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Abstract
The resource requirements of frequent pattern mining algorithms depend mainly on the length distribution of the mined
patterns in the database. Synthetic databases, which are used
to benchmark performance of algorithms, tend to have distributions far different from those observed in real datasets. In
this paper we focus on the problem of synthetic database generation and propose algorithms to effectively embed within the
database, any given set of maximal pattern collections, and
make the following contributions:
1. A database generation technique is presented which takes
k maximal itemset collections as input, and constructs a
database which produces these maximal collections as output,
when mined at k levels of support. To analyze the efficiency
of the procedure, upper bounds are provided on the number of
transactions output in the generated database.
2. A compression method is used and extended to reduce the
size of the output database. An optimization to the generation
procedure is provided which could potentially reduce the number of transactions generated.
3. Preliminary experimental results are presented to demonstrate the feasibility of using the generation technique.

1. Introduction
Frequent and maximal frequent itemset mining are
classic data mining problems that are widely used in
practice. Informally, given a transaction database where
each transaction is a set of items, frequent itemset mining looks for all possible itemsets occurring in at least
a certain fraction of the database. This fraction which
is commonly called the minimum support threshold is
specified by the user. All existing frequent and maximal itemset mining algorithms have exponential worst
case complexity as they could potentially output all the
possible itemsets. However, the methods perform well
in practice: partly due to the statistical distributions of
real datasets and partly because they employ heuristics
which exploit statistical information from the database
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to prune the output space.
Itemset mining algorithms are developed with an intention to perform efficiently on real datasets. However,
copyright violations and intellectual property rights have
limited the availability of real datasets. Hence, the performance analysis of itemset mining methods has heavily relied on benchmark datasets. Specific synthetic
datasets such as those generated by IBM’s synthetic
dataset generator [6], that are widely used for benchmarking, tend to have substantially different distributions from those found in real world datasets. This fact
has been recently established in [19]. This makes the
quality of benchmarks obtained from such datasets questionable, when the algorithms are indeed intended for
use on real datasets. Zheng et. al. [19] and our earlier
work [15] also observed that the resource requirements
of the mining algorithm relied on the length distribution
of the mined patterns.
As a reasonable assumption to disclosure, let us suppose that organizations that are concerned with privacy
are willing to disclose some data characteristics (say distributions) without disclosing the actual contents of the
data. A natural question arises:
Can we generate synthetic datasets that mimic real
datasets with respect to these disclosed characteristics?
For this work, we assume that the organizations are
willing to disclose distributions of patterns at various
support levels in the database. We focus on the problem of generating a synthetic dataset in which the pattern distributions match the specified distributions. The
problem of privacy preservation with respect to disclosure of these distributions is interesting but orthogonal
to this work and hence we do not consider it here. Such
a generation technique could then be used in a setting
where organizations could reveal distributions of patterns without actually revealing the patterns or the transactions in the database, for developing benchmarks for
itemset mining algorithms. Specifically, we make the
following technical contributions.

• A database generation technique is presented which
takes k maximal itemset collections as input and
constructs a database which produces these maximal collections as output when mined at k levels
of support. To analyze the efficiency of the procedure, upper bounds are provided on the number of
transactions output in the generated database.
• A compression method (earlier defined in [16]) is
used and suitably extended to provide a technique
for reducing the size of the output database. An optimization to the generation procedure is provided
which could potentially reduce the number of transactions generated.
• We provide preliminary experimental results to
demonstrate the feasibility of using the generation
technique in practice.

1.1. Related Work
A variety of methods have been proposed for frequent and maximal itemset mining [6, 2, 11, 18, 10].
They span from methods which employ various types
of search through the lattice space of frequent itemsets
to studying these patterns with constraints [14]. Privacy issues in data mining have currently received attention and several issues in this direction have been explored [8, 12]. Theoretical results have been obtained
in the general context of relating hypergraph transversal
and mining interesting patterns by Gunopulos et al. [5].
They relate these mining problems to the model of exact
learning in computational learning theory and provide
complexity results and lower bounds. The complexity of mining frequent and maximal frequent itemsets
have been studied by Yang in [17]. The author proves
that counting the number of distinct maximal frequent
itemsets in a database is #P-Complete and concludes
that the problem of mining maximal frequent itemsets
is NP-Hard. In a seminal work on application of combinatorial results, Geerts et. al. [9] provided a tight upper bound on candidate patterns that are computed by
breadth-wise bottom up algorithm like Apriori [1]. In a
previous study [16], we used combinatorial techniques
to formally characterize the feasible frequent and maximal itemset distributions and gave preliminary techniques to embed distributions in a database. Work has
also been done by Toon Calders et al. [3] on mining nonderivable itemsets and providing bounds on candidates.
The concept of transaction maps/bags was motivated by
the notion of bags which exist in multiset terminology
and which were also used in [7]. General condensed
representations for finding frequent patterns were also

studied in [4]. Almost all synthetic datasets are generated using the IBM synthetic dataset generator [6]. This
generator uses a Poisson frequent pattern distribution to
generate datasets, about a user specified mean. To the
best of our knowledge, our technique in [16] is the first
in terms of distribution based dataset generation.

2. Preliminaries and Problem Statement
[Itemset, Transaction, Database]: Let I be a nonempty set of elements. Each x ∈ I is called an item. A
non-empty subset X ⊆ I is called an itemset. The size
or length of an itemset X, denoted by |X|, is the number of items in X. An itemset of size k is also called a
k-itemset. The power set of I, denoted by P(I), is the
set of all possible itemsets of I. The set of all possible
k-itemsets of I is denoted by I (k) . For X, Y ∈ P(I),
X is said to contain Y, if Y ⊆ X. A transaction T , is an
itemset with a unique identifier, called the transaction
identifier or tid. A database DB = {T1 , T2 , . . . , TN } is
a finite, non-empty multi-set of transactions, with size
|DB| = N. A transaction Ti is said to contain an itemset
X if X ⊆ Ti . A transaction Ti is said to be a maximal
transaction if @Tj ∈ DB, such that Ti ⊂ Tj .
Assumptions: For the rest of the paper, we assume that
items are drawn from the set of positive integers. Even
though in the domain of sets, the actual elements are unordered, we implicitly assume an ordering < (less than)
on the items.
[Itemset Collections, D-sequence]: An itemset collection is a set of itemsets. More formally, a set F ⊆ P(I)
(with ∅ 6∈ F) is called an itemset collection over I.
We distinguish two types of k-itemsets that are associated with an itemset collection F. The first type of
k-itemsets are those that are members of F. The second type of k-itemsets are those that are contained in
members of F. These are formally defined as follows. The k-collection of F, denoted Fk , is the collection of all k-itemsets in F, i.e., Fk = F ∩ I (k) =
{X ∈ I (k) | X ∈ F}. On the other hand, the induced k−collection of F, denoted [F]k , is the set of
k-itemsets contained in some element of F, defined as,
[F]k =S{X ∈ I (k) | X ⊆ Y for some Y ∈ F}. Note that
[F] = k [F]k . Let fk = |Fk | denote the size of Fk . Let
l ≤ n be the length of the longest itemset in F. Then,
the length distribution of itemsets in F given by the sequence hFi = hf1 , f2 , · · · , fl i, is called the distribution
sequence or the D-sequence of F. A maximal itemset
collection or maximal collection is an itemset collection
MF where (X ∈ MF) ⇒ @Y ∈ MF, 3 X ⊂ Y.
[Containment, Cover]: Let C1 and C2 be two itemset
collections over I. C1 is said to be contained in C2 (or

C2 contains C1 ) iff C1 ⊆ C2 . C1 is said to be properly
contained in C2 iff C1 ⊂ C2 . C1 is said to be covered
by C2 , denoted as C1 v C2 (or C2 covers C1 ), iff ∀(X ∈
C1 ) ⇒ (∃Y ∈ C2 |X ⊆ Y). That is, C1 v C2 ⇔ C1 ⊆
[C2 ]. C1 is properly covered by C2 , denoted C1 @ C2
if in addition C1 6= C2 .
[Support, Frequent/Maximal Frequent Itemset]: The
notion of support captures how often an itemset occurs
in a database and comes in two flavors. The absolute
support of an itemset X in DB, defined as πA (X, DB) =
|{Ti ∈ DB|X ⊆ Ti }|, is the number of transactions in DB
that contain X. The (relative) support of an itemset X
in DB is the fraction of transactions Ain DB that contain
(X,DB)
. An itemX, and is defined as, π(X, DB) = π |DB|
set X is said to be frequent if π(X, DB) ≥ πmin , where
0 < πmin ≤ 1 is a user-specified minimum support
threshold. A frequent itemset X ∈ F is maximal if it has
no frequent superset, i.e., (@Y | (X ⊂ Y) ∧ (Y ∈ F)). A
collection of frequent (or maximal) itemsets is denoted
as F(DB, πmin ) or F (resply. MF(DB, πmin ) or MF).
Definition 2.1 [Containment
Property]
Let
C1 , C2 , . . . Ck be k itemset collections over I.
C1 , . . . , Ck satisfy the containment property iff
Ck v Ck−1 v . . . v C2 v C1 . In such a case,
C1 , . . . , Ck are said to form a chain.
Frequent itemsets are closed under the ⊆ operation and
is widely used in itemset mining algorithms to generate
candidates and pruning. More formally,
Proposition 2.2 [6] Any subset of a frequent itemset is
frequent: X ∈ F and Y ⊆ X implies Y ∈ F.

Frequent and maximal frequent itemsets are related in
terms of induced subsets and the maximal itemsets of a
given frequent itemset collection, is the smallest set of
itemsets from which the frequent itemsets can be identified (but not their support values).
Proposition 2.3 [16] Given a database DB and
a minimum support level πmin , F(DB, πmin ) =
[MF(DB, πmin )]. Furthermore, MF is the smallest collection of frequent itemsets from which the elements of F
(not their support values) can be derived.

We now define the notion of isomorphic itemset collections which is used later in our paper.
Definition 2.4 [Isomorphic Itemset Collections] Let I1
and I2 be two itemset collections over I. I1 and I2 are
said to be isomorphic itemset collections iff there exists
a bijection λ : I → I such that β : I1 → I2 is a
bijection from I1 to I2 where for all X = {x1 , . . . , xk } ∈
I1 , β(X) = {λ(x1 ), . . . , λ(xk )}.

Intuitively, for two isomorphic itemset collections,
we can transform one itemset collection into another
by relabeling the individual items in the collection uniformly across the entire collection.
Ordering plays an important role in the performance
of algorithms that mine for itemsets. Various types of
orderings can be defined on itemset collections. Two of
the popular orderings on itemsets are the lexicographic
(or lex) and the co-lexicographic (or colex) orderings,
which are defined as follows.
Definition 2.5 [Lex and Colex Order] Let X, Y ∈ F ∩
I (k) be any two distinct k-itemsets in F, with X =
x1 x2 · · · xk and Y = y1 y2 · · · yk . The lexicographic
(or lex) ordering l is given as: X l Y if and only
if ∃z < k such that ∀i : 1 ≤ i < z, xi = yi and
xz < yz . In contrast the colex 1 or squashed ordering
c is given as: X c Y if and only if ∃z < k such that
∀i : z < i ≤ k, xi = yi and xz < yz . Both lex and
colex ordering are total orders on k-itemsets. We define
the rank of a k-itemset as its position in the ordering, the
first element having a rank of 1. We denote by C (k) (m)
the first m itemsets in I (k) in colex order.

2.1. Problem Statement
The database generation problem has two variants depending on the type of input. The first problem takes Dsequences of k maximal collections as input while the
second type, takes the actual maximal collections as input.
Problem 2.6 [Database Generation for D-sequences]
Let D1 , D2 , . . . , Dk be the D-sequences of k maximal
itemset collections. Construct a database DB and k
min
min
minimum support levels πmin
1 , π2 , . . . , πk such that
min
min
1. 0 < πmin
1 ≤ π2 . . . ≤ πk

2. hMF(DB, πmin
i )i = Di , ∀1 ≤ i ≤ k
Problem 2.7 [Database Generation for maximal collections] Let M1 , M2 , . . . , Mk be k maximal itemset
collections. Construct a database DB (if it exists) and
min
k minimum support levels πmin
1 , . . . , πk such that
min
min
1. 0 < πmin
1 ≤ π2 . . . ≤ πk ≤ 1

2. MF(DB, πmin
j ) = Mj for all 1 ≤ j ≤ k.
These two problems address the task of embedding
k different distributions (D-sequences) or actual itemset
collections into the generated database, such that mining
at πmin
i yields Mi as the maximal frequent itemsets. The
1 An alternate definition is given as: X  Y if and only if the
c
largest item in symmetric difference of X and Y is in Y only.

corresponding optimization problems require the generation of a database with the smallest number of transactions satisfying the conditions of the problem.
It is important to differentiate between the two variants of the database generation problem. The generation
of a database which takes as input a set of D-sequences,
may require an additional procedure to generate the
maximal itemset collections corresponding to the Dsequences. With respect to optimization results, any optimizations that hold for the case when D-sequences are
provided as input also hold for the case when the maximal itemset collections are provided as input. The converse is not necessarily true. Any optimizations that are
applied to a specific set of maximal itemset collections
that are explicitly provided as input, need not necessarily
generalize to all instances which correspond to a given
set of D-sequences. However, there are some general optimizations for maximal itemset collections which may
hold for D-sequences as well.
Note 2.8 A given sequence of D-sequences may not be
a feasible sequence of distributions. To check for feasibility, one could use and directly extend the methods
in [16]. For this work, we assume that the input comes
from the distribution of maximal collections mined from
a database at various (increasing or decreasing) levels
of minimum support and is hence, feasible.

3. Some Basic Observations
We first summarize some basic results about
databases and itemsets which are used later.
Proposition 3.1 [6] Let DB be a database and let X
and Y be two itemsets over I such that X ⊆ Y. Then
πA (X, DB) ≥ πA (Y, DB).

The following proposition states that at any given support level, the maximal collection obtained at that support level is contained in the frequent itemset collection
at that support level.
Proposition 3.2 MF(DB, σ) ⊆ F(DB, σ).



Proposition 3.3 Let DB be a database and let σ1 and
σ2 be two values of support. If σ1 ≤ σ2 then:
1) F(DB, σ2 ) ⊆ F(DB, σ1 ), and
2) MF(DB, σ2 ) v MF(DB, σ1 ).
Proof: 1) Let σ1 ≤ σ2 . X ∈ F(DB, σ2 ) implies that X
occurs in at least a fraction σ2 of DB which implies that
it occurs in at least a fraction σ1 ≤ σ2 of DB. Hence,
X ∈ F(DB, σ1 ), and F(DB, σ2 ) ⊆ F(DB, σ1 ).
2) By proposition 3.2 MF(DB, σ2 ) ⊆ F(DB, σ2 ), and
F(DB, σ2 ) ⊆ F(DB, σ1 ). So X ∈ MF(DB, σ2 ) implies

X ∈ F(DB, σ1 ). By definition of MF, this implies ∃Y ∈
MF(DB, σ1 ) such that X ⊆ Y. Thus MF(DB, σ2 ) v
MF(DB, σ1 ).

Proposition 3.3 can be directly generalized to more
than two support values as follows.
Lemma 3.4 Let DB be a database and let 0 ≤ σ1 ≤
σ2 ≤ . . . ≤ σk ≤ 1 be k values of support. Then for
1 ≤ i ≤ j ≤ k: 1) F(DB, σj ) ⊆ F(DB, σi ), and 2)
MF(DB, σj ) v MF(DB, σi ).

From definition 2.1 and lemma 3.4, we have,
Corollary 3.5 Let DB be a database and σ1 , . . . , σk be
k values of support such that σ1 ≤ σ2 ≤ . . . ≤ σk .
Then MF(DB, σ1 ), . . . , MF(DB, σk ) satisfies the containment property.

The following lemma shows that the maximal transactions are the maximal itemsets obtained from any
database at the lowest level of support (absolute support
1
).
of 1 or relative support of |DB|
Lemma 3.6 Let DB be a database. Let Mτ be the set
of all the maximal transactions in DB. Then, at support
1
, MF(DB, σ) = Mτ .
σ = |DB|
Proof: If Ti ∈ Mτ then be definition, 6 ∃Tj ∈ Mτ , 3
Ti ⊂ Tj , and πA (Ti ) = 1 implies Ti ∈ MF(DB, σ). If
Ti ∈ MF(DB, σ), then 6 ∃X ⊆ I, 3 Ti ⊂ X. Since every
transaction is also an itemset, this implies Ti ∈ Mτ . 

4. Database Generation in Stages
In [16], we used a generation procedure to demonstrate the existence of a database when feasible Dsequences are provided as input. We generated the collections in colex order and showed the procedure to
work for such collections. In this section, we prove a
stronger result by showing that the generation procedure
works not only for colex ordered collections but for any
sequence of maximal itemset collections satisfying the
containment property (Definition 2.1). We analyze the
procedure and provide an upper bound on the number of
transactions in the database generated by the procedure.
^
Definition 4.1 Let DB be a database. Define M(DB)
A
^
as M(DB) = max{π (x, DB) : x ∈ I}. In other words,
^
M(DB)
is the maximum of the absolute support values
of all the singleton items that occur in DB.
To facilitate understanding, we define the following
database generation operator.

Algorithm DB-Gen
Given: k maximal collections M1 , . . . , Mk
satisfying the containment property
min
Output: DB and k real numbers πmin
1 , . . . , πk such
that MF(DB, πmin
)
=
M
,
1
≤
i
≤
k
i
i
Steps:
1. DB1 = D(M1 ); c1 = 1;
2. j = 2; DB = DB1 ;
^
3. c2 = M(DB)
+ 1;
4. while(j <= k)
cj
(a) DBj = D S(Mj ); (Use DBj = Bcj (Mj ) for Bags)
(b) DB = DB DBj
^
(c) cj+1 = M(DB)
+1
(d) j = j + 1;
ci
5. for(i = 1; i <= k; i = i + 1) πmin
i = |DB| ;

Figure 1. Construct DB from k maximal collections
Definition 4.2 [Database Generation Operator] Let F
be a non-empty itemset collection, and let n ≥ 1 be an
integer. Let {X}n denote the multiset with n copies of X,
i.e., {X}n = {Xi , . . . , Xn }, such that Xi = X, ∀i ∈ [1, n].
We define Dn (F) to be an operation that generates a
database that consists
S of n copies of each itemset in
F, i.e., Dn (F) = X∈F {X}n . We denote D1 (F) by
D(F). Let DB be an existing database, we assume that
the operator ensures that every transaction in Dn (F) or
DB 0 = DB ∪ Dn (F) has a unique identifier.
^
The following proposition states that M(DB)
is an upper bound for the support of any itemset in DB and is a
direct consequence of Proposition 3.1 and definition 4.1.
Proposition 4.3 Let DB be a database. For any X ⊆ I,
^
πA (X, DB) ≤ M(DB).

Proposition 4.3 forms the central fact in the database
generation algorithm DB-Gen given in figure 1. Algorithm DB-Gen generates the databases in k stages. In
the first stage, it adds the elements of M1 as transac^
tions of the database and computes M(DB)
for the next
stage of generation. At stage j in the generation process, it dynamically maintains the value of support for
^ value. It uses
the singleton items and computes the M
this value to replicate the itemsets in Mj and applies the
database generation operator to add the replicated collection to the database. The procedure remembers the
replication factor computed at each stage to compute the
support values to be output at the end of the procedure.
The central features of Algorithm DB-Gen are summarized below.
• The algorithm outputs the database in k stages.
• During the jth stage, itemsets from Mj are added
as transactions in the database. Each itemset in
Mj is replicated the same number of times in the
database.
• At the end of the jth stage, M1 . . . Mj are maximal collections embedded in DB at absolute support levels c1 , . . . , cj respectively.

Lemma 4.4 Let DB be the database generated by algorithm DB-Gen of figure 1. For any transaction T ∈ DB,
Sk
T ∈ i=1 Mi . Furthermore, the maximal transactions
of DB is precisely the set M1 .

The following theorem proves the correctness of algorithm DB-Gen.
Theorem 4.5 Given
k
maximal
collections
M1 , . . . , Mk satisfying the containment property,
the database DB generated and the support values
min
πmin
computed by algorithm DB-gen satisfy
1 , . . . , πk
the property that MF(DB, πmin
i ) = Mi , for 1 ≤ i ≤ k.
Proof: Consider any stage j of the generation procedure. Clearly, if j = 1, then the procedure produces
M1 as the maximal collection at absolute support 1 (and
1
hence at relative support DB
) by lemma 4.4. Let j > 1.
Let DBj−1 be the database generated up to the beginning of the jth stage. By proposition 4.3, no itemset has
a minimum support of cj calculated by the algorithm.
Hence, adding cj transactions for each element of Mj
to the database will make the element frequent at absolute support level cj in DB. Thus, Mj is the maximal
frequent itemset collection at support level. Note that
the containment property is essential to ensure that when
Mj is added, it does not affect the frequencies of Mj−1 ,
that was already added to the database.

^
Proposition 4.6 Let DB be a database and let M(DB)
^
be as defined in definition 4.1. Then M(DB) ≤ |DB|.
Proof: No itemset can have absolute support greater
than the number of transactions in the database. The
inequality follows directly.

Using repeated applications of proposition 4.6, we
obtain an upper bound on the number of transactions in
the database after any stage in the generation procedure
that is given by the following theorem.
Theorem 4.7 Let mj denote the |Mj | for 1 ≤ j ≤ k
and let DBj be the database generated at the end of
the jth stage of algorithm DB-Gen. Then, |DBj | ≤
mj (1 + mj−1 ∗ (1 + . . . ∗ (1 + m2 ∗ (1 + m1 )))) ≤
Pj Qj
i=1
l=i ml .
Proof: |DB1 | = |M1 | = m1 is true by step 1 of the
algorithm. In stage 2, each of the m2 maximal itemsets
^
in M2 is replicated c2 = 1 + M(DB
1 ) ≤ 1 + |DB1 | ≤
1 + m1 times and hence |DB2 | ≤ m2 ∗ (1 + m1 ) ≤
m2 + m1 ∗ m2 . Proceeding all the way up to stage j, we
get the equation in the theorem.

From the above theorem, we have the following upper bound for the number of transactions in the database
generated by algorithm DB-Gen.

Theorem 4.8 Let M1 , . . . , Mk be k maximal itemset
collections satisfying the containment property and let
mj denote |Mj | for 1 ≤ j ≤ k. Then, the algorithm DBGen given in figure 1 generates a database DB with at
Qk
most O(k · i=1 mi ) transactions.

Proof:Stage j adds one transaction bag for every itemset
in Mj and hence the lemma follows.

From lemma 4.11, we can compute the exact number
of transaction bags in the database generated by algorithm DB-Gen as follows.

Proof: From
Qktheorem 4.7 the maximum value of summation is i=1 mi , and there are k terms, giving the
desired bounds.

Thus, algorithm DB-Gen produces as output, a
database where the number of transactions is proportional to the product of the size of the input maximal
collections. Note that this number can be prohibitively
large for practical collections of maximal itemsets. For
example, for three D-sequences or maximal collections,
each containing 1000 maximal itemsets (Mi = 1000
and k = 3), the procedure can potentially generate a
billion transactions!!!

Theorem 4.12 Let DB be a transaction bag database
generated by algorithm DB-Gen for the input set of maximal collections M1 , . . . , Mk . Let |Mj | = mj , for
Pk
1 ≤ j ≤ k. Then |DB| = i=1 mi .


4.1. Compression using Transaction Bags
In this section, we study an alternative to generating replicated transactions to avoid generating such large
databases. One of the primary reasons for the explosion
in the number of transactions is the replication of itemsets during each stage of database generation. During
any stage j, j > 1, every itemset in Mj is repeatedly
written into the database cj times. This causes a waste of
storage space. To overcome the disk space consumption
by repeated duplication of transactions, we proposed the
idea of a transaction map in [16].
Definition 4.9 [Transaction Map/Bag] A transaction
map or transaction bag is a triple hC, i, T i, where C >
0 denotes the count of itemset T , i ≥ 0 is a unique
map/bag identifier, and T ⊆ I is an itemset. A transaction bag database is a set of transaction bags.
The database generation operator can be appropriately generalized to generate transaction bags as follows.
Definition 4.10 [Transaction Bag Generator] Given an
itemset collection F and an integer n ≥ 1, we define
B n (F) to be an operation that generates a database that
consists of one transaction bag with count n for each
X ∈ F, i.e., B n (F) = {hn, iX , Xi|X ∈ F}. We denote
B 1 (F) by B(F). Let DB be an existing database, we
assume that the operator ensures that every transaction
bag in B n (F) or DB 0 = DB ∪ B n (F) has a unique bag
identifier.
Using transaction bags, we can achieve significant
compression as follows. We use DBj = B cj (Mj ) instead of the statement DBj = Dcj (Mj ) in step 4 of algorithm DB-Gen to generate transaction bags.
Lemma 4.11 In stage j of algorithm DB-Gen, the number of transaction bags that are generated by the procedure is |Mj |.

Theorem 4.12 shows that by using transaction bags,
we can obtain significant compression over the corresponding transaction databases in terms of the transactions that are actually stored in the database. For the
same example discussed earlier, when there are three
maximal itemset collections each consisting of 1000
maximal itemsets, the transaction bag database will consist of at most 3000 transaction bags as opposed to the
at most 1 billion transactions in the original procedure,
achieving an order of compression of 106 . Transaction
bags may be a good alternative to transactions especially
when a lot of repetitions happen. However, the limitations of DB-Gen can also constrain the use of transaction
bag databases, as shown empirically in section 6.

5. An Optimization to DB-Gen
The database generation algorithm DB-Gen assumes
a pessimistic repetition factor for each stage of generation. The main reason for using such a conservative
repetition factor is the ease with which it can be com^
puted. For determining the value of M(DB)
at each
stage, the algorithm only needs to maintain the counts
of individual items in a vector of size |I|, where I is
the set of items over which the itemsets are constructed.
The trade-off between the ease of computation and the
size of output imposes limitations to the algorithm which
constrains its usage in practice (see section 6). A second limitation in the generation procedure is that all the
itemsets in a maximal collection are repeated the same
number of times at any stage (cj in the jth stage). The
procedure is not flexible enough to add itemsets on an as
needed basis to the database. In this section, we present
an optimization that can potentially reduce the number
of transactions (the count value in case of transaction
bags) in the output database (but with an overhead in
time and space caused by the intermediate structures).
The main motivation behind the optimization to algorithm DB-Gen is based on the following intuition. At
stage i, Algorithm DB-Gen repeatedly adds the itemsets
in Mi to make them frequent at a high enough value
of absolute support. This high enough value of support
^
is computed using the naive upper bound given by M
(which is easy to compute). However, this repetition
factor ignores the support of each itemset in Mi in the

database already generated so far (i.e., before the addition). For instance, in stage 2, the support of itemsets in
M2 in the current database, are not taken into account
when adding those itemsets to the database. Hence, if
itemsets in M2 need to have a certain value of support
say h, they are replicated h times, even though they occur with a certain support in the database generated thus
^
far. Secondly, the replication value of M(DB)
is too
conservative. Is there a better replication value we can
use? To address this issue, we first extend the definition
^
of M(DB)
to a given itemset collection as follows.
Definition 5.1 Let DB be a database and F be an item^
set collection. Then M(F,
DB) is defined as follows:
^
M(F, DB) = max{πA (X, DB) : X ∈ F}. In other
^
words, M(F,
DB) is the maximum of the absolute support values of all the itemsets in F.
The concept of negative border for a collection of
itemsets is well defined [5, 13]. The negative border
gives the collection of minimal itemsets that are infrequent with respect to the item universe. We modify this
definition to suit our current purpose, by defining the
negative border of an itemset collection with respect to
another itemset collection as follows.
Definition 5.2 Let M1 and M2 be two maximal collections such that M2 v M1 . Then the relative negative border of M2 with respect to M1 is defined as
δ(M1 , M2 ) = {X ∈ [M1 ] − [M2 ]|(@Y ∈ [M1 ] − [M2 ] :
Y ⊂ X)}.
The set δ(M1 , M2 ) consists of precisely the minimal
itemsets in [M1 ] − [M2 ] (recall that [Mi ] denotes the
set of itemsets induced by Mi ). An example is shown
is figure 2 for two maximal collections M1 and M2 . In
the sequel, by negative border, we mean the relative negative border defined above. Intuitively, if a database DB
has been generated up to stage j − 1, then the minimum
support for the jth stage can be determined by using the
count values of itemsets in Mj and δ(Mj−1 , Mj ), in^ value.
stead of the M
Definition 5.3 Let DB be a database and let M1 and
M2 be two maximal collections such that M2 v M1 .
^
Let η = M(δ(M
1 , M2 ), DB). For a given integer σ ≥
0, define γ(M1 , M2 , DB, σ) as the smallest value in the
set {πA (X, DB)|X ∈ M2 } that is greater than or equal
to Mδ = max{σ, η}, if it exists and Mδ , otherwise.
The above definition of γ(M1 , M2 , DB, σ) gives a
value of minimum support at which the following two
conditions are satisfied:
1. It is the smallest value of absolute support which
itemsets in Mj need to have in the database.
2. No item in δ(M1 , M2 ) has an absolute support of
γ.

Hence, using the γ values computed at every stage, one
could embed the itemsets in M2 without making any
itemset in the border frequent at this value of absolute
support.
M1

M2

1234 1235 1456 2567
157 167 467
36 37

123 146 125
56 37
67

[M1 ] − [M2 ]
1234 1235 1456 2567
124 134 234 135 235 145 156
256 456 157 257 167 267 467 567
24 34 35 45 26 36 17 27 47 57

δ(M1 , M2 )
156
36

24
17

34
34

35
27

45
47

26

Figure 2. Example of δ(M1 , M2 ) for two collections

Lemma 5.4 Let M1 and M2 be two maximal collections such that M2 v M1 . Let DB be a database
of transactions and let πA
1 be a value of absolute support at which M1 is maximally frequent. Let γ be as
defined in definition 5.3. Then, ∀Y ∈ δ(M1 , M2 ),
πA (Y, DB) < γ(M1 , M2 , DB, πA
1 ) + 1.
Proof: Follows from definitions 5.2 and 5.3.

A consequence of lemma 5.4 is algorithm γ-DB-Gen
shown in figure 3 for database generation, which uses
^ values.
the γ values at each stage instead of the M
This algorithm has the additional overhead of computing
δ(Mj−1 , Mj ) and computing γ(Mj−1 , Mj , DB, cj−1 )
at each stage of generation. Computing δ(Mj−1 , Mj )
can be a costly step at every stage. The task of computing the γ values, essentially boils down to computing the
absolute support of itemsets in Mj and δ(Mj−1 , Mj )
and this can be done in one pass over the database
generated thus far at every stage. For some specific
types of maximal collections, if we know that the absolute support of itemsets in Mj is greater than those
in δ(Mj−1 , Mj ), then the computation of δ(Mj−1 , Mj )
can be avoided altogether. It should also be noted that
the replication factor is not the same for all the itemsets
during any given stage. Instead, the algorithm replicates
itemsets on an as needed basis. From lemma 5.4, we
have the following theorem.
Theorem 5.5 Let M = hM1 , . . . , Mk i be k maximal
collections satisfying the containment property. Let DB
be the transaction database generated by DB-Gen for
M and DBγ be the transaction database generated by
γ-DB-Gen. Then, |DBγ | ≤ |DB|.

Algorithm γ-DB-Gen
Given: k maximal collections M1 , . . . , Mk
satisfying the containment property
min
Output: DB and k real numbers πmin
1 , . . . , πk
such that MF(DB, πmin
)
=
M
,
1
≤
i
≤
k
i
i
Steps:
1. DB1 = D(M1 ); c1 = 1;
2. j = 2; DB = DB1 ;
3. c2 = γ(M1 , M2 , DB, c1 ) + 1;
4. while(j <= k)
(a) for X ∈ Mj ,
i. if{πA (X, DB) < cj } then
l = cj − πA
S(X,l DB) else l = 0;
ii. DBj = DB
S j D (X, Mj );
(b) DB = DB DBj ;
(c) cj+1 = γ(Mj , Mj+1 , DB, cj ) + 1; //(for j < k)
(d) j = j + 1;
ci
5. for(j = 1; j <= k; j = j + 1) πmin
i = |DB| ;

Figure 3. Optimized γ-DB-Gen Algorithm
Proof: Immediately follows from the fact that γ(Mj ,Mj+1 , DB, cj ) computed by γ-DB-Gen at every stage
^
is at most M(DB)
computed by DB-Gen at the corresponding stage.


5.1. Closely Packed Maximal Collections
Closely packed maximal collections are generated
using the colex ordering of itemsets. The nice property of these collections which makes them attractive
for study is that these collections can be generated efficiently. Given a D-sequence, a closely packed maximal
collection satisfying this D-sequence can be generated
in linear time (linear in the output size). More formally,
closely packed collections are defined as below.

Algorithm Construct-Closely-Packed
Given: A D−sequence D = hd1 , . . . , dk i
Output: A closely packed maximal collection M
over I = {1, 2, ...} such that hMi = D.
Steps:
1. M = C (k) (dk ) // first dk k−itemsets in colex order
2. j = k − 1
3. while(j >= 1)
(a) rj = largest rank of the itemsets in [M]j
(b) Add the j−itemsets of rank rj + 1, . . . , rj + dj
in colex ordering of j−itemsets to M
(c) j = j − 1;

Figure 4. Constructing Closely Packed Collections

6. Experimental Study
We present preliminary experimental results to analyze how applicable the generation procedures are in
practice. We use three real datasets chess, mushroom
and connect 2 , with database cardinalities as shown in
figure 5. For each dataset, we use GenMax [10] to
obtain the maximal frequent itemset distributions (i.e.,
the D-sequences) at various increasing values of minimum support. We used k = 6, D-sequences from
chess, k = 8 from mushroom and k = 14 from connect datasets respectively. Figure 6 shows the sizes of
the maximal sets for each D-sequence, i.e., the k values, {|M1 |, · · · , |Mk |}. We then use Construct-CloselyPacked to generate closely packed maximal itemset collections satisfying these input distributions 3 . The maximal collections thus generated are used as input for the
database generation procedure.
Source
chess
connect
mushroom

Definition 5.6 [Closely Packed Collection]
Let D = hd1 , . . . , dk i be any D-sequence. Let M be the
maximal collection constructed by algorithm ConstructClosely-Packed shown in figure 4 for D. A maximal collection W with hWi = D is said to be a closely packed
collection iff W is isomorphic to M.

Figure 5. Real Databases Used

Size of Maximal Collections
1e+06

CONNECT
MUSHROOM
CHESS

100000

Number of itemsets

Intuitively, a closely packed maximal collection is
one where the items can be renumbered to give a colex
ordered maximal collection generated by the algorithm
in figure 4. For a given D-sequence D = hd1 , . . . , dk i,
algorithm Construct-Closely-Packed given in figure 4
generates a colex ordered closely packed maximal collection M, with hMi = D, in time proportional to |M|.
In [16], the authors show that the time is linear in the
size of the output. Generating arbitrary maximal collections with distributions specified by a given D-sequence
may be time consuming. This is the main motivation behind considering D-sequences in which the itemsets are
in some predefined order.
In the following section, the D-sequences obtained
from the real datasets are used to generate closely
packed maximal collections which are used as input for
the database generation procedure.
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Figure 6. Sizes of Mi , i ∈ [1, n] for Real Datasets
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general, the generation procedure works for ANY input set of
maximal collections that satisfy the containment property
3 In
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Figure 10. Generation for mushroom dataset
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Figure 8. Generation for chess dataset

Figures 8, 9 and 10 show the stage-wise progress of
results of algorithm DB-Gen. The plots show the number of transactions, the repetition factor, the number of
transaction bags and the compression factor of using bag
databases over transaction databases for the different
stages; jth stage corresponds to embedding M1 · · · Mj
in DB. From the figures, it can be observed that generating transaction bag databases can provide significant
compression ranging between a factor of a few thousands in the early stages to up to a factor of a billion
in the later stages. It is also interesting that for connect,
the database that embeds Mi is in fact smaller than even
the original database.
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Figure 9. Generation for connect dataset

Figure 6 shows the bag database sizes corresponding
to every stage of generation. For the input sequences
corresponding to the connect dataset, the generated bag
databases during each stage were hundreds of kilobytes
in size. For the inputs corresponding to chess and mushroom datasets, the database sizes ranged from a few
megabytes to a few hundred megabytes, which is quite
reasonable in terms of size. A naive implementation of
algorithm γ-Db-Gen can slow down the generation procedure significantly. The computation of negative border at each stage causes significant overhead in run time.
Our ongoing work is addressing the problem of developing efficient approximations that can avoid this computation. Specifically, we are studying the existence of rep^ but avoid
etition factors that are more optimistic than M
the computation of the entire relative negative border.

7. Discussion
Although the results presented in the earlier section
demonstrate the practical feasibility of using algorithm
DB-Gen to generate bag databases of realistic size, the
procedure faces some serious limitations. These limitations are discussed in this section and elaborated in more
detail to illustrate the requirements of database generation techniques.
Firstly, the bag databases compress transactions by
providing a count value with each bag to illustrate the
repetition factor of the itemset associated with that bag.
The counts associated with the bags in earlier stages are
reasonable in terms of the repetition. But this value can
grow large very quickly. For instance, in the instance
of the input from the mushroom dataset, the repetition
factor grows to a billion at stage 7. This might cause a
problem when the input is a large set of maximal collections each of high cardinality.
Secondly, the constraint of adding only maximal
itemsets from maximal collections during each stage, is
primitive. One can take advantage of computing covers for groups of itemsets and using these covers to account for multiple itemsets in terms of counts. Such
an approach can also reduce the large count values that

are evident in later stages. An interesting direction of
work is to allow the addition of any arbitrary itemset as
a transaction (either a subset or superset of a maximal
itemset). Also the generation process is sensitive to the
initial maximal collections provided as input. The instances taken from the chess and mushroom datasets in
the examples in the earlier section, were all obtained at
the lowest levels of absolute support from these datasets.
Thirdly, the complexity of the optimization problem
needs further investigation. Earlier work on hypergraph
transversal by Gunopulos et al [5] has great relevance to
identifying the complexity of the optimization problem.
In parallel to probing better generation procedures, we
are also investigating the complexity of the optimization
problem. Unlike the stage-wise generation procedures,
the global optimization problem considers the maximal
collections as a whole instead of one at a time.
Finally, the generation procedures considered here
are sensitive to the size of the maximal collections/Dsequences provided as input. Since the generation proceeds stage-wise, the maximal collections are also embedded in a stepwise manner in the database. This
means that Mi is the maximal collection that would be
frequent in the database for any value of support in the
min
range [πmin
i , πi+1 ). The database size, repetition factor
and compression factors are all very sensitive to the size
of the maximal collections.

8. Conclusions and Future Work
In this study, we formalized the synthetic database
generation problem for maximal collections and Dsequences. We presented a stage-wise generation procedure that constructs a database and k levels of minimum support at which a given set of k maximal collections satisfying the closure property are obtained as output. We analyzed the generation procedure by providing
an upper bound on the number of transactions output.
We developed an alternative approach using transaction
bags, which significantly compresses the size of the output database and we gave an upper bound on the number
of transaction bags generated in the output database. We
presented an optimization that can potentially reduce the
number of transactions/bags generated by the stage-wise
generation procedure. Finally, experimental results are
provided to demonstrate the feasibility of the generation
procedure in practice.
Several future directions naturally present themselves. An ongoing study is investigating existing literature on complexity results in hypergraph transversal
and their relation to itemset mining and lattices for optimizations of the database generation problem. Some
results in complexity has already been explored by Yang
in [17]. A second direction is to study the variation
in the two problems defined in the study. One needs
to explore what kind of general results can be obtained
for D-sequences and how they relate to maximal col-

lections. We used closely packed maximal collections
generated from D-sequences; it would be interesting to
explore other efficient transformation schemes from Dsequences to the actual maximal collections generated.
The question, what is the minimal transaction database
embedding a given itemset collection, remains open.
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