4 Ranked pairs

In this section, we prove that the UCMU and UCMC problems umaeked pairs are NP-complete
(even for a single manipulator) by giving a reduction fromA3S

Definition 5 The 3SAT problem is: Given a set of variable¥ = {zi,...,2,} and a formula
Q=Q1 AN...NQsuchthat

1. forall 1 <1 <t, Qz = li.,l vV li72 vV liyg, and

2. foralll <i<tandl < j < 3,1 ; is either a variabler, or the negation of a variable
_“’I"kl

we are asked whether the variables can be set to true or faltlead () is true.

Theorem 2 The UCMU and UCMC problems under ranked pairs are NP-comapleven when
there is only one manipulator.

Proof of Theorem 2: It is easy to verify that the UCMU and UCMC problems under ehkairs
are in NP. We first prove that UCMU is NP-complete. Given arnanse of 3SAT, we construct a
UCMU instance as follows. Without loss of generality, weuass that for any variable, = and—z
appears in at least one clause, and none of the clausesrcbathic and—z.

Set of alternatives:C = {c,Q1,...,Q:, Q1 ..., Qi } U1, .., 2, m1, ..., 24}

U{Ql1,1 ) Ql1,2 ) Qh,sa S er,,1 ) Qlt,Z’ Qlt,s} U{Q“ll,l’ Q"ll,Q’ Q"ll,s’ s Q"lt,l ) Q“lt,Z ) Q“lt,s}'
Alternative preferred by the manipulator : c.

Number of unweighted manipulators: | M| = 1.

Non-manipulators’ profile: PVM satisfying the following conditions.

1. Foranyi <t, Dpnu(c,Q;) = 30,Dpnm (Q), ¢) = 20; foranyz € C\{Q;,Q} : 1 <i <},
DPNM (C, .”L’) = 10.

2. Foranyj < gq, Dpyu(xj, —x;) = 20.

3. For any: < t,7 < 3, if li_’j = Tk, thenDPNM(Qi, ;k) = 30, DPNM( ik,$k> = 30,
Dprum (ﬁxk, :11@) =30, Dp~m (Ql—\mk’ Q;) = 30; if li,j = Tk, thenDpNM (Q“ :zk) =

30, DPNJ_W(Q;.k_,.’L’k) = 30, DPNM(ﬁwk,Qizk) = 30, DpNM(QfEk,Q/Z-) = 30,
Dpru(QL,, Q%) = 20.

4. Foranyz,y € C, if Dpvu(x,y) is not defined in the above steps, thBp~a (z,y) = 0.

For example, whe®; = x1 V —x5 V &3, Dp~u is illustrated in Figure 1.

The existence of suchAY is guaranteed by Lemma 1, and the sizé?6f is in polynomial
in t andg.

First, we prove that if there exists an assignmewf truth values toX so thatQ is satisfied,
then there exists a vot@,, for the manipulator such th&P(PY™ U{Ry}) = {c}. We construct
Ry as follows.

e Letcbe onthetop oRRy,.

e Foranyk < ¢, if v(zy) = T (thatis,zy, is true), theney, >-r,, —xx, and foranyi <t¢,j <3
such that; ; = —ay, letQ%, >g,, Q.,,.

e Foranyk < ¢, if v(z;,) = L (thatis,z;, is false), thenzy =r,, ¥, and foranyi <+¢,j <3
such thaizd = Tk, let Qlﬁlk =R Q
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e The remaining pairs of alternatives are ranked arbitrarily
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Figure 1: For any vertices, , vo, if there is a solid edge fromy to vy, thenD paw (v1,v2) = 30; if
there is a dashed edge framto vq, thenD pnu (v1, v2) = 20; if there is no edge between and
vy andvy # ¢, vy # ¢, thenDpna (v1,v2) = 0; for anyx such that there is no edge betweesnd
X, DPNM (C, ac) = 10.

If 2, = T, thenDPNMU{RM}(xk,ﬂzk) = 21, and for anyi < t,j < 3 suchthat;; = -y,
Dprmygry 3 (@Y, @) = 19. It follows that no matter how ties are broken when applying
ranked pairs ta?YM U {Ry/}, if z = T, thenzy, = —x;, in the final ranking. This is because for
anyli,j = T, DPNJVIU{RAl}(QiIk,Qik) =19 <21 = DPNMU{RM}(.I}k,ﬁ.I'k), which means
that before trying to fixc;, = —zy, there is no directed path fromy, to xy.

Similarly if x, = L, thenDplYNfu{RNJ}(xk7_‘£Ek) = 19, and for anyi < t,5 < 3 such that
lij = =k, Dpymygr, 1 (QL, s Q;k) = 21. !tfollows thatifz, = L, then—x, = xp, and for any
i <t,j <3suchthat; ; = -z, QL,, = Q, inthe final ranking. This is becaus¥,,, - @,
will be fixed beforery, = —xy.

Because) is satisfied undewr, for each clausé);, at least one of its three literals is true under
Without loss of generality, we assumg@, ;) = T. If [; 1 = zy, then before trying to ad@’; > ¢, the
directed patht — Q; — Q., — i — —z — Q-y, — Q) has already been fixed. Therefore-
@’ in the final ranking, which means that for any alternativés C \ {c, Q1,...,Q:, Q}, ..., Q}},

c = z in the final ranking becausB pna g, (c,z) > 0. Hence,c is the unique winner of
PNM J{ Ry} under ranked pairs.

Next, we prove that if there exists a vdga, for the manipulator such th&P (PN MU{Ry}) =
{c}, then there exists an assignmentf truth values taX such that? is satisfied. We construct
the assignment so thatv(x;) = T if and only if 2, >g,, —ax, andv(zg) = L if and only
if —z, =g, xp. We claim thatv(Q) = T. If, on the contraryp(Q) = L, then there exists a
clause 1, without loss of generality) such that@,) = L. We now construct a way to fix the
pairwise rankings such thatis not the winner under ranked pairs, as follows. For gny¥ 3,
if there existsk < ¢ such that; ; = —ay, thenzy, >p,, -z because(—z;) = L. Therefore,
Dpnwuyg,, (zk, ) = 21. Then, after trying to add all paits> 2’ suchthatD prvar g, (2, 2") >
21 (that is, all solid directed edges in Figure 1), it followath; - —x; can be added to the final
ranking. We choose to add, > —zy first, which means tha@ik = QL in the final ranking

T
(otherwise, we hav@! . > QL >z > -2 > QL , whichis acontradfction).

For anyj < 3, if there exists: < ¢ such that; ; = zi, then—z;, =g, , because(zy) = L.
Therefore,Dpnuy g, (zk, ~x) = 19. We note that after trying to add all paits>- 2’ such that
Dpxuipy, (z,2') >19,QL # QL,,. We recall that for any < 3, if there exists: < ¢ such that

lij = —wg, thenQ!, # Q}Jk. Hence, it follows tha€)} >~ cis consistent with all pairwise rankings

T



added so far. Then, sindepva g, (Q1,c) > 19, if Q] > ¢ has not been added, we choose to add
it first of all pairwise rankings of alternatives> «’ such thatD p~ a5, (2, 2") = 19, which means
that@] > ¢ in the final ranking—in other words,is not at the top in the final ranking. Therefore,
c is not the unique winner, which contradicts the assumpti@ah® P(PNM U {Ry}) = {c}.

For UCMC, we modify the reduction as follows: we 18" be such that for any < t,
Dpyum (Q;, C) = 22, and for any; <q, Dpnum (acj, ﬁxj) = 22. 0

Similarly, we can prove that whed/| is a constant greater than one, UCMU and UCMC under
ranked pairs remain NP-complete.

Theorem 3 The UCMU and UCMC problems under ranked pairs are NP-corepiaten when the
number of manipulators is fixed to some constanft > 1.

Proof of Theorem 3: We prove UCMU is NP-complete. The proof is similar to that bEdrem 2.
We let PVM satisfy the following conditions.

1. Foranyi <t, Dpnum(c,@Q;) = 30|M|,Dpnu(Q}, c) = 22|M | —2; foranyz € C\ {Q;, Q :
1 <i<t}, Dpnum(c,x) = 10|M]|.

2. Foranyj < ¢, Dp~vu(zj, ~x;) = 22|M| — 2.

3. Foranyi < t,j < 3,if l;; = xx, thenDp~xum (Qs, QL) = 30|M|, Dpnu (QL, 1) =
30|M|, DPNA{(ﬁxk, l—\mk) = 30|M|, DPNAl(Qi_‘Ik7Q;) = 30|M|, if li,j = Tk, then

DPN]M(Qi, ¢ ) = 30|M|, DPN]M(Ql J}k) = 30|M|, DpNM(ﬁ.I’k,Qixk) = 30|M|,

T T

Dpxu(QL, ,Qf) = 30[M|, Dpvu(QL,,,QL,) = 20|M].
4. Foranyz,y € C, if Dp~u(x,y) is not defined in the above steps, thBp~a (z,y) = 0.

First, if there exists an assignmenbf truth values toX so thatQ is satisfied, then we leR,,
be defined as in the proof for Theorem 2. It follows t#® (PN U {|M|Ry}) = {c} (all the
manipulators can vot&,,).

Next, if there exists a profil@?! for the manipulators such th&P (PN u PM) = {c}, then
we construct the assignmenso thatv(zy) = T if 2 =y —ay, forall vV € PM, andv(xy) = L if
-z, =y a3, for all vV € PM; the values of all the other variables are assigned arlytraihen by
similar reasoning as in the proof for Theorem 2, we know &t satisfied undew.

For UCMC, the proof is similar (by slightly modifying th® p~»~ as we did in the proof of
Theorem 2). O

5 Bucklin

In this section, we present a polynomial-time algorithmtfoe UCMU problem under Bucklin (a
polynomial-time algorithm for the UCMC problem under Buoktan be obtained similarly). For
any alternativer, any natural numbet, and any profile?, let B(x, d, P) denote the number of times
thatx is ranked among the tapalternatives inP. The idea behind the algorithm is as follows. Let
dmin be the minimal depth so thatis ranked among the tap,.;,, alternatives in more than half of
the votes (when all of the manipulators ranfirst). Then, we check if there is a way to assign the
manipulators’ votes so that none of the other alternativeariked among the taf,.;,, alternatives

in more than half of the votes.

Algorithm 1
Input: A UCM instancg Bucklin, PNM ¢, M), C = {c,c1,...,cm_1}.

1. Calculate the minimal depty,,;,, such thatB(c, dpmin, M) + [ M| > L(INM| + |M]).





