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Abstract. This paper is a summary of a comprehensive study of the problem of predicting the
accelerations of a set of rigid, three-dimensional bodies in contact in the presence of Coulomb friction

e begin ith a brief introduction of this problem and its governing e uations This is follo ed by
the introduction of complementarity formulations for the contact problem under t o friction la s
Coulomb s a of wuadratic friction and an appro imated pyramid la istence and uni ueness
results for the complementarity problems are presented  Igorithms for solving these problems are
proposed and their convergence properties are discussed Computational results are presented and
conclusions are dra n

r s. ulti-rigid-body contact problem, Coulomb friction, complementarity problem, uasi-
variational ine uality, em e s algorithm, interior point algorithm

The dynamic multi-rigid-body frictional contact problem is concerned ith predicting the acceler-
ations and contact forces of several rigid bodies in contact under friction  or our purposes, the
dynamic system is assumed to consist of a number of passive, three-dimensional, bodies referred to
as that move in response to e ternal forces and forces arising from contacts ith a number
of active or actuated bodies referred to as ulti-rigid-body contact problems
crop up in many engineering applications in  hich it ould be desirable to ignore deformations of
the bodies Thus despite some de ciencies, the multi-rigid-body contact problem is uite important
ndeed, models of multi-rigid body contact have recently received great interest in the virtual reality




, graphics, and robotics research communities The community is motivated by the desire
to enhance the believability of the scenes in  hich the user is submersed Currently, systems
cannot handle situations involving the loss of contact and multiple contacts bet een ob ects , but
progress is being made to ard this goal by ara , hohas follo ed otstedt slead in the applica-
tion of complementarity theory and pivoting methods The robotics and graphics communities
are interested in the inverse problem peci cally, roboticists and animators ant to discover input
tra ectories that accomplish a tas or action described at a very high level | o ever, most
current systems re uire too much interaction and input from the human user to be e ective  1-
though some simple robot tas planners and animators tools have been successfully developed that
re uire very little user interaction , , their enhancements have been signi cantly hampered
by a lac of understanding of rigid body contact mechanics

The governing e uations and constraints of the multi-rigid-body frictional contact problem are
the e ton- uler e uations of motion, unilateral and bilateral inematic consrtaints, a friction
la , contact conditions, and the ma imum or principle The bilateral e uality constraints are
associated ith permanent oint connections n contrast, the unilateral ine uality constraints
disallo interpenetration of the bodies at their contact points hile the contacts persist The contact
conditions stipulate complementary relations bet een the normal forces and accelerations, hile the
ma imum or principle implies that the tangential forces oppose the tangential accelerations

common approach to solving the multi-rigid-body contact problem, as seen in the

pac age developed by aug ., has been based on a formulation of the problem as a system of
di erential algebraic e uations s n such an approach, the contact interactions rolling,
sliding, and brea ing are assumed mno n, so that all unilateral constraints can be replaced by
bilateral constraints The s are integrated over time hile contact forces and velocities are
monitored to determine hen to change the assumed contact interactions hile the approach
seems to or ell in practice, its basic assumption that

is fundamentally a ed for rigid body systems  ven the simple e ample of a rod in
one-point contact initially rolling ith a tabletop can have multiple solutions for its impending
motion one ith continued rolling, another ith the initiation of sliding This ma es choosing the

correct set of inematic constraints impossible in some situations

The present paper reports analytical and computational results obtained in our study of the three-
dimensional multi-rigid-body contact problem sub ect to wuadratic Coulomb friction la s and their
variations This paper is a continuation of the previous one in  hich various complementarity
formulations ere given for this contact problem and a main e istence result as established under
the assumption that all contacts are initially rolling  sing the formulations in the previous paper
and assuming small friction coe cients and full to ran of the system acobian matri , e
establish herein e istence and uni ueness results for the contact problem allo ing initial sliding
and rolling e sho that for a friction pyramid model and under the same assumptions, em es

algorithm , lgorithm ill compute a solution of the multi-rigid-body contact model
e also describe a feasible interior-point method for solving the same model inally, e report
computational results from our T implementation of these t o methods

n this section, e present the fundamental mathematical model for the three-dimensional multi-
rigid-body frictional contact problem uring an integration step of the overall continuous-time



problem, the model must be formulated and solved to determine the accelerations of the bodies
The accelerations are then used to update the velocities and positions  fter the update, the bodies

ould be tested for collisions  pon the detection of a collision, an impulse model ould be applied
Then the process ould repeat n this paper, e ill assume that an impulse model has already
been applied if necessary e ill study only the formulation of the e uations of motion and the
applicable solution techni ues for a given time step The time instant for hich the e uations of
motion are formulated ill be referred to as the The other assumptions that ill apply
for the remainder of this paper are

The bodies are rigid

The normal direction at each contact is ell-de ned
ry friction e ists at each contact point
ach manipulator oint has one degree of freedom

The manipulator has no closed loops formed by the lin s and oints oops involving unilateral
contacts are allo ed

Il lin s are connected at least indirectly to ground

ote that the fourth assumption is not limiting, because oints ith more than one degree of freedom
can be modeled as a set of one degree-of-freedom oints The reason for the fth assumption is to
avoid having to consider load distribution in the manipulator oints This assumption could be
removed by applying no n techni ues ssumption is applicable to typical arth-bound systems,
, manufacturing systems emoving this assumption ould fundamentally alter the formulation

of the model  otice that there are no restrictions on the shapes of the bodies

e begin by numbering the ob ects from to and manipulator lin s from to 1
grounded lin s are considered to be a single manipulator lin hen t o bodies and ith
are in contact, e label the contact point as and consider this point as associated uni uely ith
the pair et denote the total number of contact points at the current time  ach contact
point  of bodies and de nes the origin of the contact frame et denote the contact
normal The other t o a es of frame and , span the contact tangent plane urther, let
denote the contact force acting on body through contact and e pressed in frame The three
components of are denoted the normal component , and the t o tangential
components e t, de ne to be the rench matri that transforms contact force
into the e uivalent rench generali ed force in the frame The rench matrices contain all
geometric information relevant to contact  de nitions can be found in

ssuming that ob ect is acted upon by an e ternal generali ed force vector of length

and a set of contact forces, the e ton- uler e uation governing the motion of ob ect is

here is theinde set of contact points that involve body is the vector of velocity product
terms, is the generali ed acceleration of ob ect , and is the mass matri of ob ect
The e ton- uler e uations of all the ob ects can be combined and cast in matri form as



here the elements of the vector are the intensities of the normal renches at the contacts,

and is the matri that transforms the normal renches to the appropriate body- ed coordinate
frames The vectors and  and the matrices and are analogous The vectors and
are the generali ed e ternal and velocity product forces, respectively The generali ed acceleration
of the passive bodies and the bloc diagonal mass matri are composed of the acceleration
vectors and mass matrices of the individual passive bodies

The development of the dynamic e uations of the manipulator parallels that of e uation et

be the number of oints in the manipulator and let be the -vector of oint e orts umming
the e ects of all the contacts on the manipulator yields

here

, , and map the rench intensities into the oint a is directions

ccording to our convention, a contact point uni uely determines the t o bodies and that
touch at this point, and vice versa Throughout the rest of the paper, e shall refer only to the

contact points and not to the bodies in contact in particular, the pair hich refers to body
in contact ith another body at contact point is abbreviated as ith omitted e il
use the notation  to mean contact point along the direction

t the current time, there are contacts, here and are the number of rolling
and sliding contacts, and and aretheinde sets corresponding to the rolling and sliding contacts,
respectively et and , for , be the relative linear
velocity and acceleration vectors, e pressed in frame of bodies and at contact point e t,
partition , , and and , ,and into their , , and component vectors, , ,

, ,and ,each of length The vectors and , for , can be e pressed in the
follo ing convenient form

y de nition, the normal component of relative velocity at a contact must be ero and rolling
is indicated by both the and components being ero also To prevent interpenetration, the
normal component of relative acceleration at must be nonnegative fit is ero, the contact ill be
maintained  ther ise, the contact ill brea peci cally, e have if and

other ise The follo ing e uations and ine ualities apply at the current time

for all

otice that e uations and constrain the initial conditions of the problem at the current time,
but ine uality is a constraint on the un no n accelerations of the bodies




The remaining constraints enforce certain friction la s T o ill be considered r1st, Coulomb s

a  hich re uires each contact force to lie ithin a wuadratic cone, and second, an appro imation
of Coulomb s a in hich the wuadratic cone at each rolling contact is replaced by a four-sided
pyramid

bs rect a

Coulomb s a stipulates that the -th contact force lies ithin or on the boundary of its corre-
sponding friction cone represented as follo s

for

here is the coe cient of friction at the -th contact point ince the contact forces must be
nontensile, e have
for

hile a contact is sliding, the contact force must lie on the boundary of the friction cone ith
its friction component directly opposite the relative sliding velocity

for and all

hile a contact is rolling, the contact force may have any direction and magnitude, provided it lies

in the cone de ned by and o ever, since a rolling contact may convert to sliding, e have
for and all
ote that at an initially rolling contact, either the tangential acceleration components are
ero, indicating that the rolling persists, or the contact force lies on the boundary of the
friction cone , holds as an e uation  n the latter case, the rolling contact begins to slide
and the friction force opposes the sliding motion
athematically, the e uation in di ersin one signi cant ay from that in amely, the
former is linear in the un no ns, , ,and , hile the latter is not, because both and

areun no n This observation motivates us to appro imate the wuadratic friction cones by polygons
similar to related situations in deformable-body contact problems see , one such
appro imation is the pyramid model described in the ne t subsection

r s a t tact r b t b rect a

The last e uation is the main contact condition t enforces the fact that if a contact force
is compressive, then the relative acceleration of the bodies in the normal direction at that contact
must be ero , the contact is maintained imilarly, if the normal component of the relative



acceleration at a contact is positive , the contact is brea ing , then the normal component of the
contact force, must be ero thus the entire contact force must be ero also, by
solution to the above problem naturally yields four possible types of contact transitions

i rolling  rolling

for all

ii rolling  sliding

for all

for all
iii sliding  sliding
for all

iv rolling or sliding  brea ing

for

ne reason for appro imating the friction cone by a pyramid, thereby replacing the nonlinear con-

straints and by linear ones, is to facilitate the analysis and algorithmic development  igure
sho s a friction cone and its appro imation as a four-sided friction pyramid The interior and bound-
ary of the pyramid can be e pressed as a system of ine ualities
for and all
long ith these friction constraints, e also replace the rolling contact conditions by the

follo ing conditions

for and all
r s a t tact r b t rct ra a
ccordingly, the rolling-to-sliding contact interaction constraints and no become
ii rolling  sliding
for all
— if
other ise
for all
— if

other ise



igure riction Cone and yramid

de ciency ith the friction pyramid la is that if the model predicts a given rolling contact
begins to slide , the solution of the model satis es e uation , then according to e uation ,
the friction force ill generally not e actly oppose the direction of sliding ractically spea ing, the
contact force al ays lies along one of the edges of the pyramid  espite this de ciency, the friction
pyramid la has the important bene t of leading to a computationally simpler model n addition,
other polyhedral appro imations of the wuadratic friction cone can also be used all of hich lead
to linear complementarity problems as opposed to the nonlinear complementarity problem obtained
from the wuadratic model

The same techni ues to be described belo can be applied to t o speci c variations of the multi-
rigid-body contact model irst, the input, , and output, can be interchanged That is, one can
assume that the oint e ort vector, ,is un no n, hile the oint acceleration vector, is no n
ore generally, let be the subset of the elements of that are no n and denote the un no n
elements The corresponding subsets of elements of | and , must be, respectively, un no n
and no n  econd, the contact friction model can be e tended to hat is referred to as a soft
nger model This model assumes that in addition to three components of force, a contact can
also transmit a moment in the direction of the contact normal ore details of this e tension can
be found in the paper
There are t o interesting variations that change the form of the basic model The rst is the
uasistatic, multi-rigid-body contact problem hich is formed by setting the terms and
to ero The uasistatic assumption fundamentally alters the model in ays discussed in
The other variation arises hen rela ing the rigid body assumption n this case, the un no n
contact forces are replaced by functions of the con guration and velocity of the system, hich relate
forces to deformations see , , ,

The mi ed nonlinear complementarity problem mi ed C is de ned as follo s given t o func-
tions and from the -dimensional uclidean space into itself, nd an -dimensional



vector such that

unrestricted in sign,

f and , here s a given -vector and is a given matri , then this
problem becomes the standard linear complementarity problem, hich e denote as C
comprehensive study of the latter problem is contained in the boo n hat follo s, e sho
that the contact problem ith Coulomb friction can be formulated as a mi ed C , hereas that
ith pyramid friction can be formulated as an C
oth formulations begin by eliminating the accelerations, and , as follo s

ote that because and are positive de nite and symmetric, their inverses e ist  ub-
stituting these e pressions into e uation de ning , e obtain

here the matri is symmetric positive semide nite and given by

ith the system inertia and constraint acobian matrices, and , de ned as follo s
and

e t, e can solve the e uations for the friction force components, and ,to eliminate those
corresponding to the sliding contacts ince there are no additional restrictions on the tangential
accelerations, and , for , the e uations in that de ne these components can be
dropped from the model ithout a ecting its solvability et the vectors and be the

partitions of corresponding to the sliding and rolling contacts respectively , the elements of



are for , and is de ned similarly e t de ne , , , , , , ,

, , and analogously  liminating and , and removing the e uations de ning

and result in

here

ere

here and are, respectively, the diagonal matrices ith diagonal entries given by

and ——— for all
and in general, for an matri ,if and are subsets of denotes the
submatri of consisting of ro s and columns inde ed by and respectively
To complete the formulation of the contact problem as a mi ed C , e introduce a slac variable
to rite as an e uation
e also re rite e uivalently as for ,

long ith the follo ing conditions on the normal components

e obtain the e uivalent formulation of the three-dimensional multi-rigid-body contact problem ith
Coulomb friction as the mi ed C de ned by e uations ,



The formulation of the three-dimensional multi-rigid-body contact problem ith the friction pyramid
la  is similar and is obtained by the introduction of four nonnegative slac variables, , and

, at each rolling contact

for all

etting be the nonnegative and nonpositive part of the tangential contact acceleration re-
spectively, e may rite for ,

and

The contact conditions can be seen to be e uivalent to the follo ing complementarity relations

e may solve for the variables and from the e uations in and substitute into e ua-
tion this yields

here



ith being the diagonal matri  ith diagonal entries , for , and

The three-dimensional multi-rigid-body contact problem ith pyramid friction is no e uivalent to
the C de ned by the e uation and the follo ing conditions

n this section, e present a main theorem hich summari es the solution e istence and uni ueness

results for the contact problems et be the subset of the uclidean space consisting of triples
satisfying the nonnegativity condition and friction constraints for the cone model

and for the pyramid model urther let  be the null space of the system acobian matri

de ned in e uation et

The follo ing theorem contains three conclusions The rst conclusion refers to the case here
all contacts are initially rolling , n this case, the cone and the body velocities
and play an important role in providing a su cient condition for the e istence of a solution The
second and third conclusion allo sliding contacts but assume that  has full column ran  n this
case, a solution e ists if the friction coe cients corresponding to the sliding contacts are su ciently
small furthermore such a solution is uni ue if in addition the friction coe cients corresponding to
the rolling contacts are also small



The condition is trivially satis ed hen the columns of the system acobian matri are
linearly independent, since then its null space becomes the origin Thus, our e istence condition
hen speciali ed to the planar case is less restrictive than previous results obtained by otstedt
and ara s noted in , hen the constant vector, , de ned in e uation , lies in the

column space of , then must hold and the e istence of a solution follo s assuming
n particular, for the assembly stability testing problem hich has and both e ual to ero, a
solution e ists

otstedt sho ed that the planar problem ith both rolling and sliding contacts has a uni ue
solution if every matri in a family of matrices closely related to de ned in e uation belongs
to the class of -matrices The second and third conclusion of Theorem e tend otstedt s results
to the -dimensional case n essence, the condition that the friction coe cients be small is needed
to ensure that is a -matri y an elementary linear algebraic argument, it is therefore possible
to derive an estimate for the largest upper bound for  ho ever, such an estimate is typically very
conservative and can be e pected to be much smaller than one ould e pect to encounter in real
systems see , ppendi for the derivation of such an estimate

e note one important di erence bet een the assumptions in b and ¢ amely, in b
only those friction coe cients at the sliding contacts are assumed small  hereas in ¢ , all friction
coe cients are assumed small

te r s r . The proof of statement a can be found in n the follo ing
proof of b, e ill focus on the friction cone problem and give only the essential ideas The omitted
details can be found in the technical report
ince  has full column ran , the matri is symmetric positive de nite The matri , being
amodi cation of involving the friction coe cients see and , is positive de nite
but not symmetric , provided that these coe cients are su ciently small This implies that the
principal submatri

is y C results it follo s that for each ed but arbitrary pair , there e ists a



uni ue pair satisfying

moreover is ipschit continuous as a function of et
denote the uni ue solution function of the C Iso de ne
et The function  maps the uclidean space , hich contains the pair of vectors

,intoitself  is a piece ise linear map, hence ipschit continuous moreover, isstrongly
monotone

e de ne a set-valued map as follo s or a given pair , let the
set consist of all vectors such that for all ,
The pair de nes a uasi-variational ine uality problem hich is to nd a pair of vec-
tors ith t o properties a and b for all vectors
?
t is easy to sho that if solves the , then

solves the friction cone problem, here

and

The proof of b can no be completed by invo ing an e istence result for the wuasi-variational
ine uality problem
The proof of ¢ is based on an e tension of the argument given by otstedt for the planar case
e refer the reader to for details

n general, solutions to the t o contact models could be uite distinct The ne t result, hich
re uires none of the assumptions in Theorem , gives a simple condition for a solution of the friction
pyramid model to be a solution of the cone model The e tent to hich this observation can be put
to use ill be investigated separately



r st

t 1st glance, this result seems trivial  evertheless a closer loo at the t o models suggests
that they di er not only in the uadratic versus polyhedral friction constraints, but the
resulting contact conditions, versus , are also di erent simple proof of roposition can
be found in

The formulation of the friction pyramid model as the C de ned by permits the numerical
solution of this model by a host of algorithms as described in The main concern ith the
application of these algorithms is hether their convergence criteria are satis ed by the data of
this particular C  n our study, e have focused on t o algorithms one classical and the other
contemporary The formeris em e s almost complementarity pivot algorithm the latter is a feasible
interior point algorithm

e refer the reader to  for a comprehensive treatment of em e s algorithm and its convergence
theory The follo ingis the main convergence result of this algorithm applied to the C in uestion

r
r . ne can easily verify that the matri given by is copositive  oreover the constant
vector in the e uation satis es the follo ing implication
The desired conclusion no follo s froma no n C result , Theorem
The family of interior point methods is a recent entry into the eld of the C ueled by

their great success for solving linear programs, these methods have received much attention in the
mathematical programming literature or this reason, e have chosen a feasible interior point
method as a candidate algorithm for solving the C arising from the multi-rigid-body problem ith
friction pyramids s e shall see in the ne t section, the interior point method provides a viable
alternative to em e s method
ince the engineering community is probably not ell ac uainted ith the interior point method,

e give a brief summary of the method in the ppendi hat follo s is the main convergence

result of this method for solving the friction pyramid model

r



ie

lim lim lim

nli e Theorem hich permits ero coe cients of friction at the rolling contacts, the positivity
of the friction coe cients at the rolling contacts is essential for the validity of Theorem

n this section, e report our computational e perience gained through applying em e s algorithm
and our algorithm detailed in the ppendi to some multi-rigid contact problems ith friction
pyramid la  The algorithms ere implemented in T em es algorithm as provided by

ichael erris , hile our data generation code as ritten in C  oth algorithms ere run on
the same data sets These ere generated by randomly generating physically meaningful
problems of varying si es ith varying numbers of passive bodies, contact geometries, and initial
conditions The dimensions of the corresponding matrices in the C s ranged from to

ach problem as used to produce about data sets by varying the coe cient of friction, hich
for convenience, as assumed to be e ual at all contact points hile the termination criterion for

em e s algorithm as standard, our algorithm as terminated if the total complementary gap
fell belo e set upper limits of and iterations in em e s and the algorithms,
respectively

Table summari es our numerical results o ever, due to the large number of data sets, only

representative results are included in the table The column headings in the table are de ned as
follo s si e is the dimension of the matri appearing in the C formulation, data sets is
the number of data sets of a given si e that ere attempted, frac solved is the fraction of the data
sets solved by either em e s or our algorithm as indicated by the column headings , ave
starts is the average number of times em e s algorithm as run using ne covering vectors for
the data sets hich it eventually solved, ave iter is the average number of iterations re uired
for a solved data set The latter number for em e s algorithm includes the iterations performed
during failed runs on a given data set provided that it as eventually solved by em e s algorithm
after a later restart  verall, the t o algorithms solved ust under out of of the data
sets  or the problems that ere not solved, it is possible that they do not have solutions to begin

ith



em e s algorithm algorithm
si e data sets | frac solved ave restarts ave iter | frac solved ave iter
ab ar rcars ts

uch more computational testing has been carried out and reported in

n this paper, e haveintroduced various mathematical formulations for the three-dimensional multi-
rigid-body contact problem ith Coulomb friction istence and uni ueness of a solution tot o
models of the problem are presented under a full column ran assumption on the system acobian
matri and a smallness assumption on the coe cients of friction T o algorithms have been estab-
lished to compute a solution to the friction pyramid model under the same assumptions Ithough
the re uired assumptions for the theoretical results are di cult to verify, the numerical results e
have obtained suggest that the algorithms are fairly e ective for solving some randomly generated
three-dimensional multi-rigid-body contact problems under the friction pyramid la

ur study is imperfect Theoretically, the results are not strong enough to handle the case of
arbitrary friction coe cients and or column ran de ciency of the system acobian matri numeri-
cally, edonot no ifthet oalgorithms are capable of solving all friction pyramid problems hich
possess solutions n spite of these de ciencies, e believe that e have made an important con-
tribution to ard the understanding of the three-dimensional multi-rigid-body contact problem ith

Coulomb friction Theoretically, e have provided the most comprehensive results for this problem

There remains much more to be accomplished Trying to improve the theoretical results is clearly
something orth loo ing into The search for alternative algorithms for solving the friction pyramid
model ould be e ually useful n this regard, the method and the infeasible interior-
point method in are possible candidates for solving the friction cone model

inally, there is practical side to this study ur motivation as the hope that our results ould
be useful in the design and development of t o classes of systems simulation systems and planning
systems  oth types of systems ould be e tremely useful the former helping us to better understand
e isting mechanical systems, and the latter enabling the automation of a plethora of contact tas sin
both ha ardous and safe environments The primary impediment to the achievement of our practical
ob ectives is the fact that the multi-rigid-body models discussed here do not al ays have uni ue
solutions, and the su cient conditions that e have developed are conservative hat is needed are
algorithms to al ays and e ciently compute a solution if one e ists, or determine that either no
solution or multiple solutions e ist f such algorithms ere available, one could develop intelligent
strategies to deal ith the nonuni ueness of the model in both simulation and planning applications

e are currently studying these and related issues
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Consider an C here the vector and matri et

denote the feasible region of this problem e rite

here e postulate the follo ing assumptions on the
pair
a isa  -matri
b the C is strictly feasible that is,
c¢ for any scalars , the level set is
bounded, here denotes the -vector of all ones and denotes the adamard product of
t ovectors and ,that is, is the vector hose -th component is e ual to for all

cept for condition ¢  hich is a ea ening of some standard assumptions for the family of

interior point methods for solving the C , the setting herein is the same as in The interior
point method for solving the C satisfying the conditions a, b, and c¢ starts at a
strictly feasible pair n general, given a pair of vectors , the method
consists of t o ma or computational steps et be a given scalar, called the

This parameter plays an e tremely important role in the practical success of the interior
point method e refer to for a full discussion of this role et

e solve the follo ing system of linear e uations to compute the direction vector

here diag and diag vy the  -property of and the positivity of
it can be sho n that the matri on the left side of is nonsingular thus is ell de ned
e t, e need to introduce the merit function for the method, hich is de ned as

bl

log log for
here is a positive constant gain, e refer to for the motivation and derivation of this
function The vector computed above turns out to be a descent direction for the function
at the current iterate ence, a line search can be e ecuted on this function starting

at this iterate and moving along the generated direction This search is a standard routine in a
nonlinear programming algorithm t re uirest o ed constants,
step si e and controls the decrease of

, here controls the



The follo ing is a detailed description of the interior point method for solving the C
satisfying conditions a , b ,and ¢

tr r t t

t . nitiali ation et be given scalars et , , and
be arbitrary et

t . Computing search direction olve the system of linear e uations to obtain

t . Computing step si e Calculate

min — —
and let et be the smallest nonnegative integer  such that
et
t . pdate and termination chec et and
f , terminate the pair is a desired appro imate solution of the
C ther ise, choose replace by and return to tep
e give some further e planation to tep  The scalar  is the largest step si e for
hich is nonnegative thus by scaling by the factor , e are
ensured that is positive for all The integer can be determined
by starting ith and increasing by each time the ine uality fails to hold it can be
sho n that in a nite number of trials, the desired integer can be obtained
The tolerance is used in practical implementation to chec the successful termination of the
method n theory, an in nite se uence of iterates is generated by the method The

follo ing result summari es the main properties of this se uence and sho s that the C
must have a solution  ue to the ea ened assumption c , this result is not a direct conse uence
of the theory in e refer the reader to for details of the omitted proof

r

lim



