i Announcements

= Quiz 6 (at the end of class)

= HWS due on Monday
= Exam 2 is next Friday
= Practice tests on Submitty
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!'_ Lambda Calculus

Reading: Scott, Ch. 11.7 on
Companion Website



i Lecture Outline

= Lambda calculus (catch-up)
= Normal forms
s Reduction strategies

= An applied lambda calculus
= [he fixed-point operator
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i Definitions of Normal Form

= Normal form (NF): a term without redexes

= Head normal form (HNF)
= X Is in HNF
s (AX. E) isin HNF if E is in HNF
« (XxE4 E; ... E;) is in HNF
= Weak head normal form (WHNF)
= X Is in WHNF
s (AX. E) IS in WHNF
= (XE{E, ... E.)isin WHNF
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i Questions

= Az. zzis in NF, HNF, or WHNF? WVF

= (Az. z Z) (AX. X) IS IN?  NEMHER
E E,

- kx.?ty.xz. Xz (y (Au. u))isin? VF

(We will be reducing to NF, mostly)
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A, x

i Questions —

= (AX.Ay. X) Z ((AX. Z X) (AX. Z X)) is IN'? Vertheg
E, © Ez -

= 2 ((Ax. 2 x) (AX. Z X)) is in? HUE, WhuF
Eq Ev

m AZ.(AX.AY. X) Z ((AX. z X) (AX. Z X)) iS IN?
WIHVE
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| BrE) M
i More Reduction Exercises

COMB(NATD RS

s C=AXAyAf. fXYy
= H=JAf f (AX.Ay. X) T = Af. f(hxky Y)
=« What is H (C a b)? <~ keaxdy 15 [a]
= (M2 Oxyx)) (Cab)
(Cakb) (Medy.x) =
(((gf\x}y;ﬁ%wb)) (i )XU; Yx) —F
Yooy Y ) KAY-X )R
W xy. x)-—~/5 ()\x&x)ab—ﬂe
Z%y.q) b — B @

“Programming Languages CSCI 4430, A Milanova (from MIT 2015 Program Analysis OCW)
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An expression with no free
variables is called combinator.

i Exe rC|Se/‘ S, 1, C, H, T are combinators.
/

s S=AXAY.AZ. X Z (Y 2) O‘ “E) h
s =X x e EXM Reducible expression is underlined

= Whatis S 1117 at each step.
(Axhy.d%. xX% (yz)) T LI
(e Tx (yx)) IT 7
17T
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Reduction Strategy

‘.h S ’: 7

= Look again at (Ax.Ay.Az. x z (y z)) (Au. u) (Av. v)
—p ()(bl. A, (Aun) £ (Y %) ) (Mvv)

= There are two (actually, more) “reduction paths™:

Path 1: (Ay. &, Ouwiw)x (y 2) ) (Avv)
M. (huw) X (()\v.v) £) —p MY A [()\V.v)'z) — K

[ ————

M.zx MR
path 2:  (Ay-dz, (uw) 2 (y2)) (Avv) —p
()Q;)& o4 ()2)) (Avv) —p

M. % [(:\v.v) ) —g A & % /L/_/2




i Reduction Strategy

= Look again at (Ax.Ay.Az. x z (y z)) (Au. u) (Av. v)

= There are two (actually, more) “reduction paths™:

Path 1: (AX.Ay.AZ. X Z (y 2)) (Au. u) (AV. V) —¢
(Ay.Az. (Au. u) Z (y 2)) (AV. V) —¢

(Az. (Au. u) z ((Av. V) 2)) —¢ (Az. Z ((AV. V) 2)) —¢
ANZ.22Z

Path 2: (AX.Ay.Az. X 2 (y 2)) (Au. u) (AvV. V) —g
(Ay.Az. (Au. u) Z (y 2)) (Av. V) —g

(Ay.Az. z (y 2z)) (AV. V) —g (AZ. Z ((AV. V) Z)) —¢
AZ.ZZ
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i Reduction Strategy

= A reduction strategy (also called evaluation
order) is a strategy for choosing redexes

= How do we arrive at a normal form (answer)?

= Applicative order reduction chooses the
leftmost-innermost redex in an expression

= Also referred to as call-by-value reduction
/,, Ciwose THS DNE

V&{exi IZJL)(‘L
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i Reduction Strategy

= A reduction strategy (also called evaluation
order) is a strategy for choosing redexes

= How do we arrive at a normal form (answer)?

a Normal order reduction chooses the leftmost-
outermost redex in an expression

= Also referred to as call-by-name reduction

(Jtoost THIS ONG
C s ?

vedax L red e
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i Reduction Strategy: Examples

QrE) M
= Evaluate (Ax. x x) ( (Ay. y) (Az. Z) )

= Using applicative order reduction:
(X x %) (Q\y.y J(Az. 2')) "_750"“ X X ) (,\%‘2) — g

(Mex) (O%z) - Mk

= Using normal order reduction

((Ay-g;) (Mex)) ((f\:/'gv)(&z)) —

(2) ((%,v.,w/ ML) ) —p {f\J-cﬂ(’\’*-‘Z)“’”ﬁ
"k 13
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i Reduction Strategy

= |n our examples, both strategies produced the
same result. This is not always the case
= First, look at expression (Ax. X x) (AX. x x). What

happens when we apply 3-reduction to this
expression?

= Then look at (AX.Ay. y) ((AX. X x) (AX. X X)) Z

= Applicative order reduction — what happens?
= Normal order reduction — what happens?

()(x)xa\y )((/\x.x:() (,\x.xx)) 2 ﬁ()\yv) x —¢ {Z
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i Church-Rosser Theorem

= Normal form implies that there are no more
reductions possible

s Church-Rosser Theorem, informally

= If normal form exists, then it is unique (i.e., result of
computation does not depend on the order that
reductions are applied; i.e., no expression can have
two distinct normal forms)

=« If normal form exists, then normal order will find it
R

s Church-Rosser Theorem, more formally:

= For all pure A-expressions M, P and Q, if
M->*P and M =2* Q, then there must exist an
expression R suchthatP >*Rand Q 2*R
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i Reduction Strategy

= Intuitively: (o ¢; e, - Q)

= Applicative order (call-by-value) is an eager
evaluation strategy. Also known as strict

= Normal order (call-by-name) is a lazy evaluation
strategy

= What order of evaluation do most programming
languages use?

Programming Languages CSCI 4430, A. Milanova 16



i Exercises

= Evaluate (AX.Ay. xy) ((Az. Z) W)
= Using applicative order reduction

()sx./\y,x\y) W —K AWy

T EE—

= Using normal order reduction

N (k) W)y —p Ay WY

Programming Languages CSCI 4430, A. Milanova
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i Exercise

m LletS=Axyz. xz(yz)andletl=2Ax. x
= Evaluate S | | | using applicative order

Programming Languages CSCI 4430, A. Milanova
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i Exercise

m LletS=Axyz. xz(yz)andletl=2Ax. x
= Evaluate S | | | using normal order

Programming Languages CSCI 4430, A. Milanova
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i Lecture Outline

= Lambda calculus (catch-up)
= Normal forms
= Reduction strategies

s An applied lambda calculus and
m [he fixed-point operator

\7/ Cow biuator ¢

Mo (0 flex)) (e f & 2))

Programming Languages CSCI 4430, A. Milanova
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Applied Lambda Calculus (from
Sethi)

s Eii=c| x| (AX.E{)]| (E{E5)
An applied lambda calculus augments the pure

lambda calculus with constants. It defines its set of
constants and reduction rules. For example:

Constants: Reduction rules:
if true, false ftrue MN —5 M
if false MN —5 N

iszero 0 —5 true
e.g., true=Ax.Ay. x!) iszero (succk 0) —5 false, k>0

0, iszero, pred, succ iszero (pred* 0) —; false, k>0
succ (pred M) -5 M

Programming Languages CSCI 4430, A. Milanova pred (SUCC M) —5 M 21
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From an Applied Lambda Calculus to
i a Functional Language

Construct Applied A-Calculus A Language (ML)

Variable X X X0 Glotee

Constant C C

Application M N MN (&w)

Abstraction AX.M funx =>M

Integer succk0, k>0 k (Lambdo. (x) M)
predk 0, k>0 -k

Conditional tPMN If P then M else N

(fP M)
Let (Ax.M) N letval x =N in M end

Programming Languages CSCI 4430, A. Milanova ('LQE (( X N)) M) 22



i The Fixed-Point Operator

= One more constant, and one more rule:
fix fix M —5 M (fix M)

M(M(M...M(fix M)...))

s Needed to define recursive functions:
y ifx=0

plus Xy =
plus (pred x) (succ y) otherwise

X-1 y+1

= [herefore:
plus =Ax.Ay. if (iszero x) y (plus (pred x) (succ y))

Programming Languages CSCI 4430, A. Milanova 23



i The Fixed-Point Operator

= But how do we define plus?
7;&45 23 =5 pls 14 —>
Define plus = fix M, where

M = Af. AX.Ay. if (iszero x) y (f (pred x) (succ y))

NG LOK X 5 0
or fr ) X =
(& J (fix k) (pred ») (Sucey)
We must spow that
fix M _)68‘
AX.Ay. if (iszero x) y ((fix M) (?red X) (succ y))
X-1) Y+

Programming Languages CSCI 4430, A. Milanova 24



i plus = fix M
LY WoRIA WiTH NDRUAL
( fix 1 L—’? oRPER |

M(fwxﬂd)
(y ey, 3f () (f (fmcmzmc;))) (M) -

A Dy yf (s x) y ((ﬁ_x%z (pred x) (dcey))
S

[fu M) 2 3= My Y (o) ¢ ((fxi ) (pred ) (&“ccz)nﬁ

f['w"’ 2)3 ((fx k) (2-1) (BH))«—) (Ax 1) (2+4) (344)

Programm ng Languages CSCI 4430, A. Milanova ——)P - ? —f-.l +4 = Q 25




The Fixed-Point Operator

+

We have to show Mokuar ORDER!

(fiX M) —>5B
AX.Ay. if (iszero x) y ((fix M) (pred x) (succ y))

(fixM) ->sM (fix M) =
(Af. Ax.Ay. if (iszero x) y (f (pred x) (succ y))) (fix M) —p
AX.Ay. if (iszero x) y ((fix M) (pred x) (succ y))
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i The Fixed-Point Operator

Define times =
fix (M. AX.Ay. if (iszero x) O (plus y (f (pred x) y)))

Exercise: define factorial = ?
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- Ppertd OZ Fixed-Poiud Dparasor:
i The Y Combinator 7, Kof Wlhen

= fix Is, of course, a lambda expression!

= One possibility, the famous Y combinator:
= Af. (. f (X X)) (A, f (x X)) WHNF. LR

_

(X = 5.0@0
ﬁ)( f/: tr) 0§V '

Show that Y M indeed reduces to M (Y M)
Y= (V(M (xx)) (qu(xx}» —g

/Qx U(XK))DX M(xx))-—vx
i M (Ox K0 (e ())) =l

PIogramming Languages CSCI 4430, A. Milanova
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