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ABSTRACT

Banks need to estimate the risk of their loan portfolios, both for regulatory reasons
and for purposes of ensuring the correct capital reserve in case of large losses. The
two main risks of a loan portfolio are credit risk and interest rate risk. Most existing
risk models compute credit and interest rate risks separately. We propose a model
which estimates both credit and interest rate risks simultaneously. The model can
also be used to separately estimate the two risks. Combined estimation of credit
and interest rate risks is important, because in many real-world scenarios credit
and interest rate risks are not independent. Our model calculates the probability
distribution function (pdf) of portfolio losses for a given time horizon. Given the pdf
of portfolio losses we can easily obtain various risk metrics, such as Value-at-Risk
or Expected Shortfall. The model does not have a complete analytical solution for
the loss pdf. We give an efficient approximation to the loss pdf based on a fast
Monte-Carlo method. The running time of the algorithm is linear with respect to
the number of loans. Also, we present a semi-analytical model for combined credit
and interest rate risks. The solution for the semi-analytical approach is based on a

numerical integration, which is performed efficiently using adaptive quadrature.
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CHAPTER 1

Introduction

Accurate assessment of credit risk is very important for financial institutions nowa-
days. Market shocks can result in hundreds of billion dollar losses for US banks
and broker-dealers, which shows that underestimation of risk is not cheap. Over-
optimistic credit risk assessments lead to bankruptcies of financial institutions and
could cause a systemic financial disruption. On the other hand over-pessimistic
credit risk assessments lead to high cost of credit for companies and can depress
economic activities, negatively affecting the whole economy. The accurate estima-
tion of credit risk is very important for both financial institutions and economy in
general.

One of the causes for underestimation of credit risk is the assumption that
individual default events are independent, and pooling multiple credit instruments
into banks’ books or in structures like CDOs provides strong diversification mak-
ing large losses extremely improbable. In reality, defaults are typically correlated
through systemic factors, and when the market changes its regime, default losses
could reach dangerous levels, threatening the solvency of a financial institution.
Regulators recognize the need for more realistic risk management assessments and
controls. Many currently used credit risk models do not adequately capture the
dependency between individual defaults of different credit products.

Some existing closed-form models for credit risk rely heavily on various unre-
alistic assumptions making analytic derivations easier. Monte-Carlo simulations for
credit risk are often very expensive computationally, which makes it prohibitive to
model losses for a large credit portfolio. The interest rate plays a very important
role in the performance of a credit portfolio. Current risk management frameworks
usually compute interest rate risk separately from credit risk. That approach implic-
itly assumes the independence between credit risk and interest rate risk. However in
the real world credit risk and interest rate risks are not independent. For example

sharp interest rate increases could affect the ability of borrowers to repay variable



rate loans. We propose a model which takes into account default correlations among
borrowers. Also we propose a model for interest rate risk and a framework which
allows computing credit and interest rate risk simultaneously or separately. The
model makes evaluation of credit and interest rate risk computationally feasible
even for large portfolios consisting of hundreds of thousands of credit instruments.
Our model evaluates credit risk for credit instruments within the credit portfolio
which can have different maturities, different correlations to systemic factors, differ-
ent losses given default, different amortization schedules and different probabilities
of default. We tested our model using both simulated data and a real bank’s loan
portfolio. We find that the model makes accurate estimation of risk and successfully
takes into account both credit and interest rate risk.

Let us introduce a simple example of a portfolio of one loan to show how credit and

interest rate risks interact:

r=[6%, 11%], pd = 11%

r=5%

pd=1% Loan matures

r=[1%, 6%), pd = 1%

Time 0 Time 1 Time 2

Figure 1.1: Possible states of the loan

At time 0 we have a loan, which pays interest continuously with cashflow rate
of $1 and matures at time 2 (two years after time 0). Initial probability of default
(pd) for the loan is 1%, the initial interest rate r is 5%. The loan defaults in time
[0,1] with default probability pd = 1%, at a uniformly distributed random time. At



time 1 new interest rate r is generated uniformly in the range [1%, 11%], then if

r < 6% then pd becomes 1%, if r < 6% then pd becomes 11%. The loan defaults

in the range (1,2) with a default probability determined at time 1, and again, the

time of default is a uniform random variable in (1,2). If the loan doesn’t default

in the time interval [0, 2) then it matures at time 2. In the following table we list

Value-at-risk (VaR) and Expected Shortfall values (ES) for different risk calculation

methods. We see that the sum of credit and interest rate VaRs doesn’t equal to

combined credit and interest rate risk VaR, the same applies to expected shortfall

values. We can see for the three different methods the relationship between VaRs

and the relationship between Expected Shortfalls are not obvious.

Table 1.1: Risk values for the one loan example

Method 80% VaR | 90% VaR | 95% VaR | 80% ES | 90% ES | 95% ES
Combined risk 0.0449 0.0602 0.0945 0.0841 | 0.1171 | 0.1621
Credit risk 0.0042 0.0334 0.1246 0.1095 | 0.1246 | 0.1695
Interest rate risk | 0.0363 0.0516 0.0596 0.0519 | 0.0595 | 0.0635

If we change the dependence of pd on r to exactly opposite (if r < 6% then pd
becomes 1%, if r < 6% then pd becomes 11%) then we will have different VaR and

ES values:

Table 1.2: Risk values for the one loan example, dependence of pd on r

changed
Method 80% VaR | 90% VaR | 95% VaR | 80% ES | 90% ES | 95% ES
Combined risk 0.0479 0.0647 0.1165 0.0913 | 0.1266 | 0.1663
Credit risk 0.0042 0.0334 0.1246 0.1095 | 0.1246 | 0.1695
Interest rate risk | 0.0363 0.0516 0.0596 0.0519 | 0.0595 | 0.0635

The VaR and ES values for separate credit risk and interest rate risk don’t

change, because those risks are not dependent on the correlation between credit




risk and the interest rate risk. Again, we see that there is no obvious relationship
between the sum of credit and interest rate VaRs and combined credit and interest
rate risk VaR. Expected Shortfall, which is the metric with better additive properties
than VaR, also doesn’t show even approximate additivity for the three different risk

estimation methods.



CHAPTER 2

Historical review and related work

Researchers use different approaches for portfolio credit risk estimation. Most of the
models for credit risk are factor based, and the most widely used factor probability
distribution is the normal distribution. Some models introduce contagion effects,
so that when an obligor defaults, that default affects other obligors. Vasicek [45]
uses factor based model for homogeneous portfolios, with a single Gaussian mar-
ket factor. Conditioned on the value of the market factor, the portfolio losses are
approximated with the normal distribution. Andersen, Sidenius and Basu [8] use
factor-based models with Gaussian market factors. They consider a discrete distri-
bution of portfolio losses, so the loss is defined as an integer number of loss units.
The authors propose to use Gaussian quadrature to calculate the unconditional loss
distribution. Glasserman and Suchintabandid [34] propose a different model which
is based on normal market factors, but the losses are modeled with a continuous
distribution. For the correlation matrix of default variables they consider two cases
- when correlations between default variables are strong and when they are weak.
Numerical approximations are used to calculate the loss probability distribution.
Hatchet and Kuhn [20] present a model which has a single macro-economic fac-
tor and models contagion effects between companies. When one company defaults
it can lead to negative or positive effects for other companies. The authors use
numerical methods for loss estimation. Rosch and Winterfeldt [15] extend the stan-
dard factor model to include contagion effects. Gregory and Laurent [19] divide the
credit portfolio into sectors. In each sector all obligors have identical exposure to
factors. The authors propose to use some inversion technique such as FFT. Kuhn
[30] extends the standard CreditMetrics model and calculates loss distributions for
homogeneous portfolios. Berd, Engle and Voronov [1] introduce a factor model with
a single market factor. They use a TARCH process to model the market factor in
order to achieve desirable correlation surface properties. The model assumes that

the credit portfolio is homogeneous. Grundke [18] models not only the credit risk for



a homogeneous portfolio, but also an interest rate risk using a factor model and a
mean-reverting process for the interest rate. In summary there is much research on
correlated, dependent credit defaults and some work on interest rate risk. Typically
some simplifying assumptions are made such as homogeneous portfolios. In this light
our research acknowledges that credit and interest rate risks are dependent. Our
main contribution is a model for estimating combined credit and interest rate risks
and efficient algorithms to implement our approach. Our models and algorithms
do not rely on portfolios being homogeneous. We present a model which estimates
credit risk for non-homogeneous portfolios, and has an efficient semi-analytical for-
mulation. Further we extend that model to add interest rate risk, so the extended
model estimates combined credit and interest rate risks for non-homogeneous port-

folios.

We now review some of the most relevant work in detail

2.1  All Your Hedges in One Basket [8]
This work estimates the price of a CDO and the sensitivities of the CDO’s price

on underlying CDS spreads. Default times are modeled using a Student-t copula.
@ is a risk-neutral probability measure and the joint default time distribution can

be defined as:

Q(r <T) =tny(ti,(p1(Th)), - tr, (pn(T))),

where t; , and ¢y, are the one and NV - dimensional cumulative Student-t distribution
functions with v degrees of freedom, respectively. For high degrees of freedom the
Student-t copula approaches the Gaussian copula; However the Student-t copula

gives fatter tails than the Gaussian copula.

Z=Y\/v]g,

where Y is IV - dimensional standard Gaussian variable with correlation matrix

Y and g is a scalar chi-square distributed random variable with v degrees of freedom.



7 follows N-dimensional Student-t distribution with correlation matrix . In the
paper loss defined not as a real number, but as an integer number of loss units,
where one loss unit is a minimum loss amount. So the loss distribution in the paper
is discrete. The general approach to obtain the loss distribution is recursive:
Suppose we know loss distribution p®(I;¢),l = 0, ..., lnarx , for a reference
pool of some size K > 0 . Now suppose we add another company with loss weight

wg+1 and known default probability pyi1(t):

PP = PP (5 )(1 = pesa () + 25 (1 — Wi )prca (8),1 = 0, ooy gz e + Wit

We can use this recursive function to build the loss distribution from a trivial

base case. The paper assumes that Y can be represented as
Y =cX +¢,

where X is an M-dimensional vector of independent standard Gaussian variables
(factors), ¢ is an N x M loading matrix and € is an N-dimensional vector of inde-
pendent zero-mean Gaussian variables with variances less than one. Authors use
principal component analysis to calculate matrix ¢ given > and M.

By conditioning on 2 = (X, g) the authors arrive at:

VL k(1) — aX
V1= cpel ’

where ¢ are the factor loadings and ® is the standard Gaussian cumulative dis-

tribution function We can calculate the portfolio loss P(I;t|€2) using the recursive
formula. Given €2 all the companies in the portfolio are independent. Unconditional

portfolio loss can be calculated using formula:
P(l;t) = / P(1;t])q(£2)dS2.
RM XR+

The authors propose to use Gaussian quadrature to calculate the above inte-

gral. In addition to the portfolio losses authors calculate sensitivities of portfolios



value with respect to individual probabilities of default. The technique of conditional

independence is also one we will us in our framework

Summary. This work is based on the Student-t copula and does not consider the
interest rate. The discrete unit size is inconvenient but results in near exact (modulo

quadrature) algorithm, albeit slow (quadratic in the number of loans).

2.2 Correlated Defaults and the Valuation of Defaultable
Securities [47]

This paper models defaults using hazard rates. The author defines the total

hazard accumulated by firm ¢ by time ¢ given n observed defaults as:

Yitln) = Niltr,, =t yIm— 1) + Ai(t — ty, In),

m=1

tkm+s
thm

period of length s following m-th default, where )\; is the default intensity of a loan

where A;(s|m) = Ai(ulm)du is the total hazard accumulated by firm ¢ for a
1. It is assumed that there is no default between t;, and t. An inverse function that

maps a unit exponential back into the original default time is defined as:
A (z|n) = inf{s : Aj(s|n) > 2}, 2 > 0.

The following recursive procedure constructs a collection of random variables
(default times) 7 = (71, ..., 71) :
1. Draw a collection of i.i.d unit exponentials £ = (E*, .., ET).
2. Let ky = argmin{A; '(E'[0)} and let 7% = A, ' (E*|0).
3. Assume that the values of (7%, ..., 7%=-1) are already given, where m > 2 . Define
the set I, 1 = {k1, ..., k;m_1} and I,,_; as the set of firms excluding I,,,_;. Let
km = argmin,.;—{A; (E* — (7" /m — 1)jm — 1)} and let
T = k=l L ALY (ER — oy (TRt im — 1) [m = 1).

4. If m = I then stop, otherwise increase m by 1 and go to step 3



For multi-obligor portfolio,: X} = a1 + asl{>,,y, where
7 = min(7, ..., 77)

is the first-to-default time. The marginal distribution of the default times can be

obtained from this:
E! E? E!

T = min(—, —, ..., —).
a’ a a
i
;. E'—aitp
T'= ———— + 1,
CL1+CL2

7 = min(E'/a, 1),
where 75 = min(E?, ..., E') /a. The marginal density of 7' :

(I - 1)a1(&1 + a2)€f(a1+a2)t1 — ]a1a2€*1a1t1
(I —Dar — a

qi(t) =

Summary. This work introduces an intensity-based model and applies it for mod-
eling defaults. The model does not consider the interest rate. The author doesn'’t

give a solution for the model

2.3 Correlation Expansions for CDO Pricing [34]

There are M obligors in the portfolio; let Y; be the default indicator for the
i-th obligor , ¥; = (1 if i-th obligor defaults, 0 otherwise). Let p; = P(Y; = 1) be
the marginal probability that the i-th obligor defaults.

Let ¢; be the loss from the default of i-th obligor

Portfolio loss can be defined as:
L= CIYI -+ 62}/2 + ...+ Cmyma

where Y; = 1yx,>0y,0=1,2,..., M
The correlations in Y; are introduced through correlations in the X;. (X3, Xo, ..., X;;,)
are correlated N (0, 1) random variables. The “default boundary” v is chosen, so
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Correlations among X; are introduced through the factors Zy, Zs, ..., Zg(d << M) :

Xi = aﬂZl -+ aiQZQ + ...+ aidZd + bzq

Here ¢; and Z, ..., Z,; are independent N (0, 1) random variables, a;; and b; are con-
stants such that a + ... + a2, + b? = 1, so X; is N(0,1). Let C be the correlation
matrix of X; variables of obligors. The authors’ goal is to approximate E(L — y)™,
where y is some fixed number. There are two general cases, the case of weak corre-

lations in C' and the case of strong correlations in C.

Weak Correlations. They obtain a parameterized matrix C; by multiplying each
element C;; for i # j (i.e. diagonal elements were unchanged) by a constant t.
Let E; be the expectation under which X ~ N(0,C;), t = 1 (the original case).
Setting ¢ = 0 corresponds to the case of independent obligors. It can be shown that
E(L—y)* is analytical in ¢, that is: E(L—y)" = 5O+51t+52t2—2! + ..., where o, d1, ...
are real scalars. Each ¢,, can be computed through a weighted finite sum of the form

Z w;E;(L—y)". The number of terms in the summation and the corresponding set
J

of weights w; depend on n and the number of factors d in the correlation structure. In
each term E;(L—y)* is the expectation under which all obligors of L are independent
with modified default probabilities which are perturbations of the original default
probabilities. The magnitude of the perturbation is determined by a real variable

s. As s approaches zero:

Z ’LUjFi](L — y)+s—u>)(5n
J

The stronger the correlation among obligors, the more terms we need in the
expansion. This approximation is appropriate when d > 2 otherwise numerical
integration may be a better option.

The same method can be used to approximate E;[f(L)] where f is an arbitrary

function of the loss portfolio.
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Strong Correlations We define C; = (1 — t)R + tC, where R is a reference
correlation matrix for market factor Z, which has r-factor structure. r should be
significantly smaller than d, for example r = 1. Let E; be the expectation under Cj.

The authors then derive analytic expressions of the form:

12 o
+ 12
Et[<L - y) |Z = Z] = 60(3) + 51<Z)t + (52(2)5 + ...

For given z, dx(z) can be computed as described before. The Ay, are given by

Feo 1 2
A = Elo(z :/ Op(2)—=e"*"2dz.
k= Elor(z)] - k(2) N
Through numerical integration Ag, ..., A, can be computed to give the n-th

order approximant for E, (L —y)™.

Summary. This work is based on multiple factors and does not consider the in-
terest rate. The authors consider two different cases: the case of strong correlations
among obligors and the case of weak correlations among obligors. The two cases
have different solutions. The models use factor based correlations which is a similar

approach to our single period credit risk only model.

2.4 Credit Contagion and Credit Risk [20]

Let W, be the wealth or the default variable for a firm. If the wealth variable

goes below zero, the firm defaults. So the wealth can be defined as:

N
Wip =9 — Y Jijnje — nis,
j=1
where 9; is the initial wealth of firm I at the beginning of risk horizon, J;; quantifies
the material impact on the wealth of firm i, that would be caused by default of
firm j. Impact of default can be negative ( .J;; > 0, cooperative) or positive (

Ji; < 0, competitive) economic relation with i. Fluctuating contributions n;, are
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zero-mean Gaussians. The model has a single macro-economic factor 7y (assumed
to be constant over a risk horizon). So for each firm individual fluctuations can be

defined as:
Nit = 04 (\/@770 +v1=p i,t) ,

where &;+ are N(0,1) Gaussians, p; quantify the correlations of the 7, created via
the coupling to economy-wide fluctuations etag, which are also N(0,1). The model
cannot have a drift. One year is split into twelve steps. W;; < 0 is equivalent to
N
Nig > Vi — Z Jijn; when o; = 1 default occurs with probability ® (Z Jij — 192-> ,
J

j=1
if a company ¢ has probability of default p; in a given time unit then ¢; = —®~1(p;)

the expected default probability p;; of firm i, given that only firm j has defaulted
leads to the value J;; = @ (py;) — 1 (p;)
Jij = cij [% + \/igx”] , ¢i; € {0,1} ¢;; shows presence or absence of interactions

between different firms. So the authors define:

C c
P(Clj) == Nécij,l + (1 - N) 501‘;’,07

where z;; are zero mean, unit variance random variables with finite moment and
independent in pairs. Probability of default of firm ¢ with average unconditional

monthly default probability p; is expressed as:

(Nigy1lnie =0y = 0y + \/Pitlo |
VI—pi+ I

where m; = % Z n;. is the fraction of firms within the economy that have defaulted
J
up to time t. The fraction of firms that defaulted so fat evolves according to:

Mgy =my + <<1 — (m()))® (Jomt + /()0 — 19> > |

V1=p)+ J2my

where (7:(1)) is the time dependent monthly default rate of firms with 9; ~ ¢
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Summary. This work is based on a single factor and introduces contagion rela-
tionships between obligors. The model does not consider the interest rate. In order
to use contagion effects impact parameters for obligors must be defined. The model

assumes that the factor has zero drift

2.5 Estimating Credit Contagion in a Standard Factor Model
[15]
For a loans in a credit portfolio we have default variables R;; for (i € N;,t =
1,..,7T)

Ry <csuy & Dy =1,

where D;; = 1, if borrower i defaults in period ¢ and D;; = 0 otherwise. S(7)
denotes the segment borrower i belongs to S(.) — {1,..., M}. In each segment all
borrowers are homogeneous with respect to parameters of their default processes

(for example rating grades). The proces for the infecting firms is given as:
Ril,t = ws@)Fs@y +1/1 — w?@(i)ULtv

where Fggy, ~ N(0,1), Uy ~ N(0,1), Fs4y and Uy are independent random vari-
ables Fy = (Fy, ..., Fart) is normally distributed with mean E(F;) = 0 and covariance
matrix Cov(F;). The correlation between the creditworthiness indices of two firms
is given by:

Corr(Rit, Rjt) = Wsi)Ws()T5(1),5()-

Conditional probability of default can be derived as:

Cs(i _wSifSi,t
Wi(fS(i),t) = P(Ri,t < Cs(i)’FS(i),t = fS(i),t) =& 2 W50 >
L —wg)

& cs@) — Wse) fsay,
T = / o [ =Y OSOL) dd(fs4) = P(Riy < es()) = Dlesin)-
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Default variable with default contagion can be expressed as:

1
S o, "
s€lim,K(j)]
Rl = ws@)Fst1/1 — W zt+5t[—] = ws(i) Fs@ty /1 — wi, zrl-ﬂ 7 toe,
K(j):t K(j).t

where K(j) denotes the contagion segment borrower j belongs to, e.g. and in-
dustry sector (K(.) : {1,.... Ny} — {1,...,K}) L[m, K(j)] = {i|S(i) = m,K(i) =
K(j),infecting} - set of infecting firms belonging both to rating grade m and in-
dustry segment K (j) at time ¢, and I ;) be their number Dé(j)yt = Z Dit

s€lt[m, K(j)]
is the number of defaulting infecting firms in segment K(j). Let 5 be a unknown
coefficient which measures the impact of contagion on the default probability. The
effect of contagion on firm j is then (8 times the default rate of the infecting firms

within industry K(j). Conditional on the risk factors and the number of defaulting

infectors DI, = dk. ., one obtains the conditional probability

K@)t —

(ft)
cs() — Ws()fs( t_ﬁKU)t

Tk (;
Wf(fS(i),tadé((j),t(ft» = O = ).

1 —wg

Summary. This work is factor-based and introduces contagion relationships be-
tween obligors. The model does not consider the interest rate. A loan portfolio is
divided into sectors and in each sector all the loans are homogeneous. In order to
use contagion effects the impact parameters for obligors must be defined. Despite all
this machinery the authors do not provide a formula for the unconditional portfolio

loss.

2.6 In the Core of Correlation [19]

The first part of the paper describes dealing with correlation bump, which we
don’t include into this review.
Authors divide all the loans into groups (e.g. industry sectors) and then create

a model using intra-group correlations and inter-group correlations. A loan’s default
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variable V; can be expressed as:

Vi = peyWee) +4/1 — Pz(i)‘/%,

where py(;) is the correlation of the default variable to a group Vi, Wi are inde-
pendent standard Gaussian variables, and k(i) is a sector of 7. For simplicity all
obligors in the sector have identical exposure to factor W, so W; can be expressed
as:

Wy = NW + /1 — X2,

where W, W;, V; are independent standard Gaussian variables. So we can define V;

as:
Vi = pr@y A W+ prayy /1 — )\z(i)Wk(i) +4/1 = Pi(i)Vi-

For two names in the same sector the correlation is equal to pi(i), for two names
in different sectors k(7), k(j), k(i) # k(j) , the correlation is equal to pr@)pr(;) M) M)
which is in the range [0, 1] and inter-sector correlation coefficients will be smaller
that intra-sector correlation coefficients. The most obvious correlation structure we
can deal with this way is where all correlations are equal to ~, but with no limita-
tions on the number of sectors. This is calibrated through p; = v/3;, and \; = \/%
for + = 1,..,m, where m is the number of sectors. So the accumulated loss at time

t is defined as:

L(t) = 5" M),

where M; is the loss given default for obligor i, N;(¢) is the default indicator variable

for obligor 7 at time ¢. Probability generating function for L(t) can be expressed as:
Yru(u) = E ["Y] = B [E [u*D[W]].

Losses are separated over different sectors L;(t) = Z M;N;(t) and
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L(t) = Z L;(t). Given W and L;(t) are independent we can derive:
J

¢L(t) (U) =F

HE [uLj(t)|W]] :
J
E [uMDW] = E [E [u"DW, W] [W].
For i, k(i) = j, N;(t) are independent conditionally on W, W;

'ka(z):] sz(z):]

With pi'wj = (piwjjf’liﬂ(t))> and ¢/ =1 — pi‘Wj, since W; is known
s

whenever W, W; are known we have:

E[ubW] = B (g +p,"u)
i,k(i)=j

Wi,

w

V() = E | [TE| TT @™ +p"u™)
J i,k(i)=j
It can be seen that the burden of computing the probability generating function
is similar to a two-factor Gaussian structure. The distribution L(t) is obtained by
some inversion technique such as FFT.
The third part of the paper describes the model where default dates and

recovery rates are dependent, which we don’t include into this review.

Summary. This work is factor-based and does not consider the interest rate. A
loan portfolio is divided into groups (e.g. industry sectors) and the intra-sector
correlations are exactly the same. The authors don’t give a solution to the model

and propose to use Fast Fourier Transformation for that purpose.
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2.7 Tails of Credit Default Portfolios [30]

We consider a homogeneous portfolio of m bonds, then the fraction of defaulted

loans L™ can be expressed as:

where L; = 1 indicates the default of the credit of company j. Each bond is char-
acterized by the vector (S;,s) where S; is a default variable and s is a default
threshold. Default occurs when S; < s. So the default variable can be expressed
as: S; =W -s-(X,Y;), where W >0, X € R and (Y;)(j € N) is an iid sequence
of real random variables. The Y; are company-specific risk factors, X is a common

risk factor, W is a global risk factor.

Sj = W(CLX + b}/j),

where a,b > 0and W > 0,X,Y; € R
The CreditMetrics model corresponds to W = 1, X,Y; ~ N(0,1) , and a = /p,
b= +/1—p, for some p € (0,1) we have:

Lj = Ls;<sp = Lwo(xv)<s)s
m 1 S
L = E Z; 1{WS.(X,YJ-)<S}7
j=

R IR
n}g%oL( >:7Y1LLI%OE2L]-:E(L1|W,X) = P(S; < s|W, X),
J:

L= Fy(y- (s|W, X)),

Ploss = P<L] = 1)7 0 S \/V(IT(L) S \/ploss(l - ploss)7

So we have the relation:

1 _ > b o
L(3—) ~ Cpuapt™™ " / (—i<1—q>1/w+5054"w<w”“”Y) dF,(w).

1—gq aw
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Summary. This work is factor-based and models only homogeneous portfolios

using a single factor. The model does not consider the interest rate.

2.8 The Underlying Dynamics of Credit Correlations [1]

We have a loan portfolio. For loans in the portfolio R; € [0,1] is constant

recovery rate. Total loss L,, can be expressed as:

M M
Ly =Y lilrery = > LY,
=1 =1

where [; is the loss given default for a loan ¢ and Y; is a default indicator variable

for a loan 7. Expected value of Lj; can be derived as:

Zl E(Y; Zl@pz,

where p; is the probability of default for loan 7. The default variable R; can be

derived as:

R, = bR,, + V1 — 0°E},

where R,, is the market factor 0 < b <1,
EzlﬁRZSdz,fOI'Z:L,M
The total loss of the portfolio given the value of the market factor can be derived

as:

16— (1-B)No> (,,)_\/)[R ),

where R - recovery rate, N - total portfolio exposure, p - correlation of a loan to

the market factor, R,, is the market factor.

The authors choose TARCH to model the market factor with good correlation sur-
face properties, such as correlation skew for long time-periods (5 or 10 year horizon).
Geometric Brownian Motion modeling leads to the normal distribution and is not

realistic (does not match excess kurtosis etc). The TARCH(1,1) model (asymmetric
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threshold GARCH) can be expressed as:
Tt = O,

2 2 2 2
o =w+ari_; +agr; 1y, <oy + po;_y.

Here {e;} are iid, have zero mean, variance normalized to 1, finite skewness s. and
finite kurtosis k., w > 0, «, oy, # are non-negative parameters. The persistence of

volatility is governed by the parameter
C = E(ﬁ + Oé&?? + ad€?1{€t§0}> = 5 + o + Oédl}g,

v? = E(e{1{e,<0y);

€

kd = E(&T?l{gtso}).

The authors achieve better replication of correlation surface properties using

TARCH, than using standard large homogeneous portfolio model.

Summary. This work models homogeneous portfolios only, when the market fac-
tor is following the TARCH process in order to achieve good correlation surface
properties. The model does not consider the interest rate. The authors do not give
an analytical solution and propose to use Monte-Carlo to obtain the loss distribu-

tion.

2.9 Integrating Interest Rate Risk in Credit Portfolio Mod-
els [18]
The credit portfolio consists of N coupon bonds with identical face value F,

maturity date T, coupon ¢ and coupon dates H < t; < ... <t,, =T. Let P be the

real world probability measure with asset return defined as:

Rj = wlZ + MQXT + W3Ej,
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wherej € 1,....NZ, X,,¢; ~N(0,1), Cov(Z,X,) =0,Cov(Z,e;) =0, Cov(X,,e;) =
0
Z is a market factor, €; is a firm specific risk variable, X, is a stochastic factor

driving the term structure of risk-free interest rates, so we have:
dr(t) = k(0 — r(t))dt + ocdW(t),

r(t|Fs) ~ N(pr(s,t), 07 (s, 1)),

(s 1) = 0+ (r(s) — B)e ),

2

2 _ ¢ —2k(t—s)
)= —(1-
o2(s.t) = (1 — )

Y

2
r(H|Fy) = 60+ (r(0) — §)e " + ;I_,.@(l — 2l X,

r(H) is the risk-free interest rate at the risk horizon, since X ~ N(0, 1), it’s possible
that r(¢) can be negative with small probability:

—k(T—t 02 —k(T—t
p(r(t),1,T) = Fe($0-e T RE)—r ) ==l {3 (1m0 )

I

2

P(Xot, T) = Felr (e T (RE0)=(O+(r(0) =004/ (162 X))~ (1= R(o0) 73 (1= 7T 0)2).

R(00) = 0+A% — %Z—z is the return of a risk-free zero coupon bond with infinite
time to maturity, - constant market price of interest rate risk. Sensitivities to risk
factors wq, we, ws are identical to all debtors, which implies identical correlation p
between all pairs of asset returns. Without loss of generalization, the variance of

the asset returns R; can be normalized to one, so we have:
Var(R;) = wi +w; + w3 =1,

p = Corr(R;, R;) = w} + w3,

’LU3:\/1—p.
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q)(a—wlz—wxr) ( )
— :q Z,CIZr .
V1i=p

Price of a coupon bond with face value F', maturity date T', coupon ¢ and coupon
dates H < t; < ... <ty =T at the risk horizon whose issuer j has not yet defaulted
(nd) up to this time is defined as:

S

V;Ld(Xr’ H,T,c) = Z ce (ROt )+ SO Htm)) (bm~H) - o= (R(Xr, HT) 48 (0,H,T))(T—H).

m=1
R(X,, H,t,) = —(t, — H) 'n(p(X,, H,t,,)/F) is the stochastic risk-free discount
factor for the time interval [H,t,,]; S(0, H,t,,) is the forward credit spread for the

time interval [H,t,,] observed at ¢t = 0; yjd = 0F is the price of defaulted loan; ¢ is

the recovery rate. The value of the portfolio is expressed as:
I(H) = [Dv'4-(1-D)Ww"YX,, H,T,c)N = [v"4X,, H,T,c)+D(v"(X,, H,T,c)—6F)]N.

If we assume that the portfolio of corporate coupon bonds is sufficiently large so that
the fraction D of defaulting debtors given a certain realization of the risk factors
Z =z, X, = x, is adequately approximated by the conditional default probability
q(z,x,), we get with the law of iterated expectations for the probability distribution
of the credit portfolio value TI(H) at the risk horizon:

P(II(H) < ) = P([v"YX,,H,T,c) — D(v"YX,,H,T,c) — 6F)N < 1]) =

= EP[P(v"Y(X,,H,T,c) — DW"X,,H,T,c) —0F)N < 7))|Z,X,)] =

= EP[P([V" (X, H,T,c) = (2, X,)(v"(X,, H,T,c) = 6F)N < 7)|Z, X,)].

Summary. This work models homogeneous portfolios only and considers the in-

terest rate. Authors assume that future credit spreads are deterministic



CHAPTER 3
The Credit Risk Model

We will first develop the model in which a static interest rate term structure is
assumed. Then we will extend the model in Chapter 6 to add dependent interest

rate dynamics.

3.1 The Basic Model

Let P(t) denote the zero coupon bond term structure, which could equivalently
be specified by forward rate term structure or yield curves. Let C;(¢) denote the
cashflow rate for a deterministic deal . The value of the deal can then be computed

v = /OO dt Cy(t) P(b),

Because the deal is deterministic we will make the following simplifying, practically
valid assumption that C'(t) > 0 on (0,00). For loans and credit products such as
CDOs, cashflow rates are always non-negative. This assumption corresponds to loan
type deals in which an initial loan at t = 0 is followed by payments.

Deal i has an associated survival probability curve, s;(t), which we assume is

time homogeneous and memoryless. Thus,
si(t) = e~

A corresponding default probability density fp(t), equal to the probability density

of default in (¢, dt) can be computed as follows.

fo,(t) = Al}tm0 Pr [survive to t] - (1 — Pr [survive to t + At|survive to ¢]),

= Al}tm0 si(t)(1 — Pr [survive to t|survive to ¢t + At] - s;(t + At)/si(t)),

= lim si(t) (1= st + At) /s (1)),

= e %t

22
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We will assume that these are the risk neutral default probabilities, so that we can
value loans by taking expectations. Users of the model may need to adjust the
Loss Given Default (LGD) parameters for loans in order to satisfy the risk neutral
assumption. Suppose we are interested in the time horizon 7', typically 1 year, and
let X; be a random variable which is the value of the deal at time 7" in present
dollars.

In the event of default, let p; be the (deterministic) recovery rate, 0 < p; < 1.
An additional complexity would arise from making the recovery rate stochastic, and
the marginal gain is not quite clear. The recovery rate p; specifies the fraction of
the remaining future cashflows which can be recovered in the event of a default.
Alternatively, this could be the fraction of the outstanding capital which could be

recovered — either interpretation is essentially equivalent.

3.2 A Single Deal With Term Structure

Suppose we are interested in the expected value and variance of the loan’s
value distribution at time 7. To compute the value of a loan at time 7" we use the
expected discounted cashflows, where the expectation is according to the assumed

risk neutral default density

Theorem 3.2.1 The two central moments of loan’s value distribution at time T are

E[X] = Xyw—(1—p) /0 T s (1= e O (2)P(2),

var [X)] = (1 — pi)? {2 / Tz Ci(2)P(2)eow / " dw Ci(w)P(w)]

0 0

2

(1 - p)? ( /O " C’i(z)P(z)e_aiz)

The proof is given in the appendix
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3.2.1 Examples

We now consider two basic examples, the uniformly amortized loan and the
uniformly amortized bullet loan. We will always assume that the initial loan amount
(principal P) which is a negative cashflow has already been taken into account in
the portfolio. Typically this will be based on money borrowed at a lower interest
rate, and will represent an outgoing cash stream with no default risk and hence is
easy to valuate.

In the simplest interest rate model, we assume a fixed interest rate, hence
P(t) = e~ This also assumes no interest rate dynamics and hence no interest rate
risk. With interest rate dynamics, all of this formulation must change.

It will be convenient to define Z(7T;«a) = fOT dt (1 — e ) P(t), which for the
simple case of fixed interest rate evaluates to,

—aT
Z(T;a) = c e T <1— < )

a—l—r_ T a—+r

Uniformly Amortized Loan

C; t e [O,TZ’],
Ci(t) =

0 otherwise.

Uniformly Amortized Bullet Loan

C; +P(5(t—7’z> t e [O,Ti],
Ci(t) =

0 otherwise,

where P is a bullet lump payment at maturity.

3.3 Correlated Defaults - Multiple Deals
3.3.1 Single Period

Consider n deals. To each deal i, associate a default variable d; which is driven
by K factors fi,..., fx together with its own stochastic component ¢;. The default

variable represents the financial health of the borrower. In our model the default
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variable starts at 0 which corresponds to a simple recalibration of the initial financial
health. The default variable can go up or down. If the default variable goes down
and hits the default threshold which is always negative, the borrower defaults. Each
loan has its own default threshold which corresponds to the loan’s probability of
default. For borrowers which are public companies, the default variables should be
functions of the market capitalizations of the companies. If the market capitalization
of the company approaches zero, the company goes into bankruptcy and defaults.
In our model 0 would map to the initial market capitalization of the company and
the value of the default threshold would correspond to zero market capitalization.
If market capitalizations of public companies are good proxies for financial health,
then in this case the default variables are observable through stock prices. For pri-
vate companies the situation is less transparent. For private companies the default
variable represents the difference between assets and liabilities. When liabilities are
larger than assets we have the default event. For individual customers the default
variable represents the net worth of a customer. The customer defaults when his
or her net worth goes negative. On the one hand, there is the measurability of the
default variable, which is needed to specify some of the quantities in the model - in
particular the correlation of the default variable to the market factor. In practice
this may not be possible and so one uses a reasonable value for these correlations,
for example 19% suggested by MKMV. On the theoretical side, the postulation
of the existence of such a default variable is innocuous, since it merely postulates
the existence of a measure of financial worth, which drives default. This is a good

approximation to reality.

Thus,
K
di = Ninfs+ Bici,
k=1
where we assume that the set of random variables {fi,..., fx,€1,...,€,} are inde-

pendent with zero mean and unit variance. Intuitively, d; is some form of normalized
asset value of the underlying obligor. The factors f are common to all deals. They

could for example represent obligor, sector, market sentiment, geography, etc. We
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will assume a normalization condition
K
2 Z 2
k=0

for all ¢, which corresponds to each d; having zero mean and unit variance. All
these assumptions on the scales of the parameters are innocuous and amount to
recalibration of the default thresholds. These thresholds in turn will be determined
from the probabilities of default, which are user supplied inputs and will not be

affected by such rescaling. The correlation p;; between d; and d; is given by
K
pij = BiBjdij + Z Aik Ak
k=0

where ¢;; is the Kroeneker delta. Associated with each deal d; is a default event
D;, which corresponds to a threshold t; such that D; = 1if d; < t; and D; = 0
otherwise. We can calculate the value of the default threshold using the following
approach: we look at the relationship between probability of default pd, drift p,

standard deviation o, credit risk horizon T and default threshold [:

uT+l) _2ul (,LLT—Z)
d=o [ — +e 2P .
b ( /T T

It’s not easy to transform this function to express [ analytically as a function

of other variables. We will use a simple root finding algorithm based on bisection
to solve this implicit equation for [ given u, o, T, pd.

We define the random variable D = ). D; which is the total number of de-
faults. In what follows, we will simplify to the single factor model, because we
have found practically that a single factor usually suffices. Besides, it is already

challenging with just one factor. Thus,

For every loan, we need to estimate the correlation to the market factor \;

For public companies the market capitalization represents the default variable. So
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we can estimate the correlation to the market factor by calculating the correlation
of the historical stock prices to historical values of the market factor in the case
that the market factor is observable. In the case of a private company it’s harder
to estimate the correlation to the market factor, because we don’t have historical
stock prices. However we can use various approaches to estimate the correlation
to the market factor: for example, we can take the market sub-index of publicly
traded companies in the same industry, calculate the historical correlation of the
industry sub-index to the market and then adjust the correlation taking into account
the differences between the private company and publicly traded companies in the
same industry. For individual customers the correlation to the market factor will
depend on the relationship between the ability of a borrower to repay the loan
and observable economic statistics such as unemployment rate, relevant housing
prices (housing prices affect the individual’s net worth in a major way) and possibly
some other relevant statistics with available historical data. The specific models for
the estimation of correlation of individual’s default variable to the market factor
are outside of the scope of this work, but such models are important and can be
constructed. Our model takes the correlations between loans and the market factor
as inputs.

We note that conditioned upon f, the defaults are independent. To see this,
note that conditioned on f, d; is a function of ¢; and default only depends on d;,
hence only on ¢;, and the ¢; are independent.

We will illustrate with the following simple single period model, which is al-
ready pretty realistic. Let the notional of deal i be X;, and assume that there is
some profit spread ~;, in the event of no default. That is, we borrow at an interest
rate which is approximately ~; less than the interest rate at which we lend. In the
event of default, we have a loss given default fraction (LGD) ¢; (i.e., we recover

(1 — 6;) of the loaned notional X;). In this case, the value v;

Vi Xi D; =0,
Value v; =

~8X;, D;=1.
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Conditioning on f, lets define p;(f) = Pr[D; = 1|f], which is the probability of
default on deal 7 given f. Let F; be the distribution function for ¢;, and let F' be
the distribution function for f. Then default occurs if and only if d; < ¢t;, i.e. iff

Nf /1= Ne; <ty ie. iff € < (t; —Nf)/\/1— A2, and so we have that

_PriD. — o[ BN
pi(f)="P [Dz—l\f]—Fz<—m).

Let u;(f) = Ev;|f] be the expected value (with respect to default or no-default),
conditioned on f, and similarly let o?(f) = var [v;|f] be the variance conditioned

on f. A short calculation gives that

wi(f) =Evilfl = Xilvi—pi(f)(vi+ 6],
oi (f) =var[vilf] = Xip(f)(L—pi(f)(v+ )"

Let v = Z v; be the value of the portfolio. Then, conditioned on f, we can compute

its expectatlon u(f) =Ev|f] as

u(f)ZE[vlf]IZm ZX F) i+ 6:)] .

Since, conditioned on f, v; are independent, we can compute the variance o?(f) =

var [v]f],

() = varlolf] = 3 o) = 3 Xin (= pil) i+ 0

Further, conditioned on f, since the v; are independent, we can invoke the strong
law of large numbers which gives that as n — oo, the distribution function of v

converges a normal distribution function, i.e.

Pr[vsvwqub(vg(—;‘)(f)),

where ¢(x) is the standard normal distribution function, ¢(x) = W [ dse —3s

There is a mild technical restriction which is that the strong law of large numbers
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only will apply when the portfolio is not too concentrated. We will not dwell on such
technicalities. Let G be the distribution function for the value v of the portfolio. G

is now obtained by integrating with respect to f,

6o)= [ ar(p) o (%()f)) ,

where

Probably the most intuitive case to consider is the Gaussian copula, in which case

f,ei~N(0,1), ie. F,F; = ¢. In this case, we have

where

p(f) = ZXi [vi = pi(f) (i + 60)]
UZ(f) = ZXfpi(f)(l—pi(f))(7i+5i)2,

_ ti— Nif
pi(f) = ¢ <—\/1_7)\12> :

The integral in (3.1) is very well behaved because ¢ € [0, 1] and so integrating against
a Gaussian kernel is very easy to numerically approximate to more digits of precision
than are financially relevant. Note that if there are more than one factor, then the
integral in (3.1) becomes a multiple integral, and the logic still holds, though harder
to work with. For a small number of factors one could use adaptive quadrature,

to evaluate the integral, but when we have more than 3 dimensions, Monte-Carlo
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delivers better computational performance.

3.3.2 Examples

Let’s consider a simple yet realistic scenario, in which all deals have the same
LGD factor, 6; = ¢, and the deals are constructed in the following simple way.
In each deal, we try to make the same profit spread 7; = . Further, each deal
is constructed to have a particular unconditional expected value. To be concrete,
lets set this unconditional expected value to 0, so E [v;] = 0 (in general, one might
desire some expected percentage profit, E [v;] = rX;), however the analysis will not
be affected. Let p; be the unconditional probability of default, then since d; has an
unconditional N (0, 1) distribution, we have the p; = ¢(t;). Since E[v;] = rX; =
Xi(y —pi(y+9)) =0, we have that

v+

-2
<

pi =

(o9

Thus, under these conditions, which are reasonably realistic, p; = p is also indepen-
dent of 4, and since p; = ¢(t;), t; = t is also independent of i. The interpretation
of this is that to first approximation, there is some general background probability
of default, which may be viewed as the market probability of default, which drives
defaults across all sectors, companies, etc.

Further, we can also imagine in this one factor scenario, that there is some
general market driving factor f which is driving all deals, with the same magnitude,
ie., \; = ) is constant across the deals. We make this approximation just for
illustration, and the machinery easily adapts to non-constant );. In this setup,

many simplifications occur in the integral (3.1), and we get
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where

u(f) = [y —p(f)y+0) ZX
) = pHA=pH)r+0) 3 X,

pf) = ¢(§%§%),

_ (- r
=0 (7+5>'

After some manipulation, we obtain

© g an [ v—ztyela— A
Gv) = — ¢72/ , .
=] 7% ¢<¢ww—ﬁﬂﬂ—¢m—ﬂﬂ) 33

where z,y, z, a, § are all constants given by

r = WZXi,
o= (y+0PY X7

t
e
V1= 22
A
B =

V1=)2

where t = ¢~ (175).

3.3.3 Simulation Experiment

We have run a simulation with a synthetic portfolio where the notional X; =
500000 for the n = 1000 deals are generated randomly. The profit spread v = 0.02
(2% profit spread) and the LGD factor was set at 0.4 (40% LGD); market driven cor-
relation factor was varied among the simulations (A = 0.19 is the choice of M K MV').
All these parameters are reasonable based on current practice/assumptions. The re-

sults for the theory and Monte Carlo are virtually indistinguishable.
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Figure 3.1: Comparison of pdfs between Monte-Carlo and the analytic
method

For n = 1,000, the runtime for 1 million Monte Carlo simulations is about 45
minutes, whereas the theoretical calculation using the CLT takes about 5 seconds,
almost independent of n. Thus the benefits of the theoretical calculation are clear

in this simplified single period setting.

3.3.4 Adapting the Analysis to the Log-Normal Case
If instead, we have that the default variable is a “translated” log-normal,
d; = eM/tv XP-Nei _ paxX?
where x? = log #; this choice of x? is to ensure that E[d;] = 0 and var[d;] =
1. Here, again, f is the driving factor for the market, and ¢; is an idiosyncratic
stochastic factor for D;. The market .S,, is also assumed to be log-normal, normalized

to unit variance, S,, = eX/. A useful statistic for comparison with MKMYV is the

covariance,

cov [d;, Sp] = X (e — 1),
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because MKMYV defines

cov [asset, market]

- \/var [asset]| var [market]’

which is one of the inputs to MKMV. Since var [d;] = var [5;] = 1, we have that
R=e¥ (e — 1),

This equation allows us to convert the MKMV R to our A notation ,or inverting,

1 2
Ai = —log(Re™ +1).
X

Once again, default occurs if d; < t;, iff d; + exX’ < t, 4 exX’ | iff log(d; + e%XQ) <
log(t; +e2X*). Since log(t; +e2X") ~ N (0, x2), we have for the probability of default,

i, =0 (% i eéf)) |

X

Inverting, we get

t = eX¢ pdi) _ o3x7

log(d; + €2X°) = M f +1/x% — A6,

Conditioning on f, default occurs iff

Mf 4+ /32 = N2 < log(t; + e2X),

Note that

and so

N log(t; + e%XQ) - NS
pi(f) = ¢ ( N ) .
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Since f is still a N(0,1) random variable, the remainder of the derivation carries

through, and we have

where

u(f) = ZXi i = () (i + 65)]
() = XN = pil )i+ 8,

4 B log(t; + e2X) — \;f
pilf) = 45( Ny )

x¢ " t(pdi)—Xif

In terms of pd;, we can write p;(f) = (

3.4 Continuous Time With Interest Rate Term Structure

So far, the correlated case has focused on the single period. In the multi-period
case, which in the limit is the continuous setup, we need to consider the complete
series of cashflows, and we will need to take into account the interest rate term
structure P(t), which we assume is given. It is useful to define R(t) = f(f ds P(s),
and Q;(t) = fg ds C;(s)P(s). All value/loss distributions will be in terms of present
value dollars. Future values will be computed according to the assumed risk-neutral

default probabilities and expectation of discounted cashflows.

3.4.1 Notation

We summarize some notation here for convenience.
1. 7, the time horizon for calculating the value distribution (typically 7 = 1 year).
2. X;: amount of outstanding capital at time 0.

3. T;: maturity of deal i.
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4. P(t): the interest rate term structure (discount factor). For constant interest

rate r, P(t) = e™"". In general, the instantaneous spot rate r(t) = — % log P(t).
5. R(t): fg dsP(s). For constant interest rate, R(t) = 2(1 —e™").
6. ¢;: constant cashflow rate, i.e. for the uniformly amortized loan C;(t) =
&7 0 S t S EJ

0 otherwise,

7. 7 spread fraction defined as v; = % — 1, which is the percentage profit
from this deal assuming no default. It seems reasonable that +; > 0, though

this is not a necessity.

8. 0;: the LGD parameter, where 1 — ¢; is the recovery rate of outstanding prin-
cipal, where the outstanding principle at time ¢, denoted X;(t) is given by

Xi(t) = Xi(1 — 25).

9. D;: default indicator variable (as before).

10. d;: default variable which drives D;. We will make the multi-factor assumption
d; = Q(Zle Xie.Jr + Bi€;), where the f’s and €’s are all independent, and €2 is
some invertible function. For the normally distributed case, 2(z) = x and the

f’s and €’s are all ~ N(0,1). For the lognormal case, €2 is a an exponential
1+v5
2
ratio. Let {F;}, F.,, Fy, be the distribution functions for {f;},€;, d;, and we
will assume that E[f;] = E[¢;] = 0 and that E [f?] = E[¢] = 1. Depending

T

function, Q(z) = e* — e2X" where y2 = log is the log of the golden

on choices for these distributions (Gaussian, LogNormal, Student-t, etc.) these

distribution functions and their inverses may or may not be in closed form.

11. pd; is the T-period unconditional probability of default. The survival rate «;
defines the survival probability s;(t) = e~®", from which we identify o;7 =

—log(1 — pd;). Remember that the default density is fp,(t) = a;e” .

Assumption 1 The default events {D;} are dependent through the factors {f;}.

However, conditioned on default (in the interval [0,7]), if the transition is to the



36

default state (D; = 1), the time of default for each deal are independent random

variables.

This assumption allows us to not have to worry about dependent stochastic processes
for the driving variables, but rather only dependent state transitions. Note that this
1s an assumption which is made primarily to make the analytics tractable. However,
it will probably have negligible practical impact. First we will elaborate on the

model.

3.4.2 Cash Flows

The present value of all cashflows assuming no default is given by fooo ds C;(s)P(s),

and so we define

1 [e.¢]
i = Z/o ds Ci(s)P(s) — 1=
For the simple uniformly amortized loan,

6 0<t<T,
Ci(t) =

0 otherwise,

in which case ~; = %(Tl) — 1. For the uniformly amortized bullet loan,

¢+ Bid(t—T;) 0<t<T,
Ci(t) =
0 otherwise,

in which case 7; = X%(CZR(TZ) + B;P(T;)) — 1. It seems reasonable that 7; should be
positive, which will naturally be the case at inception of the loan, and will therefore
continue to be the case when there is no interest rate risk.

Lets now define the outstanding capital at time t, X;(t). We write C;(t) =
cap;(t) +int;(t), where cap;(t) is the rate at which capital is being paid, and int;(t)
is the rate at which interest is being paid. In principle cap;(t) and int;(t) can

be specified arbitrarily, i.e. as long as fooo cap;(t) = X;, i.e., eventually the entire
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outstanding capital gets paid. The natural choice for cap;(t) for the bullet loan is
cap;(t) = 0 except for the one last bullet payment which pays all the capital, i.e.,
B; = X, ie., Ci(t) = X;6(t — T;). For the uniformly amortized loan, we may use
the following argument to define cap;(t). During the interval (¢, dt) payment C;(t)dt
has present value P(t)C;(t)dt, and we pay off capital cap;(t)dt. Hence, the spread
is P(t)C;(t)dt — cap;(t)dt. We set this to ~;cap;(t)dt to enforce the fact that we

uniformly collect our spread over the duration of the loan. Hence,

Ci(t)P(t) _ XiCi(t)P(t)
1+7  Qi(co)

cap;(t) =

and int;(t) = Cy(t) — cap;(t). We now use X;(t) = X; — f(f ds cap;(s) to obtain the

outstanding capital at time ¢,

Xi(t) = X; - <1 _ Q) ) .

Qi(00)
The outstanding capital will be needed to compute the loss given default based on

the recovery rate.

3.4.3 A Single Deal

We notice that conditioned on f, the analysis for the correlated case in the
limit of large n which invokes the Central Limit Theorem only requires knowledge
of the mean value y;(f) and the variance, o2(f), for a single deal. To proceed, let’s

restate the definition of the driving variable d;,

Default occurs if d; < t;, which occurs if and only if

€6 S ————
Gi

Thus,

1) _ X\t “1(4\ _ 2t
Prd; < t,/f] = Pr QSM}:& (W)

i
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We have a relationship between pd; and t;, since pd; = Pr[d; < t;] = Fy, (),
li = Fd_il(Pdi)-

Our basic assumption is that conditioned on the factor f, the deal defaults are

independent. The factor f serves to specify the probability of default, pd;(f),

) = £, (TA=2)

_r (Q_1<F‘h1(§qi)) _ A§f> |

From pd;(f), we get
_ —log(1 — pd;(f))

T

Thus, in our model, if we are to be precise, it is not the defaults which are correlated,
but the default rates a;(f) which are correlated.

Based on our previous discussion we will make use of the following notion of
outstanding capital at time ¢, which is natural and can apply equally well to both the

bullet loan and the uniformly amortized loan to within reasonable approximation.

Assumption 2 The outstanding capital X;(t) is that fraction of the initial out-
standing capital X; equal to the cash flows (in present value) which remain to be

paid divided by the total cashflows (in present value),

Xi(t) = X

ST ds Cis)P(s) (0 Qut) \ _ [ ds Cils)P(s)
I ds O P(s) (1 ) - '

In present value dollars, (1 — 6;)X;(t) of the outstanding capital is recovered when

the loan defaults at time t.

Theorem 3.4.1 In present value dollars, we have for the first two central moments
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of the loss distribution, conditioned on f,

E [Li(7)|f]
Li(7[f)]

var |

12
0;

where

Qz(t, Oé)

Gi(T, )
pdi(f)

oy = Oél<f)

Vi

The Gaussian Case:

S0

The Log-Normal Case:

Fez(x) = ¢(£L‘), ﬁz =

1+\f

where x? = log

0;(Qi(00,0) — Qi(00, ay)) — i Xi, (3.5)
(e — 1)(Qi(00, ) — Qi(T, ;))* + (3.6)
+2Q:(7,0)(Qs(00, ) — Qy(7, ) + Gi(T, i) — QF (00, ),

= [ascpee
= /ds/ dz Ci(s Ci(z)P (Z)@—OéimaX(S»Z)’
_ F( {Fy <§d>> Xf>’

—log(1 — pd,(f))
7_ )
0 + i
L+
X;

— 1.

Qx) =x; Fy,(x) = F,(x) = ¢(x); i =+/1—| N\ H2, and

Pdi(f> = ¢< )

¢~ (pd;) — Nif
TPV

Q) = e — b} F ()

)

o) ()—1( log(x + e%X2)) and

X2 =\ HQ, and so

X2 =[P

. The proof is given in the appendix
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3.4.4 Special case of constant interest rate
For a constant interest rate: P(t) = e "". We will consider the uniform bullet

loan, so C;(t) = ¢; except for the bullet payment at time 7;. We just need to compute
Qi(t, ) and G;(t, ) so that E[L;(7)|f] and var [L;(7)|f] can be computed.

Uniform Bullet Loan. We will use the notation [[bool]] for a boolean expression
bool to be 1 if bool is TRUE and 0 if bool is FALSE. The only difference between
the uniformly amortized loan and the uniform bullet loan is a single bullet payment

B; at T;. Typically, B; = X;. Thus,

QF(ta) — /ﬁ ds Ci(s)P(s)e—,

rmn(Tl."'7 )
= / ds (c; + Bio(s — T;))e~ (et
0

= O (1= el min(Tid) | BTy < ]
a—+r

Gf(t,oé) = / ds/ dz Ci(s)P(s)Ci(2)P (Z>6—Ozimax(s7z)’
Inln(TT+
= / d (CZ + B 5( )e—rs) .
0
mln(TTl.+)
/ dz (c; + Bio(z — Ty)e "%)e i max(s2),
0

min( 7T{") s T;
= 20?/ ds/ dz e~ Te)se=r% L 9B cie” T[T, < T]]/ dse ™
0 0 0

+Bie @t eIh [T < 7],
26? (1 _ ef(rJrai)min(T,Ti) 1 — e(2r+a¢)min(T,Ti))

T+ oy 2r+ o,

r

+Bi6—(T+ai)Ti (%

. (1—e ) + Bie_rTi) [[T; < 7]].

The result for the uniformly amortized loan is obtained by setting B; = 0.
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3.4.5 Multiple Correlated Deals with Term Structure

We now proceed exactly as in the case of the single period.

=> Li(r)
from which it is immediate that L(7|f) = ). L;(7|f). Therefore,

) = BLLI0] = S BILIn] = 3 m()

Since L;(7|f) and L;(7|f) are independent random variables for i # j, we immedi-

ately have that

o?(f) = var [L(7]|f)] Zvar 1f)] = Zaf(f)

Notice that u;(f),o?(f) are functions of f only through ); - f. Exactly analogous to

the single period case, we now have that

GL(h)zP(Lgh):/de( ;K/Q 374 (h;(_;;)(f))

which is a K-dimensional very well behaved integral, where K is the number of
factors. In the one factor case, things are numerically simple though. The issues
come (numerically) when we are interested in (say) 100 factors. In such a case, this

integral would have to be done using a technique like Monte-Carlo.

3.4.6 Correlated Defaults (not Default Rates)

We now consider instead of correlated default rates, correlated defaults. The
only modification is that in the case of no default, the default rate of each deal
then reverts to the normal default rate pd;, unconditioned on f. This only affects

L(7|no default).

L;(7|no default) = (5{/ dz Ci(2)P(2)(1 — e i) _ X,
Li(r|default in (¢,dt)) = 06;(Qi(00) — Q;(t)) — v Xy,
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where a; = —log(1 — pd;)/7. In the previous computations, only «;(f) = —log(1 —
pd;(£))/T appeared in the calculations. In this discussion, we will have to distinguish
between «; and «;(f). Following the same process as the previous section, we arrive
without much difficulty at the following expression for E [L;|f],

E [Li]f]
0;

7 X

= Qi(00,0)—e @i=2)TQ (00, ;) —Q; (7, i (f)) e~ i) Q, (7, ai)_T-

When «;(f) = «;, i.e. the default rate before 7 (correlated default) equals the
default rate after 7, we recover the previous result. The main difference between
the two analyses is that the correlated default process “restarts” after time 7 in the
event of no default. Setting V; = L; + v, X; — 6:Q;(00,0) as before, we compute

var [L;] = var [Y]] as,

var [L;|f]
S
—Q(1, ou(£)) + e 20T (2T _ 1)(Qy(00, i) — Qi(T, v))”.

3.4.6.1 Expected Loss (EL)

We can easily compute the expected loss. From (3.4), we have that
E [Li] = 6{(Qi(00,0) — Qi(00, i) — 7 Xi,
where a; = —M. We thus have that

= G(7,q;(f)) + 2¢O 7I7(Qi(7,0) — Qs(7, ui(£)))(Qi(00, i) — Qi(T, i)



CHAPTER 4
Combined Credit and Interest Rate Risk

Usually lenders use separate models for credit and interest rate risks. However, in
the real world, credit risk and interest rate risks are not independent. For example
during recessions the number of defaults goes up and interest rates usually go down.
Also sharp interest rate increases could affect the ability of borrowers to repay
variable rate loans. The dependence between the interest rate and loans’ default
rates makes estimation of credit portfolio losses harder. Banks and other lenders
use various ad-hoc methods to combine credit risk and interest rate risk for total
loss estimation. In many cases those ad-hoc methods don’t have any theoretical
justification, and have less then desirable accuracy. We propose an integrated model
for credit and interest rate risks, which addresses the issues described above. We
studied the dependence between S&P 500 index — an important market factor and
US treasury interest rates and found out that they are correlated. Correlations
between S&P 500 daily returns and 1 Year Treasury rate returns are in range of
[-0.51, 0,54] over the last 40 years (from 1967 - 2007) and the correlation changes
slowly over time. We notice, for example, that during recessions the stock market
goes down (and the number of defaults goes up) and interest rates usually go down.
So we see that the assumption of non-zero correlation between stock market and

interest rate is a valid one, and we need to include it into our model.

4.1 A Stochastic Process for Interest Rates and Defaults

We model the dependence of the interest rate and the number of defaults by

“tying” the interest rate to the market factor.

r(t) = Toearf(t)+urt+orWr(t)7

1 and o, are the mean and variance of the interest rate; o, specifies the dependence
between the market factor and the interest rate; W,.(t) is a standard Brownian

motion. The market factor has the following formula:

43
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Correlation of S&P 500 returns to 1Y treasury rate changes
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Figure 4.1: Correlation between 1Y treasury interest rate changes and
changes for S&P 500 index using 1 year lookback window

ft) = fo+ ppt+ o, We(t),

Where jif and oy are the mean and variance of the market factor; Wy (¢) is a standard
Brownian motion, independent of W, (¢). The default variable for loan i has the

following dynamics:

di(t) = Nif(t) + 04, Way (2).

The correlation A; specifies dependence between the market factor and the default
variable, o4, - is the coefficient which makes the default’s variable total variance
o?(d;(t)) = t, Wy, (t) is a standard Brownian motion. As in the basic model, default
happens when d;(t) < t;, where t; is a threshold which has a negative value. The
threshold ¢; is calculated in such a way as to make the Pr(d;(t) < t;) = pd; for a
market factor which has the standard drift and 0 variance. In our current model,
the market factor and the interest rate are separate variables, and the interest rate
may depend on the market factor, so it would appear that high (low) values of the
interest rate correspond to high (low) values of the market factor. Since the default

variable also depends on the market factor there is an indirect dependence of the
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Figure 4.2: Probability density of portfolio losses

Table 4.1: Values-at-risk for different economic scenarios, values for 99%

VaR
Economic scenario Interest rate risk | Credit risk | Combined risk
Normal scenario -2.649 B 0.366 B 0.563 B
Low interest rate volatility | -2.849 B 0.366 B 0.43 B
Market drifting down -2.724 B 2.873 B 3.443 B

default event on the interest rate. However, conditioned on the market factor path,

the interest rate and default variables are independent. This will be an important

observation in the semi- analytic approach.

4.2 Monte-Carlo simulation

Our first algorithm to compute the loss distribution will be via Monte-Carlo.

The first step to using Monte-Carlo is to generate a Monte-Carlo path, i.e. a real-

ization for all the random quantities. In our model we have a random path for the

factor f, which is the driver. Given the path for f(t) we can generate a path for the
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Figure 4.3: Cumulative probability density of portfolio losses

interest rate r(t) and a path for each default variable d;(¢). Let the size of the time
step to be 0t. The complete algorithm to generate a single Monte-Carlo realization
is below.

We have two time horizons: credit risk time horizon (standard value is 1 year),
and interest rate time horizon (standard value is 90 days). In the credit risk time
horizon the default variables are simulated. In the interest rate time horizon the
interest rate is simulated, after the end of the interest rate time horizon, the interest
rate remains fixed.

We can simulate a random path which consists of values of market factors,
default variables and the interest rate in time.

For each path we can exactly calculate the value of the portfolio. Generating
many random paths (10 000+ ), we can obtain a histogram for loan portfolio’s value,
which will approximate the pdf of portfolio value. That is the main idea of the
Monte-Carlo approach for the model.

We simulate a market factor and default variables for 365 days. We recalculate

all the variables daily. Interest rate is recalculated daily from the beginning of the
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simulation up until 90 days. After 90 days the interest rate remains fixed. If a
default variable goes below its default threshold, then the loan is in default and we

calculate the xrecovery rate of its remaining cashflows.

4.3 Separate estimation of the credit and interest rate risks

We can use the model to estimate the credit risk or the interest rate risk
separately. If we set the drift () and diffusion (o) coefficients of the interest rate
to zero, then the interest rate will be constant and the interest rate risk will be
eliminated, leaving only the credit risk. Alternatively if we want to estimate only
the interest rate risk, we can set the default thresholds for the loans to large negative
values (negative billions). This will virtually eliminate the possibility of a default

and therefore will eliminate the credit risk, leaving the interest rate risk only.

4.3.1 Brownian Bridge

We use a finite number of time points to evaluate default variables. It is possi-
ble that a continuous default variable goes below the threshold between consecutive
time points and returns back above the threshold. We need to calculate a probabil-
ity of the default variable moving below the threshold and then moving above the
threshold between consecutive time points. We use the following formula for the
Brownian Bridge breaching the threshold:

_2(=lty1)(=l+tya)
pBB = e o2 At

y1 - the value of the Brownian motion at time point k with time #;

Yo - the value of the Brownian motion at time point k+1 with time ;4
At =tpq1 —ty

o - standard deviation of the Brownian motion

| - the value of the threshold

4.3.2 Performance optimization

In order to improve the performance of the Monte-Carlo simulation we intro-

duce variable time step
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Table 4.2: Performance for 10000 Monte-Carlo runs for different opti-
mization methods for a 4-core Intel CPU 2.66 GHz

Portfolio size, loans | No optimization | Variable time step | Variable time step + Multi-core
35000 35903 s 3043 s 762 s
10000 11114 s 954 s 236 s
5000 5397 s 471 s 117 s

For each loan we calculate an optimal time step, which depends on loan’s
probability of default

For example for a loan with high probability of default, the default variable
will be recalculated and checked against the default threshold daily. For a very low-
risk loan the default probability will be calculated once in 61 days. When a loan’s
default variable approaches its default threshold, its time step will become smaller

For real-world applications, the solution for the model should run reasonably
fast. Loan portfolios consisting of hundreds of thousands of loans may take a long
time for process for risk evaluation. We implemented several optimizations in order
to improve the performance of the algorithms:
1. The production version of the code written in C++
2. Pre-allocation of memory for all containers, pre-calculation of commonly used
values, etc
3. For Monte-Carlo approach we use variable time step for credit risk. When loan’s
probability of default is low then the new value of the default variable is calculated
infrequently (once in 10 days), when pd is high - each day. This approach trades
very little accuracy for a significant speedup

For both solution approaches computations are divided between multiple threads
using a multithreading library. Multithreading achieves very significant speedup on
computers with multiple CPUs or multiple cores. The number of threads in the soft-
ware implementation is flexible and by default equals to the number of CPU cores
in the system. The implementation of multi-threading has separate programming
layers for multi-threading code and computational code and allows to modify the

programs to work on clusters without changes in model code
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Table 4.3: Notation summary

Notation | Description

f@) The market factor

d; (t) The default variable

r(t) The interest rate

hr The drift of the marker factor

o The diffusion coefficient of the market factor

by The correlation between the default variable of the loan i and the market factor
od, The diffusion coefficient of the default variable of the loan i

o The initial interest rate

e The drift coefficient of the interest rate

I} The correlation between the interest rate and the market factor
oy The diffusion coefficient of the interest rate

c The cashflow rate for the loan i

X; The principal of the loan 4

B; The bullet part of prinicipal for the loan ¢

0; The loss given default rate for the loan i

T; The default threshold for the loan 4

The interest rate spread for the loan i




20

foreach loan i do
t; = GenerateDefaultThreshold(i); active; = true;

end

cash = 0 ;

for t «— 1 to DaysInCreditHorizon do

GenerateValueOfTheMarketFactor f(t) ;

if t < DaysInInterest Rate Horizon then
‘ generate r(t);

else

)=t - 1)
end

foreach loan ¢ do
if active; then
if LoanM atured(i) then
active; = false ;
cash = cash + B; ;
else

GenerateTheDe faultVariabled;(t) ;

active; = false ;

cash =
cash + (1 — lambda;) - Discounted FutureCash flows(i)
end
end
cash = cash + ¢;/ DaysInCreditHorizon ;
end

end
cash = cash x exp(r(t)/DaysInCreditHorizon)

end
foreach loan i do
if active; then
cash = cash + ValueO f RemainingLoan(i) ;

end
end
return cash;

Algorithm 1: Monte-Carlo pseudocode



CHAPTER 5

Loan’s value after credit horizon

During the simulation described in the previous chapter we model the behavior of
default variables during the credit time horizon. We collect cashflows from loans
during the simulation. At the end of the simulation we may still have loans in
the portfolio which didn’t mature and didn’t default during the simulation. Some
parameters of those loans changed from the their parameters in the initial portfolio:
the times to maturity are decreased, the probabilities of default changed due to
changes in the values of default variables (the default variables may now be closer
to or further away from the default thresholds). In order to calculate the value of
the portfolio at the end of the simulation time horizon, we need to calculate the
values of the remaining loans. We assume that the value of a loan at the end of
the time horizon is the sum of discounted cashflows starting at the end of the credit
time horizon with the new probability of default taken into account. For simplicity

we set the time at the end of the credit time horizon to zero.
Value(Portfolio) = Value(Cash-after-simulation) + Value(Outstanding-loans).

The sum of the loans’s discounted cashflows up to time t can be expressed as:

Qi(t) = /0 Ci(s)Pi(s)ds = /0 c;Pi(s)ds = Ci/o e "ds[[t < Tj]] + 0(t — T;)Bie ™

_ (Cl_Te_t +o(t — Ti)Bie_TT’) [t < T3]

1—e

Qi(00) = Qi(T3) = ¢ + Bie "

r
In our framework we can divide any loan into two parts: a pure amortized part and
a pure bullet part. In the case of a default at time t; an obligor owes the unpaid
amount of the amortized part and the bullet amount. We recover a fraction (1 — ;)

of the owed amount.

ol
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The amortized loan repayment can be divided into two parts: the first part is
the amortized loan amount A; = (X; — B;) which is placed in bank account 1 and

it collects interest with rate r.
blz(t) = A,;e”.

The second part is the initially empty bank account which receives constant cash-
flows with rate ¢4 = ¢; — B;r and it grows with the interest rate r. This is the cash
that is accruing after payment of interest on the bullet payment. At the maturity,
both accounts should be equal.

rT; 1
bgi(t) = CA

r

The loan is paid off when the amounts on those two bank accounts are equal:

bii(t) = bas(t),

T.
CA; == Aier 27
T
Aj-reeti
Cai = —eTTi 1

If a default occurs before maturity at time ¢ < T;, then by;(t) > bo;(t), and the

unpaid part of the amortized loan is:

et —1

S(t, Ai, T) = b]_z(t> — bgl(t) = Aiert — CAy

Using the expression for cu;, and after some algebra, we find that

1— e—T(Ti—t)

1 —e T

S(t7Xi7 B’ia T) = (XZ - BZ)

Any loan in our model can be represented as a combination of two simple loans:

1) pure amortized loan and 2) pure bullet loan. We assume that loan’s cashflow ¢;
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pays for interest on bullet first, then the interest on amortized part is paid and the
remaining fraction of the cashflow pays the principal for the amortized loan. So we
can express the remaining value of the loan as: X;(t) = Bye "% + S(t, X;, B, r).
This assumption is realistic and widely used by banks and other lenders. In chapter
3 we introduced more general definition of outstanding capital which is defined as
ratio of unpaid discounted cashflows to all discounted cashflows multiplied by loan’s
principal. We will used the definition for outstanding capital from this chapter,
because it is widely used in practice.

For a loan we can have two cases: the case of default of the loan and the case of the

loan paid off by the obligor. In the case of default at time ¢; the loan has value:

Vvh(td) = Qz(tdz) + (1 - 51)(8(757)(@, Bi, T’) + BZ‘)G_rtd. (51)

If the loan is paid off (i.e. if t; > T;), the loan value is defined as:

Vai(ta) = Qi(T5).

Using the default time distribution, we note that the default time ¢4 should be lower
than the loan maturity time 7; . Since we assume that the default distribution is

the risk neutral default distribution, the value of the loan in the case of default is

defined as:

T;
o = [ adne viar
0
1_€7T(T7td)

1—eh

= /OTz’ oy (f)e it [Qi(td) +(1—=246;) <(Xi — By) + Bi) emd} d.

The value of the loan in the case of no default is defined as:

sz':/ Oéi(f)efai(f)t‘@z’@)dt?

T;

- ot QL
‘/21' = ozi(f)e ¢ c;— + BZ dt.

T;



o4

Note that V5;(t) is a constant, independent of ¢ The total value of the loan is given
by the sum V; = V; + V5 and so we obtain:

1 _ e—’l"(Ti—t)

T;
V; - / O{Z'(f)e_oéi(f)t |:Qz(t) —|— (1 - 51) ((Xz - Bl)l—ﬂ —|— Bl) e_Tt:| dt
0 —_
+ /OO ai(f)e_o”(f)tQi(Y})dt
T;

Using the expression for @;(t) in equation num, and after some algebra, we

can decompose V; into four terms:

Vi=1+ 1)+ I3+ Iy,

where

T; —rt
; 1
I, = / oy (f)e @ Die ¢ dt,
o r
T, _ _
i 1 — e~ (ro+y)(Ti—1)
— — ) . —a;(f)t R . —rt
o= =0 [ adpeno (o6 Byt S ) et

T;
Is = (1—(5i)/ ai(f)e’o‘i(f)tBl-e’”dt,
0
- ity (Lo
I, = ozl-(f)e ¢ c—— + B; | dt.

T r

Where performing these integrations we get:

ai(f)(lfe—(ﬂi(f)+T)Ti
1 _ e_ai(f)Ti_ a;, (F)+r

Il = C
T
~(e) (B — X)) (—ay

) DT _ pelai(f)+r)T; i ToeTi(Toer))

o ailfe (f
I, = (1-9) (1_6T (ro+9)) (c; (f) + )( (f)+r—ro—1y)

o= (1)@ e IIT(B; — X) (Tl Frtroti (o 4 1 4 7 4 y) 4 yeli0tY))
3 4 (1—@T r0+y))(az(f) )( ( )+T—T0—y)

L= (1-5)" a;(f)Bie~ i+ T (gleaD+Ti _ 1) e ~@DHIT (6, T — 1)+ Byr)
4 a - .

ai(f)+r r

We thus have our final expression for the value of a loan at the credit horizon
if it has not already matured or defaulted. This is the value we will be needed in

the Monte-Carlo simulation

)

)



CHAPTER 6

Semi Analytic Approximation

6.1 The Simplified Model

We now consider a semi-analytic approximation to obtaining the loss distri-
bution for the combined credit and interest rate risk model. The motivations are
to obtain the result more efficiently and to obtain a smooth curve for purposes of
estimating sensitivities, etc. To do so we will introduce several approximations to
the model. We will show that those approximations are reasonable. We simplify the
combined credit and interest rate risk model introduced earlier to make the analyti-
cal formulations tractable. The semi-analytic approach has several advantages over
the direct Monte-Carlo method. The semi-analytic approach is deterministic and
doesn’t depend on the quality of a random number generator; also the semi-analytic
approach can be used to estimate portfolio values, conditioning on scenarios for the
market factors and the interest rate.

Let us first describe the simplified model. In the credit risk time horizon we have
two consecutive time periods:

1) The time period when interest rate changes [0, ;] (usually 90 days)

2) The time period up to the credit horizon when interest rate is fixed (¢;., t.r] (usu-
ally an additional 275 days)

These time periods are typically the horizons over which one “manages” interest
rate risk and credit risk respectively. We restrict the default times for the loans to
the middle points of those two time periods. So the loan may default either at the
midpoint of the first time-period, or at the midpoint of the second time-period. In
our Monte-Carlo based model a loan could default on any day in the credit horizon,
however in this simplified model the loan can default at two time points only. So for
the case of default we model the values of default variables for the two time points:
the end of the first period and the end of the second time period. We conducted
extensive Monte-Carlo experiments to see if the simplified model is accurate com-

paring to the full model. We found out that the results from the simplified model

95
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Two-step combined risk simulation
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Figure 6.2: Comparison of pdfs between Monte-Carlo and the two-step
Monte-Carlo

match closely the results from the full model. So we conclude that the simplified
model provides sufficient accuracy for risk management purposes (See figure 6.2).
If the value of the default variable at the end of the first time-period lies below
the default threshold, we assume that the loan is defaulted during the first time
period. Also we can have the event when at the end of a time period the value of
the default variable is above the default threshold, but the default variable could
have gone below the default threshold during the time period and then risen above

the threshold before the end of the time period. We can calculate the probability
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of that default in this event using a Brownian bridge:

_ 2l(l+c)

deB(l,C,O',T) =e 27 .

where [ is a threshold value, 0 is the starting value of the default variable, ¢ is the
end value of the default variable, T' is the length of the time period, o is the standard
deviation(volatility) of the default variable.

In order to calculate the loan portfolio value distribution, we will use the fact
that conditioned on the market factor f and interest rate r the loans are independent.
To apply the Central Limit Theorem we need to calculate the expected value and
variance for each loan given the values of market factor at the ends of two time
periods (f;- and f.. ), and given the value of interest rate at the end of the first
time period (r;). In order to calculate the expected value and the variance of a
loan we need to calculate the probabilities of default during the first and the second
time periods, and the value of the loan given the default in the first time period, the
value of the loan given the default in the second time period and the value of the
loan given no default during the simulation period. Let D; be the event that the
loan defaults in the first period, D, the event that the loan defaults in the second
time period; and M the event that the loan doesn’t default in either time period.
Then for example if a loan matures after the second time period than its expected

value can be expressed as:
E[V] = E[V’Db Tir, fl]pdzr+E[v‘D27 Tir, f17 fQ]pdcr—i_E[V’Ma Tir, f17 f2] (1_pdzr_pdcr>

Let Vp, = Value(loan|Dy, iy, f1), Vb, = Value(loan|Dy, 1y, f1, f2) and Vi, =

Value(loan| M, 1., f1, f2]. Since Vp,, Vp, are deterministic then we have
E[V] = Vplpdir + VDgpdcr + E[VM]<1 - pdzr - pdcr)7
we also have that

E[V2] = vlglpdzr + vlipdcr + (1 - pdzr - pdcr)E[v/\%(]v
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where pd;,. is the loan’s probability of default during the first time period, pd.. is
the loan’s probability of default during the second time period. Let’s derive all the
variables we need in order to calculate the expected value and the variance of the

loan.

6.2 Default During the First Time Period

The interest rate during this period is

. To + Tir
T'm = 5 )

and we assign the default to the midpoint of the first interval, so if T; > %T then
ty = %T otherwise t; = Tg This condition is needed to ensure that the loan will
not default after its maturity. The value of the loan has two parts: 1) the cashflows
collected and reinvested at return 7, up to time t4 plus (1— LG D) times the residual
value at default time t,4. This residual for outstanding capital was derived in equation

(5.1). Collecting all this together and after necessary derivations we have:

rmiq __
VD1 — Ce ¢ 1erm (tirftd)erir(tc’rftir)efrotcr
T'm
(1-0)(X —(c—X(rm +y)))

(e("'m"!‘y)td _ 1) eTm(tir_td)eTir(tcr_tir)e—rOtcr'
Tm + Y

Since we assign default to a single time Vp, is a deterministic number con-
ditioned on default in the first period. One could get more careful and assign the
default randomly or to the expected default time, but we do not consider these

added complexities.

6.3 Default During the Second Time Period

If there is default during the second period, we again assign the default time to

Ti—tir

the midpoint of the period if T; > b=tler then ¢4 = b=t otherwise tq = t;, + 45

As before this condition is needed to ensure that the loan will not default after its

maturity. As in the previous section, the value can be computed using equation
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(5.1), so the value of the loan can be derived as:

Tmtir _ Tir(td_tir) o
VD = Cgerir(tm'_tir)e_'fotcr + (C(e 1)
2

+ (1-9) (X~ (Er;f;)“o +))

(e(r0+y)td _ 1))e(tc7‘7td)rir e*TOtCT .

Since we assign default to a single time Vp, is a deterministic number condi-

tioned on default in the second period.

6.4 No Default

There are three cases: if the loan matures in the first period, in this case the
interest rate for cash is r,, = m*% If the loan matures in the second time period,
the interest rate for cash is r,, in the first period and r;. in the second. If the loan
matures after the second period we also have the residual value of the loan at the

credit horizon as discussed in chapter 5.

6.4.1 The loan matures during the first time period
Accrued cash grows at interest rate r,, where as present valuing is with rg.

Using equation (5.1) we have the loan value:

t
et —1 o oy
VMl — (C— + B) erm(tw t)erlT(tCT‘ tzr)e TOtcr'

Tm
Conditioned on no default and the loan maturing in the first period, the loan’s value

is deterministic.

6.4.2 The loan matures during the second time period

In this case cash accrues interest at rate rate r,, = TO*% in the first period
and 7. in the second time period. Using equation (5.1) we have the value of the

loan:

eTmt'L'r — 1 ) L erir(tftir) . 1
VM2 — c erzr(tcr tzr) + (C(
T'm Tir

+ B) eTz’r (tcrt)> e*T‘Otcr .
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Conditioned on no default and the loan maturing in the second period, the

loan’s value is deterministic.

6.4.3 The loan matures after the second time period

The value of the loan given no default during the simulation, if the loan ma-
tures after the simulation period consist of two parts, the value of cashflows plus
accrued interest over the first time periods, which we define as V;; and the value of
the residual loan after the credit horizon t.., which we denote by V.

Using equation (5.1) we derive the value of V; which has two parts coming

from the cash flows in the first two time periods:

Tmbir __ rir(tcr*tir) _
‘/; — <e 1 67'1'7" (tcr*tir) + € 1 ) Ce*TOtcr .
T'm Tir

The value of the residual loan at the credit horizon was calculated in chapter

V (0, By, T; = ter, Tip, i(dp)) = (It + I 4 I3 + Iy)e” "%,

where T; — t.,. is the adjusted maturity, 7. is the prevailing interest rate and «;(ds)
is the new default rate parameter which depends on the realized default variable ds
and the default threshold. For Monte-Carlo methods we simulate dy directly, but for
this chapter we calculate the value of «;(dy) which corresponds to expected proba-
bility of default based on distribution of dy. Variable dy has a normal distribution,
conditioned on dy > —[. We sample values of dy from normal distribution and reject
values which are below or at —I. Then for simulated values of dy we calculate the

new probabilities of default based on the following formula:

pdmw _ q)(_)\ifcrtcr - d2 - l) + 6—2>\ifcr-(d2+l) q)(Aifcrtcr - d2 - l)
V tcr tcr

Then we average over those values and obtain the average value of new default

probability.
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The value of the residual loan consists of four major parts Iy, I, I3 and Iy4:

ac(1—e—(a+m)T)

T 1 —rt _ pp—al _
- —e c—ce =
I, = ae e dt = atr ,
0 r r

T 1 — e—(ro+u)(T—)
I, = / ae™ <(1 —0)(X — B) e‘”) dt
0

]_ — 6_(T0+y)T

(_ae(a-i-r)T . €(a+T)TT + eT(To-‘ry)rO 4 6T((JL—I—?"-i-r()-I—y)(a +r—ry— y> + eT(ro-I—y)y)

(=1 +eTtot))(a+r)(a+r—10—1y)
ae= (B — X)(—1 +6)
(=1 +eTtot))(a+r)(a+r—10—1y)
T B —(a+r)T -1 (a+r)T -1
I; = / ae"™ ((1—6)Be™ ™) dt = a4z (lte J(=1+9)
0

X

)

a+r

0o 1 —e T —(a+r)T -1 rT B
I, = / ae” ™ (c—e + Be_’"T) dt = & (=1te”)+ T),
T T r

We need to compute the expected value and variance of VZ, .
VM3 - ‘/s + ‘/a
So
EVi) = Vs + E[Vi]

and

ElVi, ] =VZ2+2V,E[V,] + E[V,]

We compute E[V,] earlier in chapter 5 and we have E[V,] = I} + Io+ I3+ I,. We can

also calculate the expected squared value of the residual loan at the credit horizon



62

E[V?], which consists of seven parts (S;, Sa, S3, S, SCi2, SC13 and SCy3):

T —rt\ 2
1 —
S, = / ae” % (c ¢ >dt
0 T

2 (1 o—aT 2a (1—e(-04n7T) a(le(—a+2r)T))

a-+r + at+2r

)

2
T | = elrotT=0 N2
Sy = /0 ae ((1 —0)((X — B) e Je ) dt

_ 9 1 e—2T(ro+y) _ 26*(a+2T)T(TO+y)2 2¢—T(r0+y)
CL(B X) (a+2r + a+2r—2ro—2y (a+2r)(a+2r—2ro—2y)(a+2r—r0—y) + —a—2r+ro+y>

(—1 4 e Tlroty))2
(—1+6)?
(—1 + e—T(7"0+y))2

T
Sy = / ae” ™ ((1 - 5)Be’”)2 dt
0

aB2€f(a+2r)(_1 + ea+2r)T(_1 + 5)2
a—+2r

)

1— efrT e’}

Sy = (c—+Be_TT)2/ ae”dt =

r T
ac™?T(c(=1+¢eT) + Br)? .
2

T 1— et 1 — e~ (r0+y)(T—1)
SCy = / ae” ™ (c (1—-0)((X —B) e”)) dt
0

r 1 — e~ (r0+y)T

e—aT

a

Y

1 e—T(ro+v)
_ 0elB = X)(1+9)0r— G + Crmmewtermom) |
(—1+ e Tlrotw))y
ac(B — X)(=1+0)(e” M (ittl s + € (0 + —omrrery)
(—1 + e_T(TO‘HJ))'r ’

r 1—e
SCi3 = / ae”"c————(1 — §)Be "dt =
0 r

176—(G+T)T 176—(a+2r)T
CLBC( a+r a+2r )

r

T o 1 — e~ (r0+y)(T—t) o o
SCy = /0 ae ((1 (X~ By e (1~ ) Be ) it =
aBe—(a-i—Qr)T(B o X)(—l + 5)2 4 ae(a+2r)T
(=14 eTot0))(a+ 2r)(a+2r —rg — y)
9elat2r)Ty. _ eT(ro+y)T0 — eT(ro-i-y)y + eT(a-i—Qr-l—’ro-‘ry)(_a —2r +19+y))

(=14 eTtotv))(a+2r)(a+2r —rg —y)

Y
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E[V2] = Sy 4+ Sy + S5 + Sy + SChs + SCh3 + SChs.

6.5 Computing Default Probabilities
To complete the derivation, we need to compute pd;.(f1) and pd..(f1, f2). We

can treat these two cases separately.

6.5.1 Default in the first period

End time 7 is defined as 7 = min(T;,t;.). Let’s calculate the probability of
default during the first period as the sum of two parts pd;.; and pd;.o:
The probability of the default variable being below the default threshold at the end

of the first time period is then given by normal cdf:

pdirl = q),u,a2(_l) = q)i)\ifiwtfz(_l)v

where —[ is the default threshold.
We now compute the probability of default pd;,o in [0, ¢;,] given that the default
variable is the default threshold at the end of the first time period.

So we can derive pd;.o as:

0 2U(1+¢)

pdir2(l,>\i77',tir|fz‘r)=/ dCNﬁ/\if,ml(C)e =

-l

2
1 o _lmgg i) aite)
= dc [ 202 (& 027 ==
-l

\2TT

1 _2ird ( (l _ )\z‘tfiﬂ))
= <€ tir (1 — er f(——22)).
2 / V2T

Finally we have:

pdir = pdirl + pdir2~

6.5.2 Default in the second period
Let’s now calculate the probability of default during the second period, pd,,.

This probability can also be represented as a sum of two parts:
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1. The probability pcr that the default variable at the end of the second period is
below the default threshold
2. The probability pcr,, that the default variable at the end of the second period is
above the default threshold and the default variable went below the default threshold
during the second period

The complication now is that we need to condition on no default in the first
period. So we need to compute the probability of default in both periods: 1) The
probability that the default variable is below the default threshold at the ends of both
the first and the second period p;rncr 2) The probability that the default variable
goes below the default threshold during the first period, the default variable is above
the default threshold at the end of the first period and the default variable is below
the default threshold at the end of the second period prr,,ncr 3) The probability
that the default variable goes below the default threshold during both time periods
and the default variable is above the default threshold at the ends of both periods
PIRpsnCRps- 1he probability of default in both time periods is just the sum of these
three probabilities,

So the probability of default during the second time period can be expressed

as:

pdCT’ - (pCR — PIRNCR — pIRBBﬁCR) + (pCRBB - pIRBBﬁCRBB)7

To accommodate the second time period, set 7 = min(T;, t.,) The probability
of the default variable being below the default threshold at the end of the second
time period:

por = Puo2(=1) = Pz 5.,.02(=1),

We now turn our attention to the other terms. We will express these proba-

bilities in terms of bivariate normal cdf. Let us introduce additional variables which
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will help us derive default probabilities:

h = ,
o
Mir = Aifirs
Oir = Ui,
T—tir
Her = /\l fir+(fcr_fir)— 5
tcr_t'ir
Ocr = T,
T
p = —,
Ys

By changing variables we transform integrals into analytic expressions with bi-
variate normal cumulative distribution function, which is a cumulative distribution
function for two-dimensional normally distributed vector, where the first component
is N(u1,01) and the second component is N (u2, 02) and those components have cor-
relation p. bun is function which computes a cdf value for a bivariate normal, which
takes the value for the first dimension, the value for the second dimension, the mean
and standard deviation in the first dimension, the mean and standard deviation in
the second dimension and correlation between the dimensions respectively. We use
an adaptation of John Hull’s implementation of bivariate normal cdf in our code.
We define the probability of the event when the default variable is below the default
threshold at the end of the first time period and at the end of the second time
period:

After changing variables and some derivations we can express prrncpr using
bivariate normal cdf:

Oir

_)7

cr

PIRNCR = bUTL(l, l, Hirs Oiry —Hery Ocry

We define the probability of the event when the default variable is above the
default threshold at the end of the first time period, and goes below the default
threshold during the first time period and at the end of the second time period:

=l
p CR — dcir dccr U )
IRppNCR STl . 1
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where U; is defined as:

Cir —Mir 2 Cer —Her 2 Cir —Mir ){Cer —Mer
21(l+cz-r)+( U?/:) + 4 " )2 2p(cir—pir)(Cor—prer)

i27’ 2(1 - p2>

Ocr CirCer

U1:

g

After changing variables and some analytic manipulations we can express

DIrppnCR Using bivariate normal cdf:

=)

cr

h
PIRggNnCR = € bvn(_l7 —l, Hir — 2l7 Oiry —Hers Ocry

Let us introduce some additional variables which will be helpful for default

probability derivations:

Tm = Afi?"a

x - ti'ra

Ts = /22,

T — th«

Ym = >\fZT+)\(fcr_fzr)t i

y; = T,

Ys = 2/37

pp = —bp,

Tsp = s,

Ysp = Ys,

2 _ 2
'Ts ((L’m 2ym) + xmys

Tmp = 5

Y2 — a2
—22(2l 4 Ym) + 21+ Z) — Ym)Y2

Ym, - )
P (xs - ys)(l’s + yS)
—(2lrsxs + TipxsTs — 2T 5Ym — 2lYsYs + TinYsYs)
Tmp2 — )
P (xsxs - ysys>
- _(xsxsym - 2xmysys + ymysys)
ymp2 - T — )
S&Ss ysys
hy = 2(—25s(l + T — Ym) + YY) (TsTsYm — Tim¥YsYs)

(I’5$8(1‘5$5 - ysys)(msxs - ysyS))

We define the probability of the event when the default variable is above the
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default threshold at the ends of the first and second time periods, and goes below
the default threshold during the first and second time periods:

1\/ / ) / )
PIRssNCRpp = dciy dcer Us,
pprcioy 277—0'2‘7’0-07’ 1— /32 -l -l

where U, is defined as:

Cir —Mir 2 Ccr —Mer 2 2p(Cir—pir ) (Cer —pler
Jo 2k ay) | e - R 2 )+ o)
2 s 2(1 - p2) _0—7:2’7‘ + Uzr '

ir

After changing variables and some analytic manipulations we can express

PIRppNCRpp USIN bivariate normal cdf:
= eM2p 1,1
PiRgpgnCRpp = € Un(_ y b Tmp2s Lsps Ymp2, yspupp)'

6.6 A Loan’s Expected Value and Variance

We now have all the necessary ingredients to calculate the expectation and
variance the value of a loan. We note that Var[V] = E[V?] — (E[V])?. We divide
all the loans into three classes:

Class 1. The loan matures during the first period:
E[V] = VDlpdiT + E[V/\/h](l - pdir),

E[V? = VA pdi + B[V (1 — pdiy),

Class 2. The loan matures during the second period:
E[V] = VDlpdir + Vszdcr + E[VMQ](l - pdzr - pdcr>7

EV? = V3 pdiy + Vi pder + E[VE (1 — pdysy — pd.,),

Class 3. The loan matures during after the second period:

E[V] - V’D1pdir + V'Dgpdcr + E[VM3](1 - pdzr - pdcr>7
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EV?| = V3 pdiy + V3, pder + B[V (1 — pdir — pd.).

6.7 The Portfolio’s Value Distribution

We can calculate the value of a loan given the two values of the market factor
and the value of the interest rate. For a loan portfolio given the values of market
factor at the end of the first period f;. and at the end of the second period f.,. and
the interest rate at the end of the first period r;,. all the loans are independent. So if
we calculate the expected values and variances for the loans, we can use the Central

Limit Theorem to obtain a normal distribution for a loan portfolio.

,u(fir; fcra rir) = Z ,U/i(fira fcr; rir);

UQ(fira fcra Tir) = Z U?(fir; fcra rir)-

So we can calculate the Cumulative Distribution Function of the portfolio’s

value:

PT[V S U|fir7 fCT’ariT‘] = (U — M(fi?"v fcr;rir)) .

0<fir> fcra Tir)
We get the unconditional distribution by integrating

PT[VSU] :/dfir/dfcr/drirp(fir)p(rir’fir)p(fcr|fir)¢ (Unu(firafcrvrir)aaj(firafcmrir))

We use numerical integration to calculate the probability that the value of the
portfolio is less that the given value. We have to integrate the value of the portfolio
over three dimensions: f;., f.. and r;.. We use Gaussian quadrature for integration
over f; and f.. and equally spaced numerical integration for r;,.

As we can see on Figure 6.3 there is some mismatch in pdfs between 2-step
Monte-Carlo and 2-step analytics. This mismatch is caused by calculation of residual
loan value. In the case of Monte-Carlo we obtain different values a(dy) by using the
simulated value of default variable dy obtaining accurate loss distribution. In the
case of semi-analytic calculation, we use a single value of « which is the expected

value of a0 given the distribution of ds. We can improve the accuracy of the semi-
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Monte-Carlo estimation of portfolio loss pdf
0.04 T T T T T T

T T
2Step analytics
2-step Monte-Carlo ———

0.035 -
0.03 -

0.025 -

Probability density
o
o
N
T

0.015 |-

0.01

0.005 |-

0 - - 1 1 1 1 1 1 e 1
2e+08 4e+08 6e+08 8e+08 le+09 1.2e+09 1.4e+09 1.6e+09 1.8e+09 2e+09  2.2e+0¢
Portfolio loss, dollars

Figure 6.3: Comparison of pdfs between two-step Monte-Carlo and the
two-step semi-analytic solution

analytic solution by integrating over different values of residual loan value, which

will increase the running time of the solution.
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Loss pdf
0.03 T T T T T T T

I\/ionte—CarIoI
2step ———

0.025 -

0.02 -

0.015 -

Probability density

0.005

0 — 1 1 1 1 1 1 1
2e+08 4e+08 6e+08 8e+08 le+09 1.2e+09 1.4e+09 1.6e+09 1.8e+09 2e+09 2.2e+09
Loss, dollars

Figure 6.4: Comparison of pdfs between Monte-Carlo and the two-step
semi-analytic solution



CHAPTER 7

Conclusion

7.1 Conclusion

This work introduced a basic credit risk model for a loan portfolio. The model
is factor based and the default variables of individual loans are correlated to common
factors, introducing fat-tails for the loss distribution. We derived an efficient semi-
analytical approximation for the model, which is suitable for very large portfolios.
We showed that credit risk and interest rate risk are not independent in general
and introduced a model which extends the basic credit model and takes both risks
into account for portfolio loss estimation. We introduced an optimized Monte-Carlo
solution method for the combined credit and interest rate model. The Monte-Carlo
solution method is suitable for very large portfolios and can process portfolios with
hundreds of thousands of loans on a single quad core CPU in about one hour. Also
we presented a semi-analytical model for combined credit and interest rate risks.
The solution for the semi-analytical approach is based on numerical integration
algorithms. The model can be easily extended for multiple market factors. One
of the interesting future extensions for the model is the introduction of the yield
curve instead of the single interest rate which corresponds to the flat yield curve

assumption.
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APPENDIX

Theorem 3.2.1 The two central moments of loan’s value distribution at time T

EX)] = Xje—(1—-p) /000 dz (1 —e *)Ci(2)P(2)

var [X;] = (1 — p;)*2 /OO dz Ci(z)P(z)e” /Z dw Ci(w)P(w) —

0 0

(1 ) / " dz C(2)P(2)e Y]

Proof: Conditioning on default in the time interval (¢, dt) where t < T', we have

—~

a

Xy = /0 dz Ci(2)P(z) + p; /too dz Ci(2)P(z),

b

= Xijjoo— (1 —ps) /too dz Ci(z)P(z).

N2

—
=

In (a), the first term represents the cashflows acquired up to default, and the second
term the fraction of the future cashflows which can be recovered after default. In
(b), we explicitly identify the loss term, where Xj., is the value of the deal given
no default. Note that since interest rate term structure is static, this is equal to the
initial value of the deal.

Conditioning on no default in [0, 7], we have that

=

T
(a
Xz‘\no def — /0 dz Ci(2)P(z) +

+ /TOO dt e =1 {/t dz Ci(2)P(z) + ps /too dz Cl(Z)P(Z)} (3.1)

T

_ /0 " C)P() +
+ /T "t age o) [ / T de G)PE) - (1 p) /t T Ci(z>P<z>} ,

T

Y X —(1-p) /OO dz Ci(2)P(2)(1 — e D),

T

In (a), the first term is the payments collect to time 7', and the second is the expected



7

payments to be collected with respect to default after 7', where we have made use
of the fact that the default density is memoryless.

We can proceed to obtain the full distribution of X;. With probability e~
X; = Xz‘|no def- Otherwise, with probability 1 — e~ T X, takes on a value which
depends on the time of default. Let h € [(1 — p;) Xjjoo, Xij7]-

Pr[X;<h] = Pr {Xm —(1=p) /too dz Cy(2)P(z) < h} .

~ Pr {(1 — i) /too dz Ci(2)P(2) > Xijoo — h} .

Thus, defining t*(h) by the integral equation

Xijoo — h

/t* L—p;i
then we have that
—a; T
Pr [Xi = Xino def] = ¢ ;
t*
Pr [XZ S h] = Pr [t S t*]fD - / dt aie_ait =1- 6_ait*(h)7
‘ 0

where h € [(1 — p;)Xjjeo, Xijr|. The integral equation (3.2) is generally non-trivial,
however in most practical settings for C;(t), it can be solved in closed form. In
general, the full distribution is not needed, since a portfolio with independent deals
(the case under consideration) will have a value distribution which is obtained as
a sum of bounded random variables®, under which scenario the strong law of large
numbers applies and all we will need to construct is the mean and variance of this
distribution. Nevertheless, in the event that it may be useful, the full distribution

of X; can be computed. We now consider the moments of X;. In particular, we will

'Note that X; can only take on values in [0i X0 Xijoo)
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only focus consider the loss term.

T
E[X;] = /0 Ofie_aitXumLe_a"TXmo def = (3.3)

7

T o0
Xijoo = (1 = Pi)/ dt Oéie_‘”t/ dz Ci(2)P(z) — (1 — py)e ™" -
0

t

/00 dz Cy(2)P(2)(1 — e~i==T)) =

T

—
S
N

Xijoo — (1 = pz)/ dz (1 —e min{Z’T})C’i(z)P(z) —
0

- et | "z C2)P(2)(1 — e D) =

T

= Xijjoo— (L —p5) /000 dz (1 — e **)C(2)P(2)

where (a) follows after reordering the integrals and performing the integral with
respect to dt. To obtain var [X;], we only need to consider the variance of the loss
term. To begin, we consider the expected value of the square of the loss term in the

limit 7" — oo.

(1= py)? /0 "t et /t T ds G2 P(2) /t " dw Cy(w) P(w),
W (1 - p)? /0 Tz Ci(2)P(2) /0 b et / " dw Cy(w)P(w),

t

—
=
=

0o oo min(w,z)
(1— py)? / dz Ci() P(2) / dw Cy(w)P(w) / dt cueot,
0 0 0

= (1—p;)? /000 dz Ci(z)P(z) /000 dw Ci(w)P(w)(1 — e_o‘imi“(w’z)).

(a) follows by interchanging the dt and dz integrals, and (b) follows from further
interchanging the dt and dw integrals, and then performing the dt integration. Sub-
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tracting the expected value squared, we arrive a var [X;],
var[X) = (1-p) [ d: CIPG)-
0
/0 " dw Cy(w)P(w) (1 — e mina)y _ (1 - gmewy(] _ o)
= (1—p)? /000 dz Ci(2)P(z) /000 dw Ci(w)P(w)(ecimax(wz) _ pmamwg=aizy
— (L= p)?e2 /0 T s i) P(2)eo /0 " dw Cy(w) P(w) —

([ o)

A similar calculation for bounded T yields that the expected loss squared has

two components. The first is

e T (1 — p;)? /TOO dz /TOO dw Cy(2)P(2)Cy(w)P(w)(1 — e~ %CE1) (1 — gmlw=1)),

and the second is

(1—pi)? /0 " et /t T O\ P(2) /t " dw Ci(w) P(w),

—
S
N

00 min(z,7T) 00
(1-— pi)z/ dz CZ(Z)P(Z)/ dt aie_o‘it/ dw Ci(w)P(w),
0 0

t

—
>
=

00 00 min(w,z,T")
(1-— pi)2/ dz Cz(z)P(z)/ dw C’i(w)P(w)/ dt ae ™
0 0 0

(1=p)° /000 dz Ci(2)P(2) /Ooo dw Ci(w)P(w)(1 — e~ mn(w:=T)),

Theorem 3.4.1 In present value dollars, we have for the first two central moments
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of the loss distribution, conditioned on f,
E[Li(n)f] = 6i(Qi(c0,0) — Qi(o0, i) — 7 X, (3.4)
var |L;(7|f o
A ATIO] e~ 1)(@ifoo, ) — Qi)+ 5)
+2Qi(7,0)(Qi(00, ) — Qi(T, i) + Gi(T, i) — Q7 (00, ),
Proof: The value of the deal if no default occurs over [0,7] (with probability
e—a(f)T) is

1—9;
L+

Vi(rno default) = Q(r)+ / " ag(f)eeit=) [@(t) — Qi) + 2% (Qu(o0) — Q1))

1-9;
T+7y:?

Defining p} = we have an expression exactly analogous to (3.1), and thus we

find that

7

Vi(7|no default) = (14 ;) X; — (Y/ dz Ci(2)P(2)(1 — e~ i®)E=7))

where 0] =1 — p} = 5{%3; is the adjusted LGD. Note that the special case in which

the maturity of the deal T; < 7 is treated correctly — in this case, C;(z) = 0 for
z > 7 and we correctly get V;(7|no default) = (1 + ;) X;.
Let’s now consider the case that default occurs in [0, 7]. If default occurs in

(t,dt), then we have
Vi(r|default in (¢,dt)) = (1 + ;) X; — 6.(Q;(00) — Qi(1)).
Following the logic in Section (3.3), we arrive at
EVi(r)]=0+v)X;—9; /000 dz Cy(2)P(2)(1 — e~@ilh)z),
Focussing on the loss L;(17) = —(V;(7) — X;), we have that

E[Li(1)] = /0 PR Ci(2)P(2)(1 — e7®02) —~, X
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Notice that the loss term in the case of no default is
L;(7|no default) = 4, /00 dz Cy(2)P(2)(1 — e~ ME=)) _~ X,
and the loss term in the case of default in (¢, dt) is
Ly(r|default in (t, dt)) = 6;(Qi(00) — Qi(t)) — 7iXi.

Mimicking the analysis in Section ??, lets compute E [L?(7)], and we will use the

decomposition

E [L}(T)] = E[L;(r|default)] Pr[default] + E [L7(7|no default)] Pr[no default],
= E [L}(r|default)] pd;(f) + E [L; (7|no default)] (1 — pd,(f)).

To complete the computation, we need E [Q;(t)|default in (¢, dt)] and
E [Q%(t)|default in (¢,dt)].

T t
E [Qi(t)|default in (1, d)] — 2 / dt qe—ot / ds Ci(s)P(s),
pa; Jo

0
1 T T
- / ds/ dt ae=*" Cy(s)P(s),
0 s

pd;
1

pd;

/ dS CZ'<S)P<S)(€7ai(f)S _ e*ai(f)T).

1 T t t
" dt aie_ait/ ds Ci(s)P(s)/ dz Cy(2)P(2),
i 0

_ ! / " ds / " / ' tOl-(s)P(Os)Oi(z)P(Z)Oéie_ait,

d
pdl 0 max(s,z)

E [Q;(t)|default in (¢,dt)] =

S~

o

= 11 / dS/ dz CZ'<S)P<S)CZ-<Z)P<Z>(efai(f)max(s,z) _efai(f).r).
pa; 0

[e=]

/
i

Defining a new variable, Y; = L; — 6.Q;(00) +~; X;, which is L; up to a constant, we
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have that var [Y;] = var [L;]. It is convenient to introduce the function,

Qilt, o) = /0 ds Ci(s)P(s)e~"",

Note that Q;(t) = Q;(t,0), i.e., Q;(t, ) is an extended definition of Q;(t). Directly
from E [L;], we have

E Y] = —6;Qi(00, ai(f)).

After some algebra, we have that

E[Y?] = 5'2[ ds/ dz Ci(s)P(s)Cy(2) P(2)e™max(2) 1 90,(1)(Qi(00, o) —

0

~Qi(r.00) + 7 (Qiloe,0) — Qu(r )P,

Massaging this equation a little, we have

E Y7

2 Gi(T, o) + 2Qi(7)(Qi(00, o) — Qi(T, ) 4 €7 (Qi(00, o) — Qi(T, i),

where

(1, ) / ds/ dz Ci(s)P(s)Cy(2) P(z)e~ i max(s:2),

Finally, computing var [L;] = var [Y;] = E[Y?] — E[Y;]*, we obtain

var [L;]

52 = e"7(Qi(00, ;) = Qi (T, 2:))*+2Qi (7, 0)(Qi (00, i) —Qi(T, ;) ) +Gi (7, o) — Q7 (00, ;).



