Chapter 5

ltemset Mining

In many applications one is interested in how often two oreraivjects of interest co-occur. For example,
consider a popular web site, which logs all incoming traffidts site in the form of weblogs. Weblogs
typically record the source and destination pages requidstesome user, as well as the time, return code
whether the request was successful or not, and so on. Giwnwgeblogs, one might be interested in
finding if there are sets of web pages that many users tenateskrwhenever they visit the web site. Such
“frequent” sets of web pages give clues to the user browseigor and can be used for improving the
user’s browsing experience.

The quest to mine frequent patterns appears in many otheaidemThe prototypical application is
market basket analysise., to mine the sets of items that are frequent boughthegeat a supermarket by
analyzing the customer shopping carts (the so-called “etdr&skets”).

Once we mine the frequent sets, they allows us to exersabciation rule@mong the item sets, where
we make some statement about how likely are two sets of iterns-bccur or to conditionally occur. For
example, in the weblog scenario frequent sets allow us taetxiules like, “Users who visit the sets of pages
mai n, | apt ops andr ebat es also visit the pageshoppi ng- cart andcheckout ”, indicating, perhaps, that
the special rebate offer is resulting in more laptop salashé case of market baskets, we can find rules
like, “Customers who buy Milk and Cereal also tend to buy Beasd, which may prompt a grocery store to
co-locate bananas in the cereal aisle.

5.1 Foundations

Let 1 = {x1,X, -+ ,Xm} be a set of binary-valued attributes, which we @ains A setX C 1 is called an
itemset The set of itemg may denote, for example, the collection of all products sld supermarket,
the set of all web pages at a web site, and so on. An itemsetdihedity (or size)k is called ak-itemset.
Further, we denote by the set of alk-itemsets, i.e., subsets ofwith sizek. Let 7 = {ty,t5,--- ,t,} be
a set of transaction identifiers, also caltetb. A setT C 7 is called atidset We assume that itemsets and
tidsets are kept sorted in lexicographic order.

A transactionis a tuple of the formt,X), wheret € 7 is a unique transaction identifier, akdis an
itemset. The set of transactions may denote the set of all customers at a supermarket, thd abttioe
visitors to a web site, and so on. For convenience, we refattansactiorit, X) by its identifiert.

A binary database is a binary relation on the set of items and tids, i7e.C 1 x 7. We say that tid
t € 7 containsitemx € 1 if and only if (X,t) € ©. In other words(x,t) € o iff x € X in the tuple(t, X).
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(a) Binary Database (b) Transaction Database (c) Vertieghbase

Figure 5.1: An Example Database

Example: Figure 5.1(a) shows an example binary database. HeréA B,C,D,E}, andT ={1,2,3,4,5,6}.
In the binary database, the cell in révand colummx has a 1 if and only ift,x) € ©, and 0 otherwise. R

For a setX, we denote by 2 the powerset oK, i.e., the set of all subsets &f. Leti: 27 — 2! be a
function, defined as follows:

i(T)={x] vt eT,t containsx} (5.1)

That is,i(T) is the set of items that are containedaith the tids in the tidseT. In particular,i(t) is
the set of items contained in tid= 7. It is sometimes convenient to consider the binary databgsas a
transaction database consisting of tuples of the fdrft)), witht € 7. The transaction database can be
considered as a “horizontal” projection of the binary datd) where we omit any item that has a ‘0’ for a
given tid.

Lett: 2! — 27 be a function, defined as follows:

t(X) = {t| X Ci(t)} (52)

That is,t(X) is the set of transactions that contaihthe items in the itemseX. In particular,t(x) is the set
of tids that contain the single iteme 1. It is also sometimes convenient to think of the binary dasatp ,
as a tidset database containing a collection of tuples dfitme (x,t(x)), with x € 1. The tidset database is
a “vertical” projection of the binary database, where wetany tid that has a '0’ for a given item.

Example: Figure 5.1(b) shows the corresponding transaction dag¢atomghe binary database in (a). For

instance, the first transaction (&, {A,B,D,E}). Henceforth, for convenience, we will drop set notations

when writing itemsets and tidets when there is no confusitnus we write(1, {A,B,D,E}) as(1,ABDE).
Figure 5.1(c) shows the corresponding vertical databasthéobinary database in (a). For instance, the

tidset corresponding to ited is given in the first column agA, {1,3,4,5}), which we write agA, 1345

for convenience. |

Thesupportof an itemselX in a datasetr, denotedsup(X, 2 ), is the number of transactions in that
containX, i.e.,

SURX, D) = |{ti | {t,,i(t)) € D andX Ci(t;)}] (5.3)

It should be easy to see that the support of iterXsetin also be defined in terms of the cardinality of its
corresponding tidse(X), as follows:

supX, o) = [t(X)| (5.4)
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Note that the support &f gives an estimate of theint probability of the items ofX in the database, given
as follows:
P(X) = supX)
D]

X is said to befrequentin o if supgX,?) > minsup whereminsupis a user defined minimum support
threshold. When there is no confusion abauive write support simply asupgX). We use the sef to
denote the set of all frequent itemsets, an# to denote the set of frequekiitemsets.

An association rulds an expressio =% B, whereA andB are itemsets, andN B = 0. Thesupport
of the rule is derived from the joint probability of a tranan containing bottA andB, given as

SupAUB)
D]

The confidenceof a rule is the conditional probability that a transacti@mt@insB, given that it containg,
given as:

(5.5)

s=sugfA=B)=P(AAB)x |D|= X |D| =supAUB) (5.6)

P(AAB) 57 SugAUB)

D]

(5.7)

Arule is frequent if the itemsetU B is frequent. A rule isonfidentif conf > minconf, whereminconfis a
user-specified minimum threshold. If the two itemseendB are independent, thé¥B|A) = P(B) x P(A).
Thus, once arule’s confidence is known it is useful to compare much it deviates from the independence
assumption, by computing the rulé: %.

Given a transaction databageand the user defined minimum support threshmidsup the task of
frequent itemset mining is to enumerate all itemsets trafraquent.

Example: Given the example dataset in Figure 5.1,ehsup= 3. Figure 5.2 shows all the 19 frequent
itemsets in the database, grouped by their support valueer@emsets have support lower than 3 and are
thus infrequent. For example, the itemB&E is a subset of transactions 2, 4, and 5, t@BCE) = {2,4,5}.
ThussupBCE) = |t(BCE)| = 3, and it is frequent. |

sup itemsets
6 B
5 E, BE
4
3

A, C, D, AB, AE, BC, BD, ABE
AD, CE, DE, ABD, ADE, BCE, BDE, ABDE

Figure 5.2: Frequent Itemsets withinsup= 3

5.2 Generating Strong Association Rules

Given a collection of frequent itemse#s, it is simple to iterate over all itemse¥ € 7 calculating the
confidence of various rules that can be derived from the génmEhat is, for a giveiX € #, we look at all
proper subseta C X to compute rules of the form

A5 X —A (5.8)
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We already know that the rule must be frequent, since
S=SsupAU (X —A)) =supX) > minsup (5.9)

Thus, we only have to check whether the confidence of the subg ieastminconf We compute the

confidence as follows
_ SUpAU(X—A)) supX)

SUp(A) ~ supA)
If ¢c> minconf, then the minimum confidence threshold is met, we print theeas a strong association rule.

(5.10)

5.3 Search for Frequent Itemsets

BRUTEFORCE (D, I, minsup:
1 foreachX C 1 do
2 supgX) < COMPUTESUPPORTX,D);
3 if supX) > minsupthen
4 | printX,sup(X)

Algorithm 5.1: Algorithm BRUTEFORCE

Consider the algorithm BUTEFORCE, that uses a brute force approach to mine all frequent itemse
Algorithm BRUTEFORCE emunerates all the possible subsets paind for each such subs¥tC 7, the
algorithm computes its support. A check againstrttiasupthreshold determines the frequent itemsets.

The algorithm illustrates the two main steps in mining frexLitemsets:

ltemset Enumeration: This step generates all the subsets pfvhich are calleccandidates since each
itemset is potentially a candidate to be frequent. The dmtdiitemset search space is clearly expo-
nential, since there aré’2potentially frequent itemsets. The computational comiptexf enumer-
ating all the itemsets is thud(2!'l). It is also instructive to note the structure of the itemsstreh
space; the set of all itemsets forms a lattice structure asrsin Figure 5.3, where any two itemsets
X andY are connected by a link X is a direct subset of (i.e.,X CY and|X|=|Y|—1). In terms of
the practical search strategy, the itemsets in the latioebe enumerated using either a breadth-first
(BFS) or depth-first (DFS) search on thefixtree (shown in bold lines), where two itemstsy are
connected by a bold linkf X is a direct subset and prefix %f

Support Computation: This step computes the support of each candidate and datsrifiit is frequent.
This step requires access the databagde determine the support.

COMPUTESUPPORT(X, D):
1 supX)«—0
2 foreach (t,i(t)) € » do
3 if X Ci(t) then
4 L | supX) —supX)+1

5 return sup(X)
Algorithm 5.2: Algorithm COMPUTESUPPORT
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Figure 5.3: ltemset Lattice & Prefix-based Search Tree (illlBo

Algorithm 5.2 shows the steps in computing the support ofemsetX. For each transactioft,i(t))

in the database, we determin&ifs a subset df. If so, we increment the support ¥t After checking
all the transactions @UPUTESUPPORTreturns the support of. Checking ifX is a subset oft) can
take time at mosti |, since bothX andi(t) are bounded in length by the cardinality of Since we

have to check against each transactiominthe total computational complexity of support counting
for an itemse, isO(| 1] - |D]).

The overall computational complexity ofTEFORCEis O(|7]- || -2/} combining the complexity
of itemset enumeration and support computation steps.eShedatabase size in data mining can be very
large, it is also important to measure the I/O (input/oytmamplexity of the algorithm in terms of the
number of database scans required. Since we make one cerdptabase scan to compute the support of
each candidate, the 1/0 complexity oRBTEFORCEis O(2!'!) database scans. It is thus clear that this brute
force approach is clearly computationally infeasible fegresmall itemset spaces, whereas in praatican
be very large (for example, a supermarket carries thousaintlsms). The approach is impractical from an
I/O perspective as well.

We shall see next how to systematically improve upon theelfirce approach, by improving both the
candidate generation and support counting steps.
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5.3.1 Improving Candidate Generation

The brute force approach enumerates all possible itemsésduest to determine the frequent ones. This
typically results in a lot of wasteful computation since mamnthe candidates may not be frequent.

Let X,Y C 1 be any two itemsets. Observe thaifC Y, thensupX) > sug(Y), which leads to the
following two corollaries:

e If X is frequent, then any subsétC X is also frequent.

e If X is not frequent, then any super¥eD X cannot be frequent.

Based on the above observations, we can significantly inggtwritemset mining algorithm by reducing
the number of candidates we generate, by limiting the catelédto be only those that will potentially be
frequent. First we can stop generating supersets of a caedahce we determine that it is infrequent,
since no superset of an infrequent itemset can be frequecbnd, we can avoid any candidate that has an
infrequent subset. These two observations can result mifisignt pruning of the search space.

Figure 5.4: Prefix Search Tree and Effect of Pruning

Example: Given the example dataset in Figure 5.1,nehsup= 3. Algorithm BRUTEFORCE enumerates
all 21/l — 1 non-empty itemsets, so the total number of candidates®arel 2= 31.

Figure 5.4 shows the prefix search tree; each node showswaseit@long with its support, for example,
AC(2) indicates thasupAC) = 2. The figure demonstrates the power of pruning. For exanopies we
determine thafCis infrequent, we can prune any itemset thatA@ss a prefix, i.e., the entire subtree under
AC can be pruned. Note also that sinEBis frequent, we first generate a potential candideB€, however,
sinceAC is infrequent, we can immediately prudd3C without counting its support. In a similar manner
other branches of the tree are pruned (shown in dashed.lifés bold lines indicate all the candidates
whose support has to be counted against the database toithieek are frequent or not. Thus the total
number of candidates generated in the new approach is 2af wdtich 19 are frequent. |
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5.3.2 Improving Support Computation

LEVELWISE (D, I, minsup

k< 1// k denotes the |evel
¢ — INITIALIZE PREFIXTREE (1)
while ¢® # 0 do
CoMPUTESUPPORTC®, D);

foreachX € ¢ do
L if sugX) < minsupthen

~N o g b~ WN P

| removeX from ¢

c &+ ExTENDPREFIXTREE (¢ ()
| ke—k+1

©

CoMPUTESUPPORT(c ™, D):
10 foreach X € ¢ do
11 | supX) <0
12 foreach (t,i(t)) € » do
13 foreach k-subset XC i(t) do
14 L if X € ¢ then

N

1 | supX) —supX)+1

&)]

Algorithm 5.3: Algorithm LEVELWISE

The I/O complexity can be significantly improved if we can obthe support of groups of candidates
instead of a single itemset at a time. AlgorithreMELWISE enumerates the candidates using a levelwise
(or BFS) approach, as illustrated in Figure 5.5. It gener#te entire set of potential candid&tétemsets
at levelk and counts their support in the database. The pesudocotieeftavelwise approach is shown in
Algorithm 5.3. The levelwise approach begins by insertimg single items into the prefix tree (function
INITIALIZE PREFIXTREE). It then counts the support for the current leket 1, and removes any candi-
date below the minimum support (line 7). In general, duringp®rt counting (OMPUTESUPPORT), We
generate th&-subsets of each transaction in the datalasand if that subset is found in the prefix tree,
we increment its count. From those candidates that are dreégthe next level is added to the prefix tree
(function EXTENDPREFIXTREE). If new candidates were added, the whole process is rapaatbe next
level. This process continues until no new candidates atecad

The computational complexity ofgvELWISE is still O(|7]- |2 |- 2]} in the worst case, since all item-
sets may be frequent. In practice, however, due to the pyusfiects, the time is much faster, though it is
hard to characterize. In terms of I/OELELWISE requiresl database scans (whdrés the length of the
longest frequent itemset), one per level.

5.4 Itemset Mining via Tidset Intersections

One way to improve the support counting step is to “index” da¢abase in such a way that allows fast
support computations. Notice that in the levelwise apgrpas count the support, we have to generate
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Figure 5.5: ltemset Mining: Levelwise Approach

subsets of each transaction and check if they exist in tHexgree. This can be expensive since we may
end up generating subsets that do not exist in the prefix tree.

One solution is to leverage the tidsets directly and use tleemomputation. The basic idea is that the
support of a candidate itemset can be computed by intemgettte tidsets of suitably chosen subsets. For
example, if we know that tidset§A) = 1345 and(C) = 2456, then we can determine the supporAGf
by intersecting the two tidsets, to obtaifAC) = t(A) Nt(C) = 1345n 2456= 45. To enumerate all the
frequent itemsets, we can start with the tidsets for eaohiber, and aided by the prefix search tree, we can
determine the support of each candidate via tidset inteoseg as illustrated in Figure 5.6.

The complete algorithm is given in Algorithm 5.4. It enumegathe candidates in a DFS manner. The
initial call is with all the single items along with their 8dts. Let us call a tuple of the for(X,t(X)) as
an itemset-tidset pair (IT-pair). In each recursive crifERSECTTIDSETS intersects each IT-paiiX,t(X))
with all the other IT-pairgY,t(Y)) to generate new candidatBly. If the new candidate is frequent, it is
added to the sd¥;. A recursive call to NTERSECTTIDSETS then finds all extensions of thébranch in the
search tree (see Figure 5.6). The process continues in a BRBamnuntil all frequent sets have been found.

The computational complexity oRTERSECTTIDSETSis O(|2 |- 2/]) in the worst case. In practice is it
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A B C D E
1345 123456 2456 1356 12345
AB AC AD AE BC BD BE CD CE DE
1345 45 135 1345 2456 1356 12345 56 245 135
ABD ABE ADE BCD BCE BDE
135 1345 135 56 245 135

ABDE
135

Figure 5.6: Iltemset Mining: Tidlist Intersections

very efficient, since support is directly obtained by fagtisection operations. tfis the average transaction
size, and ifl is the longest frequent itemset, the computational conityléx close toO(t - 2'). The I/O
complexity of NTERSECTTIDSETS is hard to characterize, since it depends on the size of theediate
tidsets. Also due to the DFS search, as soon as the IT-pairsrfiemory no further database scans are

required. Since the database siz®i$|1|), the I/O cost is{l‘% = O(%) scans, in the worst case.

5.5 Itemset Mining via Augmented Prefix Trees

Another approach to indexing the database, for fast sugpanputation, is via the use of augmented prefix
trees. An augmented prefix tree stores the support infoomddir the prefixes over the set of transactions.
Each node in the tree records a support value, which is theosupf the itemset that node represents, which,
in turn, is composed of the items on the path from the rootabniode.

Consider the example database in Figure 5.1. We add easlattion one by one into the prefix tree, and
keep track of the path frequencies at each node. Since weheitnee to be as compact as possible, we want
the most frequent items to be at the top of the tree. We candeedne items and rank them in decreasing
order of support. For our example database we obtain thedsortler as{B(6),E(5),A(4),C(4),D(4)}.
Next each transaction can be reordered by the item rankxéonple,(1, ABDE) becomeg1,BEAD) in the
sorted order. Figure 5.7 illustrates the prefix tree as eathdtransaction is added.

57



Il Initial Call: INTERSECTTIDSETS({(i,t(i)) :i€ I},minsup
INTERSECTTIDSETS (P, minsup:

1 foreach (X,t(X)) e Pdo

2 P« 0

3 foreach (Y,t(Y)) € P, with Y > X do
4 Nxy = XUY

5 t(Nxy) = t(X) Nt(Y)

6 if sup(N) > minsupthen

7 L Px « Px U {{Nxy,t(Nxy))}
8 print Nxy, Sup(Nxy)

9 | INTERSECTTIDSETYPx, minsup
Algorithm 5.4: Algorithm INTERSECTTIDSETS

add t1: add t2: add t3: add t4: add t5: add t6:
BEAC BEC BEAD BEAC BEACD BCD

Figure 5.7: Augmented Prefix Tree using Sorted Items
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Figure 5.8: ltemset Mining: Augmented Prefix Tree
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