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Abstract. A fixture is a device which immobilizes a part through a maximal set of linearly
independent contacts. While many techniques exist to determine an appropriate arrangement
of contacts, little research has been done on how to acquire those contacts (i.e., move the part
such that it makes contact with the fixture at all intended points). In previous work, it was
assumed that the gaps between the part and the fixture were infinitesimal. This allowed the use
of a continuous-time model (formulated as a linear complementarity problem) to determine a
set of contact wrenches, any one of which could be applied to the part to acquire all contacts
simultaneously. This set was mapped to the boundary of the part to identify a pushing region
on the part where one could push with a single finger to acquire the contacts.

The work presented here provides two primary improvements. First, it is based on a
discrete-time rigid body dynamics model that takes into account the finite motion of a part
needed to close finite initial gaps between the part and the fixture. This model also allows one
to determine a convex set of applicable wrenches. Second, a technique is developed whereby
finite regions of the part’s boundary can be tested for membership in the pushing region, thus
eliminating the need for point-wise testing.

1 Introduction

In the planning of robot manipulation tasks involving unilateral contact(s), a task is
often decomposed into a sequence of subtasks such that for each subtask, the set of
contacts and their interactions (for the planar case: sliding left, sliding right, rolling,
separating) are constant [1–6]. The reason for this decomposition is that the structure
of the dynamic model is constant for each subtask and often the problem size can be
reduced by eliminating a subset of the unknowns.

In this paper, we study thepart seating problemin the plane. Given two bodies,
one fixed (the fixture) and one moveable (the part), the initial configuration of the part
relative to the fixture, and the goal configuration of the part in the fixture, determine a
set of wrenches, which when applied to the part, will move it to the goal configuration.
Once this set is found, we also map it to the boundary of the part to identify a pushing
region where one could push the part with a single finger to seat it.

Figure 1 illustrates the part seating problem for the simple case (simple because
a point of unit mass’s configuration space is identical to its workspace) of seating a
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Fig.1. Part seating example illustrating a point mass near its goal configuration, the corner.
The initial position of the point is given by
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single point. For this example, the goal position is when the point is in the corner,
touching both thex- andy-axes. Therefore, the task is to find the set of external
wrenches that will drive the point of unit mass with initial position

(
Ψ `

1 , Ψ
`
2

)
into the

corner.

In previous work, Balkcom and Trinkle [7] analyzed the part seating problem
under the assumption that the initial configuration of the part was infinitesimally
close to the goal configuration (Ψ `

1 = Ψ `
2 = 0 from Figure 1), so that the gaps

between the part and the intended contact points were negligible. These assumptions
suggested the use of an instantaneous dynamic model of the system. Using the model
formulated as a linear complementarity system in [8], Balkcom and Trinkle developed
an algorithm that determined a polyhedral cone of wrenches each of which could
be applied to seat the part.1 This set was mapped to the boundary of the part in a
brute force manner. For each sampled point on the boundary of the part, the set of
wrenches that could be applied to the part through frictionless contact at that point
was determined and then tested for membership in the wrench cone. If the contact
wrench was in the cone, then that point was considered to be in the pushing region.

In this paper, we extend this work to take into account (nonzero) finite gaps
between the part and the fixture (Ψ `

1 > 0, Ψ `
2 > 0 from Figure 1). To do this,

the continuous-time model is replaced by a the semi-implicit Euler time-stepping
model developed by Stewart and Trinkle [9,10]. In addition to allowing the analysis
to properly account for finite gaps, the discrete-time approach eliminates the need
for detailed analysis of all possible orders of contact achievement, as was required
by the instantaneous analysis.

We also present a new approach for determining the pushing region on the bound-
ary of the part. This method maps an arbitrary wrench set to the boundary of the part.
It can identify the pushing region suitable for a frictionless pusher, but can also iden-
tify a smaller region for a frictional pusher (which is smaller because we require that
all contact forces within the friction cone must belong to the part seating wrench
cone).

1 This cone of wrenches was composed of those guaranteed to seat the part despite nonunique-
ness of the dynamic model.
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2 Discrete-Time Dynamic Model

Since the discrete-time model takes the form of a linear complementarity problem
(LCP), we define the standard linear complementarity problem here.

Definition 1. LCP(B, b), Given the constant matrixB ∈ <n×n and vectorb ∈ <n,
find vectorsw ∈ <n, z ∈ <n satisfying the following conditions:

w = Bz + b (1)

0 ≤ w ⊥ z ≥ 0 (2)

wherew ⊥ z implies thatw andz are perpendicular (i.e.,wT z = 0). This LCP is
said to be of sizen.

Note that if the matrixB is aP -matrix (a generalization of a positive definite matrix),
then the LCP has a unique solution for everyb. In addition, ifB is aP -matrix, then
the Lemke’s algorithm will find the solution with a finite number of operations [11].

2.1 Continuous-Time Dynamic Model

For clarity, we briefly describe the discretization of the continuous time model for
planar multi-rigid-body systems. This model consists of the Newton-Euler equation,
a velocity kinematics equation, normal complementarity conditions, and tangential
complementarity conditions. Letν andq denote the generalized velocity and con-
figuration of a part withnc frictional unilateral contacts. Then the Newton-Euler and
rotational kinematics equations can be written as follows:

Mν̇ = W nλn + W tλt + gext (3)

q̇ = ν (4)

whereM ∈ <3×3 is the positive definite inertia matrix,ν̇ ∈ <3 is the generalized
acceleration of the part,λn ∈ <nc is a vector of normal force components at the
contacts,λt ∈ <nc vector of friction force components at the contacts, andgext ∈ <3

is the sum of all non-contact wrenches. The matricesW n, W t, andM have the
following forms:

W n =
[
· · · n̂i

ri ⊗ n̂i
· · ·

]
W t =

[
· · · t̂i

ri ⊗ t̂i
· · ·

]
M =



m 0 0
0 m 0
0 0 I


 (5)

whereri is the vector from the part’s center of mass to contacti, n̂i is the unit normal
vector pointing into the part at contacti, t̂i is the unit tangent vector obtained by
rotating the normal vectorπ/2 radians counter clockwise from the normal vector
at contacti, ri ⊗ n̂i is defined asrixniy − riynix, m is the mass of the part, and
I is the moment of inertia of the part about the axis perpendicular to the plane and
containing the center of mass of the part.

LetΨin(q) be the distance between the part and theith intended point of contact
on the fixture (theith “fixel"). Then Ψn(q) = [. . . Ψin(q) . . .]T is the vector of
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distances between the part and fixels. The time rate of change ofΨn(q) is the vector
of normal components of velocity between the part and each fixel. That is:

Ψ̇n(q) = ∇qΨnq̇ = W n
T ν, (6)

where∇q implies partial differentiation with respect toq. The analogous tangential
kinematic equation is:

vt = W t
T ν (7)

It is assumed that Coulomb friction acts at the contacts. Coulomb’s Law states that
at a rolling contact the contact force lies in a cone. By contrast, at a sliding contact,
the contact force must lie on the boundary of the cone in the direction maximizing the
dissipation of energy. Coulomb’s Law applied to contacti can be written as follows:

|λit| ≤ µisλin i ∈ R (8)

λit = −sign(vit)µikλin i ∈ S (9)

where the index setsR = {i | Ψin = vin = vit = 0} andS = {i | Ψin = vin =
0; vit 6= 0} identify the rolling and sliding contacts, respectively, andµis andµik

are the static and kinetic coefficients of friction at contacti.

2.2 Conversion from a Continuous-Time to a Discrete-Time Dynamic Model

Let us assume that we have estimates of the configuration and generalized veloc-
ity at the current timet`, and assume further that the set of contacts and a set of
possible future contacts is known. The goal of a time-stepping model is to estimate
the configuration, generalized velocity, and contact forces at timet`+1 = t` + h,
whereh is the time step. In other words, givenq` = q(t`) andν` = ν(t`) compute
approximationsq`+1 = q(t`+1) andν`+1 = ν(t`+1).

The approach taken by Stewart and Trinkle [9,10] is to replace the time derivatives
ν̇ andq̇ by their backward Euler approximations (ẋ ≈ x`+1−x`

h ):

M(ν`+1 − ν`) = W n
`p`+1

n + W t
`p`+1

t + p`
ext (10)

q`+1 − q` = hν`+1, (11)

wherep`+1
n = hλ`+1

n , p`+1
t = hλ`+1

t , andp`+1
ext = hw`+1

ext are the contact and
external impulses delivered to the part over the time interval(t`, t`+1]. Although
these expressions appear linear in the unknowns, in generalM , W n, W t, andpext

depend onq(t) andν(t). If we assume their values are constant over the time interval
(t`, t`+1), then we can simply evaluate them att`. In this case, equations (10) and (11)
become linear in the unknowns, which is required to formulate the time stepping
problem as alinear complementarity problem.
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2.3 Normal Complementarity

In order to achieve a time-stepping formulation that is an LCP rather than a non-
linear complementarity problem (which is more difficult to solve), we linearize the
nonpenetration constraints via a truncated Taylor series expansion. Recalling that the
linearized constraints must be satisfied at the end of the current time step and using
equations (6) and (11) one arrives at the following linear inequality:

Ψ`+1
n = Ψ`

n + hW n
T ν`+1 ≥ 0 (12)

Complementarity exists between the gapΨ`+1
n and the contact impulsep`+1

n at
the end of the current time step:

0 ≤ Ψ`
n + h(W n

`)T ν`+1 ⊥ p`+1
n ≥ 0. (13)

Physically this complementarity condition ensures that the normal component of the
contact impulse can only be nonzero if contact is achieved at the end of the time step.

2.4 Tangential Complementarity

To capitalize on the tools and techniques of complementarity, we must work with
nonnegative variables. Therefore we replace the friction impulse at contacti, pit

(which may be negative) with the sum of its positive and negative parts(pif)1 ≥ 0
and(pif)2 ≥ 0, allowing us to express the friction coneFi at fixel i as follows:

Fi(q) = {W inpin + W ifpif | pin ≥ 0, pif ≥ 0, eT pif ≤ µipin } (14)

wheree = [1 1]T andpif , W in, andW if are defined as follows:

pif =
[

(pif)1
(pif)2

]
W in =

[
n̂i

ri ⊗ n̂i

]
W if =

[
t̂i −t̂i

ri ⊗ t̂i −ri ⊗ t̂i

]
.

While the definitions just given ensure that the contact impulses remain within
the friction cone, they do not enforce maximal energy dissipation at a contact when
it slides. This is accomplished by introducing a slack variablesi that is equal to the
magnitude of the tangential component of the velocity of the part at contacti. When
this variable is zero, then the contact impulse may lie anywhere within the friction
cone, but when it is positive, the contact impulse must lie on the boundary of the
friction cone in the direction that opposes the sliding motion. The Coulomb friction
behavior can be captured by the following pair of linear complementarity conditions:

0 ≤
[

ρ`+1
f

σ`+1

]
=

[
(W `

f )T ν`+1 + Es`+1

Up`+1
n −ET p`+1

f

]
⊥

[
p`+1

f

s`+1

]
≥ 0, (15)

wheres`+1 ∈ <nc is the vector of tangential sliding speeds at the contacts,U =
diag(µ1, . . . , µnc) is the diagonal matrix of friction coefficients andE = diag(e, . . . , e)
is the block diagonal matrix withe vectors on the main diagonal. Notice that in these
complementarity conditions, we have defined the quantitiesρ`+1

f andσ`+1 which
will be used later when we construct the set of possible external impulses consistent
with seating a part.
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2.5 Full Time-Stepping Model

Equations (10,13,15) constitute a mixed LCP. It is mixed because of the appearance
of an equation (the Newton-Euler equation) that is not an integral part of a comple-
mentarity relationship. This mixed LCP can be solved reliably and efficiently by the
pathalgorithm [12] available through CPNet.org. However for our purposes, it will
be useful to solve equation (10) forν`+1 and eliminate it, yielding a standard LCP
with w, z, B andb given as follows:

0 ≤ w =




ρ`+1
n

ρ`+1
f

σ`+1


 ⊥




p`+1
n

p`+1
f

s`+1


 = z ≥ 0 (16)

B =




W n
T M−1W n W n

T M−1W f 0

W T
f M−1W n W T

f M−1W f E

U −ET 0


 (17)

b =




W n
T (ν` + M−1pext) + Ψ`

n/h

W T
f (ν` + M−1pext)

0


 . (18)

3 Part Seating

Since our objective is to determine an impulse to apply to the part to cause it to seat,
it would be nice if it were possible to determine a set of inequalities inpext satisfying
the conditions of part seating. To do this, we first rearrange the LCP defined above
as follows:

[
I −B

] [
w
z

]
= Ppext + a (19)

0 ≤ w ⊥ z ≥ 0, (20)

whereP anda are defined as follows:

P =




W n
T M−1

W T
f M−1

0


 a =




W n
T ν` + Ψ`/h

W T
f ν`

0


 .

Notice that if one can determine in advance which complementary variables will be
zero, the remaining will be nonnegative and the LCP will reduce to a system of linear
inequalities inpext, as desired. We exploit this idea below.
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By definition, a part is seated if all intended contacts are achieved. This is equiva-
lent to requiring that all the contact gaps are equal to zero at timet`+1, i.e.,Ψ`+1

n = 0.
Also taking into account that for any well-designed fixtureW n

−1 will exist [13],
then the requirement of part seating completely specifies the generalized velocity of
the part at the end of the time step:

ν`+1 = −W n
−T Ψ`+1

n /h.

Now, consider the first row of condition (15). Recall thatW T
f projects the body

velocity onto the positive and negative tangential directions at the contacts. The
magnitudes of these projections are the sliding speeds (averaged over the time step)
at the contacts. In typical part seating scenarios, each element ofs`+1 will be strictly
positive.

Consider now the second row of condition (15). Whens`+1 is strictly positive, the
left-hand inequality must be satisfied by equality. The only way this is possible is for
a friction impulse to be delivered,i.e.,at least one of(pif)1 and(pif)2 to be nonzero.
Returning to the first row of condition (15), we see that whens`+1

i is positive, only
one of the two inequalities involvings`+1

i on the left-hand side of condition (15) can
be satisfied by equality. Therefore, one must be satisfied by equality and the other
one by strict inequality. Causing one ofpif1 andpif2 to be zero. The value of the
other one must have the valueµip

`+1
in .

While the complementarity conditions enforce Coulomb’s Law, it is easier to
choose the active and inactive friction impulse magnitudes by computing the tan-
gential velocity at the contact points directly as:

v`+1
t = −W T

t W−T
n Ψ`

n/h.

Each of the elements ofv`+1
t is the magnitude of the sliding velocity at the contact

in the t̂ direction at each contact. If the sliding velocity at contacti is positive in the
t̂i direction (i.e., vit > 0) then the friction impulse must be in the opposite direction,
and sopif1 = 0 andpif2 ≥ 0. If vit is less than zero, then we know thatpif1 ≥ 0 and
pif2 = 0

In summary, all gaps are set to zero, all elements ofσ`+1 are set to zero, the half
of the friction impulse magnitudes that would add energy to the system are set to
zero, and the elements ofρif corresponding to dissipative friction impulses are set
to zero. After this is done, the LCP (19,20) reduces to a square system (of size4nc)
of linear inequalities inpext as follows:

Ky = Ppext + a (21)

y ≥ 0, (22)

wherey is obtained from

[
w
z

]
by removing that elements that have been set to zero

(half of them) andK is obtained from
[
I −B

]
by removing the corresponding

columns. The following example illustrates the approach. Equations (21) and (22)
define the set of all impulses consistent with part seating.
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3.1 Example 1

Let us now revisit the initial problem of moving a point of unit mass with initial
coordinates(x, y) into a corner (see Figure 1). Again, assume that the point begins
at rest in a contact-free position (x, y > 0) with the objective of finding all external
impulsespext that place the point in the corner, touching both thex- andy-axes, at
the end of the current time step,h.

The defining quantities of the discrete-time dynamic in equation (16) are given
as follows:

ql =

[
x

y

]
> 0 Ψ`

n =

[
x

y

]
h = 1 νl =

[
0
0

]
M =

[
1 0
0 1

]

W n =

[
1 0
0 1

]
W f =

[
0 0 −1 1
1 −1 0 0

]
U =

[
µ1 0
0 µ2

]
ET =

[
1 1 0 0
0 0 1 1

]
.

Additional values imposed by the requirement that the point move to the corner in a
single time step are:

ql+1 =

[
0
0

]
Ψ`+1

n =

[
0
0

]

Since the point is to be moved into the corner, both rows ofρn in equation (16)
must be strictly zero. This implies that the normal impulses applied to the point over
the time step may be strictly positive, which is consistent with the fact that when
contact is achieved, an impulse must be applied to by the constraint surfaces to the
point to prevent penetration. Solving these equations forνl+1 yields:

νl+1 =

[
−ψl

1/h

−ψl
2/h

]

In other words, thex- andy-component speeds of the point at the end of the current
time step must be just large enough to reach the corresponding barriers. Note that for
large impulses, the speeds could be very high, but the average speeds over the time
step will be as computed, since at the end of the time step we must have contact with
both axes.

Next consider the friction direction complementarity conditions for contact with
thex-axis. Substituting the assumed values into the first two rows ofρf in equa-
tion (16) yields:

sliding left: 0 ≤ ψl
1 + sl+1

1 ⊥ (p1f )l+1
1 ≥ 0 (23)

sliding right: 0 ≤ −ψl
2 + sl+1

2 ⊥ (p1f )l+1
2 ≥ 0 (24)

where the friction impulses(p1f )l+1
1 and(p1f )l+1

2 act in the negative and positive
x-directions respectively. Notice that the left-hand sides of equations (23) and (24)
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are equivalent tosl+1
2 ≥ ψl

2. Thereforesl+1
2 is strictly positive implying (through

condition (23)) that the(p1f )l+1
1 = 0. Since the gap to they-axis must close during

the time step, the motion of the point must have a component to the left, so the left-
pointing friction force must be zero. Only the right-pointing component(p1f )l+1

2

can be positive.
Using the above results, the second row ofσ in complementarity equation (16)

(which applies to the contact on thex-axis) becomes:

0 ≤ µ1p
l+1
1n − (p1f )l+1

2 ⊥ sl+1
2 ≥ 0. (25)

Sincesl+1
2 is strictly positive, the left side of the condition must be zero, yielding

that the friction impulse isµ1 times the normal impulse,i.e., (p1f )l+1
2 = µ1p

l+1
1n .

Results for contact with they-axis are analogous.
We are now in a position to achieve our original objective of determining the

set of all pext that drive the point into the corner. The above analysis identified
certain unknowns as zero and fixed values for others. Substituting those values into
equation (10) yields:

[
pl+1
ext,x

pl+1
ext,y

]
=

[
−µ1 −1
−1 −µ2

] [
pl+1
1n

pl+1
2n

]
+

[
ψl

1

ψl
2

]
(26)

where recall thatpl+1
1n , pl+1

2n ≥ 0. Equation (26) is nearly in the form of a polyhedral
convex cone. Only the nonzero initial gaps prevent this. However, one can see that
the effect of the gaps is to translate the cone by gap vector as shown in Figure 2.

� � � � � � � � � � � � � � � � � � � � �����
����
����
����
����
��

� �
l+

� �
l+

l+

y l

Fig.2.Convex cone of external impulses that place the point in the corner at the end of a time
step of length one unit with initial gaps given by the vectorψl.

3.2 Example 2

Figure 3 shows a rectangular part that is to be placed in contact with three fixels.
The part begins at rest near, but not in contact with, the fixels. When in contact with
all three fixels, the body-fixed frame will coincide with the inertial (x, y)-frame. Our
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Fig.3. A planar part near its seated configuration.

goal is to identify the set of external impulses that achieve all three contacts without
specifying anything about the order of contact achievement.

We seth = 1 and define the additional quantities as follows:

q` =



x

y

θ


 Ψ`

n =




0.10
0.05
0.20


 ν` =




0
0
0


 M =




1 0 0
0 1 0
0 0 1


 W n =




1 0 0
0 1 1
0 0 1




W f =




0 0 −1 1 −1 1
1 −1 0 0 0 0
−1 1 −1 1 −1 1


 U =



µ1 0 0
0 µ2 0
0 0 µ3


 ET =




1 1 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 1


 .

We now have all the data required to construct equations (19) and (20).

B =




1 0 0 0 0 −1 1 −1 1 0 0 0
0 1 1 1 −1 0 0 0 0 0 0 0
0 1 2 0 0 −1 1 −1 1 0 0 0
0 1 0 2 −2 1 −1 1 −1 1 0 0
0 −1 0 −2 2 −1 1 −1 1 1 0 0

−1 0 −1 1 −1 2 −2 2 −2 0 1 0
1 0 1 −1 1 −2 2 −2 2 0 1 0

−1 0 −1 1 −1 2 −2 2 −2 0 0 1
1 0 1 −1 1 −2 2 −2 2 0 0 1
µ1 0 0 −1 −1 0 0 0 0 0 0 0
0 µ2 0 0 0 −1 −1 0 0 0 0 0
0 0 µ3 0 0 0 0 −1 −1 0 0 0




P =




1 0 0
0 1 0
0 1 1
0 1 −1
0 −1 1

−1 0 −1
1 0 1

−1 0 −1
1 0 1
0 0 0
0 0 0
0 0 0




a =




0.1
0.05
0.2
0
0
0
0
0
0
0
0
0




Setting the gaps to zero at the end of the time step gives:

Ψ`+1
n = 0 ⇒ p`+1

n ≥ 0
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Zero gaps also allows us to solve fors`+1. The signs of the elements ofs`+1 allow
us to determine the signs of the elements ofσ`+1, and less directly, the signs ofρ`+1

f

andp`+1
f . We obtain:

s`+1 = v`+1
t =




0.10
0.25
0.25


 ⇒ σ`+1 = 0.

Further, we find:

s`+1 > 0 ⇒





(p1f)`+1
1 = 0,

(p2f)`+1
1 = 0,

(p3f)`+1
1 = 0,

(p1f)`+1
2 = µ1p

`+1
1n ≥ 0

(p2f)`+1
2 = µ2p

`+1
2n ≥ 0

(p3f)`+1
2 = µ3p

`+1
3n ≥ 0





(ρ1f)`+1
2 = 0

(ρ2f)`+1
2 = 0

(ρ3f)`+1
2 = 0

Finally we obtain the following definitions ofK andy:

K =




0 0 0 −1 0 0 0 −1 −1 0 0 0

0 0 0 0 −1 −1 1 0 0 0 0 0

0 0 0 0 −1 −2 0 −1 −1 0 0 0

1 0 0 0 −1 0 2 1 1 −1 0 0

0 0 0 0 1 0 −2 −1 −1 −1 0 0

0 1 0 1 0 1 1 2 2 0 −1 0

0 0 0 −1 0 −1 −1 −2 −2 0 −1 0

0 0 1 1 0 1 1 2 2 0 0 −1

0 0 0 −1 0 −1 −1 −2 −2 0 0 −1

0 0 0 −µ1 0 0 1 0 0 0 0 0

0 0 0 0 −µ2 0 0 1 0 0 0 0

0 0 0 0 0 −µ3 0 0 1 0 0 0




y =




(ρ1f)`+1
1

(ρ2f)`+1
1

(ρ3f)`+1
1

p`+1
1n

p`+1
2n

p`+1
3n

(p1f)`+1
2

(p2f)`+1
2

(p3f)`+1
2

s`+1
1

s`+1
2

s`+1
3




Lettingµi = 0.1 for alli ,we can now test if a particular external impulsepext lies
within the set of external impulses that accomplish the seating operation by testing
if:

(K−1P )pext ≥ −K−1a. (27)

Using our example we see that one possible external impulse is:

pext = [−1 − 1 − 1]T
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We can easily verify this value using inequality (27).

(K−1P )pext =




0.0000
0.0000
0.0000
0.8911
0.2871
0.8020
0.0891
0.0287
0.0802
0.0000
0.0000
0.0000




≥




−0.2000
−0.5000
−0.5000

0.0941
−0.0752

0.1347
0.0094

−0.0075
0.0135

−0.1000
−0.2500
−0.2500




= −K−1a

Since inequality (27) is satisfied for the example with the givenpext, this implies
that an external impulse pushing the object directly towards the origin while applying
a clockwise moment will seat the part, which we would have expected.

3.3 Stability

Applying an impulse in the polytope defined by equation (21) will seat the part as
required, but it does not guarantee that the part will remain seated if a wrench in
the direction of the impulse is continuously applied to the part. To ensure seating
stability, one can perform an instantaneous analysis to obtain the wrench cone that
provides strong stability once the part is seated [7]. Multiplying this cone by the time
steph yields an impulse cone. The intersection of this cone and set derived above is
the set of impulses that can be applied to both seat the part and maintain the contacts.

4 The Pushing Region

Now that we have a representation of the set of impulses consistent with part seating,
we would like to find points on the boundary of the part where such impulses can be
generated by contact. Identifying all such boundary points defines apushing region,
where one can seat the part simply by pushing at any point in the region.

One straight forward, but computationally intensive, approach for determining
the pushing region is point sampling of the boundary. For a given point and coefficient
of friction, one can determine the cone of wrenches that could be produced by contact.
The set of possible (generalized) impulses that can be generated through contact is
the wrench cone scaled by the time step and the time-average wrench magnitude.
Therefore, the contact wrench cone and contact impulse cones are identical. For the
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given point to be in the pushing region, every ray of the contact wrench cone must
intersect the set of part seating impulses.

Identifying the pushing region by point sampling and testing is not desirable.
Not only does it require a large number of tests to be done for a pair of points in
the pushing region, but the status of the points between them is not known. In order
to solve this problem, we have developed a method to test finite-length boundary
segments. This analysis first places conservative bounds on all wrenches that can be
produced via contact with the segment. If this entire conservative set satisfies the
test, then the segment is part of the pushing region. When the entire conservative
set fails the test, the segment is excluded from the pushing region. Otherwise, the
segment can be divided into smaller pieces and testing repeated.

In Figure 4(b), a segment of the boundary of a part is shown in a rectangle that
contains the segment. Also shown are extreme contact force directions for contact
anywhere on the boundary segment under the assumption of no friction. The conser-
vative set of wrenches implied by the bounding box and the contact force directions
defines a set of wrenches such that for each wrench, the line of action is parallel to
one possible force direction vector and intersects the bounding box. In practice, the
bounding box will be closer in size to the boundary segment. Further, one can add
friction to the analysis by simply replacing the boundary normal direction vectors
shown, by a cone of normal directions dictated by the coefficient of friction.

curved
surface

y

x
center of

mass

(a) Part

bounding polygon

force
direction

curve
segment

(b) Curve Segment

Fig.4.On the left is curved 2D part whose boundary is to be analyzed to find a pushing region.
On the right is a curve segment, a polygon containing the segment, and the unit force direction
vectors at the endpoints.

4.1 Assumptions

To calculate a conservative set of wrenches bounding those that can be generated
through contact with a boundary segment of a part, we make the following assump-
tions:
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1. The boundary of the part can be partitioned into curve segments, where each
segments is defined parametrically by:

s(τ) = (x(τ), y(τ)), τ ∈ [0, 1]. (28)

2. We can bound all points ofs within a simple polygon composed of vertices
(p1, p2, . . . , pn).

3. For each point it is possible to calculate bounds for the directionθ of the inward
force vector̂d (in the frictionless casêd = n̂):

θstart ≤ θ(τ) ≤ θend (29)

4.2 Variables

For a single point and force direction we construct a position vectorr as well as an
inward facing force direction vector̂d. The wrench that can be exerted by pushing
at the pointr in the direction of̂d with magnitudeλn is:

w =



dx

dy

X


λn. (30)

wheredx anddy are the components of̂d andX = r ⊗ d̂ is the moment of the
direction vector with respect to the center of mass of the part. We also denote the
direction ofr by φ.

4.3 Wrench Bounds for a Curve

It is easy to determine bounds on thex- andy-components of the unit normals of a
boundary segment, but bounding the moment of the contact force is more difficult,
because it depends on both the force direction and the position of the line of action.
The moment of the contact force, when friction is present and the force direction
is uncertain, is a nonlinear set-valued function of the variableτ , which makes it
difficult to compute tight analytic bounds on the possible contact wrenches of a given
boundary segment. In order to avoid the difficulties of determiningX analytically,
we instead generate conservative bounds.

The proofs to support our construction of wrench bounds are contained in a recent
technical report [14]; the following is a summary of those results. We first bound all
possible force directions of a segment by[θstart, θend]. We then examine the values
ofX produced byθstart andθend at each and every vertex of the bounding polygon.
If one of the values ofθ in the range[θstart, θend] is equal toφ ± π (i.e. d̂ ⊥ r),
then we also calculateX for that value ofθ as well (as shown in Fig. 5). Next, we
examine all of the values ofX to findXmin andXmax. If we allowλn to take on any
non-negative value, then we create a four sided convex polyhedral cone in wrench
space.
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θstart

θendforce directions
possible

perpendicular lines

Fig.5. A third value ofθ must be tested for the left endpoint because the extraθ value is
perpendicular toφ and within[θstart, θend].

Figures 6(a) shows a boundary segments of a part in relation to its center of
mass. The boundary is represented by cubic B-splines, whose control points are also
shown. The curve segment defined by the leftmost four control points is shown dark
(blue). The polygon defined by these points and range of contact force directions
with µ = 0.2 were used to generate a conservative wrench cone. This wrench cone is
guaranteed to contain all contact wrenches that could be generated through contact
with the segment. Both the conservative wrench cone and the exact wrench cone
under frictionless assumption are shown mapped onto the unit sphere in Figure 6(b).
The same is done for the light (red) segment defined by all but the upper-most control
point.

5 Using the Set of Bounded Wrenches

The last step is to determine the pushing region on the boundary of the part. To do
this, one breaks the boundary into a number of segments, computes their bounding
wrench cones, and intersects them with the set of seating impulses determined in
section 3. This intersection, however, requires some explanation. Recall that the
objective is to apply an impulse to the object by pushing on the object’s boundary.
Pushing on a given point on the boundary of the part can seat the part if the ray of
the corresponding wrench intersects the set of seating impulses. To actually seat the
part, one must push with the proper force magnitude and length of time, so that an
impulse in the part seating set is applied.

Given the preceding discussion, when building the pushing region, the ideal
boundary segment is one for which every ray in the conservative cone intersects the
seating set. It is even more desirable if the intersection is a half line, so that the
magnitude and time of the push does not have to be precisely controlled.

Nonetheless, the pushing region can be constructed by identifying segments for
which all contained wrench directions intersect the seating impulse cone. These
segments are included in the pushing region. Segments whose cones do not intersect
the seating impulse set are discarded. The remaining segments are divided into shorter
segments which are tested in the same way. Segment division continues recursively
until a given resolution is reached, or until a large enough pushing region has been
identified.
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(a) Boundary

(b) Wrenches

Fig.6. Two curve segments defining a portion of a part’s boundary with conservative bounds
and frictionless point sampled results mapped to the sphere of unit wrenches.

6 Summary and Future Work

Given a fixed part and a moveable part near its fixtured configuration, we have devel-
oped two basic analytical tools for planning dynamic sensorless part seating/insertion
tasks. Based on a dynamic model of rigid bodies in unilateral contact, we showed
how one can identify the polytope of impulses consistent with seating the part in
one time step. This can be used in conjunction with previous instantaneous analysis
to find the set of impulses that can be applied to achieve the required contacts and
maintain them. The second tool computes a conservative wrench cone that contains
all wrenches that can be applied through contact at any point along a (nonzero) finite-
length boundary segment of a planar part. Segments can then be identified as in or
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out of the pushing region or partially in. Those that are partially in can be recursively
partitioned and tested until a specified resolution or until the size of the pushing
region is large enough to reliably perform the task.

Several open questions remain. The most important of these is related to solution
nonuniqueness. The seating impulse polytope is all wrenchesconsistentwith seating.
It is possible that some of these wrenches are consistent with part motions that do
not result in seating. It is not known if any such wrenches exists for the special
case of the part seating problem studied here. If they do, it is likely that it will
be computationally expensive to identify them exactly and remove them from the
seating impulse set. However, it must be done if one is to use our tools to plan robust
part seating strategies.

Other interesting lines of continued research include the extension to three-
dimensional part-seating problems and multi-push strategies.
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