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@ Machine Learning
Data (in particular labels) as a scarce resource.
Compute can be prohibitive, n? nd*.

o Quantum Algorithms
Tight success probabilities for Quantum-order finding.



Linear Regression
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Under standard statistical sampling settings, e.g. (x,y)"~ P(x, y),

d
Ep [|wix — yIi] = min Ep {[lw'x — gl + O (5]




e-Coreset

Subset of the data:
(Xin yil)a (Xiza yiz)a (Xisv yis)? Tty (Ximv yzm)

Weights:

Uiy Vigy Vigy + + « y Vi -

Solve the weighted regression:
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Require:
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e < d/n.

Motivation: compact; efficient; more robust.

Algorithms exist: given X,y,e — m € O(d/e) [Drineas, et al. 2006, Boutsidis, M-I, 2013]



Label Complexity Problem

Construct coreset given only X. (y-oblivious; active regression)

[s it even possible?
Deterministic coreset: not possible.
Random coresets; large norm coresets: not good.



Sampling and Rescaling

Pick x € {x;,%Xs,...,%x,} ~ {p1, P2, -..,p.} and obtain the label y(x).
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Minimize a quantity whose expectation is the quantity to be minimized.

Does this work?
No.

Repeat, sample m > 1 times and use inverse probability weights?
Yes, with good sampling probabilities p,,...,p,.




Leverage Scores
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leverage score £; = ||uy[5.
i.i.d sampling probability p;, = ¢;/d.

Theorem (Chen, Price, 2018; Dong, M-I, 2026)
For any X and any unknown y, m ~ 2d/e + 21dInd implies

E[|XW — yll,] < (1+ )| Xw. — yll5.




Rejection
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Rejecting One Point Is Always Possible

Theorem (M-I, Gittens, Dong, preprint)
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(n —d)?
o The result is tight.
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o The algorithm A is simple and efficient: reject (x;,y;) with probability
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We can reduce label complexity by one from n to n — 1!



Proof Sketch: Rejecting One Point
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@ Perturbation from X,y to X~y after throwing out (x;, ;).
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@ Lower bound Z. For any left singular matrix U, Z > (n — d)?/d.

Note: Z can be computed given U.
What about removing more than one point?



Example: Rejecting One Point
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For any y:
B[ [XW — ylf}| < (1+0.019) |Xw. - ]},

Pop Quiz: Why not just throw out the red point with lowest leverage?



Algorithm: Reject £ Points

Let A denote a subset of k£ rows. Let U, be the corresponding rows of U.

Reject A with probability 2
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One can efficiently sample A according to pa.




Reducing Label Complexity by 2(1/n)
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Theorem (M-I, Gittens, Dong, preprint)
For any X,y, reject the rows A with probability py. For k < n/d,
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Notes:
e Set k € Q2(y/n) to get (14 d/n)-approximation.

e With additional assumptions one can reduce label complexity by ~ 0.3n.
e.g. if the residual is isotropic, such as i.i.d. Gaussians.

e Not trivial to sample from p,, O(n?/d) in practice.




[llustration on Real Data
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Conclusion & Open Questions

@ Lots of nice little linear algebra exercises.

@ Rejection is better than sampling for tight approximation to linear regression.
Reduces label complexity by €2(n) in practice.

e Given X, ¢, what is labelcomplexity(X, €)?

Can one tighten the slack in our bound?
@ Remove conditional assumptions on rejection algorithm to get label reduction Q(n)?

e What about nonlinear families, non-convex objectives?

Next step: linear families, convex objective.




