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Graph Neural Networks
Graph Neural Networks (GNNs) are now ubiquitous
in the toolkit of network scientists. Graph convolu-
tional neural networks produce embeddings for each
node by aggregating neighborhood feature vectors.
We use the Kipf And Welling architecture of

H l+1 = σ
(
D̂− 1

2 ÂD̂− 1
2H lW l

)
for the purpose of node classification. Here, H l is ac-
tivation functions at the lth layer, Â = A+I|V | is the

adjacency matrix of underlying graph G = (V,E), D̂
is the diagonal degree matrix, σ is an element-wise
activation function, and W l is a learnable matrix of
weight parameters for layer l.

For a node u ∈ V , this function considers a weighted
sum of the activations H l of its neighbors v ∈ N (u),
multiplies that by a weight matrix W l, and applies
an element-wise activation function. The goal of
training is to solve for all weights in each layer. This
work seeks to accelerate this training using a Koop-
man operator on GPU.

Contributions
Our work has several contributions towards both the
practical usage of a Koopman operator for neural
network training as well as the specific training of
graph neural network problems.

1. We present a method of Koopman training op-
timized on GPU with high performance and
relatively low memory requirements.

2. We demonstrate our method by greatly accel-
erating the training of three benchmark node
classification problems, at no cost to accuracy
or loss.

3. We discuss how our method can be more gener-
ally applied to other problems, as well as con-
siderations for hyperparameter selection.
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Patchwork Koopman Approximation
The Koopman operator has been used widely in the literature, mostly for dynamic model decomposition
within computational fluid dynamics. We define the Koopman operator on dynamic system F with state
xt ∈ Rn at time t along with observable g : Rn → R on the Hilbert space L2(Rn, µ). Our Koopman operator
K is the infinite dimensional linear operator such that the following is true for all such functionals g:

Kg(xt) = g(F (xt))

To predict future states of F , we consider a set of observations x = [x0, x1, · · · , xT ], broken into submatrices
X = [x0, x1, · · · , xT−1] and Y = [x1, x2, · · · , xT ], defining ‘before’ and ‘after’ states where xt+1 = F (xt).
We then have the approximation

U = Y X† = Y V Σ−1Z∗

where Y V Σ−1Z∗ is a SVD used to compute the pseudo-inverse. Future states are predicted via Usxt ≈ xt+s.
With xt as the weight history of a neural network trained with standard optimization, we can use this method
to predict future weights. A single matrix-vector product can approximate an entire training epoch.

We use the general above approach of Tano et al. and optimize it on GPU (Patchwork Koopman Approxi-
mation - PKA) for the purposes of training Graph Neural Networks (GNNs). We select GNNs as an obvious
target for PKA, as the memory overheads of storing the state matrix x is minimal when considering that
the underlying graphs for GNNs are generally much larger than the GNNs being trained.

Results: Significant Acceleration over Adam
We run PKA and Adam (Kingma and Ba, 2014) on PyTorch Geometric datasets Cora, Pubmed, and Citeseer
for node classification on a A100 GPU. Below is the maximum accuracy and minimum loss achieved by Adam
and PKA for the three test instances, along with the elapsed time required to achieve those values. We note
speedups of 2-3× on average with PKA with no accuracy/loss cost, averaged over 100 training runs.

Cora Citeseer PubMed
Adam PKA Adam PKA Adam PKA

Accuracy Highpoint 0.874 0.875 0.681 0.687 0.774 0.774
Time (s) 0.291 0.140 0.143 0.078 1.007 0.365
Loss Lowpoint 0.419 0.399 1.053 1.020 0.583 0.579
Time (s) 0.553 0.210 0.236 0.098 1.182 0.353
Accuracy Speedup 2.08× 1.83× 2.76×
Loss Speedup 2.63× 2.41× 3.35×

We also visualize these results below on Cora, Citeseer, and Puubmed (from left to right) with accuracy
(top) and loss (below) plotted against time. Variance across 100 tests is observable via the shaded regions.
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Discussion
Hyperparameters

• m - history window for Koopman. We use a
value of m = 4, meaning that we retain the
prior weights for the previous 4 epochs. This
keeps memory overheads manageable while
still providing enough data for accurate pre-
diction.

• p - forward prediction steps. Using the m sets
of weights, we predict p = 8 steps forward for
our training. Higher values of p become more
unstable and less accurate.

• r - finite dimension. While Koopman opera-
tors are technically infinite in dimension, we
use a finite dimensional SVD for approxima-
tion of U = Y X† = Y V Σ−1Z∗ with dimension
of r = 2. This provides a good approximation
in practice.

Performance

• We observe a consistent speedup of about at
least 2× in our testing across our three exper-
imental datasets.

• Our usage of specific GPU subroutines and a
small batch size for computing our Koopman
operator accounts for this acceleration with
minimal memory cost.

• We are the first to demonstrate actual training
time acceleration with the usage of Koopman
approximation. Our work can also be general-
ized to any neural network training scenario.

Future Work
Optimizer Usage: Since PKA can be used with any
optimizer, exploring alternatives is a compelling av-
enue for future work. Stochastic gradient descent
(SGD) is of particular interest, since its low memory
requirements can make using it with PKA equivalent
in memory utilization to Adam without PKA.

Hyperparameter Selection: As with most other op-
timizers, the hyperparameters of PKA might require
tuning for given datasets for optimal performance.
Dynamic selection of hyperparameters is an obvious
open problem.


