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4.1 Principal Component Analysis

Principal Component Analysis or PCA is a technique used for reducing high dimensional datasets into
lower dimensions. The general idea behind PCA is to transform the data to a new coordinate system that
best captures the variance in the data. The direction of the largest variance is called the first principal
component, the orthogonal direction that captures the second largest variance is called the second principal
component, and so on.

Let the data sample consist ofn points overd attributes, i.e., it is an×d matrix, given as

X =









x1
1 x2

1 · · · xd
1

x1
2 x2

2 · · · xd
2

· · · · · · · · · · · ·
x1

n x2
n · · · xd

n









(4.1)

Each point (row) is thus given as ad-dimensional vectorxi = (x1
i ,x

2
i , · · · ,xd

i )
T , whereas each attribute or

random variable (column) can also be thought of as the vectorx j = (x j
1,x

j
2, · · · ,x

j
n)T .

We are interested in finding the bestr-dimensional representation ofX, wherer < d. We will start with
r = 0, i.e., the best point approximation ofX. We will then considerr = 1, i.e., the best line that approximates
X, which will lead to the general PCA technique for the best 1< r < d dimensional representation ofX.

4.1.1 Best Point Approximation

The pointm that best approximatesX is ther = 0 dimensional projection ofX, that minimizes the average
sum of squared errors (SSE) from each pointxi . That is, the optimization condition is given as:

SSE(m) =
1
n

n

∑
i=1

‖xi −m‖2 (4.2)
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To minimizeSSE(m) we differentiate it with respect tom, and set the derivative to zero,

d
dm

SSE(m) =
d

dm
∑n

i=1‖xi −m‖2

n
= 0 (4.3)

−2
n

n

∑
i=1

(xi −m) = 0 (4.4)

n

∑
i=1

xi −
n

∑
i=1

m = 0 (4.5)

nm =
n

∑
i=1

xi (4.6)

m =
1
n

n

∑
i=1

xi = µµµ (4.7)

We conclude that the mean vectorµµµ= ∑n
i=1 xi
n is thed-dimensional point that best approximates the dataX.

4.1.2 Best Line Approximation

We now want to find the lineu that best approximatesX. Without loss of generality, we assume thatu has
magnitude‖u‖2 = uTu = 1. In other words, we want to find the direction of the unit vector, which represents
the best line approximation toX.

Note that each pointxi can be projected onto the vectoru as follows:
(

uTxi

uTu

)

u = (uTxi)u = (x′i)u (4.8)

where the scalar
x′i = uTxi (4.9)

gives the coordinate of the projected point in the space spanned byu.
The first principal component corresponds to the directionu such that the variance of the projected

pointsx′i is maximized. That is we want to maximize

n

∑
i=1

(x′i −µµµ′)2

n
=

1
n

n

∑
i=1

(uTxi −uTµµµ)2 (4.10)

=
1
n

n

∑
i=1

(uT(xi −µµµ))2 (4.11)

=
1
n

n

∑
i=1

(uT(xi −µµµ))((xi −µµµ)Tu) (4.12)

= uT

(

n

∑
i=1

(xi −µµµ)(xi −µµµ)T

n

)

u (4.13)

= uTΣΣΣu (4.14)

We can now maximize the projected varianceuTΣΣΣu with respect tou, subject to the condition that
uTu = 1. This is done by introducing a Lagrangian multiplierα, and maximizing the following:

uTΣΣΣu−α(uTu−1) (4.15)
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Figure 4.1: Principal Components:u1 andu2

Setting the derivative of (4.15) with respect tou to zero, gives us:

∂
∂u

uTΣΣΣu−α(uTu−1) = 0 (4.16)

2ΣΣΣu−2αu = 0 (4.17)

ΣΣΣu = αu (4.18)

This implies thatα is an eigenvalue of the covariance matrixΣΣΣ, with the associated eigenvectoru. Further-
more,

uTΣΣΣu = uTαu = αuTu = α (4.19)

This means that to achieve the largest projected varianceuTΣΣΣu, we need to choose the largest eigenvalue of
ΣΣΣ. In other words ifλ1 is the largest eigenvalue ofΣΣΣ, then the choice ofα = λ1 maximizes the projected
variance. We conclude that the first principal component is given by the eigenvectoru corresponding to the
largest eigenvalueλ1 of ΣΣΣ.

Minimum Squared Error Approach

Here we will show thatu is also the direction that leads to the least sum of squared-errors between the
original and projected points. First, let us assume that allpointsxi in the original space have been centered
at the origin by subtracting the mean, as follow

zi = xi −µµµ
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We will then project these mean subtracted pointszi onto the lineu. Note that this translation of the points
will not affect the perpendicular distances between the points in the original and projected spaces. Define
the average sum of squared-errors optimization condition as follows:

SSE(u) =
n

∑
i=1

‖z′i −zi‖2

n
(4.20)

=
1
n

n

∑
i=1

‖[uT(xi −µµµ)]u− (xi −µµµ)‖2 (4.21)

=
1
n

(

n

∑
i=1

[uT(xi −µµµ)]2‖u‖2−2
n

∑
i=1

[uT(xi −µµµ)][uT(xi −µµµ)]+
n

∑
i=1

‖xi −µµµ‖2

)

(4.22)

= −1
n

n

∑
i=1

[uT(xi −µµµ)]2 +
1
n

n

∑
i=1

‖xi −µµµ‖2 (4.23)

= −1
n

n

∑
i=1

uT(xi −µµµ)(xi −µµµ)Tu+
1
n

n

∑
i=1

‖xi −µµµ‖2 (4.24)

= −uTΣΣΣu+
n

∑
i=1

‖xi −µµµ‖2

n
(4.25)

The second term above does not depend onu. Thus the vectoru that minimizesSSE(u) is in fact the same
one that maximizes the projected varianceuTΣΣΣu.

4.1.3 Bestr-dimensional Approximation

We are now interested in the bestr-dimensional approximation toX, wherer ≤ d.
Let us first consider the case wherer = 2. We already computed the direction with the most variance,

namelyu1 which is the eigenvector corresponding to the largest eigenvalueλ1 of ΣΣΣ. We now want to find
another directionu2, which also maximizes the projected variance, but which is orthogonal tou1, i.e.,

uT
2 u1 = 0

We also requireu2 to be of unit length, i.e.,
uT

2 u2 = 1

The optimization condition then becomes to maximize

uT
2 ΣΣΣu2−α(uT

2 u2−1)−β(uT
2 u1−0) (4.26)

Taking the derivative with respect tou2, and setting it to zero, gives

2ΣΣΣu2−2αu2−βu1 = 0 (4.27)

If we multiply on the left byuT
1 we get

2uT
1 ΣΣΣu2−2αuT

1 u2−βuT
1 u1 = 0 (4.28)

2uT
2 ΣΣΣu1−β = 0 (4.29)

β = 2uT
2 λ1u1 (4.30)

β = 2λ1uT
2 u1 (4.31)

β = 0 (4.32)

(4.33)
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Note that in the derivation above we used the fact thatuT
1 ΣΣΣu2 is a scalar and thus equals its transposeuT

2 ΣΣΣu1.
Pluggingβ = 0 into (4.27) gives us:

2ΣΣΣu2−2αu2 = 0 (4.34)

ΣΣΣu2 = αu2 (4.35)

This means thatu2 is another eigenvector ofΣΣΣ, and to maximize the variance alongu2, we should choose
α = λ2, the second largest eigenvalue ofΣΣΣ.

Higher Dimensional Approximation

Based on the above analysis, the general approach to finding an additional principal componentsui is to
make sure that it is normalized to unit length, and that it is orthogonal to all previous componentsu j , with
1≤ j < i. Setting up a maximization formulation with Lagrange multipliers will give:

uT
i ΣΣΣui −α(uT

i ui −1)−
(

i−1

∑
j=1

β j(uT
i u j −0)

)

(4.36)

Taking the derivative with respect toui and setting it to zero, will eventually lead toβ j = 0 for all j < i, and
we will find that

ΣΣΣui = αui (4.37)

which means that to maximize the variance alongui, we should setα = λi , thei-th largest eigenvalue ofΣΣΣ.
To summarize, to find the bestr dimensional approximation toX, we compute the eigenvalues ofΣΣΣ, and

sort them in decreasing order
λ1 ≥ λ2 ≥ ·· ·λr ≥ λr+1 · · · ≥ λd ≥ 0 (4.38)

then we select ther largest eigenvalues, and their corresponding eigenvectors to form the bestr-dimensional
approximation. Note above that sinceΣΣΣ is positive semi-definite, its eigenvalues must all non-negative.

Geometry of PCA

It is worth emphasizing the geometry of the PCA method. Whenr = d, PCA corresponds to a rotation of
the axes, so that along the new principal directions(u1,u2, · · · ,ud), all covariances vanish. This can be seen
by looking at the collective action of the full set of principal components, which can be arranged in a matrix
as follows:

U =





| | |
u1 u2 · · · ud

| | |



 (4.39)

This d×d matrix is anorthogonalmatrix, whose columns, the principal components, are pairwise orthog-
onal and are of unit length, i.e., the principal components areorthonormal

uT
i u j =

{

1 if i = j

0 if i 6= j
(4.40)

SinceU is orthogonal, this means that its inverse equals its transpose

U−1 = UT (4.41)
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As we derived above, each principal componentui corresponds to an eigenvector of the covariance
matrix ΣΣΣ, i.e.,

ΣΣΣui = λiui for all 1≤ i ≤ d (4.42)

which can be written compactly in matrix notation as follows:

ΣΣΣ





| | |
u1 u2 · · · ud

| | |



 =





| | |
λ1u1 λ2u2 · · · λdud

| | |



 (4.43)

ΣΣΣU = U











λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λd











(4.44)

ΣΣΣU = UΛΛΛ (4.45)

If we multiply (4.45) on the left byUT we obtain:

UTΣΣΣU = UTUΛΛΛ = ΛΛΛ =











λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λd











(4.46)

In other words, after transforming the data into the new set of axes given by the principal components, all of
the covariances have vanished, and we are left with the diagonal matrixΛΛΛ of the variances along each of the
principal components. Furthermore, the variance along each new direction is captured by the corresponding
eigenvalue, that is

σ2
ui

= λi (4.47)

Choosing the Dimensionality

Often we may not know how many dimensions,r, to use to get a good approximation of the original dataX.
One criteria of choosingr is to compute the fraction of the total variability for different values ofr, given as
follows:

f (r) =
λ1 + λ2+ · · ·+ λr

λ1 + λ2+ · · ·+ λd
=

∑r
i=1λi

∑d
i=1λi

(4.48)

This way, given a certain desired fraction, sayα, starting from the first principal component, we keep on
adding additional components, and stop at the lowest valuer, for which f (r) ≥ α.

4.2 Singular Value Decomposition

Principal components analysis is in fact a special case of a more general matrix decomposition method
calledSingular Value Decomposition (SVD).

For example, if we multiply (4.45) on the right byUT we obtain:

ΣΣΣUUT = UΛΛΛUT =⇒ ΣΣΣ = UΛΛΛUT (4.49)
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which says that the initial covariance matrix has been factorized into the orthogonal matrixU containing its
eigenvectors, and a diagonal matrixΛΛΛ containing its eigenvalues (sorted in decreasing order).

SVD generalizes the above factorization for any matrix. In particular for ann×d data matrixX with n
points andd columns, with rankr, SVD factorizesX as follows:

X = U∆∆∆VT (4.50)

whereU is a orthogonaln×n matrix,V is an orthogonald×d matrix, and∆∆∆ is an×d matrix. The columns
of U are called theleft singular vectors, the columns ofV (or rows ofVT ) are called theright singluar
vectors, and the diagonal entriesδi = ∆∆∆(i, i) along the main diagonal of∆∆∆ are called thesingluar valuesof
X. In fact, since the rank of the matrix is onlyr ≤min(n,d), there are onlyr non-zero singular values, which
we assume are ordered as follows

δ1 ≥ δ2 ≥ ·· · ≥ δr > 0

The rest of the diagonal entries, and of course all non-diagonal entries are all zeros.
Since we are mainly interested in the non-zero singluar values, we can discard those left and right

singluar vectors that correspond to zero singular values, to obtain the SVD as:

X =





| | |
u1 u2 · · · ur

| | |















δ1 0 · · · 0
0 δ2 · · · 0
...

...
. . .

...
0 0 · · · δr





















— vT
1 —

— vT
2 —

—
... —

— vT
r —











(4.51)

X =
r

∑
i=1

δiuivT
i (4.52)

In other words, we can think ofU as an orthogonaln× r matrix, ∆∆∆ as ar × r diagonal matrix, andV as a
r ×d orthogonal matrix.

Equation 4.52 gives the so-calledspectral decompositionof X into rank one matrices of the formδiuivT
i .

By selecting theq largest singular-valuesδ1 · · ·δq and the corresponding left/right singular-vectors, we ob-
tain the best rankq approximation to the original matrixX. That is, ifXq is the matrix defined as:

Xq =
q

∑
i=1

δiuivT
i (4.53)

then it can be shown thatXq is the rankq matrix that minimizes the expression

‖X −Xq‖F (4.54)

where‖A‖F is called theFrobenius Normof the matrixA, given as:

‖A‖F =
√

∑
i

∑
j

A(i, j)2 (4.55)

4.2.1 Geometry of SVD

In general, anyn× d matrix X represents alinear transformation, X : R
d → R

n, from the space ofd-
dimensional vectors to the space ofn-dimensional vectors, since for anyu ∈ R

n andv ∈ R
d, we have:

Xv = u (4.56)
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The set of all vectorsu ∈ R
n such thatXv = u for somev ∈ R

d, is called thecolumn spaceof X, and the set
of all vectorsv ∈ R

d, such thatXTu = v for someu ∈ R
n, is called therow spaceof X. In other words, the

column space ofX is the set of all vectors that can be obtained as the linear combinations of columns ofX,
and the row space ofX is the set of all vectors that can be obtained as the linear combinations of the rows
of X. Also note that the set of all vectorsv ∈ R

d, such thatXv = 0 is called thenull spaceof X, and finally,
the set of all vectorsu ∈ R

n, such thatXTu = 0 is called theleft null spaceof X.
One of the main properties of SVD is that it gives a basis for each of the four fundamental spaces

associated with matrixX. If X has rankr, it means that it has onlyr independent columns, and also only
r independent rows! Thus ther orthonormal vectorsui corresponding to ther non-zero singular values of
X in (4.50), in fact, represent a basis for the column space ofX. The remainingn− r orthonormal vectors
u j , represent a basis for the left null space ofX. For the row space, ther vectorsvi , corresponding to the
r non-zero singular values, represent a basis for the row space of X, and the remainingd− r orthonormal
vectorsv j , represent a basis for the null space ofX.

For the moment we are only interested in the column and row spaces ofX, given by the left and right
singluar vectors,ui andvi , corresponding to ther non-zero singular valuesδi. We can think of the SVD
as essentially a mapping from an orthonormal basis set of vectors (v1,v2, · · · ,vr) in R

d (the row space),
to an orthonormal basis set of vectors(u1,u2, · · · ,ur) in R

n (the column space). Note that in general, any
orthonormal basis for the row space need not map to an orthonormal basis for the column space. The goal
of SVD is to find such a transformation that satifies this requirement. In particular, we require that for any
basis vectorvi in the row space, we have:

Xv i = δiui (4.57)

In other words,X transformsvi in the same direction asui , and scales it by the singluar valueδi. Over all
the basis vectors, in matrix notation, we require:

X





| | |
v1 v2 · · · vr

| | |



 =





| | |
δ1u1 δ2u2 · · · δrur

| | |



 (4.58)

XV = U











δ1 0 · · · 0
0 δ2 · · · 0
...

...
. . .

...
0 0 · · · δr











(4.59)

XV = U∆∆∆ (4.60)

Multiplying by VT on the right, and noting thatVVT = I , sinceV is orthogonal (which implies thatV−1 =
VT), we get the SVD factorization given in (4.50)

X = U∆∆∆VT (4.61)

4.2.2 Computing the SVD

Let us look at the matrixXTX; plugging in (4.50) forX, we get

XTX = (U∆∆∆VT)T(U∆∆∆VT) (4.62)

= V∆∆∆TUTU∆∆∆VT (4.63)

= V(∆∆∆T∆∆∆)VT (4.64)

= V∆∆∆2
dVT (4.65)
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Note that since∆∆∆ is an×d “diagonal” matrix,∆∆∆T∆∆∆ yields ad×d diagonal matrix,∆∆∆2
d. Noting the similarity

with (4.49), we immediately notice thatV are the eigenvectors ofXTX, with the corresponding eigenvalues
δ2

i . In other words, the singular values ofX are the square roots of the eigenvalues ofXTX.
Likewise, when we consider the matrixXXT, we get:

XXT = (U∆∆∆VT)(U∆∆∆VT)T (4.66)

= U∆∆∆VTVT∆∆∆TUT (4.67)

= U(∆∆∆∆∆∆T)UT (4.68)

= U∆∆∆2
nUT (4.69)

where∆∆∆2
n is an×n diagonal matrix. This shows thatU are the eigenvectors of the matrixXXT, again with

the eigenvaluesδ2
i . Note that onlyr of these eigenvalues are positive, whereas the rest are all zeros. Taking

the positive square roots ofδ2
i , gives us ther non-zero, positive, signular values ofX.

Let us consider the example matrix:

X =

(

0 1 2
−2 −1 0

)

We have

XXT =

(

5 −1
−1 5

)

which has eigenvaluesδ2
1 = 6 andδ2

2 = 4. Solving for the corresponding eigenvectors we obtain:

u1 =
1√
2

(

1
−1

)

andu2 =
1√
2

(

1
1

)

Next, we have

XTX =





4 2 0
2 2 2
0 2 4





which has the same positive eigenvaluesδ2
1 = 6 andδ2

2 = 4. To find the eigenvector forδ2
1 = 6, we solve the

equation:




4−δ2
1 2 0

2 2−δ2
1 2

0 2 4−δ2
1









x
y
z



= 0





−2 2 0
2 −4 2
0 2 −2









x
y
z



= 0

This gives us two equations to solve:

−x+y = 0

x−2y+z = 0
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setting the free variablez= 1, we obtainy = 1 andx = 1, giving us

u1 =
1√
3





1
1
1





In a similar manner we can obtain the remaining eigenvectors:

u2 =
1√
2





−1
0
1



 andu3 =
1√
6





1
−2
1





whereu2 corresponds to the eigenvalueδ2
2 = 4, andu3 corresponds to the eigenvalueδ2

3 = 0.
Putting it all together, we obtain the SVD as follows:

X =

(

0 1 2
−2 −1 0

)

=
1√
2

(

1 1
−1 1

)( √
6 0 0

0 2 0

)





1/
√

3 1/
√

3 1/
√

3
−1/

√
2 0 1/

√
2

1/
√

6 −2/
√

6 1/
√

6





In terms of the spectral decomposition ofX, we have:

X =

√
6√

2
√

3

(

1
−1

)

(

1 1 1
)

+
2√
2
√

2

(

1
1

)

(

−1 0 1
)

=

(

1 1 1
−1 −1 −1

)

+

(

−1 0 1
−1 0 1

)

=

(

0 1 2
−2 −1 0

)
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