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1.1 Dataset & Samples

A given dataset generally represents a subset or asampleof the entire set of possible observations; the uni-
verse of all possible observations is also called apopulation. Usually we are interested in theparametersor
certain characteristics of the entire population (e.g., the mean age). However looking at the entire population
is typically not be feasible or may be too costly. The goal of exploratory analysis is to make inferences about
the population parameters using information from one or more samples and by computing the appropriate
samplestatistics. In other words, we estimate the population parameters via sample statistics. However,
in our discussion below, for simplicity, we will assume thatthe data represents the entire population, as
opposed to being a sample. This way we do not have to distinguish between the population parameters and
sample statistics. Note that this is not an unrealistic assumption in data mining, since typically we do not
know much about the distributions and parameters of the population to begin with, and the dataset we collect
is typically taken to represent the whole population.

1.2 Types of Attributes

Many datasets can be represented in the form of tables. A table is an× d matrix, wheren is the number
of rows andd is the number of columns. The rows denote a collection of instances, which can also be
called as examples, records, objects, transactions, feature vectors, etc. The columns denote a collection of
attributes, which can also be called dimensions, variables, features, properties, fields, etc. For example,
consider a sample of the demographic data shown in Table 1.1,which records information likeAge, Sex,
Marital Status, Education andIncome for individuals in a population. Note that some data may be
missing (denoted with “NULL”); for instance, we may not knowthe age for individual with ID 249.

Attributes can be of different types depending on their domain, i.e., depending on the types of values they
take on. Acategoricalattribute is one that has a set-valued domain composed of a set of finite symbols. For
example,Sex, Marital Status, andEducation are categorical attributes, sincedomain(Sex) = {M,F},
domain(MaritalStatus) = {Single,Married}, anddomain(Education) = {HighSchool,BS,MS,PhD,-
Other}. Categorical attributes may be of two types:
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ID Age Sex Marital Status Education Income
248 54 M Married High School $100,000
249 NULL F Married High School $12,000
250 29 M Single B.S. $23,000
251 7 M NULL Other $0
· · · · · · · · · · · · · · · · · ·

Table 1.1: Sample of Demographic Data

• Nominal: An attribute is called nominal if its values cannot be ordered. Only test for equality is
allowed (for exampleSex).

• Ordinal: An attribute is called ordinal if its values can be ordered in some way (for example,Education,
since we can claim that someone who has a BS is more educated than someone with High School
diploma. Similarly, a PhD is obtained after an MS and an MS after a BS. Thus, there is an order to the
domain values, even though we may not be able to quantify the difference between successive values).

A numericattribute is one that has a real-valued or interger-valued domain. For example,Age and
Income in Table 1.1 are numeric attributes, sincedomain(Age) = domain(Income) = R

+ (the set of all
positive real values). Numeric attributes may be of two types:

• Interval: For these kinds of attributes only differences (addition or subtraction) make sense. For
example, temperature measured inC◦ or F◦ is interval-scaled, since it is not very meaningful to say
that 20C◦ is “twice” as cold as 10C◦. On the other hand, we can take their difference.

• Ratio: Most numeric attributes are such that we can take their differences as well as ratios. For
example, we can say that someone who is 20 years old is twice asold as someone who is 10 years old.

1.3 Single Attribute Analysis

Here we assume that our data matrix hasn rows, repesenting several instances, but only one numeric at-
tribute, which we treat as a random variablex. The set of values ofx is given by the vector(x1,x2, · · · ,xn)

T .
Here the superscriptT denotes matrix transpose, since we assume that all vectors are column vectors by
default.

1.3.1 Measures of Central Tendency

Mean Themean(µ) of the random variablex is the average value, given as

µ=
∑n

i=1 xi

n
(1.1)

The mean is also defined as theexpected valueof the random variablex, given as

E[x] =
n

∑
i=1

xi p(xi) =
n

∑
i=1

xi
1
n

=
∑n

i=1 xi

n
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Note thatp(xi) = 1
n since alln values are assumed to be equally likely. The mean is also the1st momentof

x, a special case of ther-th momentof the random variablex, which is defined as:

E[xr ] =
n

∑
i=1

xr
i p(xi) =

∑n
i=1(xi)

r

n

Whereas mean is a useful, intuitive statistic, it has one major problem. It is notrobust, i.e, it is very sensitive
to extreme values. For instance, a single very large value can skew the mean.

Median Themedianof x is the middle-most value, i.e., half the points have values less than the median,
and the other half have values more than the median. Ifx is sorted in increasing order, the median is the
value at positionn+1

2 if n is odd, and the average value of the elements in positionsn
2 and⌈n+1

2 ⌉ if n is even.
Unlike the mean, median is robust, since it is not affected very much by extreme values.

Mode Themodeof x is the most frequently occuring value. The mode may not be a very useful measure of
central tendency for raw data values, since by chance an unrepresentative element may be the most frequent
element. It is more useful when we consider ranges of values and find out the peaks.

1.3.2 Measures of Dispersion

Range Therangeof the random variablex is the difference between the maximum and minimum values,
given asrange(x) = max{xi}−min{xi}. By definition it is sensitive to extreme values, and thus notrobust.

Variance and Standard Deviation The variance(σ2) of x is the average squared deviation of the data
valuesxi from their meanµ 1, defined as follows:

σ2 =
∑n

i=1(xi −µ)2

n
(1.2)

The variance is also defined as the expected value of thesecond moment about the mean, i.e.,

E[(x−µ)2] =
n

∑
i=1

(xi −µ)2 p(xi) =
n

∑
i=1

(xi −µ)2 1
n

=
∑n

i=1(xi −µ)2

n

In general, ther-th moment about the meanis defined as

E[(x−µ)r ] =
n

∑
i=1

(xi −µ)r p(xi) =
∑n

i=1(xi −µ)r

n

Thestandard deviation(σ) is just the square-root of the variance, i.e.,

σ =

√

∑n
i=1(xi −µ)2

n
(1.3)

1From an estimation view-point one has to use the denominatorof n−1 for sample variance, to obtain an unbiased estimator
for the population variance. Here since we assume thatx represents the entire population, we can simply divide byn. In any case,
for largen, the difference is negligible.
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The standard score(z) of a valuexi for the attributex is the number of standard deviations away the
value is from the mean, given as:

zi =
xi −µ

σ
(1.4)

Whereas standard deviation is an absolute measure of dispersion, thecoefficient of variation, given asσ
µ ,

gives a relative measure of dispersion. It tells us the magnitude of the deviation relative to the magnitude of
the mean. Likewise, the standard score is also a relative measure of dispersion with respect to the standard
deviation.

Inter-Quartile Range Like the mean, variance and standard deviation are both non-robust. A more robust
measure of dispersion is theinter-quartile range. Quartilesdivide the data into 4 equal parts. If we consider
the values ofx in sorted order, the first quartile (Q1) is the value to the left of which 25% of the points lie,
the second quartile (Q2) is the value to the left of which 50% of the points lie (i.e., the same as the median),
the third quartile (Q3) is the value to the left of which 75% of the points lie, and thefourth quartile (Q4) is
the value to the left of which 100% of the points lie (i.e, the maximum value inx). Theinter-quartile range
is given asIQR= Q3−Q1, whcih indicates how much we have to go on either side of the median to include
exactly half of the data points.IQR is robust by definition.

In general, median and quartiles are examples offractilesor quantiles. Given the frequency distribution
of an attributeX, theq-th quantile is the value such that the fractionq of the points lie to the left. Thus the
median is the 0.5-quantile, whereas the first quartile is the 0.25-quantile.

1.4 Two Attribute Analysis

Here we assume that our table hasn rows, and two numeric attributes, which can be represented by two ran-
dom variablex andy, with corresponding value vectors(x1,x2, · · · ,xn)

T and(y1,y2, · · · ,yn)
T , respectively.

Another way to look at the two variables is to consider the data as an×2 matrix. Rowi then represents the
pair of values(xi ,yi) for x andy corresponding to pointi. As before, we assume that the data represents the
entire population, since otherwise we would have to separately define the population and sample means.

Mean The 2-dimensional mean is given as the vector

µµµ= (µx,µy)
T (1.5)

obtained by taking the means along each attribute. The two-attribute median and mode can also be defined
by taking the median and mode along each attribute.

Covariance The two attribute variance is calledcovariance2; it measures how much the two attributes
deviate from their respective means. It is defined as follows:

σxy =
∑n

i=1(xi −µx)(yi −µy)

n
(1.6)

The covariance measures howx andy co-vary, i.e, how likely are values ofx to be above (or below) their
mean when values ofy are above (or below) their mean. As such it measures only linear relationship between

2As in the case of variance, the sample covariance has denominator n−1, to obtain an unbiased estimator for the population
covariance.
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x andy. Covariance is also a special case of ther-th ands-th product moment about the mean, which is
given as

E[(x−µx)
r(y−µy)

s] =
n

∑
i=1

(xi −µx)
r(yi −µy)

s p(xi ,yi) =
∑n

i=1(xi −µx)
r(yi −µy)

s

n

Note thatp(xi ,yi) = 1
n since each of then points(xi ,yi) is equally likely (assuming, as we do, that the data

represents the entire population).

Correlation Thecorrelation coefficientbetween variablesx andy is given as:

ρxy =
σxy

σxσy
=

∑(xi −µx)(yi −µy)
√

∑(xi −µx)2 ∑(yi −µy)2
(1.7)

Correlation isstandardizedcovariance, i.e, it is obtained by normalizing the covariance by the standard
deviation of each variable.

TheCauchy-Schwartzinequality states that for any vectorsa andb

|aTb| ≤ ‖a‖ ‖b‖ (1.8)

Let a andb be then-dimensional vectors given as

a =











x1−µx

x2−µx
...

xn−µx











b =











y1−µy

y2−µy
...

yn−µy











(1.9)

The correlation coefficient can then be re-written as follows:

ρxy =
aTb√

aTa
√

bTb
=

aTb
‖a‖ ‖b‖ (1.10)

It follows immediately from the Cauchy-Schwartz inequality that |ρxy| ≤ 1. Also worth mentioning is that
the correlation coefficient is identical to the angle between the two vectors, i.e.,

ρxy = cosθ =
aTb

‖a‖ ‖b‖ =⇒ θ = cos−1(ρxy) (1.11)

x y
1 0.8
5 2.4
9 5.5

(a)

µx µy
15
3 = 5 8.7

3 = 2.9
(b)

a = x−µx b = y−µy

-4 -2.1
0 -0.5
4 2.6

(c)

Figure 1.1: Correlation Example
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As an example, let our sample consist ofn = 3 points ind = 2 dimensions, as shown in Figure 1.1(a).
The means along each dimension are shown in Figure 1.1(b), and the mean subtracted vectors are shown in
Figure 1.1(c). We can compute the correlation coefficient asfollows:

ρxy =
(−4,0,4) · (−2.1,−0.5,2.6)T

√

(−4)2 +02 +42
√

(−2.1)2 +(−0.5)2 +2.62
=

18.8√
32

√
11.42

= 0.98 (1.12)

The angle between the two mean subtracted 3-dimensional vectorsa= (−4,0,4)T andb = (−2.1,−0.5,2.6)T

is cos−1(0.98) = 10.4◦. Figure 1.2, shows the three points in thed = 2 dimensional space comprised of two
attributes, and it also shows the twon = 3 dimensional mean-subtracted vectors.
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Figure 1.2: Geometric Interpretation of Correlation: The best fitting line, through the three points in the
originald = 2 dimensional space, is shown to indicate a good linear fit. The right figure shows the twon= 3
dimensional vectors.

Covariance Matrix The 2-dimensional covariance information can be summarized via a 2×2 covariance
matrix given as:

ΣΣΣ =

(

σ2
x σxy

σyx σ2
y

)

(1.13)

Sinceσxy = σyx, ΣΣΣ is a symmetric matrix. Also, using (1.7), we can re-writeσxy = ρxyσxσy to obtain:

ΣΣΣ =

(

σ2
x ρxyσxσy

ρxyσxσy σ2
y

)

(1.14)

Thus det(ΣΣΣ) = σ2
xσ2

y − ρ2
xyσ2

xσ2
y = (1− ρ2

xy)σ2
xσ2

y. Since |ρxy| ≤ 1, we haveρ2
xy ≤ 1. This implies that

det(ΣΣΣ) ≥ 0, i.e., the determinant is never negative.

1.5 Multiple Attribute Analysis

We now generalize mean and variance to multiple attributes.We now assume that we haven points overd
attributes. We assume that each point (row) is given as ad-dimensional vectorxi = (x1

i ,x
2
i , · · · ,xd

i )
T . Each

attribute or random variable (column) can also be thought ofas the vectorx j = (x j
1,x

j
2, · · · ,x

j
n)T .
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Mean The multi-dimensional mean vector is obtained by taking themean of each attribute, given as

µµµ= (µx1,µx2, · · · ,µxd)T (1.15)

Covariance The multi-dimensional covariance is captured by thed×d symmetriccovariance matrixthat
gives the covariance for each pair of attributes, defined as:

ΣΣΣ =









σ2
x1 σx1x2 · · · σx1xd

σx2x1 σ2
x2 · · · σx2xd

· · · · · · · · · · · ·
σxdx1 σxdx2 · · · σ2

xd









(1.16)

The diagonal elementsσ2
x j denote the single attribute variances, whereas the off-diagonal elementsσxix j

denote the covariance between attributesxi andx j .
Let x = (x1

,x2
, · · · ,xd)T denote thed-dimensional vector of random variables corresponding to the d

attributes. Then, the covariance matrix can also be writtenas:

ΣΣΣ = E[(x−µµµ)T(x−µµµ)] (1.17)

=









E[(x1−µx1)2] E[(x1−µx1)(x2−µx2)] · · · E[(x1−µx1)(xd −µxd)]
E[(x1−µx1)(x2−µx2)] E[(x2−µx2)2] · · · E[(x2−µx2)(xd −µxd)]

· · · · · · · · · · · ·
E[(x1−µx1)(xd −µxd)] E[(x2−µx2)(xd −µxd)] · · · E[(xd −µxd)2]









(1.18)

Whereas the covariance matrix gives all pair-wise attribute covariances, thegeneralized variance, gives
a single value for the overall multivariate scatter, definedas det(ΣΣΣ), which represents thedeterminantof the
covariance matrix. The determinant det(ΣΣΣ) is also denoted as|ΣΣΣ|. It is worth noting thatΣΣΣ is a positive-
semidefinitematrix, i.e.,aTΣΣΣa≥ 0 for anyd-dimensional vectora. This also means that all upper leftk×k
sub-matrices ofΣΣΣ have non-negative determinants (1≤ k≤ d). Another consequence of interest later is that
all the eigenvalues ofΣΣΣ are also non-negative.

1.6 Normal Distribution

The normal distribution is one of the most important statistical distributions, especially since many physi-
cally observed variables follow an approximately normal distribution, and due to the central limit theorem,
the sampling distribution of the mean follows a normal distribution. The normal distribution also plays an
important role in data mining, especially in clustering anddensity estimation.

1.6.1 Univariate Normal Distribution

A random variable, or in our case, an attribute,x has a normal distribution with meanµ and varianceσ2

(with µ∈ R and withσ ∈ R
+) if x has a continuous distribution whoseprobability density function(p.d.f.)

is given as follows:

f (xi |µ,σ2) =
1√

2π σ
e−

(xi−µ)2

2σ2 (1.19)
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Figure 1.3: (a) Standard Normal Distribution, (b) Normal Distribution with Different Variances (µ= 0).

Figure 1.3(a) plots the p.d.f. of the standard normal distribution, with µ = 0 andσ2 = 1. The normal
distribution has a characteristicbell shape. Figure 1.3(b) shows the effect of variance on the shape of the
distribution. Since the normal distribution is symmetric,the meanµ is also the median, as well as the mode,
of the distribution. Note that term(xi −µ)2 in (1.19) measures the distance of a valuexi from the mean of
the distributionµ.
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Figure 1.4: Standard Bivariate Normal Distribution

1.6.2 Multivariate Normal Distribution

Givend random variables or attributesx1, x2, · · · , xd, and thed-dimensional pointxi = (x1
i ,x

2
i , · · · ,xd

i )
T , we

say that these random variables have a multivariate normal distribution, with meanµµµ and covariance matrix
ΣΣΣ, whose p.d.f. is given as follows:

f (xi |µµµ,ΣΣΣ) =
1

(
√

2π)d
√

|ΣΣΣ|
e−

(xi−µµµ)T ΣΣΣ−1 (xi−µµµ)
2 (1.20)
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Let 0d = (01,02, · · · ,0d)
T denote the zero vector withd components (or dimensions), and letId denote the

d×d identity matrix (whose diagonals are all 1’s and the off-diagonal elements are all 0’s). Figure 1.4 plots
the p.d.f. of the standard bivariate (i.e.,d = 2) normal distribution, with

µµµ= 02 = (0 0)T

and

ΣΣΣ = I2 =

(

1 0
0 1

)

This corresponds to the case where the two attributes are independent, and follow the standard normal
distribution. In general,ΣΣΣ will be a positive semi-definite matrix. Also, just as in the univariate case, the
term

(xi −µµµ)T ΣΣΣ−1 (xi −µµµ)

in (1.20) measures the distance, called theMahalanobis distance, of xi from the mean of the distributionµµµ.
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