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Abstract to prune the output space.

Itemset mining algorithms are developed with an in-
The resource requirements of frequent pattern mining algo- tention to perform efficiently on real datasets. However,

rithms depend mainly on the length distribution of the mined ; ; ; ; ;
patterns in the database. Synthetic databases, which are use _opyrlght violations and intellectual property rights have

to benchmark performance of algorithms, tend to have distri- imited the availability of real datasets. Hence, the per-

butions far different from those observed in real datasets. In formance analysis of itemset mining methods has heav-
this paper we focus on the problem of synthetic database gen-ily relied on benchmark datasets. Specific synthetic
eration and propose algorithms to effectively embed within the datasets such as those generated by IBM’s synthetic
database, any given set of _maxllmal pattern collections, and dataset generator [6], that are widely used for bench-
make the following contributions: . . . L

1. A database generation technique is presented which takesT@rking, tend to have substantially different distribu-
k maximal itemset collections as input, and constructs a tions from those found in real world datasets. This fact
database which produces these maximal collections as output,has been recently established in [19]. This makes the
when mined ak levels of support. To analyze the efficiency quality of benchmarks obtained from such datasets ques-
of the procedure, upper bounds are provided on the numberoftionable, when the algorithms are indeed intended for

transactions output in the generated database. | d i
2. A compression method is used and extended to reduce thé!S€ On real datasets. Zheng et. al. [19] and our earlier

size of the output database. An optimization to the generation WOrk [15] also observed that the resource requirements
procedure is provided which could potentially reduce the num- of the mining algorithm relied on the length distribution

3. Preliminary experimental results are presented to demon-  As a reasonable assumption to disclosure, let us sup-
strate the feaS|b|l|ty of Using the generation technique. pose that Orgarnzatlons that are Concerned with pnvacy

are willing to disclose some data characteristics (say dis-
tributions) without disclosing the actual contents of the
1. Introduction data. A natural guestion arises:

Frequent and maximal frequent itemset mining are  Can we generate synthetic datasets that mimic real

classic data mining problems that are widely used in datasets with respect to these disclosed characteristics?
practice. Informally, given a transaction database where

each transaction is a set of items, frequent itemset min-  For this work, we assume that the organizations are
ing looks for all possible itemsets occurring in at least willing to disclose distributions of patterns at various
a certain fraction of the database. This fraction which support levels in the database. We focus on the prob-
is commonly called the minimum support threshold is lem of generating a synthetic dataset in which the pat-
specified by the user. All existing frequent and maxi- tern distributions match the specified distributions. The
mal itemset mining algorithms have exponential worst problem of privacy preservation with respect to disclo-
case complexity as they could potentially output all the sure of these distributions is interesting but orthogonal
possible itemsets. However, the methods perform well to this work and hence we do not consider it here. Such
in practice: partly due to the statistical distributions of a generation technique could then be used in a setting
real datasets and partly because they employ heuristicavhere organizations could reveal distributions of pat-
which exploit statistical information from the database terns without actually revealing the patterns or the trans-

- ) actions in the database, for developing benchmarks for

*This work was supported in part by NSF CAREER Award IIS-

0092978, DOE Career Award DE-FG02-02ER25538, and NSF grants l€MS€t mining algorithms. Specifically, we make the
EIA-0103708 and EMT-0432098. following technical contributions.




e Adatabase generation technique is presented whichstudied in [4]. Almost all synthetic datasets are gener-
takesk maximal itemset collections as input and ated using the IBM synthetic dataset generator [6]. This
constructs a database which produces these maxi-generator uses a Poisson frequent pattern distribution to
mal collections as output when minedlatevels generate datasets, about a user specified mean. To the
of support. To analyze the efficiency of the proce- best of our knowledge, our technique in [16] is the first
dure, upper bounds are provided on the number of in terms of distribution based dataset generation.
transactions output in the generated database.

e A compression method (earlier defined in [16]) is 2. Preliminaries and Problem Statement

used and Suitably extended to provide a technique [|temset, Transaction, Database]: Let Z be a non-
for reducing the size of the output database. An op- empty set of elements. Eaghe 7 is called aritem A
timization to the generation procedure is provided non-empty subseX C 7 is called anitemset Thesize
which could potentially reduce the number of trans- or length of an itemsetX, denoted byiX|, is the num-
actions generated. ber of items inX. An itemset of sizé is also called a
k-itemset. The power set @f, denoted byP(Z), is the
set of all possible itemsets @ The set of all possible
k-itemsets off is denoted byZ(®). ForX,Y € P(I),
X is said tocontainY, if Y C X. A transactionl, is an
itemset with a unique identifier, called thensaction
1.1. Related Work identifier or tid. A databasd®B — {T;, T,..., T} i

A variety of methods have been proposed for fre- a finite, non-empty multi-set of transactions, with size
guent and maximal itemset mining [6, 2, 11, 18, 10]. |DB| = N. A transactionl; is said to contain an itemset
They span from methods which employ various types X if X C T;. A transactionT; is said to be anaximal
of search through the lattice space of frequent itemsetstransactionif #T; € DB, such thafl; C T;.
to studying these patterns with constraints [14]. Pri- Assumptionsfor the rest of the paper, we assume that
vacy issues in data mining have currently received at- items are drawn from the set of positive integers. Even
tention and several issues in this direction have been ex-though in the domain of sets, the actual elements are un-
plored [8, 12]. Theoretical results have been obtained ordered, we implicitly assume an orderirag(less than)
in the general context of relating hypergraph transversal on the items.
and mining interesting patterns by Gunopulos et al. [5]. [Itemset Collections, D-sequence]An itemset collec-
They relate these mining problems to the model of exacttion is a set of itemsets. More formally, a SEtC P(7)
learning in computational learning theory and provide (with } ¢ F) is called anitemset collectiorover Z.
complexity results and lower bounds. The complex- We distinguish two types ok-itemsets that are asso-
ity of mining frequent and maximal frequent itemsets ciated with an itemset collectio. The first type of
have been studied by Yang in [17]. The author proves k-itemsets are those that are membersFof The sec-
that counting the number of distinct maximal frequent ond type ofk-itemsets are those that are contained in
itemsets in a database is #P-Complete and concludesnembers ofF. These are formally defined as fol-
that the problem of mining maximal frequent itemsets lows. Thek-collectionof F, denotedF, is the col-
is NP-Hard. In a seminal work on application of com- lection of all k-itemsets inF, i.e., /i, = FNI® =
binatorial results, Geerts et. al. [9] provided a tight up- {X € Z(¥) | X € F}. On the other hand, th-
per bound on candidate patterns that are computed byducedk—collection of 7, denoted[F]y, is the set of
breadth-wise bottom up algorithm liképriori [1]. In a k-itemsets contained in some elementffdefined as,
previous study [16], we used combinatorial techniques [F], = {X € Z(®) | X C Y for someY € F}. Note that
to formally characterize the feasible frequent and max- [F] = |J, [Flk. Letfy = |Fi| denote the size ofy. Let
imal itemset distributions and gave preliminary tech- 1 < n be the length of the longest itemsetin Then,
nigues to embed distributions in a database. Work hasthe length distribution of itemsets ifi given by the se-
also been done by Toon Calders et al. [3] on mining non- quence(F) = (fy,f2,---, 1), is called thedistribution
derivable itemsets and providing bounds on candidates.sequencer the D-sequenceof F. A maximal itemset
The concept of transaction maps/bags was motivated bycollectionor maximal collections an itemset collection
the notion of bags which exist in multiset terminology M. where(X € MF) = Y e MF,2 X CY.
and which were also used in [7]. General condensed[Containment, Cover]: Let C; andC; be two itemset
representations for finding frequent patterns were alsocollections ovefZ. C; is said to becontainedin C, (or

e We provide preliminary experimental results to
demonstrate the feasibility of using the generation
technique in practice.



C, containsC,) iff C; € C,. C; is said to beproperly Intuitively, for two isomorphic itemset collections,
containedin C; iff C; ¢ C;. C; is said to becovered we can transform one itemset collection into another

by C,, denoteda§; = C, (or C, coversCy), iff V(X € by relabeling the individual items in the collection uni-

Ci)= (Y € C2IX CY). Thatis,C; C C; & C; C formly across the entire collection.

[C2]. Cy is properly covered byC,, denotedC; = C, Ordering plays an important role in the performance
if in addition Cy # C,. of algorithms that mine for itemsets. Various types of

[Support, Frequent/Maximal Frequent Itemset]: The orderings can be defined on itemset collections. Two of
notion of support captures how often an itemset occursthe popular orderings on itemsets are kdcographic
in a database and comes in two flavors. Hixsolute (or lex) and theco-lexicographic(or colex) orderings,
supportof an itemseK in DB, defined ast* (X, DB) = which are defined as follows.

{T; € DB|X C T}, is the number of transactions B o

that containX. The (relative) supportof an itemsetX Df’lf)'n't'on 2.5 [Lex and Colex Order] LeX, Y € 7N
in DB is the fraction of transactionnAs[ )i(Dl%)that contain i o be xingnt\c,ivg iszr:(;ﬂ;'t.e.gfet?rﬁgﬁx&gépﬁc
X, and is defined asy(X,DB) = ~—5gr—- An item- (or lex) ordering < is given as: X = Y if and only
setX is said to berequentif t(X,DB) > ™", where if 32 < ksuchthatvi : 1 < i < z,% = y; and
0 < ™" < 1 is a user-specified minimum support x. < y,. In contrast thecolex® or squasheardering
threshold. A frequent itemsat € F is maximalifithas ~ =c is given as:X <. Y if and only if3z < k such that
no frequent superset, i.63Y | (X C Y)A(Y€F)). A  Vi:z <i<kxi =y;andx, < y.. Bothlexand
collection of frequent (or maximal) itemsets is denoted colex ordering are total orders ok-itemsets. We define

min min therankof ak-itemset as its position in the ordering, the
asF(DB, 7™) or F (resply. MF (DB, 7™) or MF). first element having a rank df We denote bg*) (m)
Definition 2.1 [Containment Property] Let the firstm itemsets iz (%) in colex order.
C1,Cs,...Cx be k itemset collections overZ.
Cq,...,Cy satisfy the containment property iff 2 1. Problem Statement
Cx T Cxq T ...C Cy; C Cq. Insuch a case,
Cq,...,Ck are said to form ahain The database generation problem has two variants de-

. ) pending on the type of input. The first problem takes
Frequent itemsets are closed undertheperation and  sequences df maximal collections as input while the

is widely used in itemset mining algorithms to generate second type, takes the actual maximal collections as in-
candidates and pruning. More formally, put.

Proposition 2.2 [6] Any subset of a frequent itemsetis  propjem 2.6 [Database Generation for D-sequences]
frequent:X € FandY C XimpliesY € F. O LetD;,D,,..., Dy be the D-sequences kfmaximal

) ) _ itemset collections. Construct a databad& and k
Frequent and maximal frequent itemsets are related inminimum support levels™, 77N .. 7" such that

terms of induced subsets and the maximal itemsets of a _ _ _
given frequent itemset collection, is the smallest set of 1. 0 <7y < 7)., <"
itemsets from which the frequent itemsets can be identi- minyy .

fied (but not their support values). 2. (MF(DB,n{"™)) =Dy, V1 i<k

Proposition 2.3 [16] Given a databaseDB and Problem 2.7 [Database Generation for maximal col-

ay i i lections] LetM;, M, ..., My be k maximal itemset
a minimum support levelr™", F(DB,n™") ; 1) YR2y e GoTe
[MF (DB, ®™")]. Furthermore,MF is the smallest col- ]iOFITLIerfltI‘IT?Sr?] 3‘30”gtr{‘fg\‘/gh%?}abaiﬁig"‘sﬁc%x{it;t) and
lection of frequent itemsets from which the elemenks of PP T ook
(not their support values) can be derived. d 1.0 <70 < qlin | < qeinin < 1
We now define the notion aéomorphic itemset collec- 2. MF(DB,n;“i”) =M;forall 1 <j<k.

tionswhich is used later in our paper.

These two problems address the task of embedding
Definition 2.4 [Isomorphic Itemset Collections] Ld§ k different distributions (D-sequences) or actual itemset
and I, be two itemset collections ovér I; andl; are  qjections into the generated database, such that mining

;aé?jgét?oe'nsf moIrprlc %e;rlljsceht fr?gf[ft'_orllff tierieiéls;s atn’{“” yieldsM; as the maximal frequent itemsets. The

bijection fromI, to I, where for allX = {x1,...,xx} € 1An alternate definition is given asx <. Y if and only if the
I1, B(X) ={A(x1),..., A(x1)}- largest item in symmetric difference afandY is in Y only.




correspondin@ptimization problemsequire the gener- X € F(DB, o7). By definition of MF, this implies3Y €
ation of a database with the smallest number of transac-MF (DB, o7) such thatX C Y. ThusMF (DB, 0;) C
tions satisfying the conditions of the problem. MF (DB, 01). a

It is important to differentiate between the two vari- Proposition 3.3 can be directly generalized to more
ants of the database generation problem. The generatiorthan two support values as follows.
of a database which takes as input a set of D-sequences,
may require an additional procedure to generate theLemma 3.4 Let DB be a database and l&t < o7 <
maximal itemset collections corresponding to the D- 92 < ... < ox < 1 bek values of support. Then for
sequences. With respect to optimization results, any op-! < 1 < j < k: 1) F(DB, 0;5) € F(DB, 03), and 2)
timizations that hold for the case when D-sequences are¥ (PB, 03) £ MF (DB, 03). -
provided as input also hold for the case when the maxi-
mal itemset collections are provided as input. The con- ~ From definition 2.1 and lemma 3.4, we have,
verse is not necessarily true. Any optimizations that are
applied to a specific set of maximal itemset collections Corollary 3.5 LetDB be a database andl, ..., oy be
that are explicitly provided as input, need not necessarily X values of support such that; < o0, < ... < ok
generalize to all instances which correspond to a given ThenMF(DB, o1),...,MF(DB, o) satisfies the con-

tainment property. ([

set of D-sequences. However, there are some general op-

timizations for maximal itemset collections which may ) ]
hold for D-sequences as well. The following lemma shows that the maximal trans-

actions are the maximal itemsets obtained from any
Note 2.8 A given sequence @-sequences may not be database at the lowest level of support (absolute support
a feasible sequence of distributions. To check for fea- of 1 or relative support ofgg;).
sibility, one could use and directly extend the methods

in [16]. For this work, we assume that the input comes | oyma 3.6 Let DB be a database. Le¥l. be the set
from the distribution of maximal collections mined from ¢ 21| the maximal transactions iDB. Then, at support

a database at various (increasing or decreasing) levels _ — 7 -
of minimum support and is hence, feasible. o = rpgy» MF (DB, 0] = Mx.

Proof: If T, € M. then be definition,AT; € M4, >

T, € T;, andm®(T;) = 1 impliesT; € MF (DB, o). If
We first summarize some basic results about Ti € MF(DB, o), then AX C 7,> T; C X. Since every

databases and itemsets which are used later. transaction is also an itemset, this impliess M. O

3. Some Basic Observations

Proposition 3.1 [6] Let DB be a database and leX . .
and Y be two itemsets oveF such thatX C Y. Then 4. Database Generation in Stages

A > A
(X, DB) = n™(Y, DB). B In [16], we used a generation procedure to demon-

. . . strate the existence of a database when feasible D-
The following proposition states that at any given sup- gequences are provided as input. We generated the col-
port level, the maximal collection obtained at that sup- |ections in colex order and showed the procedure to
port level is contained in the frequent itemset collection work for such collections. In this section, we prove a

at that support level. stronger result by showing that the generation procedure
- works not only for colex ordered collections but famy
Proposition 3.2 MF(DB, o) C F(DB, o). a sequence of maximal itemset collections satisfying the

containment property (Definition 2.1). We analyze the
Proposition 3.3 Let DB be a database and let; and procedure and provide an upper bound on the number of

0 be two values of support. ¢f; < o, then: transactions in the database generated by the procedure.
1) F(DB, 02) C F(DB, 07), and
2)MF (DB, 02) £ MF (DB, 01). Definition 4.1 Let DB be a database. Defind(DB)

Proof: 1) Leto; < 02. X € F(DB, 05) implies thatx ~ @S/M(DB) = maxn” (x, DB) : x € T}. In other words,
occurs in at least a fractiom, of DB which implies that M (DB) is the maximum of the absolute support values

it occurs in at least a fractios; < o, of DB. Hence,  Of all the singleton items that occur DB.
X € F(DB, 071), andF(DB, 0,) C F(DB, 01).
2) By proposition 3.2VF (DB, 0,) C F(DB, 02), and To facilitate understanding, we define the following

F(DB, 0,) C F(DB, 07). SoX € MF (DB, o2 ) implies database generation operator.



_ Lemma 4.4 LetDB be the database generated by algo-
Algorithm DB-Gen

Given: k maximal collectionMi; , ..., My rithm I:iB-Gen of figure 1. For any transactidne DB,
satisfying the containment property ) ! . i i
Output: DB and. real numbered™ T such Tfe UF1 M. ITur‘Lhermore, the maximal transactions
thatMF (DB, ™) — My, 1 <1 < k of DB is precisely the se¥l;. ]
Steps:

1.DBy = D(Mjq);¢cq1 = 1; .

2. - 2,DB — DB; The following theorem proves the correctness of algo-
3.¢c, = M(DB) + 1; rithm DB-Gen.

4. while(j <= k)
(a)DB; = DJ (M;); (UseDB; = Bi (M;) for Bags)

(b) DB = DB DB, Theorem 4.5 Given  k maximal collections
Eﬁgjc’:’j n {‘;”DB) +1 My,..., My satisfying the containment property,

s

min __ C§ .
i = TpB[’

the databaseDB generated and the support values
_ - _ ", ..., " computed by algorithm DB-gen satisfy
Figure 1. ConstructDB from k maximal collections the property thaMF(DB,T[’i“m) — M, for1 <i<k

S.for(i=Ti<=kii=1i4+1)7

Proof: Consider any stagg of the generation proce-
be a non-empty itemset collection, andret 1 be an ~ dure. Clearly, ifj = 1, then the procedure produces
integer. LetX}™ denote the multiset with copies ofx, M1 as the maximal collection at absolute supdofand

e, [XI" ={Xi,...,Xn}, suchthai; = X, Vi € [1,n]. hence at relative suppoB%) by lemma 4.4. Lef > 1. _
We defineD™(F) to be an operation that generates a Let DB;_1 be the database generated up to the begin-
database that consists of copies of each itemset in  ning of thejt" stage. By proposition 4.3, no itemset has
F,ie,DMF) = UxerXI™. We denoteD! (F) by a minimum support ot; t_:alculated by the algorithm.
D(F). LetDB be an existing database, we assume that Hence, adding; transactions for each element bf;

the operator ensures that every transactiomii (F) or to the database will make the element frequent at abso-
DB’ = DB U D" (F) has a unique identifier. lute support levet; in DB. Thus,M; is the maximal

frequent itemset collection at support level. Note that
The following proposition states thak((DB) is an up- the containment property is essential to ensure that when
per bound for the support @inyitemset inDB andisa  M; is added, it does not affect the frequenciedtf ,
direct consequence of Proposition 3.1 and definition 4.1. that was already added to the database. O

Proposition 4.3 LetDB be a database. For any C 7, .
7A(X,DB) < XI(DB). 0 Proposition 4.6 Let DB be a database and let1(DB)

be as defined in definition 4.1. Thér (DB) < |DB|.

Proposition 4.3 forms the central fact in the database
generation algorithnDB-Gen given in figure 1. Algo- Proof: No itemset can have absolute support greater
rithm DB-Gen generates the databaseskistages. In  than the number of transactions in the database. The
the first stage, it adds the elementsMf; as transac-  inequality follows directly. a
tions of the database and compute§DB) for the next Using repeated applications of proposition 4.6, we
stage of generation. At stagen the generation pro-  obtain an upper bound on the number of transactions in
cess, it dynamically maintains the value of support for the database after any stage in the generation procedure
the singleton items and computes thé value. It uses  that is given by the following theorem.
this value to replicate the itemsetshm; and applies the
database generation operator to add the replicated col-Theorem 4.7 Let m; denote thgM;| for T < j < k
lection to the database. The procedure remembers theand let DB; be the database generated at the end of
replication factor computed at each stage to compute thethe jth stage of algorithm DB-Gen. ThetDB;| <
support values to be output at the end of the procedure. mi(T+my g +x(1+...x(1+max*(1+m))) <
The central features of Algorithm DB-Gen are summa- <j Hi ‘m
rized below. i=1 L= T

e The algorithm outputs the databaseistages. Proof: [DB;| = [My| = m, is true by step 1 of the
algorithm. In stage, each of then, maximal itemsets

o During thej'" stage, itemsets froiv; are added M, is replicatect, = 1+ M(DB;) < 1+ |DB4| <
as transactions in the database. Each itemset in; | 1\ “times and henctDB,| < m, * (1 + mi) <
M, is replicated thesamenumber of imes inthe ) | 111 . Proceeding all the way up to stageve
database. get the equation in the theorem.

e At the end of thgi'" stage,M, ... M; are maxi- From the above theorem, we have the following up-
mal collections embedded DB at absolute sup-  per bound for the number of transactions in the database
port levelscy, .. ., c; respectively. generated by algorithm DB-Gen.

Definition 4.2 [Database Generation Operator] Lef



Theorem 4.8 Let M,..., My be k maximal itemset  Proof:Stagej adds one transaction bag for every itemset

collections satisfying the containment property and let in M; and hence the lemma follows. |

m; denoteM;| for 1 < j < k. Then, the algorithm DB- From lemma 4.11, we can compute the exact number
Gen given |nkf|gure 1 generates a datab@& @ with at  of transaction bags in the database generated by algo-
mostO(k - [ [;_; my) transactions. rithm DB-Gen as follows.

Proof: From theorem 4.7 the maximum value of sum-
mation is]_[‘f:1 m;, and there aré& terms, giving the
desired bounds.

Thus, algorithm DB-Gen produces as output, a
database where the number of transactions is propor-
tional to the product of the size of the input maximal . .
collections. Note that this number can be prohibitively ~ Theorem 4.12 shows that by using transaction bags,
large for practical collections of maximal itemsets. For We can obtain significant compression over the corre-
example, for thre®-sequences or maximal collections, sponding transaction databases in terms of the transac-

Theorem 4.12 Let DB be a transaction bag database
generated by algorithm DB-Gen for the input set of max-
imal collectionsM;,...,My. Let|M;| = m;y, for

1<j<k ThenDB| =Y ¥ , m;. O

each containing 000 maximal itemsetsNl; = 1000 tions that are actually stored in the database. For the
andk = 3), the procedure can potentia”y generate a Sam_e ex:’:}mple d|SCUSS€_d earllel’, When_th.ere are three
billion transactions!!! maximal itemset collections each consisting 1800
maximal itemsets, the transaction bag database will con-
4.1. Compression using Transaction Bags sist of at mosB000 transaction bags as opposed to the

. . ) at most1 billion transactions in the original procedure,
~In this section, we study an alternative to generat- achieving an order of compression 1f®. Transaction
ing replicated transactions to avoid generating such largehags may be a good alternative to transactions especially
databases. One of the primary reasons for the explosionyhen a lot of repetitions happen. However, the limita-
in the number of transactions is the replication of item- tions of DB-Gen can also constrain the use of transaction
sets during each stage of database generation. Duringag databases, as shown empirically in section 6.
any stageg, j > 1, every itemset inVl; is repeatedly
written into the databasg times. This causes a waste of Lo
storage space. To overcome the disk space consumptio?- AN Optimization to DB-Gen
by repeated duplication of transactions, we proposed the

idea of a transaction map in [16]. The database generation algorithm DB-Gen assumes

a pessimistic repetition factor for each stage of gener-

Definition 4.9 [Transaction Map/Bag] Atransaction  ation. The main reason for using such a conservative
mapor transaction bagis a triple (C, i, T), whereC > repetition factor is the ease with Whl/(\)h it can be com-
0 denotes the count of items&f i > 0 is a unique  puted. For determining the value @#(DB) at each
map/bag identifier, and C 7 is an itemset. A trans- stage, the algorithm only needs to maintain the counts
action bag database is a set of transaction bags. of individual items in a vector of siz¢Z|, whereZ is
the set of items over which the itemsets are constructed.

The database generation operator can be appropri-The trade-off between the ease of computation and the
ately generalized to generate transaction bags as followssize of output imposes limitations to the algorithm which
constrains its usage in practice (see section 6). A sec-
ond limitation in the generation procedure is that all the
itemsets in a maximal collection are repeated the same
number of times at any stage; (in thej*" stage). The

Definition 4.10 [Transaction Bag Generator] Given an
itemset collection’F and an integem > 1, we define
B™(F) to be an operation that generates a database that

consists of one transaction bag with countfor each ; : ;
i . procedure is not flexible enough to add itemsets oasan

Xf F,ie,B"(F) = {<n*lX’X>‘X_€,]:}' We denote neededasis to the database. In this section, we present
B'(F) by B(F). LetDB be an existing database, we 4 gptimization that can potentially reduce the number
assume that the operator ensures that every transactiongf transactions (the count value in case of transaction
bag inB™(F) or DB" = DBUB™(F) hasaunique bag  pags) in the output database (but with an overhead in
identifier. time and space caused by the intermediate structures).

; ; ; PP The main motivation behind the optimization to al-
CoanJsmg pransac]El()llrl bags, we car] E"h'ﬁ"e S,"gmjlcamgorithm DB-Gen is based on the following intuition. At

pression as follows. We usB; = B (M;) in . ; ;
stead of the StafemeBs, — D (V) i tepd ofal- 1298 AGorim DB-Gen repeatedly add the emsers
- 1

gorithm DB-Gen to generate transaction bags. of absolute support. Thisigh enoughvalue of support
Lemma 4.11 In stagej of algorithm DB-Gen, the num-  is computed using the naive upper bound given/&y
ber of transaction bags that are generated by the proce- (which is easy to compute). However, this repetition
dure is|M;|. factor ignores the support of each itemsedn in the



database already generated so far (i.e., before the addiHence, using the values computed at every stage, one
tion). For instance, in stagk the support of itemsets in  could embed the itemsets MWl, without making any
M; in the current database, are not taken into accountitemset in the border frequent at this value of absolute
when adding those itemsets to the database. Hence, iSupport.

itemsets inM, need to have a certain value of support

sayh, they are replicatetl times, even though they oc- M, M,
cur with a certain support in the database generated thus 1234 1235 1456 2567 |123 146 125
far. Secondly, the replication value ¢f{(DB) is too 157 167 467 56 37 67
conservative. Is there a better replication value we can 36 37
use? To address this issue, we first extend the definition
of M(DB) to a given itemset collection as follows. Myl - [My]

e ) 1234 1235 1456 2567
Definition 5.1 LetDB be a database ang be an item- 124 134 234 135 235 145 156
set collection. ThenVi(F,DB) is defined as follows: 256 456 157 257 167 267 467 56
NM(F,DB) = maXn™(X,DB) : X € F}. In other 24 34 35 45 26 36 17 27 47 57
words, V1 (F, DB) is the maximum of the absolute sup-
port values of all the itemsets iA. oMy . My)

) i 156 24 34 35 45 26
The concept ohegative borderfor a collection of 36 17 34 27 47

itemsets is well defined [5, 13]. The negative border
gives the collection of minimal itemsets that are infre-
quent with respect to the item universe. We modify this  Figure 2. Example of5(M1, M) for two collections
definition to suit our current purpose, by defining the

negative border of an itemset collection with respect to

another itemset collection as follows.

Lemma5.4 Let M; and M, be two maximal collec-
Definition 5.2 Let M; and M, be two maximal col- tions such thatM, T M;. Let DB be a database
lections such thaM, = M;. Then therelative neg- of transactions and letr}* be a value of absolute sup-
ative borderof M, with respect toM; is defined as  port at whichM; is maximally frequent. Let be as

5(M1,My) ={X € [My] — [ML]|(AY € IMq] — [M] : defined in definition 5.3. TheryY € 5(M;,M;),
Y C X)}. A (Y,DB) < y(M1,M2,DB,7t}*) + 1.

. The se_lé(l\/h , M) consists of precisely the minimal  Proof: Follows from definitions 5.2 and 5.3. |
itemsets in(M,] — [M,] (recall that[M,] denotes the A consequence of lemma 5.4 is algorithaDB-Gen

set of itemsets induced byl;). An example is shown  ghown in figure 3 for database generation, which uses

is figure 2 for two maximal collections; andM,. In the y values at each stage instead of e values.

the sequel, by negative border, we mean the relative neg-r: : e ;
ative border defined above. Intuitively, if a databBd :;h T{i.algomh)mafrl%s (t;g(ren%%?;rt]lg:(al\lfv?rf;\igdgécg.m?)u ting
1—b ) 1—1 ) y L) —

has been generated up to stagel, then the minimum :
“th , . at each stage of generation. Computiid;_;, M;)
igﬁg?r&;&rggif i tztggsiéa%esneég?ﬂhed RX.L)JS'{E the can be a costly step at every stage. The task of comput-
N ) =1 IV s ing they values, essentially boils down to computing the
stead of the\1 value. absolute support of itemsets M; and 5(M;_;, M;)

- and this can be done in one pass over the database
Bff'g'gcwvg'g] é‘)ﬁﬁn[;? C%?I eit?srfgbsisci ?ﬂg/tlévtl‘ ]and generated thus far at every stage. For some specific
Le%n — XU(5(My, M, ), DB). For a given inzteaexf L types of maximal collections, if we know that the ab-
0, definey (M, M)z, DB: o) a.s the smallest value in the solute support of itemsets iM; is greater than those

A : in d(M;_1, M;), then the computation @& M;_1, M;)
set{n”(X,DB)IX € M,] that is greater than or equal o, he avoided altogether. It should also be noted that
to Ms = maxo, n}, if it exists andM s, otherwise.

the replication factor is not the same falt the itemsets
The above definition of/(M;, M5, DB, o) gives a during any given stage. Instead, the algorithm replicates
value of minimum support at which the following two itemsets on an as needed basis. From lemma 5.4, we

conditions are satisfied: have the following theorem.
1. It is the smallest value of absolute support which TheoremS.5LetM = (M, ..., My) be k maximal
itemsets inM; need to have in the database. collections satisfying the containment property. D&

be the transaction database generated by DB-Gen for
2. No item ind(M;, M;) has an absolute support of M and DB, be the transaction database generated by
Y. v-DB-Gen. ThenDB, | < |DBJ.



Algorithm y-DB-Gen

Given: k maximal collectionsM ¢, ..., My
satisfying the containment property

Output: DB andk real numbersr"“” .. 7152'”
such thaMF (DB, t"") = 1 <i < k
Steps:

1.DB; = D(Mi);c1 =15
2.5 =2;DB =DBy;
3.c2 =vy(Mj1,M;,DB,c1) + 1;
4. while(j <= k)
(a)forXeMj,
i. if(77* (X, DB) < c;} then
l=c; — ™ (X,D )elselfo
i. DB; = DB; UD' (X, M;);
(b)DB = DB | DB;;
(©cj+1 =v(M;j,Mj41,DB,c;) +1; //(forj < k)
@i=i+1
5for()71)< k;]:)+1)7ri =

i .

LI

Figure 3. Optimizedy-DB-Gen Algorithm

Proof: Immediately follows from the fact thag(M
M;41,DB, ¢c;) computed byy-DB-Gen at every stage
is at mostA1(DB) computed by DB-Gen at the corre-
sponding stage. O

5.1. Closely Packed Maximal Collections

Closely packed maximal collections are generated
using thecolex ordering of itemsets. The nice prop-
erty of these collections which makes them attractive
for study is that these collections can be generated effi-
ciently. Given aD-sequence, a closely packed maximal
collection satisfying thidD-sequence can be generated
in linear time {inear in the output si2e More formally,
closely packed collections are defined as below.

Definition 5.6 [Closely Packed Collection]

LetD = (d;,..., dx) be any D-sequence. Lkt be the
maximal collection constructed by algorithm Construct-
Closely-Packed shown in figure 4 fbr. A maximal col-
lectionW with (W) = D is said to be alosely packed
collectioniff W is isomorphic taM.

Intuitively, a closely packed maximal collection is
one where the items can be renumbered to gigelax
orderedmaximal collection generated by the algorithm
in figure 4. For a given D-sequente= (d,...,dx),
algorithm Construct-Closely-Packed given in figure 4
generates aolex orderedclosely packed maximal col-
lection M, with (M) = D, in time proportional taM|.

In [16], the authors show that the time is linear in the
size of the output. Generating arbitrary maximal collec-
tions with distributions specified by a given D-sequence
may be time consuming. This is the main motivation be-

hind considering D-sequences in which the itemsets are

in some predefined order.
In the following section, the D-sequences obtained

from the real datasets are used to generate closely

packed maximal collections which are used as input for
the database generation procedure.

Algorithm Construct-Closely-Packed
Given: A D—sequenc® = (dy,...,dg)
Output: A closely packed maximal collectionl
overZ ={1,2, ...} such thatfM) =

Steps:
1.M =c(dy) // first dx k—itemsets in colex order
25—k 1

3.while(j >=1)
(a)r; = largest rank of the itemsets jiM];
(b) Add thej—itemsets of rank; + 1, ..., 15 + d;
in colex ordering ofj —itemsets taV.
©i=i—T1

Figure 4. Constructing Closely Packed Collections

6. Experimental Study

We present preliminary experimental results to an-
alyze how applicable the generation procedures are in
practice. We use three real datasets chess, mushroom
and connect, with database cardinalities as shown in
figure 5. For each dataset, we use GenMax [10] to
obtain the maximal frequent itemset distributions (i.e.,
the D-sequences) at various increasing values of min-
imum support. We use#t = 6, D-sequences from
chess,k = 8 from mushroom and& = 14 from con-
nect datasets respectively. Figure 6 shows the sizes of
the maximal sets for each D-sequence, i.e.,kthal-
ues,{{M1],---,IMy|}. We then use Construct-Closely-

Packed to generate closely packed maximal itemset col-
lections satisfying these input distributiohsThe max-
imal collections thus generated are used as input for the
database generation procedure.

Source # trans. in datasef
chess 3196
connect 67557
mushroom 8124

Figure 5. Real Databases Used

Size of Maximal Collections

16406
,,,,,,, —
100000 |

e ——

10000 b 7

1000 |

Number of itemsets

100 |

10

0 2 4 6 8 10 12 14

Figure 6. Sizes ofM;,1i € [1,n] for Real Datasets

2The UCI KDD Archive available akdd.ics.uci.edu
3In general, the generation procedure works for ANY input set of
maximal collections that satisfy the containment property
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Figure 7. Stage-wise Database Size in Bytes . )
Figure 10. Generation for mushroom dataset

Stagewise Progress - CHESS
1e+16

ote | opmontadls 2 ] Figure 6 shows the bag database sizes corresponding
to every stage of generation. For the input sequences
corresponding to the connect dataset, the generated bag
databases during each stage were hundreds of kilobytes
in size. For the inputs corresponding to chess and mush-
room datasets, the database sizes ranged from a few
megabytes to a few hundred megabytes, which is quite
reasonable in terms of size. A naive implementation of

le+12

1e+10

16408

16406

# Trans./Bags/Repetition Factor

10000 [/

100

algorithmy-Db-Gen can slow down the generation pro-
. _ cedure significantly. The computation of negative bor-
Figure 8. Generation for chess dataset der at each stage causes significant overhead in run time.

Our ongoing work is addressing the problem of develop-

ing efficient approximations that can avoid this compu-

tation. Specifically, we are studying the existence of rep-

Figures 8, 9 and 10 show the stage-wise progress ofetition factors that are more optimistic thar but avoid

results of algorithm DB-Gen. The plots show the num- the computation of the entire relative negative border.
ber of transactions, the repetition factor, the number of
transaction bags and the compression factor of using ba . .
databases over transaction databases for the differenf - DISCUSSION

stagesj'" stage corresponds to embeddnt - - M; Although the results presented in the earlier section
in DB. From the figures, it can be observed that gener- yomonsirate the practical feasibility of using algorithm
ating transaction bag databases can provide significanipg_Gen o generate bag databases of realistic size, the
compression ranging between a factor of a few thou- o.,ceqyre faces some serious limitations. These limita-
sands in the early stages to up to a factor of a billion 4nnq 31 discussed in this section and elaborated in more
in the later stages. It is also interesting that for connect, jatail to illustrate the requirements of database genera-
the database that embeldl is in fact smaller than even techniques.

the original database. Firstly, the bag databases compress transactions by
providing a count value with each bag to illustrate the
repetition factor of the itemset associated with that bag.
The counts associated with the bags in earlier stages are
reasonable in terms of the repetition. But this value can
grow large very quickly. For instance, in the instance
of the input from the mushroom dataset, the repetition
factor grows to a billion at stagé This might cause a
problem when the input is a large set of maximal collec-
tions each of high cardinality.

Stagewise Progress - CONNECT
fe+14

1e+12

1e+10

16408

16406

10000

# Trans. /Bags/Repefition Factor

ol S ] Secondly, the constraint of adding only maximal
LS ‘ ‘ ‘ ‘ itemsets from maximal collections during each stage, is
T s primitive. One can take advantage of computing cov-
) ers for groups of itemsets and using these covers to ac-
Figure 9. Generation for connect dataset count for multiple itemsets in terms of counts. Such

an approach can also reduce the large count values that



are evident in later stages. An interesting direction of lections. We used closely packed maximal collections
work is to allow the addition of any arbitrary itemset as generated from D-sequences; it would be interesting to
a transaction (either a subset or superset of a maximalexplore other efficient transformation schemes from D-
itemset). Also the generation process is sensitive to thesequences to the actual maximal collections generated.
initial maximal collections provided as input. The in- The question, what is the minimal transaction database

stances taken from the chess and mushroom datasets iembedding a given itemset collection, remains open.

the examples in the earlier section, were all obtained at

the lowest levels of absolute support from these datasetSAcknowledgments

Thirdly, the complexity of the optimization problem

The authors would like to thank Dr. Laks V.S. Lak-

needs further investigation. Earlier work on hypergraph snmanan for his valuable suggestions and comments.

transversal by Gunopulos et al [5] has great relevance to
identifying the complexity of the optimization problem.
In parallel to probing better generation procedures, we
are also investigating the complexity of the optimization
problem. Unlike the stage-wise generation procedures, 1
the global optimization problem considers the maximal 2]
collections as a whole instead of one at a time.
Finally, the generation procedures considered here [3
are sensitive to the size of the maximal collections/D-
sequences provided as input. Since the generation pro-
ceeds stage-wise, the maximal collections are also em- [4]
bedded in a stepwise manner in the database. This
means thaiV; is the maximal collection that would be
frequent in the database for any value of support in the
range[r{"", 1" ). The database size, repetition factor
and compression factors are all very sensitive to the size
of the maximal collections.

(5]

(6]

(7]

8. Conclusions and Future Work 18l

In this study, we formalized the synthetic database [qg]
generation problem for maximal collections and D-
sequences. We presented a stage-wise generation pro-
cedure that constructs a database knevels of mini- [10]
mum support at which a given set bfmaximal collec-
tions satisfying the closure property are obtained as out-
put. We analyzed the generation procedure by providing
an upper bound on the number of transactions output.
We developed an alternative approach using transaction
bags, which significantly compresses the size of the out-[13]
put database and we gave an upper bound on the number
of transaction bags generated in the output database. We
presented an optimization that can potentially reduce the[4!
number of transactions/bags generated by the stage-wise
generation procedure. Finally, experimental results are;g
provided to demonstrate the feasibility of the generation
procedure in practice.

Several future directions naturally present them- [16]
selves. An ongoing study is investigating existing lit-
erature on complexity results in hypergraph transversal
and their relation to itemset mining and lattices for op-
timizations of the database generation problem. Some
results in complexity has already been explored by Yang [1g]
in [17]. A second direction is to study the variation
in the two problems defined in the study. One needs
to explore what kind of general results can be obtained [1°]
for D-sequences and how they relate to maximal col-

(11]

(12]

(17]
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