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Outline.

Generalities
Axis-angle
Rodrigues's formula
Rotation matrices
Euler angles
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Why representingrotationsis hard.

Rotations do not commute.

The topology of spatial rotations does not permit a smooth
embedding in Euclidean three space.
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Choices

More than three numbers

Rotation matrices

Unit quaternions. (aka Euler parameters)
Many-to-one

AXis times angle (matrix exponential)

Unsmooth and many-to-one
Euler angles

Unsmooth and many-to-one and more than three numbers
Axis-angle
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Axis-angle

Recall Euler's theorem: every spatial
rotation leaves a line of xed points: ~

the rotation axis. n
Let O, A, ,be:::
Let rot(h; ) be the correspond- fa
Ing rotation. /

Many to one:
rot( fA; ) =rot(N; )

rot(A; + 2k ) = rot(f; ), for any
Integer k.

When = 0, the rotation axis Is
iIndeterminate, giving an in nity-
to-one mapping.
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Representation

What do we want from a representation? For a start:

Rotate points;
Rodrigues's formula

Compose rotations;
Using axis-angle? Ugh.
(Convert to other representations.)
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Rodrigues's formula

Others derive Rodrigues's formula us-
Ing rotation matrices, missing the ge-
ometrical aspects.

Given point x, decompose into
components parallel and
perpendicular to the rotation axis

x=A x) Hh (h X

Only x» Is affected by the
rotation, yielding Rodrigues's
formula:

= A(A x)+sin (A x) cos A (A X)

A common variation:

x9= x+(sin ) A x+(L cos )N (A Xx)
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Rotation matrices

Choose O on rotation axis. Choose frame (04; 05; 03).
Let (09;09;03) be the image of that frame.

Write the 0P vectors in 0; coordinates, and collect them in a

matrix:

0 1 0 1

dii 01 0%_)
0(1):%321£:%02 02&

asl 03 Og
0) 1 0) 1

a2 01 08
nggﬁazzg:%()z 08&

az?2 03 0(2)
0 1 0 1

>0

ais 01
0g=?@a23£:?@02 03
as3 03 08
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Somany numbers

A rotation matrix has nine numbers,

but spatial rotations have only three degrees of freedom,
leaving six excess numbers :::

There are six constraints that hold among the nine numbers.
j0dj = jogj = jodj = 1
03= 03 03

i.e. the 0P are unit vectors forming a right-handed coordinate
system.

Such matrices are called orthonormal or rotation matrices.
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Rotating a point

Let (X1;X>2;X3) be coordinates of x in frame (01; 05; 03).

Then x%is given by the same coordinates taken in the (09; 03; 03)
frame:

x0=x109 + X505 + x303
=X1A01 + X2A0, + X3A03
=A(X101 + X202 + x303)
= AX

So rotating a point is implemented by ordinary matrix
multiplication.
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Rotating a point

Let A and B be coordinate frames. Notation:
X a point
X a geometrical vector, directed from an origin O to the point x

or, a vector of three numbers, representing x in an unspeci ec
frame

Ax  avector of three numbers, representing x in the A frame
Let BR be the rotation matrix that rotates frame B to frame A.
Then (see previous slide) &R represents the rotation of the point
X:

B 40— ER B y

Note presuperscripts all match. Both points, and xform, must be
written in same coordinate frame.
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Coordinate transform

There is another use for §R:

Ax and B x represent the same point, in frames A and B resp.
To transform from A to B.:

For coord xform, matrix subscript and vector superscript
“cancel”.

Rotation from B to A is the same as coordinate transform from A to

B.
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Example rotation matrix

AR = Bxa ‘BYA ‘BZA
0 1
1 0 O
:%)O 0 1&
O 1 O

How to remember what ER does?
Pick a coordinate axis and see. The
X axis isn't very interesting, so try y:

0 10 1 O 1
1 0 O 0 0
@0 0 1X@1K=@0K
01 O 0 1

Lecture 6.
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Nice things about rotation matrices

Composition of rotations: fR1; Rog= R2R;.
(fx;yg means do x then do y.)

Inverse of rotation matrix is its transpose ER 1 = 8R = BRT.
Coordinate xform of a rotation matrix:

"R =5R”RA4R
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Converting rot(fi; )toR

Ugly way: de ne frame with 2 aligned with fi, use coordinate
xform of previous slide.

Keen way: Rodrigues's formulal
xX°= x+ (sin )A x+ (1 cos)h (A X

De ne “cross product matrix” N :

0 1
N3 No

0
N:%ng 0 nlg

so that

Lecture 6. Mechanics of Manipulation — pl6



... using Rodrigues'sformula : ::

Substituting the cross product matrix N into Rodrigues's
formula:

x= x+ (sin )Nx+ (1 cos )N ?2x

Factoring out x
R=1+(sin )N+ (1 cos)N?

That's it! Rodrigues's formula in matrix form. If you want to you
could expand it:

1
nf+ (1 n%c nino(L ¢) n3s nin3(l ¢ )+ nss
%D nino(1 ¢ )+ n3s ns+ (1 n3)c nona(l ¢c) NS
ninz(L c¢) nss nonz(l c)+ ngs ni+ (1 n3)c

where c = cos ands = sin . Ugly.
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Rodrigues's formula for differ ential rotations

Consider Rodrigues's formula for a differential rotation rot( A; d ).

xX°=(1 + sind N + (1 cosd )N ?)x
=(I + d N)x

SO

dx =N xd
=\ xd

It follows easily that differential rotations are vectors: you can scale
them and add them up. We adopt the convention of representing
angular velocity by the unit vector h times the angular velocity.
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Converting fromR to rot(fi; ):::

Problem: A isn't de ned for = 0.

We will do it indirectly. Convert R to a unit quaternion (next
lecture), then to axis-angle.
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Euler angles

Three numbers to describe
spatial rotations. ZY Z
convention:

(5 ;)7 rot( ;2%rot( ;99 rot( ;2)

Can we represent an arbitrary

rotation?
Rotate about 2 until
90? 2000
Rotate about $° until
QOOk 2000
Rotate about 2%until
900: 900.0

Note two choices for §°. ..

... except sometimes in nite
choices.
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From( ; ; JtoR

Expand rot( ;2)rot( ;9)rot( ;%)
(Why is that the right order?)

0) 10 10 1
C s O C O s s O
Ebs C og%o 10%%5 C Og
0) 0O 1 s 0 c 0) O 1
0 1
C CC S S C C S S C C S
:%pscc+cs S CS +cC C ssg(l)
S C S S C
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FromRto( ; ; )theugly way

Casel:irzz=1 = . IS Indeterminate.

0 1
cos( + ) sin( + ) O

R=fsin( + ) cos(+ ) 0K
0 0 1

Case2:rz33= 1, = .+ Is Iindeterminate.

0 1
) sin( ) O

coq
R=8B sin( ) cos( ) OX
0 0 1

For generic case: solve 3rd column for . (Sign is free choice.)
Solve third column for and third row for

. but there are numerical issues :::
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FromRto( ; ; )thecleanway

Let
= +
Then
rrp+rq; = cos (1+ cos )
rop rqp=cos (1 cos )
rrp+rip=sin (1 cos )
rry rqp2=sin (1+ cos )
(No special cases forcos = 17)

Solve for and ,thenfor and ,then nally

_ 1 . .
'L_ectuteaen (r 13 COS + r23 Sin y r33) Mechanics of Manipulation — p23
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