Chapter 1

Numeric Attributes
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1.1 Dataset & Samples

A given dataset generally represents a subsetsangpleof the entire set of possible observations; the uni-
verse of all possible observations is also callgubpulation Usually we are interested in tiparametersor
certain characteristics of the entire population (e.@ ntfean age). However looking at the entire population
is typically not be feasible or may be too costly. The goabgfleratory analysis is to make inferences about
the population parameters using information from one orensamples and by computing the appropriate
samplestatistics In other words, we estimate the population parametersanapte statistics. However,
in our discussion below, for simplicity, we will assume thla¢ data represents the entire population, as
opposed to being a sample. This way we do not have to disshdwetween the population parameters and
sample statistics. Note that this is not an unrealistic ragsion in data mining, since typically we do not
know much about the distributions and parameters of thelptpn to begin with, and the dataset we collect
is typically taken to represent the whole population.

1.2 Types of Attributes

Many datasets can be represented in the form of tables. A isafan x d matrix, wheren is the number
of rows andd is the number of columns. The rows denote a collection ohims#s, which can also be
called as examples, records, objects, transactions,réeadctors, etc. The columns denote a collection of
attributes, which can also be called dimensions, varialftsgures, properties, fields, etc. For example,
consider a sample of the demographic data shown in Tablenvhith records information likége, Sex,
Marital Status, Education andlncone for individuals in a population. Note that some data may be
missing (denoted with “NULL"); for instance, we may not kn¢ine age for individual with 1D 249.
Attributes can be of different types depending on their darriae., depending on the types of values they
take on. Acategoricalattribute is one that has a set-valued domain composed oA fsgite symbols. For
example Sex, Marital Status, andEducation are categorical attributes, sindemair(Sex) = {M,F},
domair(MaritalStatus) = {SingleMarried}, anddomair(Education) = {HighSchoolBS MS PhD,-
Other}. Categorical attributes may be of two types:
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ID Age | Sex| Marital Status | Education | Income

248 | 54 M Married High School| $100,000

249 | NULL | F Married High School| $12,000

250 | 29 M Single B.S. $23,000
M

251 7 NULL Other $0

Table 1.1: Sample of Demographic Data

e Nominal An attribute is called nominal if its values cannot be oeder Only test for equality is
allowed (for examplésex).

¢ Ordinal: An attribute is called ordinal if its values can be ordereddame way (for exampl&ducat i on,
since we can claim that someone who has a BS is more educaeddmeone with High School
diploma. Similarly, a PhD is obtained after an MS and an M8raitBS. Thus, there is an order to the
domain values, even though we may not be able to quantifyiffezehce between successive values).

A numericattribute is one that has a real-valued or interger-valusmhadn. For examplefAge and
I ncone in Table 1.1 are numeric attributes, sindemair(Age) = domair{Income) = R™ (the set of all
positive real values). Numeric attributes may be of two $ype

e Interval For these kinds of attributes only differences (additionsabtraction) make sense. For
example, temperature measuredtor F° is interval-scaled, since it is not very meaningful to say
that 2@° is “twice” as cold as 16°. On the other hand, we can take their difference.

e Ratioc Most numeric attributes are such that we can take theiemiffces as well as ratios. For
example, we can say that someone who is 20 years old is twid as someone who is 10 years old.

1.3 Single Attribute Analysis

Here we assume that our data matrix ha®ws, repesenting several instances, but only one numeric a
tribute, which we treat as a random variakleThe set of values of is given by the vectofxy, Xz, - ,X,) .
Here the superscript denotes matrix transpose, since we assume that all ves®rsolumn vectors by
default.

1.3.1 Measures of Central Tendency

Mean Themean(p) of the random variabl& is the average value, given as

Y%
u— 25 (1.1)

The mean is also defined as gpected valuef the random variablg, given as

Elx] = im (%) = im% EpIST]



Note thatp(x;) = % since alln values are assumed to be equally likely. The mean is alsbsh@momenof
X, a special case of theth momenbf the random variablg, which is defined as:

n n (Xi)r
EX] =3 % p0x) = 2unl
1=
Whereas mean is a useful, intuitive statistic, it has one@nmapblem. Itis notobust i.e, it is very sensitive
to extreme values. For instance, a single very large valoekaw the mean.

Median Themedianof x is the middle-most value, i.e., half the points have valess than the median,
and the other half have values more than the mediar.idfsorted in increasing order, the median is the
value at positiorﬁ—l if nis odd, and the average value of the elements in posifjcarsd [&211 if nis even.
Unlike the mean, median is robust, since it is not affectag wauch by extreme values.

Mode Themodeof x is the most frequently occuring value. The mode may not beyanseful measure of
central tendency for raw data values, since by chance aprasentative element may be the most frequent
element. It is more useful when we consider ranges of valndgiad out the peaks.

1.3.2 Measures of Dispersion
Range Therangeof the random variablg is the difference between the maximum and minimum values,
given agrange(x) = max{x; } —min{x; }. By definition it is sensitive to extreme values, and thusrobtist.

Variance and Standard Deviation The variance(o?) of x is the average squared deviation of the data
valuesx; from their meamu !, defined as follows:

2 YL —Ww?
n

o (1.2)

The variance is also defined as the expected value cfabend moment about the meaa.,

0 n N (v —11)2
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In general, the-th moment about the meamdefined as

n
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Thestandard deviatiorfo) is just the square-root of the variance, i.e.,

o= / ZIn—l(X|n B H)Z (13)

1From an estimation view-point one has to use the denomimdtor- 1 for sample variance, to obtain an unbiased estimator
for the population variance. Here since we assumexhepresents the entire population, we can simply divide.biy any case,
for largen, the difference is negligible.
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The standard scorgz) of a valuex; for the attributex is the number of standard deviations away the
value is from the mean, given as:
X—H
Z = 5 (1.4)
Whereas standard deviation is an absolute measure of siispethecoefficient of variationgiven as?,
gives a relative measure of dispersion. It tells us the ntadeiof the deviation relative to the magnitude of
the mean. Likewise, the standard score is also a relativeuneaf dispersion with respect to the standard

deviation.

Inter-Quartile Range Like the mean, variance and standard deviation are bothretoust. A more robust
measure of dispersion is tirger-quartile range Quartilesdivide the data into 4 equal parts. If we consider
the values ok in sorted order, the first quartil€y) is the value to the left of which 25% of the points lie,
the second quartilel)) is the value to the left of which 50% of the points lie (i.de tsame as the median),
the third quartile Q3) is the value to the left of which 75% of the points lie, and therth quartile Q4) is
the value to the left of which 100% of the points lie (i.e, thaximum value irx). Theinter-quartile range
is given adQR = Q3 — Qq, whcih indicates how much we have to go on either side of theéianeto include
exactly half of the data point$QR is robust by definition.

In general, median and quartiles are exampldsaatiles or quantiles Given the frequency distribution
of an attributeX, theg-th quantile is the value such that the fractipof the points lie to the left. Thus the
median is the ®-quantile, whereas the first quartile is the®-quantile.

1.4 Two Attribute Analysis

Here we assume that our table lme®ws, and two numeric attributes, which can be representéddran-

dom variablex andy, with corresponding value vecto(y, Xz, - ,X,)" and(y,Y2,---,yn)", respectively.
Another way to look at the two variables is to consider tha@datan x 2 matrix. Rowi then represents the
pair of values(x;, ;) for x andy corresponding to point As before, we assume that the data represents the
entire population, since otherwise we would have to seplgrdefine the population and sample means.

Mean The 2-dimensional mean is given as the vector

M= (b by) " (1.5)

obtained by taking the means along each attribute. The ttsiteete median and mode can also be defined
by taking the median and mode along each attribute.

Covariance The two attribute variance is callembvariance?; it measures how much the two attributes
deviate from their respective means. It is defined as follows

_ S (i) (i — )

: (1.6)

ny

The covariance measures havandy co-vary, i.e, how likely are values afto be above (or below) their
mean when values gfare above (or below) their mean. As such it measures onlgiirdationship between

2As in the case of variance, the sample covariance has deatimin- 1, to obtain an unbiased estimator for the population
covariance.
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x andy. Covariance is also a special case of thé ands-th product moment about the meamhich is
given as

n

B0 10"y )T = 3 06— )" 04— W)° PO W) = 206 “;)r(yi —Hy)°

Note thatp(x;,yi) = % since each of the points(x;, ;) is equally likely (assuming, as we do, that the data
represents the entire population).

Correlation Thecorrelation coefficienbetween variables andy is given as:

Oy 300 B )
030y /30— PP S 0 — )

Pxy (1.7)

Correlation isstandardizedcovariance, i.e, it is obtained by normalizing the covar@aby the standard
deviation of each variable.
The Cauchy-Schwartimequality states that for any vectasandb

ja"b| < [lal| [[b] (1.8)

Leta andb be then-dimensional vectors given as

X1 — Hx Y1— My
ae Xz—:llx b YZ—:Uy (1.9)
Xn — Hx Yn— Wy
The correlation coefficient can then be re-written as foiow
a'b _ a'b (1.10)

Py = aTavbo  lal D]

It follows immediately from the Cauchy-Schwartz inequatitat |pyy| < 1. Also worth mentioning is that
the correlation coefficient is identical to the angle betmvé® two vectors, i.e.,

Pxy = COSH = _a'b — 0=cos (pyy) (1.11)
Y [all [[b] Y '
X1y a=x—| | b=y—py
1/08 ™ m Z 21
5|24 5_5|87-29 0 05
9|55 b) 4 2.6

a) (©

Figure 1.1: Correlation Example
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As an example, let our sample consistncf 3 points ind = 2 dimensions, as shown in Figure 1.1(a).
The means along each dimension are shown in Figure 1.1(@}hamean subtracted vectors are shown in
Figure 1.1(c). We can compute the correlation coefficieriobews:

(—4,0,4)-(—2.1,—0.5,2.6)7 188
V(=82 +02+42,/(-21)2+(-05)2+26 32/1142

Dy = 0.98 (1.12)

The angle between the two mean subtracted 3-dimensionairsac= (—4,0,4)" andb = (—2.1,-0.5,2.6)"
is cos™1(0.98) = 10.4°. Figure 1.2, shows the three points in the: 2 dimensional space comprised of two
attributes, and it also shows the twe= 3 dimensional mean-subtracted vectors.

6 :
(9.5.5)m

X3

10

Figure 1.2: Geometric Interpretation of Correlation: Thestofitting line, through the three points in the
originald = 2 dimensional space, is shown to indicate a good linear fie.right figure shows the two= 3
dimensional vectors.

Covariance Matrix The 2-dimensional covariance information can be summanzea 2x 2 covariance

matrix given as:
2
- ( Ox Oy > (1.13)

2
Oyx Oy

Sinceayy = Oyx, Z is a symmetric matrix. Also, using (1.7), we can re-watg = pyyOxOy to obtain:

5= ( % POy ) (1.14)
prO'XO'y Gy

Thus detZ) = o0} — p3,0%07 = (1— p3,)0%0%. Since|pyy| < 1, we havepZ, < 1. This implies that

detZ) > 0, i.e., the determinant is never negative.

1.5 Multiple Attribute Analysis

We now generalize mean and variance to multiple attriblfés now assume that we haxgpoints overd
attributes. We assume that each point (row) is given @slenensional vectok; = (x,-l,x,-2,~_~ ,x,d)T. Each

attribute or random variable (column) can also be thoughsahe vectok! = (x},%},---,x})T.
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Mean The multi-dimensional mean vector is obtained by takingnigan of each attribute, given as

u: (U'X17U'X27”' 7|“lxd)T (115)

Covariance The multi-dimensional covariance is captured bydhed symmetriccovariance matrixhat
gives the covariance for each pair of attributes, defined as:

2
Ol1 Oyixz -+ Oxiyd
Oy2y1 O cor Oy2yd
s_| 9 O x2x (1.16)
ol 2
xdxt  Oxdyz <+ Oy

The diagonal elementts)z(,- denote the single attribute variances, whereas the offedial element®,iy;
denote the covariance between attributeandx!’.

Let x = (x},x2,--- ,x9T denote thed-dimensional vector of random variables correspondindhéadt
attributes. Then, the covariance matrix can also be wrégen

£ = E[x—w (x—w (1.17)
E[(x* — wa)? E[O — ) =)l - E[(X! — ) (Xd — Kya)]
| B s B B0 e o)] | (g g
E[(x" —pa) (X — )] E[(C = Be) (XT — )] -+ E[(x? — ke )?]

Whereas the covariance matrix gives all pair-wise atteélmagvariances, thgeneralized variancegives
a single value for the overall multivariate scatter, defiasdietZ), which represents thdeterminanof the
covariance matrix. The determinant (&} is also denoted a&Z|. It is worth noting thatz is a positive-
semidefinitematrix, i.e.,a’ Za > 0 for anyd-dimensional vectoa. This also means that all upper l&fk k
sub-matrices ok have non-negative determinants{Xk < d). Another consequence of interest later is that
all the eigenvalues dX are also non-negative.

1.6 Normal Distribution

The normal distribution is one of the most important statdtdistributions, especially since many physi-
cally observed variables follow an approximately normatritbution, and due to the central limit theorem,
the sampling distribution of the mean follows a normal dsttion. The normal distribution also plays an
important role in data mining, especially in clustering aleehsity estimation.

1.6.1 Univariate Normal Distribution

A random variable, or in our case, an attributehas a normal distribution with megnand variances?
(with pe R and witha € R™) if x has a continuous distribution whopmbability density functiorfp.d.f.)
is given as follows:

2 1 _-w?
(X0 = o e o (1.19)
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Figure 1.3: (a) Standard Normal Distribution, (b) Normast@ibution with Different Variancegu= 0).

Figure 1.3(a) plots the p.d.f. of the standard normal distion, withpu = 0 ando? = 1. The normal
distribution has a characteristiell shape. Figure 1.3(b) shows the effect of variance on theesbhthe
distribution. Since the normal distribution is symmettite meanuis also the median, as well as the mode,
of the distribution. Note that terrfx, — )2 in (1.19) measures the distance of a vaturom the mean of
the distributionp.

Figure 1.4: Standard Bivariate Normal Distribution

1.6.2 Multivariate Normal Distribution

Givend random variables or attributesd, X2, ---, x¢, and thed-dimensional poink; = (x},%2,--- ,x")T, we
say that these random variables have a multivariate noristaibdition, with mearp and covariance matrix
2, whose p.d.f. is given as follows:

1 _x-wT >:2*1 (i—#)

(V28 /5]
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Let Oy = (01,0, -- ,Od)T denote the zero vector withcomponents (or dimensions), and lgtdenote the
d x d identity matrix (whose diagonals are all 1's and the offgdiaal elements are all 0's). Figure 1.4 plots
the p.d.f. of the standard bivariate (i.d.= 2) normal distribution, with

n=0=(00"

10
>::'2:<o 1>

This corresponds to the case where the two attributes aspa@mdient, and follow the standard normal
distribution. In generalX will be a positive semi-definite matrix. Also, just as in thevariate case, the
term

and

- =t (xi— W
in (1.20) measures the distance, calledMahalanobis distanceof x; from the mean of the distributiop.
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