1])
Butsince M (x[k;pr 1)< forp+1 k p? it follows that M (x[k;p?) < , or once again, the
median of every su x of x[p +1; pﬂ is< . Every suxof X|0 is either a sux of x[p +1; pﬂ or the
union of x[p + 1;p,°] with a sux of X;. SinceM (S1) < andM(Sy) < impliesM (S;[ Sp) <
for any S1; Sy, invariant (ii ) now follows, i.e., the median of every su x of x|° is< . Sincep; did
not move in this phase, invariant (i) was unchanged.

Similarily, suppose instead thatp, ! p? and x; ! x? in this phase. This means thatM (x[p; +
1;k))ge for p k pr 1. Once again, there are two caseg® = py+1 and p? > p,; + 1. In
both cases it follows using similar arguments that the media of every pre x of x[p%; p; 1] is
Invariant (i) follows from the facts that any pre x of x? is the union of pre xes of x[p% pr 1]
and x,, and M (S;) P M (S) =) M(S1[ S) . Sincep, did not move in this phase,
invariant (ii ) was unchanged. [

Thus when the algorithm concludes, (pr;n) > 0and (py;l) 0 and we have the pivot point.
The e ciency of the algorithm hinges on being able to determine if M (S) is larger or smaller than

. SinceM (x[i;j D ifandonlyif N*(i;j) N (i;j) > 0, we need to maintainN (p+1;pr 1).
The following update rules allow us to do this e ciently. Sup pose we have computedN (i;j ) for
1 i<j n

N*¥@{+1;))=N"(Gj) 1, N (i+1;))=N (ij) if X;
N*@{+1;5)= N"(;j); N (i+1;j)=N (;j) 1 ifxj<:
N*@G) 1)=N*(;j) 1, N (5 1)=N (i;j) if X
N* @) 1)= N*(Qj); N (i;j 1)=N (j) 1 ifxj<:

The entire algorithm is summarised in Algorithm 2.
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We de ne an operation as a comparison, a oating point operaion or an assignment. Step 3
can be computed in 31 operations. An update (steps 6,8) takes 6 operations, aneh updates need
to be made. We thus have the following theorem.

Theorem 4.3.9 Given x = fx;ji 2 [1;n]gand 2 R, the pivot point for can be found using at
most Cn operations, whereC 9.

Summary. The pivot point x; for any value can be found in linear time. x can then be
partitioned into two disjoint subsets, x; = x[1;i 1] and X, = Xx[i;n]. The isotonic regressionG
of x; will have level sets all of whose levels are , and the isotonic regressionG of x, will have
level sets all of whose levels are . Further, the isotonic regressionC of x is given byC= G[C,.
This result already has applications. Suppose we would sirmp determine a threshold x where the
response function exceeds a given value,. This can be accomplished by nding the pivot point
for

4.3.2 Li-Isotonic Regression: Algorithms

The importance of Proposition 4.3.4 and Theorem 4.3.9 from lhe algorithmic point of view can be
summarised as follows. Suppose we have the inpwt for which the isotonic regression can only
have levels in the setfm; <m, < <mg g { for example, this would be the case ifx; can only
take values in this set. Let p be the index of the pivot point for = m;j, i 2 [1;K]. This pivot
point, which can be found in linear time, partitions x into x; = x[1;p 1] and x; = X[p;n] (one
of these may be empty). By Proposition 4.3.4, it then su ces to recursively compute the isotonic
regressions forx; and x,. Further, by construction of p, all the levels in x; will be < = m;, and
all the levels in x, will be . We obtain an e cient algorithm by choosing to be the median of
the available levels each time in the recursion. The full algrithm is given in Algorithm 3.

The correctness of this algorithm follows from the results n the previous section, speci cally
Proposition 4.3.4. What remains is to analyse the run time. t is enough to analyse the runtime
of ISOTONIC(x;m;[i;j 1;[Kk;1]). Let T(n;K) be the worst case runtime whenj[i;j]j = n and
jIk;1]j = K. Then in the worst case, the algorithm will call itself on a left set of size with dK=2e
levels and on a right set of sizen with bK=2c levels, for some 0 n. As already discussed,
the pivot step to perform this partition takes at most Cn operations (step 9), so we have the
following recursion for T(n; K):

T(n; K max
( ) ma

ax T(; 7 )+T( ; ) +Cn
n

For K = 2!, a straight forward induction shows that T(n;K) CnlogK. By monotonicity,
T(n;K) T(n;2d°9K €) which gives T(n;K) CndlogK e, yielding the following theorem.

Theorem 4.3.10 The isotonic regression for n points with K possible levels can be obtained in
O(nlogK) time.

If the K levels are not known ahead of time, they can be determined andorted using standard
data structures, such as a balanced binary seach tree i®(nlogK) time, [17]. This does not a ect
the asymptotic running time. In the worst case, K = n and our algorithm is no worse than existing
algorithms. However, there can be signi cant improvement in the e ciency when K is xed and
small.
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Algorithm 3  Algorithm to perform the full isotonic regression.
1: /| Wrapper to call the recursive function.
/' Input: x =fxiji 2[L;n]gandm =fmy<mj,< <mgg.
/l Output: Isotonic regression,C= f(lI ;h )g
Call ISOTONIC( x;m;[L;n];[L; K ]);

A owbN

1. ISOTONIC (x;m;[i;j I [k; 1]
2: /[ Output: Isotonic regressionC= f (I ;h )g for x[i;j ], given all levels are inm[k;].
3. if j<i then
4:  return fg;
5. else if k=1 then
6: return f([i;j ;m[k]Dg
7. else
8 Letg=k+1+ LK ;fqis 1+the median of [k;l]g
9: Let p=index of pivot point for x[i;j ] with = m]q];
10: G =ISOTONIC( x;m;[i;p 1l [k;q 1]); G =ISOTONIC( x;m;[p;jl; [a;1);
11: return GJ[C.;
12: end if
Approximate isotonic regression. The algorithm that we have given can be run with any set

of levels supplied { the pivot point is de ned for any . It is not required that the true isotonic
regression levels all be from this set in order to run the algethm. Ofcourse, if the true levels are
not from the set of levels supplied to the algorithm, then the result cannot be the true isotonic
regression. If the levels chosen are close to the true levekhien the approximate isotonic regression
should be close to the true one.
In particular, suppose that a x; bfor all i 2 [1;n]. Consider the levelsm; = a+ i , where

=(b a=K andi 2 [0;K]. Suppose that| ;j ];h is a (non-empty) level set output by the
algorithm, h = a+ i . Then x; is a pivot point, for which all the levels of the true isotonic
regression to the right are h . Further, all the levels to the left of the next level set that is
output are < h + . Therefore, the error of a point from its corresponding levé output by the
algorithm di ers from its error with respect to the true isot onic regression level by at most. Thus,
the additional error contributed by every point is at most , for a total error increase of at mostn
increasing E; by at most . Further, the runtime is O(nlogK) = O(nlog((b a)=)), establishing
the following theorem.

Corollary 4.3.11 Suppose thata  X; b for i 2 [1;n] and let w be the isotonic regression.
Then, an approximate isotonic regressionw® can be computed inO(nlog((b a)=)) time with
Ei(w9) E 1(w)

4.3.3 L, -Pre x-Isotonic Regression

In this section, we will refer to the L, -optimal isotonic regression more simply as the isotonic
regression (which is not necessarily unique). For any sequee of pointsx =[X1;X2;:::; Xn], de ne a
Maximally Violating Pair (MVP) to be a pair of points that maximally violates the monotonicity
requirement, i.e., anMV P is a pair (x;;X;) with I <r ,x;>x,,and8i<j ,x X Xi Xxj.If
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Xi Xj forall i<j , then no such pair exists. Ifx has anMV P (x;x,), we de ne the distortion
of x, D(x), to be (x; X;), and D(x) =0 if x does not have anMV P . Note that by de nition of
anMVP,x; x foralli<r andx; x, forallj>1I.

Let C be an isotonic regression fox and let (x;;x;) be an MV P. Either w; (x| + X;)=2 or
Wy W > (X + X, )=2, so we conclude thatg; (C) cannot be less thatD (x)=2. The next proposition
shows that this lower bound is achievable.

Proposition 4.3.12 Let C be an isotonic regression forx. Then E (C) = D(x)=2. Further, if
(X;;%¢) isan MV P, then w; = w, = (X| + X;)=2

Proof: If D(x) = 0, then x is a monotonically nondecreasing sequencew; = X; is the optimal

regression withE; = 0. Suppose that D(x) > 0. We will construct (by induction) an isotonic

regression with error D (x)=2. It then follows immediately that w, (X, + X;)=2  w;, and by
monotonicity, w;,  w; from which we getw, = w; = (x| + X;)=2.

The induction basis is whenx = fg, X =[x3] or X = [Xq; X2], in which cases the claim is obvious.
Suppose that an optimal regression exists with erroD (x)=2 wheneverjxj N, and consider any
sequencex with jxj = N +1 and D(x) > 0. Let (x;;%X;) be an MV P, and de ne the left and

right sequences:x; = [X1;X2; 10X 1]; and X; = [Xr+1;Xr+2; 005 XNn+1]- Note that D(x;) D(x)

and D(x;) D(x). Let G and G be the isotonic regressions foix, and X, respectively. Since
the left and right sequences are strictly shorter thanx, by the induction hypothesis, we have that
E (G)= D(x)=2 D(x)=2andE (G)= D(x,)=2 D(x)=2.

We now show how to construct the isotonic regression foix with error D(x)=2 from G, G and

one additional level setC = f(I = [I;r];h = (x; + X;)=2)g. Consider all level sets inG with

level h. Reduceall these levels toh, and call this new isotonic regressionC,O. We claim that

E (Cﬂ D (x)=2. We only need to consider the level sets whose levels wereteakbd. Let x be
any point in such a level set with height h°® h. x X) by de nition of the MV P (x;;x;).

X X, because ifx < x,, then D(x;)=2 h® x>h x, = D(x)=2 D(x;)=2, which is a
contradiction. Thus x; X X, and so the error for any such point is at mostD (x)=2 for the

regressioncf. The error for all other points has remained unchanged and ws originally at most

E: (G) = D(x))=2 D(x)=2, so we conclude thatg (C,() D (x)=2. Similarily, consider all level
sets of G with level  h. Increaseall these levels toh and call this new isotonic regressionCP.

Once again any pointx in any level set with a level change must satisfyx, x  x; and so we
conclude that E; () D (x)=2.

Consider the regressionC’= G°[C [C?. B (C) =maxfE; (G);E (C);E (@)g= D(x)=2. The
isotonic regressionC is constructed from C° by taking the union of all level sets with the height h

(these must be consecutive level sets), which does not alteéhe error. [

Proposition 4.3.12 immediately yields a recursive algorihm to compute the isotonic regression.
Unfortunately, this recursive algorithm would have a run ti me that is quadratic in n. We now show
how to construct this regression from left to right, using a sngle pass. This will lead to a linear
time algorithm for the pre x-isotonic regression problem. Let x;j = X[1;i]. Let G be an isotonic
regression forx;. The pre x-isotonic regression is given byfCigL; . Note that E; (G+1) E 1 (G)
sinceD(xj+1) D(x;j). We will construct G+, from G.

Let G =fl =1[i;] ];h 9K=1- Let inf = minyy, Xk, and sup = maxgs; Xg. De ne the
distortion of level set1 , D(I ) as the distortion of the sequencex[i ;j ]. The G that we construct
will all satisfy the following properties:

65



P1: 8 2[L;K], h = (sup +inf ).
P2: 8 2[1,K],D(I )=sup inf .
P3: 8 2[2K],h 1<h

Property P3 is just a restatement of the monotonicity condition. From property P2 it follows
thatforany i 21 ,jx; hj D( )=2. SinceD(l ) D(x), it follows from Proposition 4.3.12
that any regression that has propertiesP2 and P 3 is necessarily optimal. Therefore, properties
P1-P3 are su cient conditions for an isotonic regression. Suppae that G has been constructed,
satisfying P1-P3. Now consider adding the pointxj+;. Let Ix+1 = fi+1g, hx+1 = Xj+1. Note
that D(Ik +1) =0, and by construction, lg+; satises P1 andP2.

Lemma 4.3.13 If hx+1 >hgk,let Gi1 = G [f (|K+l;hK +1)g. Then G4+, satises P1-P3.

If hk 41 hg, thento get G+, we mergel k +1 with ¢ . We need to ensure that propertiesP 1 and
P 2 continue to hold. We will prove this in general for any two consecutive level sets. Suppose that
(Ik; hg) and (Ik+1; hg+1) both satisfy properties P1 and P2, and suppose thathy+;  hx. De ne
the new level setl 2 by

1= 1y [ lksr inf = min(inf ;infx1)  supd = max(sup,; sup)
ho = 1(inf? +sup?)

Lemma 4.3.14 IE satis es properties P1 and P 2.

Proof: By construction, P1 is satis ed. We show that D(12) = sup? inf?, from which P2
follows.

Suppose that infy+;  infg. Thus, inf(k’ = inf x+1. Since the rst maximum in ly+1 occurs before
the last minimum in I+, (aslg+1 Ssatis es P2), and the maximum in | occurs before any point in
I k+1, it follows that the rst maximum in IE occurs before its last minimum, thuslg satis es P2.
Suppose, on the other hand, that ink+; > infx. Thus, infE =inf . Sincehyg+1  hg, we have that
supy +infyer  sup +infg =) supey < sup,, and so sug = sup,. Thus, the rst maximum
in 12 is the rst maximum in 1y and the last minimum in 10 is the last minimum in Iy. Sincely
satis es P2 then so doed 2. ]

The idea of the algorithm should now be clear. The addition ofa new point creates a new level set
satisfying P1 and P 2. If this new level set also satis esP 3, then we are done, and have constructed
the isotonic regression for the sequence augmented by thisie point. If not, then we merge the last
two level sets, maintaining P2 and P 3, and not altering any of the other level sets. We continue
to merge until P3 is satis ed for the last level set, which must eventually hgppen. At this point
we have a regression that satis esP1-P3 and so it is the isotonic regression for the augmented
sequence.

Note that Ik is the right most level set of G, i.e., Ik = [ik;i]. This rightmost level set is
the union of i with some number (possibly zero) of the level sets (from righto left) of G 1. The
remaining level sets ofG will be the level sets of G ; that remain after the merging. In fact, the
remaining level sets will be exactly the level sets of5, 1, where it is understood that G, 1= fg
if ik =1.
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Proposition 4.3.15 G=G, 1[f Ik;hk0.

Proof: If i =1, there is nothing to prove. Assume thati> 1 and that the claim holds for all G
with j<i . Let G=fl =[i ;j ];h g*_;. By construction, C; ; is given by

G 1=f(uh)in(k she 1i(Suhd)i(Swihiy)g; *)

where M is possibly zero, andlx = [ S [f ig. Let S; =] ;; i], where 1= ik and y =i 1.
By the induction hypothesis,

G C, 1[f Su;hdaq;
Cy 1= C, , 1[f Suw 1hy 10
Cui.:1 = Cy, , 1[f Sy 2;h|(\)/| 20

C2 1 = C1 1[f Sl;h(fg:
Combining these equalities and using the fact that 1 = ik, we get that

G 1=G, 1[:fSi;hl%:

4.3.4 L, -Pre x-Isotonic Regression: Algorithms

Here, we will give the linear time algorithm for L, -pre x-isotonic regression that follows from
the results of the previous section, along with the analysisof its run time. Our algorithm will
process points from left to right. After processing the new mwint x;, we will have constructed the
isotonic regressionG as discussed in the previous section by merging the rightmogwo intervals
until P1-P3 are satis ed.

By Proposition 4.3.15, to reconstruct G, we only need to knowl;, the index of the rst point
of its rightmost level set, the level, h;, of this rightmost level set, and how to construct C;, 1. This
can be recursively achieved by only storing the parameters; and h;, for every i. The algorithms
are given in Algorithm 4. The correctness of this algorithm follows from the results of the previous
section, specically Lemmas 4.3.13, 4.3.14. Further,E; (G) is stored in D[i]. By Proposition
4.3.15, the output of the algorithm stores all the necessaryinformation to extract G, as shown in
the recursive function RECONSTRUCT.

What remains is to analyse the computational complexity of the algorithms. First consider
the pre x-isotonic regression. lines 7,8,13 constitute 8 perations, thus contributing about 8n
operations to the total run time. The merging while loop, lines 9-12, uses 6 operations. The
maximum number of intervals is n. Each time a merge occurs, this maximum drops by 1. Since
this maximum is bounded below by 1, this means that there are amost n 1 merges, so thdotal
time spent merging is about 6 operations, and the condition of the while loop is checked ammost
2n times, so the runtime of this algorithm is bounded by Cn where C  14. There are at most
n level sets at any time, and each level set needs to store 5 numabs,i ;j ;inf ;sup ;h . The
additional space forL;H; D is 3n, for a total memory requirement bounded by Ch, whereC°® 8.
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Algorithm 4 Algorithms for L, pre x-isotonic regression.
1: /[ Algorithm to perform L, -Pre x-Isotonic Regression.

2: /I Input: x = fx;ji 2 [1;n]g.

3: /[ Output: L;H;D . fL[i] = Il;, H[i]=level of [l;;i] in G, D[i]=distortion of x;g
4: 11 =[1;1], infy = xq, sup, = x1, h1 = X1, K =1; flinitialization g

5. L[1] = 1, H[1] = hq, D[1] = 0; fInitialization of outputs g

6: for i=2to ndo

7. K K+1

8 Ik =[i;i], infx = Xj, supk = Xj, hx = xj, D[i]= D[i 1]

9: while hk hkx 1and 1<K do

10: Ik 1 Ik 1[ Ik;infxk 1 min(infx 1;infk); supxk 1  mMax(supx 1;SUPx );
11: K K 1;hg = %(ian +supg ); D[i]=max(D[i];supc infk);

12:  end while

13:  L[iJ=left endpoint of Ik ; H[i] = hg;

14: end for

1: RECONSTRUCT (m)

2: /I Output Gy, the isotonig regression forxy,, assumingL;H are global.

3. if m =0 then

4:  return fg;

5. end if

6: return RECONSTRUCT (L[m] 1)[f [L[m]; m];H[m]g;

It is not hard to analyse the recursion for RECONSTRUCT, and a straightforward induction
shows that the runtime is O(m).

4.3.5 L; Unimodal Regression

As pointed out in [72], a pre x-isotonic regression can eady be modied to yield the optimal

unimodal regression. The next proposition shows that the cossover point in the L; unimodal
regression can always be chosen at a maximum in the sequena@ny maximum). Thus, a simpler
algorithm that follows directly from the pre x-isotonic re gression is to rst nd a maximum in x
(linear time). Now perform isotonic regression on the sequece to the left of the maximum and the
reversal of the sequence to the right. More speci cally, supose that the maximum is x,. Now
consider the sequences| = x[1;m], x, = x[m;n], and let xR be the reversal ofx;. Let G and (}
be the isotonic regressions foix; and xR respectively. Then the union, G [ C, (where G is the
reversal of ) is the unimodal regression, with the merging of the last leel set of G and the rst

level set of G, as they will have the same level, equal to the maximum. All trat remains is to prove
that the crossover point can always be chosen at a maximum.

Proposition 4.3.16  The crossover point in the unimodal regression ok can always be chosen to
be a maximum (any maximum) ofx.
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Proof: Let Cbe the unimodal regression, and letx; be the crossover point, so
Wi W2 Wi Wi+ Whn:!

Let x; = x[1;i], X, = X[i;n]. Sincew[1;i] is an isotonic regression forx; and wR[1;n i +1]is
an isotonic regression forxR, the error of the regression isg; (C) %max(D(x|); D(xR)). Let
Xm be any maximum not equal to x; (if X; is a unigue maximum, then we are done, otherwise
Xm exists). Without loss of generality, since a unimodal regrssion for xR is CR, we can suppose
that m>i. Let x; = x[1;m], let X, = x[m;n], and let X = X[i;m]. For the unimodal regression
constructed from the two isotonic regressions orx; and x5, xm will be a crossover point. We
show that the error of this regression cannot be more than theerror of C. The error of this
regression is given by maxD (x1); D (x5)). Since xp, is a maximum, D (x®) = max( D (xR); D (x})),
soE (O = max(D(x,);D(xR);D(x5)). D(xy) is given by

D(x1)= = Ene&xmfmax(x[l;k]) Xkg
= max lmi?x_fmax(x[l;k]) xkg;_mkaxfmax(x[l;k]) Xkg
| | m

The rst term on the right hand side is D(X;). Sincexy, is a maximum, the second term is bounded
by max; xk mfxm Xkg= D(xR). Thus D(x1) max(D(x;);D(xR)), and so

max(D (x1); D(x§))  max(D (x;); D(xR); D(x5)) = Ei (O):

4.4 Conclusion and Discussion

For L 1-isotonic regression we presented an output sensitive alggthm whose running time is linear
in n when the number of possible values that the levels of the isanic regression can take is bounded
by K. In the worst case,K = n and the algorithm is no worse than existing algorithms. The gen
guestion that remains is whether the median isotonic regresion can be computed in linear time, or
to prove that it cannot. Presented algorithms can be extendel without much e ort to the case of
minimizing a weighted L ; error. In this case, all the results remain true, with minor modi cations,
by replacing the standard median with the weighted median.

For L, isotonic and unimodal regression, we have given simple (notequiring sophisticated
data structures) linear time algorithms. We are unaware of any other published results relating to
the L1 regression.
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