Stability Characterizations of Rigid Body Contact Problems
with Coulomb Friction*

Jong-Shi Pang! Jeff Trinkle!

June 3, 1998

Abstract. This paper formally introduces several stability characterizations of systems of rigid
bodies initially at rest and in unilateral contact with dry friction. These characterizations, weak
stability and strong stability (and their complements), arise naturally from the dynamic model of the
system, formulated as a complementarity problem. Using the tools of complementarity theory, these
characterizations are studied in detail to understand their properties and to develop techniques to
identify the stability classifications of general systems subjected to known external loads.

1 Introduction

Many useful mechanical systems are composed of a number of bodies that interact through multiple,
unilateral frictional contacts. Examples include gears, cams, modular fixturing systems, and robot
grippers!. Designers of such systems rely heavily on the analyses of initial designs, which are often
carried out under the rigid body assumption. Nonetheless, significant holes in both the relevant
theory and computational tools remain. In this paper, motivated by applications in automated
fixture synthesis, we attempt to close one of those holes through a rigorous study of the stability
of a free rigid body (called a workpiece) initially at rest and in dry frictional contact with fixed
rigid bodies (called fixels) from the perspective of multi-rigid-body dynamics and complementarity
theory. Our primary objective is to develop a sound basis that will enable us to gain a thorough
understanding of the main issues involved with stability. Our secondary objective is to derive
theoretical results that will enable the development of tests that more accurately characterize
stability than the overly conservative tests in use today. The main results are presented in the form
of several new theorems which are illustrated with simple examples.
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There are two primary ways to stabilize a rigid workpiece. The first is known as form closure

workpiece is form-closed if it cannot move, even infinitesimally, without at least one fixel (a rigid
fixture element) penetrating the workpiece. This sort of stability does not rely on friction and is
easy to check (by solving a linear program ). form-closed workpiece is completely constrained
kinematically and thus will remain stationary in the face of any applied external load. everal
automated design systems are based on form closure , , , , , , . owever, because form
closure requires large numbers of contacts (at least point contacts or planar contacts on a single
workpiece), it can sometimes be impossible to design form-closed fixtures that also provide the
required access for machining tools or part insertions.

ecognizing the limitations of large numbers of contacts, almer and several other authors

studied stability without form closure , , , , , . or such situations, the stability of the
workpiece should be determined by examining the solution(s) to the dynamic model composed of
the Newton-Euler equations for the workpiece, the relevant kinematic constraints, and a dry friction
law. owever, typically the dynamic equations are replaced by equilibrium equations, which can
lead to false positive stability conclusions. In order to prevent this problem, the results in this
paper are based on the dynamic equations.

Despite our beginning with a dynamic model, we do not adopt the usual stability definition
for dynamic systems. The reason is that we allow sliding at the contacts which results in an
irrecoverable loss of energy, and hence an arbitrarily perturbed workpiece will generally not return
to its initial equilibrium configuration. Instead, we will adopt ourier s inequality , which can
be stated as follows

t If the acceleration of the workpiece is zero (for all solutions of the dynamic model)
for given fixel locations and applied load, then the workpiece is said to be stable. Equivalently, a
workpiece is stable if the virtual work for every kinematically admissible virtual motion is nonpos-
itive. otet at or on enien e we will also reertot eloa an t e t re as being stable w en
t is on ition is et

almer found that determining stability (which he referred to as infinitesimal stability ) in the
presence of friction was extremely di cult (co-N complete ) due to solution nonuniqueness of
the dynamic model, so he identified two other stability classifications that could be tested e ciently
by linear programming methods . These classifications were

otential tability set of contact forces exists that satisfies the equilibrium equations of
the fixtured workpiece and oulomb s law at the contacts.

uaranteed tability set of contact forces exists that satisfies the equilibrium equations
of the fixtured workpiece when friction is neglected.

The primary problems with these stability characterizations are that they are overly conservative
in one direction or the other, so their use in fixture design algorithms is limited. igure illustrates
the problem. or a given fixture and workpiece configuration, let () denote the set of strongly
stable external loads (i e, those that satisfy the above stability Definition in the presence of
friction, where  is the vector of friction coe cients at the contact points). imilarly, let ()

For an excellent review and bibliography of the fixture stability and synthesis literature, see 4 .
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denote the set of loads that are strongly stable without friction ( almer s guaranteed stability )
and let () denote the set of weakly stable loads with friction ( almer s potential stability ).

load can be tested for membership in ( )or () using linear programming techniques, and
as will be demonstrated, one can identify all the external loads in these sets for a given fixture.

owever, since there are loads in ( ) that have multiple dynamic model solutions, some of
which correspond to instability (nonzero workpiece acceleration), fixture design using this set is
not recommended. On the other hand, the set of loads () is usually a small subset of ( ), so
its use in design is also limited.

Weakly Stable Loads
WS(u)

Strongly Stable Loads
SS(w)

Frictionless Stable L oad

igure  Important subsets of the set of all external loads.

Despite the limitations, almer s stability characterizations have been the best available for rigid
fixture design without form closure. The results contained in this paper represent a significant step
toward stability tests which are not conservative, and hence could lead to better fixture design and
analysis tools.

t odoo

Our basic framework is the discrete-time dynamic model for multiple rigid bodies in contact pre-

sented in .y setting the initial velocity of the free body (the workpiece) to zero and fixing

the positions of the actuated bodies (the fixels), this model represents a fixtured workpiece. Three

sets of conditions are imposed on the workpiece (a) the Newton-Euler equation written in terms

of the relative accelerations at the contacts, (b) contact conditions on the normal contact forces,

and (c) dry friction constraints on the tangential contact forces. These are listed as follows. ( ee
ppendix  for an explanation of the notation used throughout the paper.)

The Newton-Euler equation
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where the subscripts denote the normal ( ) and two tangential directions ( ) in the contact

coordinate systems,

1 1

and

with being the system acobian matrix and the system inertia matrix, the latter being
symmetric positive definite, and being the external load applied to the workpiece. The vector
() 4 is composed of the relative normal accelerations at the contacts indexed by , where

is the number of contact points among the bodies. The relative accelerations in the tangential

directions, and , are defined analogously. The vectors of normal wrench intensities, , and
frictional wrench intensities, and , are defined similarly. In the case of the fixture stability
problem studied here, the system acobian matrix is composed of wrench matrices (in the
normal direction), and (in the two tangential directions)

These matrices simply map the contact forces into an inertial coordinate frame. The matrix can
be written in partitioned form at follows

where for ,
1

imilarly, the vector can be written in partitioned form

where for ,

Normal contact conditions

()

where the notation means perpendicularity. Note that this condition expresses the well-known
complementarity between the normal contact load and acceleration at each unilateral contact.

pecifically, if contact breaks ( ) then the normal load must be zero. imilarly, if a
normal load is supported ( ), then the relative acceleration must be zero.

rictional constraints on tangential forces for ,

( ) argmin

subject to ( ) ( )
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where () is the oulomb friction map and  is the nonnegative friction coe cient at contact
point  that is, for each nonnegative scalar , () is a planar circular disk with center at the
origin and radius

() ) ()

Note that in the context of the quadratic oulomb law ( ), the argmin condition in ( ) implies
that the friction force opposes the direction of impending slip (we recall that the system is initially
at rest).

The results developed in this paper apply to more general friction laws (including some axi-
asymmetric laws) nevertheless, for simplicity, we focus on the above standard oulomb friction
law. ater, we will also consider a variation of this law known as the friction pyramid law

() ) max( ) ()

ith this friction law the friction force points toward the edge of the pyramid that yields the greatest
power dissipation. Thus the relative motion is not exactly opposed, but energy is dissipated.

t e call a solution ( ) to the dynamic rigid body problem (system ( - )) a
Every dynamic intensity ( ) induces a vector of body accelerations , as follows
1
( ) ()
etting ( ) denote the vector of relative accelerations at the contacts and using the

fact that the workpiece is initially at rest, we see that

ased on the above dynamic rigid body contact model, we redefine our two stability charac-
terizations in terms of dynamic intensities and we introduce terminology for the complementary
characterizations for three-dimensional bodies with oulomb friction laws

t or a given external load and fixel and workpiece configurations, the workpiece
(and fixture and load) is said to be

weakly stable if a dynamic intensity exists that induces zero body accelerations
strongly stable if every dynamic intensity induces zero body accelerations

weakly unstable ( almer s infinitesimal instability) if it is not strongly stable i.e., a dynamic
intensity exists that induces a nonzero vector of body accelerations

strongly unstable ( almer s guaranteed instability) if it is not weakly stable i.e., every
dynamic intensity induces a nonzero vector of body accelerations.

e summarize these four concepts in the following diagram
strongly stable weakly stable
negation negation

weakly unstable strongly unstable
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learly, the load is weakly stable if and only if there exists a contact force vector satisfying

() ()

where () is the oulomb friction cone that is

() ( ) c ) )

1

where () isthe vector of friction coe cients at the contacts and represents the artesian
product operation applied to the spaces of the contact forces. Note that the nonnegativity of the
normal contact force  is guaranteed by the friction cone ( ). e should point out that for the
standard oulomb friction laws ( ) and ( ), ( ) is a convex inequality system as such, determining
its consistency is in general not a di cult task. In particular, with the friction pyramid law ( ), ( )
is a system of linear inequalities and its consistency can therefore be checked by linear programming
methods.

The above discussion suggests that the task of checking if a given applied load is weakly stable (or
equivalently strongly unstable) is not particularly di cult. Indeed, this task can be accomplished
in polynomial time by an interior point method , even in the case of the quadratic friction
cone. ractically, this method is expected to be highly e cient when applied to the system ( ).

eometrically, the system ( ) defines the cone of weakly stable forces

() the system ( ) is consistent ()

learly, this cone is the image of the friction cone ( ) under the linear transformation defined by
the negative of the system acobian matrix  that is,

() C )

s will be seen, the cone () will play a central role throughout our study. The complement of
() consists of the strongly unstable applied loads. Under a polyhedral friction law, such as the

friction pyramid law ( ), the cone ( ) is polyhedral. e illustrate this cone in two examples
below.
a onsider a uniform laminar disk (the workpiece) of mass  and radius in the

plane in contact with two immovable fixels and external loading as shown in igure . The fixels
are located by the angles ; and  measured in the counterclockwise directions about the origin
of an inertial coordinate frame centered at the center of the disk. The components of the contact
forces, 1 and , are directed from the fixels toward the center of the disk. The corresponding
friction force components are tangent to the disk, with positive values of  assumed to produce
clockwise (negative) moments. e wish to examine conditions on the angles () and the
friction coe cients so that an applied load is weakly stable.

The data for this problem are as follows. The problem is planar thus there is only one tangential
direction (no o direction) at each contact. There are two contact points thus . Moreover
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CZt Fixel 2

igure loaded laminar disk in contact with immovable fixels.
we have
Ccos 1 cos sin 1 sin
sin 4 sin Ccos 1 Cos
1
et sin( 1) and cos( 1). Note that when the fixels are diametrically opposed

or coincident. ince these special cases can be resolved easily, we will assume in what follows that
y reordering the fixels if necessary, we may further take to be positive.
The condition for the weak stability of is the existence of (1 1 ) satisfying
the following linear inequality system

()
()

contact force satisfying the static equilibrium equation ( ) can be solved in terms of the friction
force at the second contact

1 '( 1sin cos ) ' )

L(  isin 4 cos 1 ) L )
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ubstituting this expression into the friction constraints ( ) yields the following four inequalities
1 18in 1 cos ( 1) ( 1( ))

()
1 1sin 1 cos (1) ( i) ()
()
)

18in 1 Ccos 1 ( ( ))

1sin g cos 1 ( C ) (
Thus the cone () consists of all triples ( ; ) for which there exists a scalar ~ such that
the above four inequalities hold. igure shows () on the unit sphere centered at the origin
of for ; , ;1 , and . The generators of () are indicated by

four dark gray bubbles, which delimit the edges of the convex cone of weakly stable external loads.
ny external load passing through the interior or boundary of the quadrilateral formed by the
segments of the great circle shown (by the small black bubbles) has weak stability. Note that the
direction (the moment direction) is indicated by the big black bubble on the top of the sphere.
The  direction (the -component direction of the external force) is marked by the black bubble
inside the quadrilateral.

igure The set of weakly stable external loads in . The friction coe cients are taken as
1 and

igure shows the two dimensional slice of () through the equator of the sphere shown in
igure , thus corresponding to . ith in this igure, the external loads in question
are those representable as pure forces passing through the center of the disk. Notice that the set
of weakly stable external forces are those contained in the convex cone formed by the radii to the
contact points.
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igure  The set of weakly stable external loads in . The friction coe cients are taken
as 1 and
implification of inequalities ( ) is possible by considering the signs of the two scalars
1 1( ) and ( )
which pertain to the geometry and friction coe cients of the problem and are independent of the
load . e illustrate their simplification in two cases other cases can be analyzed analogously.
ase . oth ;and are positive that is

min( 1 ) ——

In this case () that is, all loads are weakly stable. The reader should note that

is positive if and only if the friction cone at contact contains the other contact point. Thus
this case corresponds to the situation referred to as force closed by Nguyen . hysically, the
result that all loads are weakly stable implies that every can be balanced by a combination of
normal and friction loads, provided that the normal components of the contact forces can be made
arbitrarily large. or this example, 1 and  are positive if and only if the smaller of the friction
coe cients is greater than . . In terms of the unit sphere in igure , increasing the friction
coe cients corresponds to separating the generators (the dark gray bubbles). Once the values of
both friction coe cients increase beyond . , the generators positively span

ase . 1 and di erin sign, say
1 —— and —_—

in other words, the friction cone at contact can see contact , but the converse is not true. In
this case, a load is weakly stable if and only if

max 1 1sin 1 COS ( 1) 1 1sin 1 C€OS ( 1)
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18in 1 cos 1 1sin 1 cos 1
« ) ()

igure shows the set of weakly stable loads for , with the other data
remaining the same as above, 1 and . gain, the big black bubble on the top
of the sphere indicates the  direction while the one on the equator represents the -component
of the external load. Note that increasing 1 from . causes the two left-most generators in the
quadrilateral shown in igure to separate following their great circle. hen ; reaches a value
of . the left-most generator from the original quadrilateral reaches the great circle defined by
the two right-most generators, causing the quadrilateral to degenerate into a triangle. urther
increasing 1 to . yields the triangular set shown, with one of the original generators (shown as
a gray dot) inside.

min

igure The set of weakly stable external loads in . The friction coe cients are taken as
1 and

igure shows the slice through the sphere corresponding to . Note that the set ()
has grown (by . radians) to include loads outside the cone formed by the radii to the contact
points.

a . igure shows a block initially at rest on a fixed inclined plane. epresenting the
contact force as a pair of point loads at the ends of the line segment of contact yields the following
wrench matrices

sin sin cos CoS

cos cos and sin sin
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igure  The set of weakly stable external loads in . The friction coe cients are taken
as 1 and
Cn
Cy Git
Bext
0

igure block at rest on an inclined plane.
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where ( ). roceeding as in Example , we see that for a force vector (1 1 )
satisfying the static equilibrium equation ( ), the following must hold
1 1 1(sin cos ) (sin  cos )
2 1(sin  cos ) (sin  cos ) ()
1 1 C€OS sin

ubstituting these equations into the friction constraints ( ) yields the following four inequalities

1 (( 1) cos 1sin ) (( 1) sin 1€08 ) 1
1 (( 1) cos 18in ) (( 1) sin 1€08 ) 1
1(sin  cos ) (sin  cos )
1(sin cos ) (sin  cos )
rom these inequalities, we deduce that a load (1 ) is weakly stable if and only if
1(sin  cos ) (sin  cos ) ()
1(sin  cos ) (sin  cos ) ()
1 (1 )sin (1 ) cos (1 ) sin (1 ) cos
( 1) )
1 (1 ) sin (1 ) cos (1 ) sin (1 ) cos

(o )

The physical interpretation of these inequalities is as follows. Inequalities ( ) and ( ), represent
the constraint that the line of action of the external load must pass through the contact segment
and must have a component opposite the outward normal of the ramp. This ensures that the block
will not tip or spontaneously lift o the ramp. Inequalities ( ) and ( ), represent the constrains
the external load to lie inside the composite friction cone making sliding impossible.

e close this section by noting that decreasing any coe cient of friction causes the set of weakly
stable loads to contract monotonically

() () i

n ut

In this section, we present the main results pertaining to the stability concepts defined in the last

section. e begin with a preliminary result that gives an equivalent way of describing strong

stability. In essence, this result asserts that strong stability (i.e., zero body accelerations, )

can be characterized as nonpositive virtual work (i.e., ) this result is consistent with

the asserted equivalence in Definition of stability.  proof of the following proposition is given in
ppendix

Note that since the system begins at rest, the instantaneous acceleration is proportional to the instantaneous
velocity and hence the expression given is proportional to the virtual work.
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r st et be a gi en a lie loa e ollowing state ents are e 1 alent
a s strongly stable
b e ery yna 1 intensity yiel s non ositi e irt al work

is weakly stable an e ery yna 1 e ilibri intensity yiel s ero relati e tangential
a elerations an

The distinction between weak stability and strong stability is clearly due to the nonuniqueness
of dynamic intensities. If the dynamic rigid body contact model has a unique solution, then these
two stability concepts are equivalent. ased on a uniqueness result obtained in , we state a
su cient condition for this equivalence to hold. ubsequently, this result will be generalized.

r st oset att e a obian atri as Il ol n rank ere e ists a s alar
s t at 1 or all is weakly n stable i an only ¢ it is
strongly n stable

The scalar has to do with the preservation of the -property of certain perturbations of
the matrix ~ (which is positive definite under the full rank assumption in the above proposition).
or more discussion on this scalar, see

The frictionless problem corresponds to . This case plays an important role in the frictional
problem. or one thing, the frictionless case provides another instance where weak and strong
stability are equivalent. This is part of the content of Theorem below. rictionless stability refers
to (weak or strong) stability in the frictionless problem. esides establishing the equivalence of
weak and strong stability, this theorem also shows that frictionless stability is easy to check, namely,
by solving a linear program furthermore, frictionless stability is actually equivalent to (weak or
strong) stability for all friction coe cients. Thus we see that frictionless stability is a very desirable
property. Note that while many have previously conjectured that frictionless stability implies strong
stability with friction, we were not aware of a formal proof until now (see ppendix ).

Unlike roposition , the theorem below and all subsequent results do not require  to have
full column rank.

r et be a gi en a lie loa e ollowing e state ents are e 1 alent
a ere e ists a e tor  satis ying
()
b e loa is weakly stable or all 7i tion oe ients
e loa is strongly stable or all Ti tion oe ients
e loa is weakly stable or t e 11 tionless rtoble

e e loa is strongly stable or t e ri tionless roble
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ith the above result, it is natural to ask what happens if frictionless stability is absent. The
next result asserts that if the workpiece possesses a certain separation property , then frictionless
instability implies strong instability in the case of small friction coe cients thus in this situation,
there must be su cient friction at the contacts in order for strong, or even weak, stability to hold.

r oset att ere e ists a e tor satis ying e ollowing two state
ents are e 1 alent

a is weakly or strongly nstable or t e ri tionless roble
b t ere e ists a s alar s tati or all () tatis
is strongly nstable or t e roble wit ()

The physical interpretation of the assumption of Theorem (that is, the existence of the vector

) is as follows. If there exists a generalized acceleration ( ) of the fixtured workpiece that
would cause all contacts to separate simultaneously, then the external load is strongly unstable for
all friction coe cients su ciently small if and only if it is strongly unstable when there is no friction.
Notice that the existence of such a separating acceleration depends entirely on geometry and
has nothing to do with the applied load. e say that the workpiece has the if
such an acceleration exists.

rom Theorems and , it becomes evident that the most di cult case for analyzing strong

stability is when the load is not (strongly or weakly) stable in frictionless contact but becomes
strongly stable when friction is present. critical value of the friction coe cients where the
transition from instability to (weak or strong) stability occurs (if it occurs at all) is unfortunately
not known and is expected to be very di cult to determine in general. Nevertheless, such a value
can be computed in special cases.

In order to illustrate Theorems and , it will be useful to introduce the polyhedral cone defined
by all nonnegative combinations of the columns of the matrix that is,

() pos( ) the system () is consistent

Theorem then says that this cone () is precisely the set of all applied loads that are
strongly stable for all friction coe cients moreover, Theorem implies that if the workpiece has
the separation property, then a load ( ) is weakly (not necessarily strongly) stable only
if there is su cient friction at the contacts. e illustrate Theorems and further using the two
examples from the last section.

a c t etting 1 , we conclude from ( ) that the cone ()
consists of all loads ( 1 ) that satisfy ,
1 8in Cos and 1sin g Cos 1 ()

This closed cone consists of all pure forces passing through the center of the disk and passing

between the two contacts or through one of them. It is the same set illustrated in igure as
()

it ( ), we clearly have . Thus the disk has the separation property.

To illustrate Theorem , consider a load (1 ) that fails one of the two conditions in

(), and therefore lies outside of (). wuch a load is illustrated in igure . In order for this
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load to be weakly stable in the frictional case, the previous analysis implies that there must exist
a scalar  such that the four inequalities ( ) hold. It is not di cult to verify that if

max( 1 ) —_—

(i.e., neither contact s friction cone sees the other contact point), then there cannot exist any

that balances ( ). Theorem is therefore verified.
a c t etting 1 , we conclude from ( ) that the cone ()
consists of all loads ( 1 ) such that
1 sin cos and ; cos sin ()

These constraints preclude the possibility of initiating rotational motion and translational motion,
respectively.

learly with ( ) where tan , we have . onsider the vector
( ) which is easily seen to lie outside of (). It isnot di cult to show by ( )
that if
max( ;1 ) Itan
then this load is not weakly stable for the frictional problem again verifying Theorem . Note
that if 1 , then one obtains the well-known result, tan( ). The ! arises from

the situations in which the friction coe cient at one contact is zero.

One of the primary goals of this paper is to identify the set of loads that are strongly stable (i.e.,
members of ( )) for a given friction coe cient. ince it is hard to identify such loads directly,
we are interested in identifying loads that are weakly unstable ( U( ) and therefore known to lie
outside ( )). y Theorem , we know that loads lying outside of () must also lie outside
of the cone (). In order to motivate the main result in this subsection, Theorem , we state a
preliminary result pertaining to the frictionless problem. The next result is inspired by the concept
of a complementary cone in linear complementarity theory which we review in ppendix

r st as llrowrank ana lie loa is weakly or strongly nstable ort e
Tt tionless roble 1 an only i t ere e ist a none ty s bset o wit o le ent
an mnonnegati e e tors an wit s t at

' C )

ere and are the index sets of the contacts that are to be separated and maintained,

respectively. The dot subscript following indicates that all rows of are included. Notice
that roposition depends on the full row rank assumption of to guarantee that if ,
then also. ince this rank condition is rather restrictive, this requirement is removed in the

next proposition. ithout this restriction, the phrase and only if must be removed.
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r st na lie loa is weakly or strongly nstable or t e ri tionless roble i
t ere e ists a none ty s bset o wit o le ent an mnonnegati e e tors
an wit s t at

' ¢ )

The equation in the above propositions can be easily derived from the original Newton Eu-
ler equation ( ) by setting friction forces to zero and removing the equations corresponding to
the tangential components of the contact accelerations. pplying all subsets of to
the equation represents all possible combinations of breaking and maintained contacts. e will
henceforth refer to each such combination as a contact mode. Note that the set of external loads
corresponding to any particular contact mode is a convex cone. Thus we see that the set of applied
loads, denoted U , that are unstable for the frictionless problems can be described in terms of
the union of finitely many polyhedra (the subscript denotes frictionless ).

Introducing friction into the problem, we define, for a given nonzero friction vector (),
the set U ( ) consisting of all load vectors for which there exist a nonempty subset of

with complement , nonnegative vectors and with , and (free) vectors
and such that

and
( ) ()

These equations define the set of external loads for which all contacts either separate or roll. liding
is not allowed, as indicated by the absence of and .

Of particular interest among these U ( ) setsis U ( ) this is clearly a subset of U
moreover, because the set U ( ) does not include external loads corresponding to sliding con-
tacts, we have

U () U () if ()
In words, as the friction coe cient increases, the set of weakly unstable loads with no sliding

contacts grows.
The role of the U sets is formally established in the result below.

r () orso e rition e tors t en s weakly nstable or all
ri tton e tors n arti lar ¢ lies in () ten 1s weakly mnstable ia a
non sli ing onta t o e orall i tion oe ients

a rt rc ¢t . or convenience, we take the disk radius ~ and the
mass thus becomes the identity matrix. ecalling the quantities
sin( 1) and cos( 1)

Note that the and only if could be reinserted into roposition 4 if one adds enough additional linearly inde-
pendent e uations corresponding to non ero values of the relative translational and relative angular accelerations at
the contacts. owever, we restrict our attention here to the present propositions.
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we have

Omitting the algebraic manipulations, we can obtain a complete description of the set U ( ) as
three convex cones. or this purpose, we define several vectors

sin 1 sin
1
cos 1 cos
sin sin
cos 1 cos
sin 1 sin
cos 1 cos

and ( ) . e have

where )
U () 1 ( )
for some ( 1 ) such that 1 1
U () 1 (1 )
for some ( 1 ) such that 1
U 1!
for some ( 1 ) such that (1 )
These sets are illustrated on the unit spherein  in igure for 1 and . The big
black bubble at the north pole is the positive  axis, while the big black bubble at the lower right
points in the -direction. The sector of the sphere toward the back correspondsto U  and

is independent of the values of the friction coe cients. It becomes narrower as the contact points
separate on the disk. The triangular set in the front delineates the loads in U . The short leg

of the triangle widens along its present great circle as ;1 increases, as predicted by Theorem . s
expected from the symmetry of this example, there is also a triangular set emanating from the other
side of U  with a leg that extends with increasing values of . The leg dependent on is

indicated by the small black dots on the right. It is interesting to note that the quadrilateral formed
by the convex combination of the two extensible legs of the triangular regions is exactly the set
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( ) shown in igure (as long as both friction coe cients are less than . )- The remaining
uncharted regions on the sphere correspond to external loads which induce contact modes with at
least one sliding contact. This is true until one of the friction coe cients exceeds . .t this
point, some loads correspond to more than one contact mode.

igure  The set of weakly unstable external forces in . The friction coe cients are taken as
1 and

Unlike the weakly stable loads, it is in general very di cult to test if an applied load is strongly
stable. This subsection is concerned with an important special case of the rigid body contact model
with the friction pyramid ( ). The main result herein, Theorem , identifies a class of rigid body
systems for which a load is strongly stable if and only if it is weakly stable. Thus for such a
rigid body system, the task of identifying all the strongly stable loads becomes very easy.

The cornerstone of the main result in this subsection is the fact that rigid body contact problems
with friction pyramid laws can be formulated as linear complementarity problems ( s) see

ection . . There are several such formulations the basic one is as follows
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where
diag( )
diag( )
with
diag( )
In the above formulation, we have
max( ) max( )
diag( ) diag( ) ()
diag( ) diag( ) ()
The development that follows makes extensive use of methodology a summary of the relevant

results is contained in ppendix
y interchanging the roles of certain components of

with the corresponding components of their respective complementary partners,

we obtain various equivalent formulations of the basic () In terminology, the latter
formulations are principal transforms of ( ) obtained by performing certain principal pivots
corresponding to the above interchange of variables. The matrices defining the resulting equivalent

s have a structure similar to the above matrix . In order to give the explicit expressions for
these matrices, we define a signed vector to be a vector such that for each ,
or any such signed vector , we let diag( ) furthermore, for any two signed

vectors  and (and corresponding signed diagonal matrices and ), we define

( )
( )
( ) ( )
diag( )
diag( )
with

( ) diag( )
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Each matrix  ( ) corresponds to a principal transform of (). or instance, the basic
() corresponds to for all , The following transformed

corresponds to for all . In general, for an arbitrary pair of signed
vectors ( ), letting

and

we obtain the following equivalent

) ) ()
) ) ()
) ) ()
) ) () () ()
) ) ()
) ) ()
) ) ()
) ) ()

A~~~ o~ o~ o~ o~ o~
AN AN AN AN TN SN /S /S

In order to state the main result, recall that () denotes the set of all applied loads that
are strongly stable. Thus we have

() () ()

e also let
( )
( ) ( )
( )
denote the leading principal submatrix of  ( ) with the last two columns and rows
deleted. It turns out these submatrices for various pairs of signed vectors ( ) play a central role

in Theorem below which identifies a class of rigid body geometries for which equality holds in the
expression (). s one can expect, this class of favorable fixture geometries is rather complex
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yet the description provides a constructive (albeit not necessarily practically e cient) scheme for
one to check the equality in ( ). The basis of the theorem is the concept of a column quasi-
adequate matrix introduced in ppendix , particularly the inequality system ( ) in Theorem
The proof of Theorem is given in ppendix

r ss ete rition yra i law e ollowing two state ents are e 1 alent

a oreery air o signe e tors ( ) an e ery none ty s bset wit
o le ent t esyste o linear ine alities below is in onsistent

diag( ) max( )
diag( ) max( )

b e ality ol sin

dmittedly, the condition (a) in the above theorem is by no means easy to check. In fact
the number of linear inequality systems involved is exponential in the number of contacts. More
precisely, we need to examine all pairs of signed vectors and for each such pair, we need to
consider the inequality system ( ) for each nonempty subset of . lthough the
computational task of testing the inconsistency of all these systems is rather daunting, it allows
us to make one of two important conclusions. If all systems are inconsistent, then we can safely
conclude from the above theorem that the only strongly stable loads are those that are weakly
stable. If a particular system is consistent, then we can obtain a load that is weakly stable but not
strongly stable. The way to construct such a load is as follows. uppose that for some pair of signed
vectors ( ) and some nonempty subset of , the system ( ) has a solution. e
will use the vector to construct a desired weakly but not strongly stable load. Indeed define
and let and be given by ( ) and ( ) respectively. urthermore, let
if if
and
if if
and set where ( ) is the so-defined intensity. The following result formally
states that this load is weakly but not strongly stable.
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r st et
an
be a sol tion air o orres on ing to so e air o signe e tors ( ) an a none ty
s bset o e loa onstr te abo e is weakly b t not strongly stable

e illustrate the application of Theorem and roposition to the disk example with contact

points.
a a aa ss. s beforewe set
1 — and —_
which yield , and ( ) . There are four signed vectors (recall

that this is a planar problem),

CH)yCc ) ) )

or each one of these four vector , there are  linear inequality systems ( ) to be checked.
e wrotea M T program to check all  ( x ) systems for many values of the friction
coe cients 1 and which we took to be the same, say . These systems are all inconsistent
for not exceeding . , implying that all weakly stable loads are strongly stable corresponding
to such friction coe cients. This experimental result agrees with igure which shows among
other things that at the critical value of . , the two cone and do not exactly coincide,
implying that there exist weakly stable loads that are not strongly stable.
Experimentally, we ran our M T code with ( ) and with the value
( ) and with (), of the systems, are consistent, implying that there are
weakly but not strongly stable loads. or instance, with , we obtain the following
solution to the system ( )

etting

and

we obtain



raft submitted to A 6 10 9 ang and Trinkle, Stability Characteri ations of Rigid ody Contact ...

To see that this load is not strongly stable, it su ces to note that (recall that is the identity
matrix with the above data)

which implies that the zero vector is a dynamic intensity with nonzero relative accelerations equal
to the components of

onc u ion

Motivated by the problem of fixture synthesis, we have studied the stability of a moveable rigid
body (a workpiece) in dry frictional contact with several fixed rigid bodies (fixels). e have
introduced the terms weak stability and strong stability to characterize two types of stability of
a fixtured workpiece. These classifications are particularly relevant to the situation in which the
contact forces of the workpiece cannot be uniquely determined from Newton s aws, the relevant
kinematic constraints, and a dry friction law. trong stability exists (for a given external load)
when all admissible contact forces imply zero workpiece acceleration. This is the most desirable
type of stability, because it provides absolute assurance that the workpiece will remain in place
despite unknown in internal stresses, however, it is di cult to test.

The primary contribution of this paper is new insight into the stability problem derived from
four theorems that provide ways to test for strong stability.  hile we have focused on the case of
one workpiece, the extension to multiple workpieces is trivial. pecifically, the dimensions of the
vectors and matrices appearing in the various equations increase, but the results and conclusions
still hold. The four theorems are summarized below and illustrated in igure in the context of a
disk in the plane in contact with two fixels (Example ). or simplicity, the figure only applies to
external loads which are pure forces passing through the center of the disk.

. Theorem presents (for the first time known to the authors) a formal proof that if a workpiece
is (weakly or strongly) stable without friction, then it is strongly stable for all (positive) values
of the friction coe cients. or the disk example summarized in igure , the external forces
in the convex cone labeled Theorem  are stable without friction. Theorem implies that
this cone is at least a subset of the set of all strongly stable loads for any (nonnegative)
friction coe cients.

. Theorem implies that weak and strong instability are equivalent when the coe cients of
friction are below some bound. In general, this bound is expected to be di cult to find, but
in some special cases, it can be computed easily. eturning to igure , all external forces
lying strictly outside the cone identified by Theorem are strongly and weakly unstable as
long as the friction coe cients are less than

. Theorem indicates (perhaps counter-intuitively at first glance) that if for some external
loading and friction coe cients, the workpiece has a solution with a nonzero acceleration
with all contacts rolling or breaking, then the workpiece is guaranteed to have a solution
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with the same contact mode if the friction coe cients are increased. igure shows external
loads corresponding to Theorem as two convex cones bounding the Theorem cone. The
cones as drawn correspond approximately to friction coe cients, 1 and

ith no friction, the cones degenerate to the edges of the cone of Theorem . s the friction
coe cients go to infinity, the edges of the cones move monotonically to the dashed lines (these
are the edges of the normal cone of the ( )).

. Theorem provides an exponential-time algorithm to test the equivalence of the sets of
strongly and weakly stable external loads using the friction pryamid law. ince the disk
example is planar, the quadratic friction cone degenerates into a planar cone, thus making
Theorem applicable. It can be shown that the set of weakly stable loads is identical to the
set of strongly stable loads as long as the friction coe cients are less than . . This result
is complementary to the implication of Theorem

Theorem 2
SU(W) =SU(0)
0 < <1.4966

Theorem 3

Theorem 3
WUR(0O.5, (.)J

WUR((), 0.8)

O

Theorem 4

WS(l) = SS()
0 < |1 <1.4966

igure ummary of the stability sets of a disk in contact with two fixels.

The results presented here leave several open questions for future study. erhaps the most
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important questions relate to the computation of the friction bound appearing in Theorem and
the use of all the results in this paper in an e ective fixture design and analysis system. e intend
to address these questions in future work.
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A A tat a r

et be a given matrix. or any two subsets and of , we let
denote the submatrix of whose rows and columns are indexed by and respectively. The
rows of indexed by are denoted similarly, the columns of indexed by are denoted
or two vectors and of the same dimension, means that is perpendicular to
denotes the adamard product of and , i.e., the -th component of is equal to the
product of the -components of and . or an arbitrary matrix , we denote by pos( ) the
nonnegative cone generated by the columns of | that is,

pos( )

or a vector , we let diag( ) denote the diagonal matrix with diagonal entries given by the
components of
e give a summary of some results relevant to this study. To begin, given a vector
and a matrix , the linear complementarity problem, denoted ( ), is to
find a vector such that

If is a nonsingular principal submatrix of |, where is a subset of with com-
plement , then by pivoting on this submatrix (i.e., interchanging the roles of the (nonbasic)
variables  and the (basic) variables ), we obtain the following principal transform of the

C )

where is the principal pivot transform of given by

In essence, this is how the equivalent () is obtained.
eometrically, the ( ) can be described in terms of complementary cones that are
defined as follows. or any subset of with complement , we let denote the
nonnegative cone spanned by the columns and that is
pos( )
learly, the union of all these cones  for ranging over all subsets of is equal to the
set of vectors for which the ( ) has a solution. or each nonempty , the
subcone
( )
consists of all vectors for which the ( ) has a solution with not equal

to the zero vector. In essence, the consideration of these subcones lead to the definition of the
U sets.
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everal classes of matrices have played an important role in the study of rigid body contact
see . In particular, the class of symmetric positive semidefinite matrices is especially relevant
for the frictionless contact problem the class of column adequate matrices serves as the prime
motivation for the strongly stable results in ubsection . . pecifically, a matrix is
if for each ,

det has linearly dependent columns

It is known that the class of symmetric positive semidefinite matrices is a proper subclass of the
column adequate matrices. Moreover, one can check if a given matrix is column adequate in
finite time. The following result presents an important property of the column adequate matrices
relative to the solutions of the

r st et bea ol nae ate atri or e ery ? an are
any two sol tions o t e ( ) ten !

It turns out that the class of column adequate matrices itself is not broad enough to treat the
strong stability issue in rigid body contact. Instead we need to introduce a new class of matrices
that is based on an equivalent definition of a column adequate matrix. Namely, a matrix is
column adequate if and only if

t real square matrix is said to be column quasi-adequate if

learly every column adequate matrix is column quasi-adequate but as the following matrix
shows, the converse is not true. Indeed the matrix

is easily seen to be column quasi-adequate but not column adequate. The fundamental role of the
column quasi-adequate matrices in theory is contained in the following result. This result also
shows that computationally the property of column quasi-adequacy can be checked in finite time.

ince this matrix class has not appeared in the literature, we give a complete proof of the
result.

r et be a gi en atri e ollowing state ents are e 1 alent
a is ol n asia e ate
b oreery os( ) eerysol tion o te ( ) st satisy

or e ery none tyin e set wit o le ent t esyste o linear ine al
ities below s in onsistent
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r . (a) (b). uppose that is column quasi-adequate. et be an element in pos( )
and let be an arbitrary solution of the ( )- e have
et be such that . e have
( ) and  ( )
y column quasi-adequacy, it follows that thus and (b) holds.
(b)  (a). uppose that (b) holds but  is not column quasi-adequate. There exists a vector
( ) such that
and ()
et and be the nonnegative and nonpositive part of respectively and define
Then pos( ) and
e claim that . Indeed if , then ( ) . onsequently, and the claim is

established. ince is nonzero, we obtain a contradiction to (b).

(a)  (c). This is obvious.

(¢) (a). If (c) holds but there exists a vector satisfying ( ), let be the (nonempty) index
set consisting of those indices for which ( ) . This index set  will contradict (c), thus
completing the proof of the theorem.
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A r s a tab t s ts.
r st . oth (a) (b) and (a) (c) are obvious. To show that (b) implies (a), let
( ) be a dynamic intensity. y (b), we have . Thus

1

Thus equality holds throughout in particular, it follows that

1

which implies, by the positive definiteness of L that as desired. Thus (a) holds.
To show that (c) implies (a), let ( ) be a dynamic intensity. y (c), we have
. Thus,
ince is weakly stable, let be such that . It follows that

remultiplying this equation by

and using the fact that and ( ) and the positive semidefiniteness of , we
deduce

Thus equality holds throughout the last expression. 7y the special structure of |, it then follows
that
( )

or equivalently, , as desired.

r . (a) (b). et  satisfy () and let ( ) be an arbitrary dynamic
intensity. It su ces to show that . e have
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remultiplying this equation by

using the following facts

() ( ) and ,

(ii) because the friction cone contains the origin, and
(iii)  is positive semidefinite,

and proceeding as in the proof of roposition , we easily conclude , as desired. Thus
(b) holds.
The following implications are all obvious

(b)  (c) and (d) (cor(d) () (a)-

ombining these implications with (a)  (b), we conclude that all five statements are equivalent.

r . It su ces to prove (b) (a). ssume by way of contradiction that there exists a
sequence of nonnegative friction coe cients converging to zero such that for each | is
weakly stable for the rigid body problem corresponding to (). enceforeach ,there exists
( ) satisfying

( ) () for

There are two cases either the sequence is bounded or it is unbounded. In the former case,
we must have
im () ()
and every accumulation point of the sequence (at least one of which must exist), say  , must
satisfy
and

y Theorem , this implies that is stable for the frictionless problem, a contradiction. In the
latter case, that is, the sequence is unbounded, the normalized sequence much have
at least one accumulation point and any such point, say , must satisfy

and

This contradicts the existence of the vector satisfying

r . rom the definition of the elements in U ( ), it is easy to see that if is an such
an element, then is weakly unstable corresponding to . This observation together with the
inclusion () implies that if belongs to U ( ), then is weakly unstable corresponding

to all . The assertion regarding U ( ) is obvious.
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r . (@)  (b). uppose that for every pair of signed vectors ( ) and every nonempty

index subset of , the displayed system of linear inequalities ( ) is inconsistent.

ssume by way of contradiction that some load vector ( ) is not strongly stable. y

roposition , it follows that there exists a dynamic intensity ( ) with induced accelerations

( ) such that ( ) .oet( ) be the slack variables in the friction constraints
see () and ( ) for the definition of these variables. Define several index sets

and ()
and
and a pair ( ) of signed vectors as follows for ,
if if
and
if if
onsider the () corresponding to the index sets ( ) setting the variables

cH) ) ) )

equal to zero, we obtain the following linear system

A~ o~ o~ o~

() ()

diag( ) max
() ()
On the one hand, since is weakly stable, the above has a solution with
)y ) ) C))
equal to zero. On the other hand, the same has a solution

c )y )y ) C))

that induces anonzero (( ) ( ) ( ) ( ) ). These two solutions provide the vectors

and

that violate the inequality system in the assumption of the theorem. contradiction is thus
obtained and (b) therefore must hold.
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(b)  (a). This follows from roposition whose proof is given next.

r st . et and be as defined. y ( ), it follows that for all ,
max( )
Thus is weakly stable. To show that is not strongly stable, we use the vector to define

a dynamic intensity with nonzero relative accelerations. The definition of is similar to that of
from the vector . pecifically, let and

if if
and
if if
or equivalently,
( diag( ) ) and ( diag( ) )

The verification of the so-defined being a dynamic intensity with nonzero relative accelerations
is fairly straightforward it amounts to a backward derivation from the transformed () to
the basic (). e omit the algebraic details.



