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Abstract— In this paper, we present an interior point ap-
proach to exact distance computation between convex objects
represented as intersections of implicit surfaces. The implicit
surfaces considered include planes (polyhedra), quadrics,
and generalizations of quadrics including superquadrics and
hyperquadrics, as well as intersections of these surfaces. Exact
distance computation algorithms are particularly important
for applications involving objects that make contact, such
as in dynamic simulations and in contact point prediction
for dextrous manipulation. They can also be used in the
narrow phase of hierarchical collision detection. In contrast
to geometric approaches developed for polyhedral objects,
we formulate the distance computation problem as a convex
optimization problem; this optimization formulation has been
previously described for polyhedral objects. We demonstrate
that for general convex objects represented as implicit sur-
faces, interior point approaches are reasonably fast and in
some cases, owing to their global convergence properties, are
the only provably good choice for solving proximity query
problems. We use an interior point algorithm that solves
the KKT conditions obtained from the convex programming
formulation. We present implementation results for example
implicit surface objects and demonstrate that distance com-
putation rates of about 1 kHz can be achieved.

I. INTRODUCTION

This paper studies the problem of closest distance com-
putation between two or more convex objects, when each
object is described as an intersection of implicit surfaces.
Knowledge of the closest distance and the closest points is
useful in a variety of applications including dynamic sim-
ulations ([1], [27], [38]), dextrous manipulation ([28],[7]),
haptics ([10]), and spacecraft safe volume computations
([11]). Distance computations between objects are espe-
cially useful in dynamic simulations since the simulators
need knowledge of potential collision points ([1], [38],
[37], [20]). Furthermore, dynamic simulations of contacting
objects can be sensitive to the shapes of the objects ([34],
[13]). In fact, a polygonal approximation of a surface
may lead to incorrect predictions when surface curvature
influences contact dynamics. For example, a simulated
circular disc rolling on a table loses energy, when rep-
resented as a polygon, due to repeated impacts of the
vertices with the table [39]. More generally, polygonalized
representations of smooth objects can lead to intermittent
loss of contact and bouncing in the simulations. Similarly,
exact representation of shape is important when modeling

Fig. 1. A dextrous manipulation task that requires closest distance
computations to predict the contact points of fingers with an object. The
fingers and object are represented as superquadrics.

robot fingers in contact with smooth objects during multi-
finger dextrous manipulation (Figure 1). Determining the
first contact point correctly when fingers reposition during
finger gaiting is useful since the manipulation operations
are sensitive to the contact point and the normal and
curvature at that point ([35],[7],[31]). The proximity query
algorithms presented can additionally be used in the narrow
phase of a hierarchical collision detection algorithm, which
also has applications in robot path planning [32].

The general problem of distance computation between
two objects X and Y can be written as

Minimize ‖xg − yg‖2

subject to: xg ∈ X, yg ∈ Y
(1)

where the two objects X and Y are represented as compact
(closed and bounded) sets in R2 or R3 and the points
xg and yg are points in the two objects. We focus on
representing the sets X and Y as intersections of implicit
surfaces, including planes, quadrics, superquadrics, and
hyperquadrics.

The general problem of distance computation between
two objects has been extensively studied ([15], [18], [25]).
However most work on distance computation assumes
polyhedral object representations ([12], [24], [15], [26]).
The literature on distance computation between general

Proceedings of the 2006 IEEE International Conference on Robotics and Automation
Orlando, Florida - May 2006

0-7803-9505-0/06/$20.00 ©2006 IEEE 1910



implicit surfaces is relatively sparse because, with a few
notable exceptions ([14],[41]), methods for polyhedral rep-
resentations do not easily generalize to implicit surfaces.
There has also been some work on proximity queries and
collision detection between spline surfaces [40],[19].

Contributions of the paper: This paper focuses on the
minimum distance computation problem between two con-
vex objects, where each object is described as an inter-
section of implicit surfaces. This class of convex objects
includes convex polyhedra, quadrics, superquadrics, and
hyperquadrics. While the distance computation problem for
convex objects has been known to be a convex optimization
problem ([5],[6]), to the best of our knowledge, interior
point algorithms have not been previously applied to this
problem. Interior point methods are well suited for this
class of optimization problems since they are guaranteed
to converge to the global optimum for convex problems.
Further, they exhibit polynomial convergence for special
classes of functions called self-concordant functions. We
apply a recently developed interior point algorithm [8], [46]
to compute the distance between convex implicit surface
objects and demonstrate that it is particularly effective
for this class of problems. For quadric surfaces, the al-
gorithm has a polynomial running time and is guaranteed
to terminate in a finite number of steps. We also extend
the approach to surfaces such as superquadrics and hy-
perquadrics. To the best of our knowledge, this is the
first approach with this demonstrated capability (without
discretization, of course). Another important advantage of
this method is that it provides a uniform framework for
proximity queries between objects described as intersec-
tions of convex polyhedra, quadrics, or any arbitrary convex
implicit surface. Further, these proximity queries can be
used in the narrow phase of hierarchical collision detection
for implicit surfaces.

The paper is organized as follows. After a discussion
of related work in Section II, we review the mathematical
background for our work in Section III. We present the
formulation of the closest distance problem in Section IV
and describe how it can be solved using interior point
algorithms in Section V. We present our implementation
results in Section VI and conclude with a discussion of
future work in Section VII.

II. RELATED WORK

Proximity queries for polyhedra: Proximity queries and
collision detection algorithms have an extensive literature
in computational geometry [12], robotics [15], [24], and
computer graphics [41]; we provide a sampling of the
related work in these areas. Lin and Manocha [25] provide
an overview of collision detection and proximity queries.
When collision detection algorithms estimate the distance
between two objects, they typically use a geometric ap-
proach. Popular algorithms for convex polyhedra include
GJK [15], Lin-Canny [24], and V-Clip [26]. GJK [15] is an
iterative algorithm for distance computation between two
convex polyhedra. It uses a support function description
of the polyhedra and takes time linear in the number of

vertices. Lin-Canny [24] efficiently computes the distance
between two convex polyhedra and tracks the closest points
using adjacency of features. Its running time is linear in
the number of features (faces, edges, and vertices). Both
algorithms can track the closest points in (almost) constant
time when there is temporal coherence [9]. Bobrow [5]
proposed an optimization based approach for computing
the distance between two polyhedra. He formulated the
problem as a quadratic programming problem and used a
gradient projection algorithm to solve the problem. How-
ever this approach can suffer from convergence issues [48].

Proximity queries for quadrics and NURBS: Distance
estimation between non-polyhedral shapes has focused
primarily on quadrics and NURBS surfaces. Only GJK has
been extended directly for smooth convex objects [14]; van
den Bergen [41] discusses in detail a GJK implementation
for convex quadric objects. However this GJK algorithm
does not guarantee convergence in a finite number of steps.
Further, computing the support mapping is difficult for
superquadrics with fractional (non-integer) exponents due
to the difficulty of solving polynomials with fractional
exponents. Turnbull and Cameron [40] extended GJK to
convex NURBS surfaces. They describe a procedure to
calculate the support mapping for the NURBS surfaces
which reduces to solving two nonlinear polynomial equa-
tions in two parameters. They present results for 2D and
describe the theory for 3D. Baraff [1] described collision
detection algorithms for implicit and parametric curved
convex surfaces. He uses the collinearity property of
the surface normals of the closest points to numerically
compute closest points at the initial configuration. He
exploits geometric coherence to compute closest points at
subsequent configurations. Lin and Manocha [23] consider
curved models described as NURBS surfaces and piecewise
algebraic surfaces. Using the collinearity property of the
surface normals, they describe the closest points using a
set of polynomial equations. However, the number of roots
can be prohibitively large as it depends on the degree of
the polynomials describing the surfaces; the roots must
be examined to identify the closest points. Note also that
it is not possible to obtain bounds on the number of
roots for systems of equations with fractional indices (as
would arise with superquadrics). Johnson and Cohen [19]
give a lower-upper bound tree framework for distance
computation between any two object representations for
which the following set of operations is available: bounding
volume generation, lower and upper bound on distance,
bounding volume refinement, and determination of compu-
tation termination. They have demonstrated their method on
polyhedra as well as NURBS surfaces. Patoglu and Gille-
spie [30] perform real-time tracking of the closest points
between two objects modeled with parametric surfaces by
formulating it as a control problem and exploiting spatial
and temporal coherence.

The literature on distance computation between general
implicit surfaces is relatively sparse because, with the
exception of GJK, methods for polyhedral representations
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do not easily generalize to implicit surfaces. Most closely
related is recent work on computing the distance between
two ellipsoids and other conic sections ([22], [11], [36]).
Sohn et al. [36] exploit the fact that the closest points on
two surfaces are where their common normals intersect
the surfaces. They apply their line geometry approach to
ellipsoids, for which the minimum distance computation is
reduced to finding the common roots of two polynomial
equations of degree 8 and 16. Coppola and Woodburn [11]
formulate the problem as an optimization problem. They
iteratively solve the problem of closest distance from a
point to an ellipsoid to arrive at the optimal solution. Rimon
and Boyd [33] use convex optimization techniques to find
the minimum volume enclosing ellipsoids to model objects,
and then compute a conservative distance estimate between
ellipsoids by treating it as an eigenvalue problem.

Proximity queries for superquadrics: The superquadric
object representation was introduced by Barr [2] as a
generalization of quadrics, and has been well studied in
graphics and computer vision [17]. Superquadrics and
extensions such as hyperquadrics [16] and deformable
superquadrics [3] are a convenient representation for a large
class of both convex and non-convex objects. Despite their
ability to represent a wide range of objects with a small
number of parameters, superquadrics have not been widely
used as an object representation for contact tasks such as
dynamic simulation or dextrous manipulation. This is in
part due to the lack of distance computation and collision
detection algorithms. In general, there is no closed form
solution for the distance between two superquadrics. In
fact, no closed form solution exists even for the distance
between a point and an ellipsoid. Although superquadrics
are a generalization of quadrics, the problem in generaliz-
ing the methods in [1],[15],[11], [36] to superquadrics is
that they all lead to polynomial equations with fractional
exponents, which are very difficult to solve. In general, we
do not know the total number of roots, and even when it is
possible to simplify the polynomials, they may have large
integer exponents.

III. MATHEMATICAL PRELIMINARIES

We now review the mathematical terminology that will
be used in the rest of the paper.
Convex Set: A set U ⊆ Rn is called a convex set if for
any two points u1, u2 ∈ U and any λ with 0 ≤ λ ≤ 1, we
have

λu1 + (1 − λ)u2 ∈ U.

Convex Function: A function f : Rn → R is convex if the
domain of f (dom f ) is a convex set and for all u1, u2 ∈
dom f and any λ with 0 ≤ λ ≤ 1, we have

f(λu1 + (1 − λ)u2) ≤ λf(u1) + (1 − λ)f(u2).

Convex Programming Problem: Consider the general non-
linear programming problem given by:

Minimize f0(x)
subject to: x ∈ U

(2)

This nonlinear programming problem is called a convex
programming problem if the objective function f0 is a
convex function and the feasible set U is a convex set [4].
Usually the set U is defined by a set of inequality and/or
equality constraints. If the inequality constraints defining U
are convex functions and the equality constraints are linear,
then U is a convex set [6].
Superquadric: A superquadric [16] is defined by the equa-
tion ∣∣∣∣

x1

a1

∣∣∣∣
n1

+
∣∣∣∣
x2

a2

∣∣∣∣
n2

+
∣∣∣∣
x3

a3

∣∣∣∣
n3

= 1

ni = li/mi, li, mi ∈ Z+, i ∈ {1, 2, 3}
convex if 1 ≤ ni < ∞
nonconvex if 0 < ni < 1

(3)

Although the definition here differs slightly from that
in [2], the two definitions are equivalent [16]. Con-
vex superquadrics are a broad class of shapes that in-
clude cuboids, rounded cuboids, ellipsoids, spheres, and
(rounded) octahedra.

Hyperquadric: A hyperquadric [16] is defined by the
equation

N∑
i=1

|Hi(x)|ni = 1 where N ≥ 3 and

Hi(x) = (aix1 + bix2 + cix3 + di)
ni = li/mi, li, mi ∈ Z+

(4)

Hyperquadrics are a more general class of shapes
than superquadrics. In particular, they include asymmetric
shapes.

IV. PROBLEM FORMULATION

We now formulate the problem of minimum distance
computation between two objects as a convex optimiza-
tion problem. When the two objects are expressed as
intersections of implicit surfaces, the minimum distance
computation problem of equation (1) can be written as:

Minimize ‖xg − yg‖2
2

subject to: xg = Rxixli + pxi

yg = Ryjylj + pyj

fi(xli) ≤ 0 i = 1, 2, ..., m

fj(ylj) ≤ 0 j = m + 1, m + 2, ..., n

(5)

where xg , yg ∈ R3 are the global coordinates of points in
the two objects X and Y respectively; Rki,pki, k = x, y,
are the rotation matrix and position of a reference frame
in each of the intersecting regions, xli, ylj ∈ R3 are
the coordinates of the points in the local reference frames
of the surfaces, and fi are the functions representing the
implicit surfaces. The above system has 3n linear equality
constraints and n inequality constraints. Note that for poly-
hedra and quadrics, it may be more convenient to represent
the surfaces in the global reference frame and eliminate the
affine equations describing the rigid body transformation
in equation (5). The objective function in equation (5) is
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convex, and if the inequalities represent a convex set (i.e.,
the objects are convex), the minimum distance computation
problem is a convex programming problem. For convex
superquadrics and other general convex surfaces, the clos-
est distance problem is a nonlinear program (NLP). If the
objects are convex polyhedra (intersection of planes), the
closest distance problem becomes a quadratic programming
(QP) problem, and for objects described as convex quadric
surfaces, the problem reduces to a quadratically constrained
quadratic program (QCQP).

The solution to the minimum distance problem of equa-
tion (5) gives two closest points that lie on the surfaces of
the two objects (i.e., boundaries of the two sets). We use
an interior point algorithm [47] for solving this problem.
Interior point methods [47] are a class of optimization al-
gorithms for nonlinear programming problems. In contrast
to algorithms for finding the closest points that generate
iterates that lie on the surface of the objects (gradient
projection [5], for example), feasible interior point methods
generate iterates that are guaranteed to lie inside the objects
and converge towards the closest points on the boundaries
of the objects. This is the main conceptual difference
between interior point methods and other methods.

V. INTERIOR POINT ALGORITHM

The Karush-Kuhn-Tucker (KKT) conditions give nec-
essary and sufficient conditions for solving the minimum
distance problem in equation (5), since it is a convex
optimization problem. The KKT conditions for equation
(5) are a system of nonlinear equations. Newton’s method
is a popular algorithm for solving systems of nonlinear
equations; it converges to the correct solution if the initial
guess is near enough [29]. However, in general it is very
difficult to supply a good initial guess and there is then
no guarantee that Newton’s method will converge. Interior
point methods approximately solve a sequence of systems
of nonlinear equations that are formed by perturbing the
complementarity equations in the KKT conditions. Dif-
ferent interior point methods have been proposed along
with their convergence analysis and some have been im-
plemented ([8], [46],[43], [44],[45]). Following [6], we
present the interior point method by reformulating equation
(5) as a barrier problem and obtaining the KKT conditions
for it.

First, we rewrite the inequality constraints in equation
(5) as

fi(xli) + si = 0 i = 1, 2, ..., m

fj(ylj) + sj = 0 j = m + 1, m + 2, ..., n

si ≥ 0, sj ≥ 0
(6)

where the slack variables si, sj define the algebraic
distance of a point to the surface. The problem can then
be reformulated so that the inequalities on si and sj are

implicit.

Minimize f0(x) − μ

n∑
k=1

ln(sk)

subject to: h(x) = 0
f(x) + s = 0

(7)

where n is the total number of constraints describing the
two objects, x ∈ R3n+6 is the vector of global and local
coordinates, s ∈ Rn, h : R3n+6 → R3n is the vector
of linear equality constraints, and f : R3n+6 → Rn is
the vector of inequality constraints. The formulation in
equation (7) is the barrier formulation [6] of the minimum
distance problem of equation (5) and μ is called the bar-
rier parameter. Here, for notational convenience, we have
written all the linear coordinate transformation equations
and nonlinear (or linear, in the case of polyhedra) object
primitive equations as vector equations. The Lagrangian for
the above constrained optimization problem can be written
as

f0(x) − μ
n∑

k=1

ln(sk) + λT(f(x) + s) + νTh(x) (8)

where λ and ν are the Lagrange multipliers. Thus, the KKT
conditions can be written as

∇f0(x) + (∇f(x))T λ + (∇h(x))T ν = 0

f(x) + s = 0
h(x) = 0

LSe − μe = 0

(9)

Here L is a diagonal matrix of the λ variables, S is a
diagonal matrix of the slack variables s, and e is a n-vector
of ones. The above represents a system of 8n+6 nonlinear
equations in 8n + 6 variables and can be approximately
solved for a given μ. Note that the KKT conditions for the
original problem of equation (5) have the complementarity
constraints LSe = 0. Thus, as the barrier parameter μ
approaches 0, the KKT conditions for the barrier problem
of equation (9) approach that of the original problem. The
general structure of interior point methods is described in
Algorithm 1:

Algorithm 1 Interior point algorithm
Input: initial strictly feasible xinitial , μinitial,
specified tolerance ε, and KKT equations
Output: Closest points solution x
repeat

Approximately solve the KKT conditions for current
μ and obtain current solution x
Decrease μ

until termination error criterion is satisfied
return x

The number of iterations taken for this algorithm to
converge to the optimal solution is guaranteed to be
polynomial in the number of constraints for a special
class of functions called self-concordant functions (see
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[6] for details). Thus, problems with linear and quadratic
constraints are guaranteed to converge in O(

√
n) iterations

(where n is the number of constraints). The implemented
interior point methods (LOQO [43], [44], IPOPT [45],
KNITRO [8], [46]) vary in the way they approximately
solve the system of nonlinear equations for each value of
μ, the termination criterion used, and the way in which
they update μ.

Newton’s method is used for approximately solving the
KKT conditions for each value of μ. During each iteration
of Newton’s method, we need to compute the Hessian H
of the Lagrangian evaluated at the current value of x. This
is the coefficient matrix of the system of linear equations to
be solved to compute the Newton step. Its general structure
for any type of implicit primitive is

H =

⎛
⎜⎜⎝

A1 AT
2 AT

3 0(3n+6)×n

A2 0n×n 0n×3n In×n

A3 03n×n 03n×3n 03n×n

0n×(3n+6) S 0n×3n L

⎞
⎟⎟⎠ (10)

where A1 = ∇2f0(x) +
∑n

i=1λi∇2fi(x) is a (3n+6) ×
(3n + 6) matrix, A2 = ∇f(x) is a n × (3n + 6) matrix
and A3 = ∇h(x) is a 3n × (3n + 6) matrix. We have
shown, using the structure of the matrices A1, A2, A3,
that the system of linear equations can be solved in linear
time. (We omit the proof here due to space constraints.)

VI. RESULTS

We now present results illustrating our approach. To
solve the distance computation problem, we used KNITRO
4.0, a commercially available software ([8], [46]). We use
the primal-dual feasible interior point method in KNITRO,
where all the iterates are feasible. The initial barrier pa-
rameter is set to μ = 0.1 and reduced by an adaptive
factor at each iteration based on the complementarity gap.
For each value of μ the system of nonlinear equations is
approximately solved by Newton’s method with the step
size determined by a trust region method.

We created six example objects (Figure 2), three of
which are superquadrics. The indices and radii of the three
superquadrics are (4

3 , 7
5 , 15

13 ) and (1, 0.7, 1.5) for Object I
(a diamond), (23

11 , 11
5 , 179

13 ) and (1, 2, 1.7) for Object II (a
soda can), and (76

9 , 71
5 , 179

13 ) and (1, 1, 1.7) for Object III
(a rounded cuboid). Object IV models a computer mouse
and is represented as an intersection of a superquadric and
4 half spaces. The indices and radii of the superquadric are
(23
11 , 11

5 , 17
7 ) and (2, 1, 1.7). The half spaces are x1 ≥ −1

2 ,
x1 ≤ 1

2 , x2 ≥ −0.75, and x3 ≥ 0.4 where x1, x2, x3

are the local coordinates of the object. Object V is (the
convex hull of) a rounded hexagonal nut modeled as the
hyperquadric

|x2|16 + |x1 + 0.5x2|16 + |x1 − 0.5x2|16 + |2.5x3|2 ≤ 1.

Object VI is a pyramid modeled as the hyperquadric

|x1+x3|16+|x2+x3|16+|x3|16+|x1−x3|16+|x2−x3|16 ≤ 1.

The run time performance of the algorithm on the
example objects is shown in Table I. The running times

Objects Number of Proximity query
constraints time (millisecs)

1 I, II 2 1.00
2 I , III 2 0.98
3 II , III 2 0.87
4 III , IV 6 0.97
5 II , IV 6 0.80
6 III, V 2 0.97
7 V , VI 2 0.95

TABLE I

SAMPLE RUN TIMES, IN MILLISECONDS, FOR PROXIMITY QUERIES

BETWEEN PAIRS OF OBJECTS USING KNITRO 4.0. THE RUN TIMES

WERE COMPUTED FOR EACH PAIR BY AVERAGING THE RUN TIMES

OVER 100,000 RANDOM CONFIGURATIONS. ALL DATA WAS OBTAINED

ON A 2.8 GHZ PENTIUM IV MACHINE WITH 512 MB OF RAM.

demonstrate that the distance computation rate is about 1
kHz, which is comparable to the rates required for real
time applications like haptic simulations. For comparison
with PQP [21], we also generated triangulations of these
objects with approximately 9000 triangles each. PQP’s dis-
tance queries (not collision detection) averaged about 1.4
milliseconds per query over 1000 random configurations.
SOLID [41], [42], which supports proximity queries for
quadrics without discretization, runs about 80 times faster
than our approach for the case of ellipsoids. However
SOLID cannot deal with superquadrics or hyperquadrics
without discretization.

VII. CONCLUSION

This paper demonstrates that recently developed interior
point algorithms are particularly effective for computing the
distance between two or more convex objects, where each
object is described as an intersection of implicit surfaces.
This broad class of convex objects includes convex polyhe-
dra, quadrics, superquadrics, hyperquadrics, and their inter-
sections. The global convergence properties of the interior
point algorithms make them robust even in the absence
of any initial information about the closest points. For
the class of convex quadric surfaces, the algorithm has a
polynomial running time and is guaranteed to terminate in a
finite number of steps. To the best of our knowledge, this is
the first approach with the demonstrated capability of per-
forming distance queries for surfaces such as superquadrics
and hyperquadrics. Another important advantage of this
method is that it provides a uniform framework for distance
computation between convex objects described as arbitrary
intersections of polyhedra, quadrics, or any convex implicit
surface. Further, the speed at which distance computation
can be performed enables real-time dynamic simulations
and haptic interactions.

There are several directions for future work. We would
like to extend this approach to nonconvex objects, modeled
as unions of convex shapes. We plan to explore alternative
interior point algorithms (LOQO [43] and IPOPT [45],
for example) to test their performance on the minimum
distance problem. Performing warm starts, where a good
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I II III

IV V VI

Fig. 2. Example objects. Objects I–III are superquadrics, IV is an intersection of superquadrics and halfspaces, and V–VI are hyperquadrics.

initial estimate for the solution is available, can potentially
improve the running time when there is coherence. Longer
term directions for future research include tracking closest
points continuously, and extending this approach to per-
forming continuous collision detection. Finally, it would
be useful to integrate the proximity query algorithm with
a dynamic simulation algorithm.
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