Chapter 7

Differential Models

7.1 Motivation

In the models and methods studied so far, it has been assumed that a path can easily between obtained
between any two configurations if there are no collisions. For example, the randomized roadmap approach as-
sumed that two nearby configurations could be connected by a “straight line” in the configuration space. The
constraints on the path are global in the sense that the restrictions are on the set of allowable configurations.

For the next few chapters, local constraints will be introduced. One of the simplest examples is a car-like
robot. Imagine a trying to automate the motions of a typical automobile that has a limited steering angle.
Consider the difficulty of moving a car sideways, while the rear wheels are always pointing forward. It would
certainly make parallel parking easy if it was possible to simply turn all four wheels toward the curb. The
orientation limits of the wheels, however, prohibit this motion. At any configuration, there are constraints
on the velocity of the car. In other words, it is permitted only to move along certain directions to ensure
that the wheels roll.

Although the motion is constrained in this way, most of us are experienced with making very complex
driving maneuvers to parallel park a car. We would generally like to have algorithms that can maneuver a
car-like robot and a variety of other nonholonomic systems while avoiding collisions. This will be the subject
of nonholonomic planning.

7.2 Representing Differential Constraints

Implicit velocity constraints

Suppose that X represents an n-dimensional manifold that serves as the state space. Let x € X represent a
state. It will often be the case that X = C; however, a state could include additional information. It will be
assumed that X is differentiable at every point. To enable this formally, one must generally characterize the
X by using multiple coordinate systems, each of which covers a subset of X [5]. We avoid these technicalities
in the concepts that follow because they are not critical for understanding the material.
Consider a moving point, € X. Let & denote the velocity vector,
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Let &; denote dz;/dt. At most places in this chapter where differentiation occurs, it can be imagined
that X = R™. Recall that any manifold of interest can be considered as a rectangular region in R" with
identification of some boundaries. Multiple coordinate systems are generally used to ensure differentiability
properties across these identifications. Imagining that X = R™ will be reasonable except at the identification
points. For example, if X = R2 x S1, then special care must be given if § = 0. Motions in the negative §
direction will actually cause 8 to increase because of the identification.

Suppose that a classical path planning problem has been defined, resulting in X = C, and that a collision-
free path, 7 has been computed. Recall that 7 was defined as 7 : [0,1] = Cyree. Although it did not matter
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before, suppose now that [0, 1] represents an interval of time. At time ¢ = 0 the state is £ = ¢nit, and at
time ¢ = 1, the state is £ = ggoqi- The velocity vector is & = dr/dt.

Up to now, there have been no constraints placed on &, which means that any velocity vector is possible.
Suppose that the velocity magnitude is bounded, ||Z|| < 1. Does this make the classical path planning
problem more difficult? It does not because any path 7 : [0,1] = Csre. can be converted into another path,
7' which satisfies the bound by lengthening the time interval. For example, suppose s denotes the maximum
speed (velocity magnitude) along 7. A new path, 7' : [0,5] = Cgree, can be defined by 7'(t) = 7(¢/s). For
7', the velocity will be bounded by one for all time.

Suppose now that a constraint such as #; < 0 is added. This implies that for any path, the variable x;
must be monotonically nonincreasing. For example, consider path planning for a rigid robot in the plane,
yielding X = R? x S'. Suppose that constraint § < 0 is imposed. This implies that the robot is only capable
of clockwise rotations!

In general, we allow constraints of the implicit form h;(%,2) = 0 to be imposed. Thus, the constrained
velocity can depend on the state, z. Inequality constraints of the form h;(#,z) < 0 and h;(&,z) < 0 are also
permitted. Each constraint restricts the set of allowable velocities at any state z € X.

The state transition equation

Although the implicit constraints are general, it is often difficult to work directly with them. A similar
difficulty exists with plotting solutions to an implicit function of the form f(z,y) = 0, in comparison to
plotting the function y = f(x). It turns out for our problem that the implicit constraints can be converted
into a convenient form if it is possible to solve for ©.! This will yield a direct expression for the set of
allowable velocities.

For example, suppose X = R? x St and let (x,y,6) denote a state. Consider the constraints 24 — y=20
and § — 1 < 0.2 By simple manipulation, we can write ¢ = %y. What should be done with ¢ and 07 It
turns out that new variables need to be introduced to parameterize the set of solutions. This occurs because
the set of implicit equations is generally underconstrained (i.e., there is an infinite number of solutions). By
introducing u1 € R and us € R, we can write y = uy and 6 = wus such that us < 1. The restriction on us
comes from the implicit equation § — 1 < 0. Note that there is no restriction on wu;.

By solving for & and introducing extra variables, the resulting form can be considered as a control system
representation in which the extra variables represent inputs. The input is selected by the user, and could
correspond, for example, to the steering angle of a car. Suppose f is a vector-valued function, f : X xU — R",
in which X is an n-dimensional state space, and U is an m-dimensional input space.

The state transition equation indicates how the state will change over time, given a current state and
current input.

z = f(z,u). (7.1)

For a given state, x € X and a given input u € U, the state transition equation yields a velocity. Simple
examples of the state transition equation will be given in Section 7.3.

Two different representations of differential constraints have been introduced. The implicit form is
the most general; however, it is difficult to use in many cases. The state transition equation represents a
parametric form that directly characterizes the set of allowable velocities at every point in X. The parametric
form is also useful for numerical integration, which enables the construction of an incremental simulator.

An Incremental Simulator

By performing integration over time, the state transition equation can be used to determine the state after
some fixed amount of time, At has passed. For example, if we know z(t) and inputs u(t') over the interval
t' € [t,t + At], then the state, z(t + At) can be determined as

t+At
2t + At) = a(t) + / Fa(t), u(t')dt’

1 Jacobian-based conditions for this are given by the implicit function theorem in calculus.
2Be careful of notation collision. A general state vector is denoted as x; however for some particular instances, we also use
the standard (z,y) to denote a point in the plane.
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The integral above cannot be evaluated directly because z(t') appears in the integrand, but is unknown for
time t' > ¢.

Several numerical techniques exist for numerically approximating the solution. Using the fact that

_._dz Az xz(t+ At) —z(t)
faw=t=G~x~ At ’

one can solve for z(t + At) to yield the classic Euler integration method,
z(t + At) = z(t) + At f(x(t), u(t)).

For many applications, too much numerical error introduced by Euler integration. Runge-Kutta inte-
gration provides an improvement that is based on higher-order Taylor series expansion of the solution. One
useful form of Runga-Kutta integration is the fourth-order approximation,

At
z(t + At) = z(t) + ?(wl + 2w + 2ws + wy),

in which
wy = £(e(0)u(0),
ws = £(a(0) + 5w, (o),
ws = F(a(0) + 50w, u(t),
and

wy = f(x(t) + At ws, u(t)).

For some problems, a state transition equation might not be available; however, it is still possible to
compute any future state, given a current state and an input. This might occur, for example, in a complex
software system that simulates the dynamics of a automobile, or a collection of parts that bounce around on
a table. In this situation, we simply define the existence of an incremental simulator, which serves as a “black
box” that produces a future state, given any current state and input. Euler and Runge-Kutta integration
may be viewed as techniques that convert a state transition equation into an incremental simulator.

7.3 Kinematics for Wheeled Systems

Several interesting state transition equations can be defined to model the motions of objects that move by
rolling wheels. For all of these examples, the state space, X, is equivalent to the configuration space, C.

7.3.1 A Simple Car

A simple example is the car-like robot. It is assumed that the car can translate and rotate, resulting in
C = R? x S'. Assume that the state space is defined as X = C. For convenience, let each state be denoted
by (z,y,0). Let s and ¢ denote two scalar inputs, which represent the speed of the car and the steering
angle, respectively. The picture below indicates several parameters associated with the car.
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The distance between the front and rear axles is represented as L. The steering angle is denoted by ¢.
The configuration is given by (z,y,60). When the steering angle is ¢, the car will roll in a circular motion, in
which the radius of the circle is p. Note that p can be determined from the intersection of the two axes as
shown (the angle between these axes is ¢).

The task is to represent the motion of the car as a set of equations of the form

T = fl(xaya055a¢)
Z) = f2(x7y7078,¢)
0= f3($7y70737¢)'
In a small time interval, the car must move in the direction that the rear wheels are pointing. This

implies that g—g = tan . Since g—g = 2 and tan6 = EL’;Z, this motion constraint can be written as an implicit
constraint:

—&sinf + g cosf = 0. (7.2)

The equation above is satisfied if £ = cosf and y = sinf. Furthermore, any scalar multiple of this solution
is also a solution, which corresponds directly to the speed of the car. Thus, the first two scalar components
of the state transition equation are & = scosé and y = ssiné.

The next task is to derive the equation for . Let p denote the distance traveled by the car. Then p = s,
which is the speed. As shown in the figure above, p represents the radius of a circle that will be traversed by
the center of the rear axle, when the steering angle is fixed. Note that dp = pdf. From simple trigonometry,
p= ﬁ, which implies

tan ¢
df = dp.
I D
Dividing by dt and using the fact that p = s yields
6= % tan ¢.

Thus, the state transition equation for the car-like robot is

i scosf

g | = éssinﬁ

0 — tan ¢
L

Most vehicles with steering have a limited steering angle, ¢4, such that 0 < ¢pee < 5-

The speed of the car is usually bounded. If there are only two possible speeds (forward or reverse),
s € {—1,1}, then the model is referred to as the Reeds-Shepp car [3, 6]. If the only possible speed is s = 1,
then the model is referred to as the Dubins car [1].
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7.3.2 A Continuous-Steering Car

In the previous model, the steering angle, ¢, was an input, which implies that one can instantaneously move
the front wheels. In many applications, this assumption is unrealistic. In the path traced out in the plane
by the center of the rear axle of the car, there is a curvature discontinuity will occur when the steering angle
is changed discontinuously. To make a car model that only generates smooth paths, the steering angle can
be added as a state variable. The input is the angular velocity, w, of the steering angle.

The result is a four-dimensional state space, in which each state is represented as (z,y, ¢,6). This yields
the following state transition equation:

i scosf

g ssinf

o | s

0 Z tan (b,

in which there are two inputs, s and w. This model was considered in [4].

7.3.3 A Car Pulling Trailers

The continuous-steering car can be extended to allow one or more single-axle trailers to be pulled. For k
trailers, the state is represented as (z,y, ¢, 60,61, ..., 0k)-

The state transition equation is

scosf

i ssinf

Y s Y

é 7 tan ¢
bo | _ .

s i—1

(9i d_ H cos(0j,1 — 0]) sin(é?,-,l — 01)
. i\ j=1

in which 6y is the orientation of the car, 8; is the orientation of the §** trailer, and d; is the distance from
the i*" trailer wheel axle to the hitch point. This model was considered in [2].
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7.3.4 A Differential Drive

The differential drive model is very common in mobile robotics. It consists of a single axle, which connects
two independently-controlled wheels. Each wheel is driven by its own motor, and it free to rotate without
affecting the other wheel. Each state is represented as (x,y, ). The state transition equation is

T %(u; + uy) cos@
gy | =1\ 5(w+u)sind |, (7.3)
0 7 (U — )

in which r is the wheel radius, £ is the axle length, u, is the angular velocity of the right wheel, and u; is
the angular velocity of the left wheel.

[ ]
4 x
]
If w; = u, = 1, the differential drive rolls forward. If u; = uw, = —1, the differential drive rolls in the
opposite direction. If u; = —u,., the differential drive performs a rotation.

7.4 Simple Dynamics

For problems that involve dynamics, constraints will exist on accelerations, in addition to velocities and
configurations. Accelerations may appear problematic because they represent second-order derivatives, which
cannot appear in the state transition equation (7.1). To overcome this problem a state space will be defined
that allows the equations of motion to be converted into the form & = f(z,u). Usually, the dimension of
this state space is twice the dimension of the configuration space.

The state space For a broad class of problems, equations of motion that involve dynamics can be ex-
pressed as § = g(g, q), for some measurable function g. Suppose a problem is defined on an n-dimensional
configuration space, C. Define a 2n-dimensional state vector z = [¢ ¢]. In other words, x represents both
configuration and velocity,

r=q1 g2 - qn §1 G2 - Gnl.

Let X denote the 2n-dimensional state space, which is the set of all state vectors.

The goal is to construct a state transition equation of the form # = f(x,u). Given the definition of the
state vector, note that &; = x,4; if ¢ < n. This immediately defines half of the components of the state
transition equation. The other half is defined using § = g(¢,¢). This is obtained by simply substituting each
of the §, ¢, and ¢ variables by their state space equivalents.

Example: Lunar lander A simple example that illustrates the concepts is given. The same principles
can be applied to obtain equations of motion of the form & = f(x,y) for state spaces that represent the
configuration and velocity of rigid and articulated bodies.
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The lander is modeled as a point with mass, m, in a 2D world. It is not allowed to rotate, implying
that C = R%. There are three thrusters on the lander: Thruster One (right side), Thruster Two (bottom),
and Thruster Three (left side). The activation of each thruster is considered as a binary switch. Let w;
denote a binary-valued action that can activate the i** thruster. If u; = 1, the thruster fires, if u; = 0,
then the thruster is dormant. Each of the two lateral thrusters provides a force Fs when activated. The
upward thruster, mounted to the bottom of the lander, provides a force F,, when activated. Let g denote
the acceleration of gravity.

From simple Newtonian mechanics, > F' = ma, in which ) F' denotes the vector sum of the forces, m
denotes the mass of the lander, and a denote the acceleration, §. The g;-component (x-direction) yields

mQI = ulFs - U3Fsa
and the ¢o2-component (y-direction) yields

mgx = uFyy —myg
The constraints above can be written in the form f(q,q,§) = 0 (actually, the equations are simple enough
to obtain f(g) = 0).
The lunar lander model can be transformed into a four-dimensional state space in whichz = [¢1 g2 ¢1 Ga]-
By replacing ¢ and ¢» with 3 and 4, respectively, the Newtonian equations of motion can be written as

] F,
Ir3 = —s(ul — U3)
. U2Fu
Try4 = —
m

Since #; = z3 and &2 = x4, the state transition equation becomes

x1 z3

.sz _ » T4

Z3 Ti(ur —uz) |7
2 -y

which is in the desired form & = f(z,u).
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7.5 More Examples

This section includes other examples of state transition equations.

The nonholonomic integrator Here is a simple nonholonomic system that might be useful for experimen-
tation. Let X = R3, and let the set of inputs, U = R2. The state transition equation for the nonholonomic
integrator is

T u1

.’j72 = U2

T3 T1U2 — T2U1
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