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Abstract broadest and includes high-speed assembly, juggling, and

running. However, despite being narrower, the latter class
Two new instantaneous-time models for predicting includes a large number of important tasks, such as low-
the motion and contact forces of three-dimensional, qua- speed assembly, static grasping, walking using tripods of
sistatic multi-rigid-body systems are developed; one linear support. The ability to perform tasks in this class motivate
and one nonlinear. The nonlinear characteristic is the re- the study presented below.
sult of retaining the usual quadratic friction cone in the
model. Discrete-time versions of these models provide the1.1 Background
first time-stepping methods for such systems. As a first step
to understanding their usefulness in simulation and ma-  The field of multibody dynamics has been of interest
nipulation planning, a theorem for solution uniqueness is since DaVinci's work in the 1490’s. His interest stemmed
presented along with simulation results for a simple exam- from a desire to build better machines. About 250 years
ple. later, some basic “laws” of mechanics had been developed
by Newton and Coulomb, which allowed one to formu-
late an instantaneous-time mathematical model of dynamic
1 Introduction multi-rigid-body systems. This model is composed of the
Newton-Euler equation, Coulomb’s friction law, and non-
Robots are primarily passive observers and simple elec-penetration constraints with unknown contact forces and
tronic companions in the unstructured environments that body accelerations. In 1895, Painleve was the first to dis-
exist outside factories. This is true despite the fact that, cover that this model does not always admit a solution (this
as a society, enormous productivity gains could be accruedis sometimes referred to as Painleve’s paradox) [12]. Exis-
by expanding the skills of robots to include manipulation tence and uniqueness questions were studied for more gen-
tasks; tasks that cannot be accomplished without making eral systems after the advent of complementarity theory in
and breaking contact between the robot and physical ob-the 1960’s [5]. In particular, &tstedt found that when fric-
jects in a controlled fashion. Nearly one million house- tion is absent, the model can be cast as a linear complemen-
hold robots are in use world wide today, but these robots tarity problem (LCP) that possesses a property known as
cannot perform manipulation tasks autonomously. Even “w-uniqueness.” The physical interpretation of this prop-
the highly capable Sony QRIO robot cannot do such tasks, erty is that the body accelerations are unique, but the con-
although it can walk and dance on sloping terrain. Cur- tact forces are not [8, 9]. Sincedtstedt’s work, existence
rently, robotic dexterous manipulation can only be per- and uniqueness properties have been extended to include
formed in unstructured environments by tele-operation, limited results for systems with friction [13, 17]. Specifi-
and it is well-known that this approach is exceedingly slow cally, solution existence can only be guaranteed if the fric-
and places great demand on the operator. As a result, aution coefficients at the contacts are below some threshold
tonomous grasping controllers are being developed, but arevalue, which unfortunately, is exceedingly difficult to com-
still of limited capability [10]. pute and is sensitive to the contact geometry.
Manipulation tasks can be partitioned into two classes:  Because of the weakness of the existence and unigue-
dynamic and quasistatic. The former class is by far the ness results, it is not advisable to apply standard time-
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velocities [1, 16]. The Stewart-Trinkle formulation results columns are unit wrenches of the contact normals, and or-
in an LCP that incorporates constraint stabilization and thogonal tangent plane directions.

is nearly always solvable [16]. Moreover, when a solu-  The system must also obey a nonpenetration constraint
tion exists, it can be found using Lemke’s algorithm [5]. at each contact and a complementarity relationship be-
If a solution to the Stewart-Trinkle LCP does not exist, tween the normal component of contact force and the dis-
one simply drops the constraint stabilization term, yielding tance functioni;,(q,t) between the contacting bodies.
the Anitescu-Potra LCP for which a solution always exists The linear complementarity constraint is:

and can be found by Lemke’s algorithm [1]. One might

wonder why a solution always exists for the discrete-time 0< Ay L 9¥n(g,t) >0 2
model when the same is not true for the instantaneous-time

model. An intuitive explanation is that since the discrete- \here,(q,t) € R is the vector of distance functions
time model is written in terms of impulses (applied over the \yith ;t2 element given by, (g, t), the symbolL implies
current time-step), it implicitly expands the space of con- perpendicularityi(e., A, - ¥, = 0). The physical interpre-
tact forces to include infinite impulses. This is consistent tation of equation (2) is that a force may act at contact
with the resolution to Painleve’s paradox offered by Mason only if the distance between the bodies is zero.

and Wang [11]. . The force at each contact is assumed to obey Coulomb’s
Since time-stepping methods are now reasonably well friction |aw, which states that the contact force must lie

developed for dynamic rigid body systems [1, 2, 3, 15, 16], \ithin a cone during rolling contact and must lie on the

one might wonder why the focus of this paper is on qua- poundary of the cone in the direction that dissipates the

sistatic models. The reasons spurs from an mjterest in theyost energy during sliding. Since sliding is a function of

development of planning algorithms. Dynamic systems 4y velocities, the following kinematic relationship will

“live” in state space, which has twice the dimension of con- pe needed:

figuration space, in which quasistatic systems “live.” Sec- .

ondly, quasistatic systems move slowly, so inertial, Corio- = Gla)v 3)

lis, and impulsive forces are absent. Finally, in some cases

a quasistatic manipulation plan can serve as a good initial

guess for a dynamic plan.

'whereG depends on the specific orientation parameteriza-
tion used for three-dimensional systems and is the identity

. matrix for planar systems.
In previous work, Panget al. [14] formulated an P y

instantaneous-time planar quasistatic model as an uncou—t anlczzgu;t;]ocrt]icfr?; grnodw?hees nia?ibr(]/neggofgllzsvt\ge;%thf dis-
led complementarity problem (UCP) and developed a bi- con coom
P P yp ( ) b 9%%s (7. Note that one can define analogous (local) tangen-

linear programming algorithm to solve it. In this paper, 99 " . ;
the work is extended to three dimensions, a simple time- tal d|splacem§nt funchon&t_ and W'tTh eleg;emw“
Oand1/),;0 for which the following hold:W;" = <G and

stepping scheme is derived, and new solution existence an o q
uniqueness results are given. W, = %“G-
Coulomb’s friction law requires that the contact force
remain within a cone. When the contact is rolling, the con-
2 Instantaneous-time models tact force may lie anywhere inside the cone, but when the

contact is sliding, the contact force must be one that max-
Let g € %" be the configuration of a system of rigid iMmizes energy dissipation. Fov, > 0, let 7i(si, Ain)
bodies,s € R be the generalized velocity, arfdq, t) € denote the friction cone at contagct
R™ represent the applied external generalized force, with - ) )
¢ being time. Further, lef\;, > 0}"<, be the nonnegative (ki Ain) = {(Xit; dio) = 13 Ay — Ajy — Ajp = 0} (4)
normal force at the'™® contact point, and\;; and \;, be
the corresponding orthogonal friction force components. Wherey; is the coefficient of friction acting at contact
Since a quasistatic system must satisfy equilibrium at all ~ Next, define orthogonal sliding velocity componenjs
times, the equilibrium equation is needed. It can be written andv;,. The vectors of sliding velocities for all the con-
as: tacts arew, = Wl v + 35/;‘ andv, = WIv + % with
it elementsy;, = Wlv + 25 andv, = Wy + 2o,
0= Wa(@)dn + Wi(@)A + Wo(@)Xo + f(g,t) (1) respectively. Then Coulomb’s law at contaatay be writ-

ten as follows:

where),, A, A\, € R" are the vectors of normal and fric-

tion force components of the contacts (also called wrench

. " ) ity Aio) € — it Vit — AioVio) 5 5
intensities) Wy, W;, W, € R("*™) are matrices whose (Ait: Aio) &f%g?}ﬁ itVit — AioVio) ()



which has a useful equivalent formulation [17]:

iy
ot ) + Aito; (6) d d, 0

31/%‘0
ot
0<o; L p2 2 —X4—)X\2 >0 (8)

7 7\n

= >

0 = /LZ)\m(WZI;V +

0 = pdin(Wihv+

)+ Ao () 9 d

whereo; is a Lagrange multiplier arising from the con- polyhfd;alméppmx‘maﬁon
version of the maximum dissipation condition from its o ricion cone
“argmax” form into the inequality form given above. Note friction cone
that at a solution of these conditions, = \/vZ +v2, B i
which is the magnitude of the slip rate at contact
Compactly, Coulomb’s law for all contacts is:
0
(U)o (W v + %) + Moo ©)
O, Figure 1: Friction cone approximated by an eight-sided

T
(UAn)o (W v + ﬁ) +Ao00 (10) pyramid defined by friction direction vectods.

0<o L (Ul)o(UN) — AoAs — Ao0Xo >0 (11)

0

0

whereU is the diagonal matrix withi*" diagonal element Reusing the slack variable; (with slightly different

equal toy; ando connotes the Hadamard product. meaning now), a useful equivalent LCP formulation of the

Some of the above equations are nonlinear in the un- mayimum dissipation condition for the approximate fric-
knowns (forces, configuration, and velocity), so their direct tjon cone is:

use in a time-stepping scheme would require the solution

of (mixed) nonlinear complementarity problems (NCPs). 0<Xif L Whv+eo + Ot >0 (15)
In order to obtain a scheme based on (mixed) LCPs, a r ot
piecewise linear approximation of the quadratic friction 0<0; L pidin—e A 2>0, (16)

cone with nonnegative force variables is needed (see fig-
ure 1). Letng friction force direction vectord; be chosen
such that they positively span the space of possible friction

where nowos; approximateghe sliding speed at contait
Maximum dissipation for all contacts can be written com-

forces, and let)\;;); be the friction force components in pactly as:

those directions. Also, I€t);¢(g,t)); be the corresponding T e

(local) tangential displacement function. Then the equilib- 0<A L WivtEo+—o=20 a7

rium equation can be approximated as: 0<oc L U)N—FETXN>0 (18)
0= Wan(q)An + We(@) A + f(g,t) (12) whereE is the block diagonal matrix witif" block on the

main diagonal given by.
To summarize, there are two models of interest which
differ only in their descriptions of the friction cone.

where Ay € R""4 hasn. elements\;; € K" with el-
ements(\;;);, the vectory; € R™"4 is defined analo-
gously, andV{" = GG,
The approximate friction cone can be represented as: Model-IQC (quadratic cones): equations (1-3,9-11).
o Model-ILC (linear cones): equations (2,3,12,17,18).
Filpis Ain) = {Nit | ptidhin — € Xig > 0, N > 0} (13)

where e € R" is vector of ones. Letv, =
[(Vie)1 - (Vig)n,])" = aaLl;qu = WZv be the vector of
components of the sliding velocity at contadh the fric-
tion directions. The approximate version of the dissipation
condition becomes:

3 Discrete-time models

A desirable outcome for any time-stepping scheme
is that its solution at the end of each time step of the
discrete-time model equals the (continuous) solution of the
Aif € arg max (—/\Z;Wi?l/) ' (14) mstantaneous-t_lme mode_l at the same time. Typlcally_ how-

ApeTs ever, computational efficiency and/or convergence issues



force one to design a scheme that does not exactly meet this3.2 A linear model: Model-DLC

outcome. To prepare for the design of a time-stepper that
solves a linear problem for each time step, the quadratic
friction cone was approximated by a piecewise linear cone.
In the following, two time-stepping schemes will be pre-
sented. The unknowns for both are the configuration vec-
tor, contact forces, and sliding speeds at the end of the time
step.

Let t* and denote the time at which one has a solution
and lett*! = t’ + h denote the time at which one would
like an estimate of the solution (the tetms the called the
step size). To eliminate, ¢ can be approximated using a
backward Euler formula as follows:

Ag=q" —¢" =G(gv TR (19)
whereq? = ¢(t*). Note that since\q is in the range of
G (see equation (3)), the following useful identity holds:
Ag = GGT Aq.

3.1 A mildly nonlinear model: Model-DQC

After substituting equation (19) into Model-
IQC, and replacing all occurrences of the variables
(g, An, Aty Ao, o) With their values at the end of the time
step,(¢tt, ALFL XEFL \GHL 56+ all model equations
are nonlinear in the unknowns.

To remove some of the nonlinearities from the time-
stepper, letV,,, W, W,, G, and f be evaluated af’. In
addition, let the distance function vector be approximated
by the linear terms in its Taylor series expansion:

0<XF | wIGT ¢ +b, >0 (20)

1

whereb, = !+ ag’f h—WTIGTq¢. Now the only remain-

ing nonlinearities are the quadratic terms in Coulomb’s
law. The result is a mildly nonlinear discrete-time model,
Model-DQC. For each time step, the NCP composed of

equations (1,20) and the following must be solved:

(UM)o(WEGTq+by) + A\ooh  (21)
(UA)o(WEGT g +b,) + Moo o (22)

0<oL(Ul)o(UN) — Aoy — Ao0Xo >0 (23)

0:
0= o
where the variableg, \,, \;, A,, and o appearing in
equations (21-23) are to be evaluated at tithe', b, =

e oyl
b~ WIGT ¢! andb, = Zyeh — WIGTq".

Summary oModel-DQC:
For each time step, solve mixed NCP of sizg + 4n.
defined by equations (1,20-23).

The other discrete-time model of interestpdel-DLC
can be derived fronModel-ILC by the same procedure.
The result is a mixed LCP defined as follows:

0 q€+1
Pt Ant
s =B e + b (24)
SZ+1 UK—H
Pt At
o< | pit [ L] X >0 (25)
Sé-‘,—l O.Z+1
where
0 W/n Wf 0 f
5 wrcT o 0 0 ) | e
wrGr o o E| ||
0 U -7 0 0
1%}

b, is defined as above, ahd= gf h—WIGTq".
Summary ofModel-DLC:

For each time step, solve mixed LCP of sizgt(2-+nq)n.

defined by equations (24,25).

4 Unigueness

The theorem presented here is the first known solution
uniqueness result for general quasistatic multibody sys-
tems with dry friction. It applies only to the discrete-
time models,Model-DQC and Model-DLC. Because of
space limitations, the results are presented without proof,
but these will be available in [4].

Before stating the result, the friction force compo-
nents can be written as the following functions of the nor-
mal force component and the relative tangential displace-
ment component®\;, = WIGT¢"* + b, and A, =
WIGT "t + by

Ay
Ait =~y Nip —eee———
VAZ + A2
Z © (27)
)\io — 10

— M >\1',7L B e
SV T e

where whenA;; = A;, = 0, the fractions appearing in
equation (27) are both equal to 0/0, and are taken to be a
suitable pair of scalargy, 3) such that® + 32 < 1.



For given {u; A\, }1¢,, consider the following con-

vex, nondifferentiable optimization problem in the variable
041,
q .

ne
min _qul_‘—l + Z i )\in \/ A'?t + A?o

=1
WIGT¢"*  +b, >0

(28)
S.t:

where recall that\,; andA,, are functions of'**. The
physical interpretation of this problem is that the displace-
ment of the system is one that avoids penetration while
minimizing the work done against external and frictional
forces. In other words, the system is “lazy” and so moves
no more than it absolutely must.

The following result describes the precise connection
between the above optimization problem (28) and the
discrete-time modeéVlodel-DQC.

Theorem 1 If (¢*t1, X, \¢, \,) solvesModel-DQC then
¢“*1 is a globally optimal solution to (28) corresponding
to \,,. Conversely, if'*! is a globally optimal solution to
(28) for a given\,, and if \,, is equal to an optimal Karush-
Kuhn-Tucker (KKT) multiplier of the constraint in (28),
then defining \¢, \,) by (27), the tupléqg‘*, A, A, Ao)
solvesModel-DQC.

A question relevant to the design of fixed-point time
stepping schemes is whether or not the convex opti-
mization problem (28) has a unique solution, for fixed
{idin}ie,. Let (¢, Any A, Ao), SOIve Model-DQC.
Denote bydq a small change ig‘*!, and define the in-
dex sets:

T = {i:Ym=0<A\n} (29)
J = {i:tm=0=Xn} (30)
Proposition 1 Corresponding to the solution

(¢, Ay Ay Ao) Of Model-DQC, ¢“+! is the unique
solution of (28) if and only if the following implication
holds:

WrGTdg >0, i€ TUJ
WIGTdg =0, ie€Z
= dq = 0. (31)
WrGTdg =0, i€
(f)'dg >0
Finally, consider an alternative model where the

guadratic friction cone at each contads replaced by a
four-sided linearized cone:
{ ( it Aio ) :

max(|Ait|, [Nio|) < pi Ain }- (32)

In this case, instead of (27), we have

Ay

Ait = —fiNinT T
Xio = —piNi Lio.
10 17Min ‘A10| M

Moreover, a result similar to Theorem 1 holds with the op-
timization problem (28) replaced by the following linear
program:

Ne

min —fTg+ + Z/Li Ain (| Au |+ A ])
i—1

WIGT¢* +b, >0

(34)

s.t:

where again recall thak;, andA,;, are functions of//*".

5 Example: fence-particle problem

Consider the problem of manipulating a particle (shown
as a finite disc) of mass: initially at rest on a horizontal
plane (the(z, y)-plane in Figure 2). The configuration of
this systemig = [z, y,, 2|7, Wherez,, is the height of the
particle above the plane (of the page). The wall on the right
is parallel to the(y, z)-plane (perpendicular to the plane
of the page) and of infinite extent. The fence is parallel
to the wall, of infinite extent, and can translate in the
andy-directions, but cannot translate in thalirection or
rotate! The vector of noncontact and noninertial forces
f =1[00 —mg]T is the gravitational force which acts in
the negative:-direction.

Figure 2: Schematic of fence-patrticle system.

1The latter constraint is to simplify the problem making the particle
remain within the(z, y)-plane.



The three nonpenetration constraintg,(q,t) = placement functions:
[1n(q) ton(g,t) an(q)]” are written as:

()1 = —Yp (38)

(Y1e)2 = yp (39)

Vi =1—m, > (35) (ar)1 = Yp — Yrence(t) (40)

Yon = Tp — l‘fence(t) > (36) (¢2f)2 =  —Yp Tt Yfence (t) (42)

V=2 2 0. (37) Vs = (Yath1 = @ (42)

V3o = (Yst)2 = Yy (43)

The corresponding lagrange multipliers are the nor- War)s = —ap Y
mal components of the contact forces,(q,t) = Wade = —tp- @)

[An A2n Asn]T. Even though as shown, the particle is ) ) N
not in contact with the fence or wall on the right, the com- Whereyrenc. (t) is the vertical position of the fence.

ponents of the corresponding contact forces are sfown.  1he various submatrices appearing in the maltiare:
The possible contact force components between the parti-

-1 10 w00
| he pl h .
cle and the plane are not shown W — 00 0 v=[ 0 m o (46)
In this example, solution uniqueness will be explored 0 01 0 0 ps

for two different friction laws for the contact between the
particle and the(y, z)-plane: no friction and quadratic ocoo0o0o 010-1 0
friction. An interesting point, is that for dynamic sys- W= -1 11 -1 01 0 -1 (47)
tems, the absence of friction guarantees solution existence 0ooo0o 000 0 O
and uniqueness of the predicted motion (not necessarily

. . . . 1 1.0 0 0 0 0 O
uniqueness of the contact forces) and the inclusion of fric- E—loo 110000 (48)
tion leads to motion nonuniqueness. In the quasistatic sys- 00001111 '

tem studied here, the reverse is true. For the case of lin-
earized friction, the quadratic cone will be approximated Also, since the particle is a point mass, the matkixs
by a four-sided friction pyramid (see Figure 3). The vari- simply the identity matrix of size 3.

Other matrices for the nonlinear problem are

0 01 0 0 O
y Mg, We=| -1 1 0 Wo=[0 0 1| (49
000 110
ha,
Nat The time-dependent functions needed to define the vec-
3 torsb,, b:, b,, by were chosen as:
har,
Tfence(t) = 0.5+ 0.4sin(t) (50)
X Yfence (t) =t (51)
Figure 3: Friction direction vectors between the particle With these choices, the fence translates ingtdrection
and the(z, y)-plane. while oscillating in thez-direction without ever hitting the
wall.
5.1 Results

ous friction direction vectors at the three potential contacts

imply the following definitions of the local tangential dis- Various values of the problem data were chosen to illus-

trate the theorems given in section 4. One common aspect

of these problems is that the only forces that can act in

the z-direction are the gravitational force and the normal
2Since translation in the-direction is not possible in this problem, component of the contact force between the partlcle and

friction forces can act only in the plane of motion of the particle. Thisis the (z,y)-plane. This implies thaks;, = mg > 0 and
why there are only two friction force directions for contacts 1 and 2. 3, = 0.




5.1.1 Results: Model-DLC, no friction

The frictionless example dflodel-DLC emphasizes why
friction may be needed for solution uniqueness in qua-
sistatic systems. Looking back at Proposition 1, 2°&
and 34 rows of implication (31) are vacuous in the ab-
sence of friction. The removal of these equalities from the
implication is what allows the construction @f #~ 0 still
satisfying the two remaining inequalities of the implica-
tion. The Proposition requires us to look at a solution and
then consider variationslg from ¢‘*'. Assume a solu-
tion of the LCP with contact between the particle and the
(z,y)-plane, but not with the wall or fence. In this case,
we haveW?! =10 0 1] andf? = [0 0 — mg]. Let

dq = [dz dy dz]*. Then the inequalities of the implica-
tion yielddz = 0, butdz anddy are unconstrained. There-
fore, there existlg # 0 satisfying the inequalities, and the
implication fails. Thus the solution af‘*! Model-DLC

is not unique. In this particular case, the possijgle!
solving Model-DLC are all those for which the particle
remains in contact with thér, y)-plane, and between the
wall and fence. This conclusion was observed in practice.
Specifically, the solution obtained was dependent on the
initial guess.

5.1.2 Results: Model-DQC

Consider a solution for the system when the particle is not
touching the fence or wall and the quadratic friction law is
in effect at the contact with ther, y)-plane. In this case,
the matriced¥; andW, are given as follows:

1 0
We=1[ 0 wo=1 1|, (52)
0 0

andW, andf are as in the frictionless case.

From the frictionless case, it is known that the first and
last rows of the implication constrain thecomponent of
dq to 0. Now, with friction present, the equations in the
implication require thes- and y-components ofiqg to be
zero also. Since the implication holds, by theorem 1 all
¢“*1 are unique, and in this case, if over the course of a
time step, the fence will not reach the particle, then the
particle will not move.

Consider a solution in which the particle is in contact
with the fence. In this case, the matridés and W, gain
rows, but do not change the conclusion - the motion of the
particle is unique.

6 Summary

Two instantaneous-time models of three-dimensional
guasistatic multibody systems with Coulomb friction have

been presented along with two corresponding discrete-time
models. The discrete-time models take the form of com-
plementarity problems for which led to the first known
uniqueness results for such systems. A simple example
was used to highlight a somewhat unexpected finding. In
particular, dynamic multibody systems have unique accel-
erations when the friction coefficients are small enough.
Whereas, for some quasistatic systems, the absence of fric-
tion can lead to nonunique system motions.
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