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Graph Drawing Problem

� Given a graph G=(V, E), find an 
aesthetically pleasing layout in 2-D.

� Straight-line edge drawings of graphs: 
Find the coordinates of the vertices



Force-Directed Approaches

� Define an energy function or force-
directed model on the graph and iterate 
through optimization � good results, but 
slow (KK ‘89, FR ‘91)

� Multi-scale approaches to make the 
convergence faster (HK ‘00, Walshaw
‘00)



Spectral Graph Drawing

� A new paradigm in graph drawing

� Spectral decomposition of the matrices 
associated with the graph

� A mathematically sound formulation of 
the problem preventing from iterative 
computation

� HDE (HK ‘02), ACE (Koren et al ‘03)



HDE (HK ’02)

� Draw the graph in high dimension 
(typically 50) with respect to carefully 
chosen pivot nodes

� Project the coordinates into two 
dimensions by using PCA

� Fast due to the small sizes of the 
matrices processed



ACE (Koren et al ’03)

� Minimize Hall’s energy:

� Modulo some non-degeneracy and 
orthogonality constraints

� Eigen-decomposition of the Laplacian of 
the graph with a multi-scaling approach

� Fast



HDE and ACE

� Much faster than traditional force-
directed methods, but with inferior 
aesthetics. 



SDE (Spectral Distance Embedding)

� Approximate the real distances of the 
vertices with their graph theoretical 
distance

� Aesthetically pleasing drawings for a 
wide range of moderately large graphs 
with reasonable running times



Spectral Decomposition of the 

Distance Matrix

� Writing in matrix notation, we have

� where



Spectral Decomposition of the 

Distance Matrix

� Introducing a projection matrix

� And letting

� We have



Spectral Decomposition of the 

Distance Matrix

� is the centralized coordinates of the 
vertices

� Approximate       as closely as possible 
w.r.t. spectral norm

� Get the top d eigenvalues of 



The Algorithm

� Requires APSP computation which is 
� Plus power iteration 
� Overall complexity: 
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Performance Analysis

� Theorem: When the distance matrix is 
nearly embeddable and satisfies some 
regularity conditions, SDE recovers (up 
to a rotation) a close approximation to 
the optimal embedding

� Details in the technical report



Run-times



Run-times



Buckyball; |V| = 60, |E| = 90



50x50 Grid; |V| = 2500, |E| = 4900



50x50 Bag; |V| = 2497, |E| = 4900



Nasa1824; |V| = 1824, |E| = 18692



3elt; |V| = 4720, |E| = 13722



4970; |V| = 4970, |E| = 7400



Crack; |V| = 10240, |E| = 30380



Comparison



Comparison



Comparison



Conclusion

� A new spectral graph drawing method 
capable of nice drawings

� Reasonably fast for moderately large 
graphs

� Deficiencies: Cannot draw trees (as 
other spectral methods)



Forthcoming work

� Introduce sampling over nodes to 
reduce the time and space overhead

� For details, see the technical report.
� A. Civril, M. Magdon-Ismail and E. B. 
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