Chapter 4

Dimensionality Reduction

Last Modified: 2008-09-16 19:44

4.1 Principal Component Analysis

Principal Component Analysis or PCA is a technique used déducing high dimensional datasets into
lower dimensions. The general idea behind PCA is to transtiie data to a new coordinate system that
best captures the variance in the data. The direction ofdtges$t variance is called the first principal

component, the orthogonal direction that captures thergelemgest variance is called the second principal
component, and so on.

Let the data sample consistwpoints overd attributes, i.e., it is & x d matrix, given as

xi X; xxg
x=| % % % (4.)
x5 X xd

Each point (row) is thus given asdadimensional vectok; = (x,-l,xiz_,--_- ,xf')T,_ whereas each attribute or
random variable (column) can also be thought of as the veéter(x,x5,--- ,xh)T.

We are interested in finding the bestlimensional representation X¥f wherer < d. We will start with
r =0, i.e., the best point approximationf We will then consider =1, i.e., the best line that approximates
X, which will lead to the general PCA technique for the best 1< d dimensional representation Xt

4.1.1 Best Point Approximation

The pointm that best approximates is ther = 0 dimensional projection of, that minimizes the average
sum of squared errors (SSE) from each pgjniThat is, the optimization condition is given as:

SSEm) = %_ZHXi ~m|? (4.2)
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To minimize SSEm) we differentiate it with respect tm, and set the derivative to zero,

%SSEm) - %—z‘n—l ”Xr‘]_ it _g (4.3)
_g: (X —m) =0 (4.4)

ixi - In m=0 (4.5)

m=S x (4.6)

m— %ixi —u (4.7)

We conclude that the mean vecjoe= @ is thed-dimensional point that best approximates the data

4.1.2 Best Line Approximation

We now want to find the lin@ that best approximates. Without loss of generality, we assume thiatas
magnitude|u||?2 = uTu = 1. In other words, we want to find the direction of the unit eecivhich represents
the best line approximation %.

Note that each point; can be projected onto the vectoas follows:

uTu

<uTXi> u=(u"x)u=(x)u (4.8)

where the scalar

X =u'x (4.9)

gives the coordinate of the projected point in the spacersshbyu.
The first principal component corresponds to the directiosuch that the variance of the projected
pointsx is maximized. That is we want to maximize

;w _ %ii(uTxi—qu)z (4.10)
S G s (@11)
S G IR (4.12)
o (gxi—mﬁxi—uﬂ)u 413
_ 4su (4.14)

We can now maximize the projected variancEXu with respect tou, subject to the condition that
u'u = 1. This is done by introducing a Lagrangian multipkerand maximizing the following:

uZu—a(uu—1) (4.15)
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Figure 4.1: Principal Components; andu

Setting the derivative of (4.15) with respectudo zero, gives us:

%UTZu—a(uTu—l) =0 (4.16)
22u—2au=0 4.17)
(4.18)

This implies thatx is an eigenvalue of the covariance maxwith the associated eigenvectar Further-
more,

UTZU:UTGU:GUTU:G‘ (4.19)

This means that to achieve the largest projected variahZe;, we need to choose the largest eigenvalue of
2. In other words ifA; is the largest eigenvalue &, then the choice ofi = A; maximizes the projected
variance. We conclude that the first principal componenivisrgby the eigenvectar corresponding to the
largest eigenvalug; of Z.

Minimum Squared Error Approach

Here we will show thau is also the direction that leads to the least sum of squaredsebetween the
original and projected points. First, let us assume thatalitsx; in the original space have been centered
at the origin by subtracting the mean, as follow

Zi=Xi—H
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We will then project these mean subtracted pomisnto the lineu. Note that this translation of the points
will not affect the perpendicular distances between thatsdn the original and projected spaces. Define
the average sum of squared-errors optimization conditsiolbows:

SSHu) = _n Hzi/—nzill2 w20
= S T Wl (- WP a2y
= %(g[( JRITRS 2; (m—M+zﬂm—Mﬁ (4.22)
= R Zl‘|x—“|| (4.23)
= —%iuT(x WX —Wu+= Zl||x. M| (4.24)
uT X MHZ
- z“*Z (4.25)

The second term above does not depend.onhus the vectou that minimizesSSEu) is in fact the same
one that maximizes the projected varianc&u.

4.1.3 Bestr-dimensional Approximation

We are now interested in the bestimensional approximation %, wherer < d.

Let us first consider the case where- 2. We already computed the direction with the most variance,
namelyu, which is the eigenvector corresponding to the largest e@aaA; of . We now want to find
another directionu,, which also maximizes the projected variance, but whichtisogonal tou,, i.e.,

uju; =0

We also requirel, to be of unit length, i.e.,
T —
Uup =1

The optimization condition then becomes to maximize

usZup —a(usus — 1) — B(utu —0) (4.26)

Taking the derivative with respect t@, and setting it to zero, gives
22Uy — 20U — Bup =0 (4.27)

If we multiply on the left byu] we get

2u] Zu2—20(u1u2—[3u1u1_ 0 (4.28)
2u2 2up—pB=0 (4.29)
B =2ujAug (4.30)
B = 2)\1U12—U1 (4.31)
B=0 (4.32)
(4.33)
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Note that in the derivation above we used the facttfj&us, is a scalar and thus equals its transpoSEu; .
PluggingP = 0 into (4.27) gives us:

22Uy —20u; =0 (4.34)
(439)

This means thati, is another eigenvector &, and to maximize the variance along, we should choose
o = A2, the second largest eigenvalueof

Higher Dimensional Approximation

Based on the above analysis, the general approach to findilglditional principal components is to
make sure that it is normalized to unit length, and that irteagonal to all previous componenis, with
1< j < i. Setting up a maximization formulation with Lagrange npliérs will give:

ul Zu; —a(ufuj—1) — (ilej(uiTuj —0)) (4.36)
=1

Taking the derivative with respect tp and setting it to zero, will eventually lead g = 0 for all j < i, and

we will find that
@.37)

which means that to maximize the variance alongve should sett = A;, thei-th largest eigenvalue &.
To summarize, to find the bestlimensional approximation 9§, we compute the eigenvaluesbfand
sort them in decreasing order
)\12)\22"')\r2)\r+1"‘2)\d20 (4-38)

then we select thelargest eigenvalues, and their corresponding eigenwetiidorm the best-dimensional
approximation. Note above that sinkEas positive semi-definitats eigenvalues must all non-negative.
Geometry of PCA

It is worth emphasizing the geometry of the PCA method. Wihend, PCA corresponds to a rotation of
the axes, so that along the new principal directimsus,,--- ,uq), all covariances vanish. This can be seen
by looking at the collective action of the full set of prinal@omponents, which can be arranged in a matrix
as follows: o |

U= u u --- uqg (4.39)
| |

Thisd x d matrix is anorthogonalmatrix, whose columns, the principal components, are psérarthog-
onal and are of unit length, i.e., the principal componergehonormal

1 ifie
uluj=¢- T (4.40)
0 ifi#]

SinceU is orthogonal, this means that its inverse equals its t@sesp

ut=uT (4.41)
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As we derived above, each principal componentorresponds to an eigenvector of the covariance
matrix 2, i.e.,
Zui=Auforall1<i<d (4.42)

which can be written compactly in matrix notation as follows

| | | | |
h3 ( u; Uz --- Uqg = )\1U1 )\2U2 s )\dud (4.43)
| | | | |

A O 0
0 A, -~ O
SU = U L _ (4.44)
0O O Ad
SU = UA (4.45)
If we multiply (4.45) on the left byyT we obtain:
M O -0
Ao .-~ O
UTZU=UTUA=A= 2 _ (4.46)
0 0 - Mg

In other words, after transforming the data into the new akes given by the principal components, all of
the covariances have vanished, and we are left with the dagpoatrixA of the variances along each of the
principal components. Furthermore, the variance alonf eaw direction is captured by the corresponding
eigenvalue, that is

Choosing the Dimensionality

Often we may not know how many dimensionsto use to get a good approximation of the original déta
One criteria of choosing is to compute the fraction of the total variability for difemt values of, given as

follows:
_MtAet et SN

MM+ 3O

f(r) (4.48)

This way, given a certain desired fraction, saystarting from the first principal component, we keep on
adding additional components, and stop at the lowest valioe which f(r) > a.
4.2 Singular Value Decomposition

Principal components analysis is in fact a special case obie mgeneral matrix decomposition method
calledSingular Value Decomposition (SV.D)
For example, if we multiply (4.45) on the right y" we obtain:

SUUT =UAUT — Z=UAU" (4.49)

56



which says that the initial covariance matrix has been fazd into the orthogonal matrid containing its
eigenvectors, and a diagonal matfxcontaining its eigenvalues (sorted in decreasing order).

SVD generalizes the above factorization for any matrix. drtipular for ann x d data matrixX with n
points andd columns, with rank, SVD factorizesX as follows:

X = UAVT (4.50)

whereU is a orthogonah x n matrix, V is an orthogonatl x d matrix, andA is an x d matrix. The columns
of U are called thdeft singular vectorsthe columns of/ (or rows of VT) are called theight singluar
vectors and the diagonal entrigs = A(i, i) along the main diagonal & are called thesingluar valuesf
X. In fact, since the rank of the matrix is omy< min(n,d), there are only non-zero singular values, which
we assume are ordered as follows

01>8>-->8>0

The rest of the diagonal entries, and of course all non-diagentries are all zeros.
Since we are mainly interested in the non-zero singluaregluwe can discard those left and right
singluar vectors that correspond to zero singular valwesbtain the SVD as:

&6 0 -~ 0 — VI —
| N[0 & o[ = —
X = Up U -+ U L (4.51)
| | | Do - o
0O 0 --- & — VrT —
r
X = ZiéiUiViT (4-52)
i=

In other words, we can think df as an orthogonat x r matrix, A as ar x r diagonal matrix, and/ as a
r x d orthogonal matrix.
Equation 4.52 gives the so-callsgectral decompositioaf X into rank one matrices of the fordu;v .
By selecting they largest singular-values, - - -8 and the corresponding left/right singular-vectors, we ob-
tain the best rank approximation to the original matriX. That is, if X4 is the matrix defined as:

q
Xq= S duv! (4.53)
q i; i Ui Vj

then it can be shown thad is the rankg matrix that minimizes the expression
X —Xqllr (4.54)

where||A||r is called theFrobenius Nornof the matrixA, given as:

Al =[S 3 A, })2 (4.55)
]
4.2.1 Geometry of SVD

In general, anyn x d matrix X represents dinear transformation X : R — R", from the space ofl-
dimensional vectors to the spacenelimensional vectors, since for anye R" andv € RY, we have:

Xv=u (4.56)
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The set of all vectora € R" such thaiXv = u for somev € RY, is called thecolumn spacef X, and the set
of all vectorsv € RY, such thatXTu = v for someu € R", is called therow spaceof X. In other words, the
column space oK is the set of all vectors that can be obtained as the lineabow@tions of columns oX,
and the row space of is the set of all vectors that can be obtained as the lineabuwtions of the rows
of X. Also note that the set of all vectovs= RY, such thaiXv = O is called thenull spaceof X, and finally,
the set of all vectorsi € R", such thaiXTu = 0 is called thdeft null spaceof X.

One of the main properties of SVD is that it gives a basis faheaf the four fundamental spaces
associated with matriX. If X has rankr, it means that it has only independent columns, and also only
r independent rows! Thus theorthonormal vectorsl; corresponding to the non-zero singular values of
X in (4.50), in fact, represent a basis for the column space. ofhe remainingr — r orthonormal vectors
uj, represent a basis for the left null spaceXofFor the row space, thevectorsy;, corresponding to the
r non-zero singular values, represent a basis for the ronespiaX, and the remainingl — r orthonormal
vectorsvj, represent a basis for the null spacexof

For the moment we are only interested in the column and rowespafX, given by the left and right
singluar vectorsy; andv;, corresponding to the non-zero singular valueg. We can think of the SVD
as essentially a mapping from an orthonormal basis set dbr&e@/1,vz,---,vy) in RY (the row space),
to an orthonormal basis set of vectdrs, uy, - ,u;) in R" (the column space). Note that in general, any
orthonormal basis for the row space need not map to an onthmaidoasis for the column space. The goal
of SVD is to find such a transformation that satifies this regqaient. In particular, we require that for any
basis vectow; in the row space, we have:

Xvj = 6iui (4.57)

In other words X transformsv; in the same direction ag, and scales it by the singluar valde Over all
the basis vectors, in matrix notation, we require:

X Vi Vo - V¢ = 51U1 62U2 6rur (4.58)
| | | | |
o6 0 .- 0
0O & --- 0
Xv = ul . T (4.59)
0 0 - &
XV = UA (4.60)

Multiplying by VT on the right, and noting thatV T = I, sinceV is orthogonal (which implies that—! =
VT), we get the SVD factorization given in (4.50)

X = UAVT (4.61)

4.2.2 Computing the SVD
Let us look at the matrix ™ X; plugging in (4.50) foX, we get

XTX = (uavHT(uavT) (4.62)
= VATUTuAVT (4.63)
= V(ATAVT (4.64)
= VAZVT (4.65)
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Note that sincé is an x d “diagonal” matrix,A" A yields ad x d diagonal matrixAﬁ. Noting the similarity
with (4.49), we immediately notice th&t are the eigenvectors of' X, with the corresponding eigenvalues
2. In other words, the singular valuesXfare the square roots of the eigenvalueX bX.

Likewise, when we consider the matX T, we get:

xxT = (uavT)uavhT (4.66)
= uAVTVTATUT (4.67)
= uAHUT (4.68)
= ual’ (4.69)

whereAﬁ is an x n diagonal matrix. This shows thit are the eigenvectors of the matXdX T, again with
the eigenvalueéiz. Note that onlyr of these eigenvalues are positive, whereas the rest arerai.zZTaking
the positive square roots &f, gives us the non-zero, positive, signular valuesXf

Let us consider the example matrix:

0 1 2
X:<—2 -1 o)

r (5 -1
xx_<_1 c

which has eigenvaluﬁ = 6 andd2 = 4. Solving for the corresponding eigenvectors we obtain:

e 3(2)

0
XTX = 2
4

which has the same positive eigenvalﬁ%& 6 andd3 = 4. To find the eigenvector f(ﬁ% = 6, we solve the

equation:
4-8 2 0 X
2 2-& 2 y | =0

0 2 4-& z

-2 2 0
2 -4 2
o 2 -2 z

This gives us two equations to solve:

We have

Next, we have

onN B
N NN DN

x

=0

<

—-Xx+y =0
X—2y+2z

o
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setting the free variable= 1, we obtainy = 1 andx = 1, giving us

1 1
-l

In a similar manner we can obtain the remaining eigenvectors

1 -1 1 1
Uy = ﬁ (])- anduz = \—@ —12

whereu, corresponds to the eigenval&&= 4, andus corresponds to the eigenvaldg= 0.
Putting it all together, we obtain the SVD as follows:

(0 1 2y_1/11 V6 0 0
\-2 -10) 2\-11 0 20
In terms of the spectral decompositionXfwe have:

X:%<_11>(111

)
- (-11 —11 —11>+<j 8 i)

(0 1 2
-~ \-2-10

-1//2 0 1/4/2

V3 V3 U3
>< 1/v6 —2/V6 1/\@)

60



