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Fig. 1. Schematic sketch of a 2-robot system used to process points in the
plane. The heads can translate along the x-axis and the base plate translates
along the y-axis. The square region of length 2∆ is the processing footprint
for each robot.

cost of traveling between all the points is minimized.
The splitting problem can be reduced to a clique partition-

ing problem on a graph for arbitrary k and the ordering prob-
lem can be reduced to a traveling salesman problem (TSP).
Both of the above problems are NP-hard. However, for two
robots (i.e. k = 2 ) we show that the splitting problem is
equivalent to a maximum cardinality matching problem on a
suitably constructed graph and can thus be solved optimally
in polynomial time. The maximum cardinality matching
algorithm takes O(N3) time in general [8], [10] and is not
suitable for large data sets (in our applications, approximately
105 points). Therefore, exploiting the geometric nature of
the constraints, we provide a greedy algorithm that takes
O(N log N) time. We provide results comparing the greedy
algorithm with the matching algorithm for small datasets.
For large datasets our computational experiments show that
the greedy algorithm gives solutions that are very close to
the optimal solution. We model the ordering problem as a
TSP in the set of point pairs (pair space) obtained from the
splitting problem. The solution of this TSP gives a tour of
the individual robots. We identify necessary conditions in
the tour of the individual robots that improves the tour in
the pair space. We provide results showing an improvement
of 1% to 2 % in the TSP tour using an implementation of a
restricted version of the tour improvement heuristic. Finally,
we give a cheapest insertion heuristic to include points in
the tour that were not paired in the splitting stage.

II. RELATED LITERATURE

There are two distinct approaches to solve hybrid discrete-
continuous optimization problems like the one in this paper:
1) Form a mixed integer nonlinear optimal control prob-
lem [15] or 2) Use a two stage approach: a) Solve the
discrete optimization problem of finding the path and b)
Solve the continuous optimization problem of converting the
path into a trajectory. The first approach is very general
although the resultant problem is very hard to solve in
practice. von Stryk and Glocker [15] used this approach
to find the trajectories of two cooperating robots (cars),
with given kinematic motion model, visiting a set of points.
They used a two level iterative scheme to find the optimal

trajectories. The outer level iteration used a branch and
bound framework to search the space of discrete variables (in
this case, the order of the points). The inner level iteration
solved a nonlinear optimal control problem over the space of
continuous variables (in this case, the position and velocity
of the robots). This approach can require the solution of an
exponential (in the number of points to be visited) number
of inner level nonlinear optimal control problems, each of
which is nontrivial to solve. Hence, this approach is limited
to a small number of points.

The literature for the second approach is usually concerned
with either the discrete optimization problem of covering a
point set or the continuous optimization problem of trajectory
generation. The problem of covering a point set by a single
robot with collision avoidance constraints has been studied
for industrial robots [11], [16], [13], [2]. Saha et al. [11],
and Wurll and Henrich [16], address motion planning of a
fixed base manipulator to process a set of points avoiding
static obstacles in the workspace. The points are assumed to
be partitioned into groups and the motion is assumed to be
point-to-point. In [13], Spitz and Requicha consider the point
set processing problem for a coordinate measuring machine.
Since there is only one robot, the processing time is constant
and the main focus of these papers is to find a minimum
cost collision free path covering all the points. The collision
avoidance problem is nontrivial in these cases and all of
the above papers use a discrete search of the configuration
space ([11] and [13] use different versions of probabilistic
roadmaps whereas [16] uses A∗ search) for computing a
collision free path. On the other hand, we have multiple
robots and algebraic equations that give collision avoidance
constraints. Thus we need to focus on assigning the points to
the robots (to reduce processing time) as well as obtaining
an order of processing them (to reduce traveling time) while
avoiding collisions among the robots.

Dubowsky and Blubaugh (see [4], Section IV) considered
the problem of multiple manipulators processing a set of
points. However, they assumed that the manipulators will
never be in collision with each other. Their solution approach
was to find a tour for one manipulator and then divide it into
k tours for k manipulators such that the maximum of the k

tour costs is minimized. Here, we need to satisfy collision
avoidance constraints, and such an approach is not suitable.

III. SPLITTING PROBLEM

The overall problem of optimally splitting the points
between the two robots and simultaneously finding an order
of processing the points can be set up as an integer program.
However, it is difficult to solve the integer program directly
and we resort to a two step approach of solving the splitting
problem first and then solving the ordering problem that
yields a suboptimal solution. The splitting problem consists
of assigning the set of points to each robot in such a manner
so as to maximize the number of points that can be processed
together. We call a pair of points a compatible pair (of
points) if they can be processed together while respecting the
geometric constraints. Any two compatible pairs are called
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