Chapter 7

Sequence Mining

7.1 Introduction

Many real world applications, such as in bioinformaticsbweining, text mining and so on, have to deal
with sequential/temporal data. Sequence mining helpssimoder frequent sequential patterns across time
or positions in a given data set.

Let> denote arlphabet defined as a finite set of characters or symbols, arjé |eienote its cardinality.
A sequencés defined as an ordered list of symbols, and is writtes-a%,s, . .. &, wheres € 2 is a symbol
at positioni. Here|s| = k denotes thdength of the sequence. A sequence with lengtls also called a
k-sequencel et >* be the set of all possible sequences (or strings) that caorstracted using the symbols
in Z, including the empty string (which has length zero).

A sequencs =5 -- Sy IS a calledsubsequencef another sequenae=rir,---ry, denoted asCr,
if for all 5 € s, there exists;, € r, such thas =rj;, and the order of symbols is preserved, i.ej;ik j» <
.-+ < Jn,. In other words, the sequeneas embedded im, but there might be intervening gaps between
consecutive elements ein the embedding. 1§ C r, we also say that containss. sis called asubstringor
consecutive subsequenar provideds;Sp--- Sy =rjlj+1---Ij+n—1. In other words for substrings we do
not allow any gaps between the elements of the embedding. For example, EBt= {A,C,G, T}, and let
s=ACTGAACG Lets; = CGAAGands, = CTGA Thens; is a subsequence efands; is a substring of
s. Define theprefix of a sequencs as any substring of the forms,-- -5, with 0 <i < ng, and define the
suffixof s as any substring of the forsis;1 - - - Sh.+1, with 1 <i < ns+ 1. Note that for any sequensgwe
definesy = € ands, 1 = €. For exampleACT is one of the prefixes dof in the example above, and so is
ACT GA whereas5AACGiIs one of the suffixes df.

Given a database = {s1,%, - ,S} of nsequences, and given some sequentieesupportof r in the
databasep is defined as the total number of sequences ithat contairr, given as

supr)=|{s € 2|r C s} (7.1)

As in the case of itemsets, given a user-speciffedsupthreshold, we say that a sequernces frequent
in databasep if supr) > minsup Furthermore, a frequent sequenceniaximalif it is not a subsequence
of any other frequent sequence, and a frequent sequemtesedif it is not a subsequence of any other
frequent sequence with the same support.

Below we will separately consider the tasks of mining alfjfrent subsequences, and all frequent sub-
strings.
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7.2 Mining Frequent Subsequences

| id || sequence |

s || CAGAAGT
S || TGACAG
s || GAAGT

Table 7.1: Example Sequence Database
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Figure 7.1: Sequence Search Space: Shaded ovals reprasditates that are infrequent, and the shaded
boxes represent those that can be pruned based on an imftegilsequence. All other subsequences are
frequent.

Let 2 = AC,G, T and let the database consist of the three sequences shovablm 7.1. We want
to find all subsequences that occur in at leagisupsequences. The sequence search space can also be
organized in a prefix search tree, as illustrated in Figute Starting from the empty sequence, at the root
at level 0, each node= s, - - - § at leveli has children of the forrg = 5,5, --- 55,1 at leveli + 1. In other
words, s is a prefix of eacts, which are also called thextensionsf s. For exampleA has childrenAA,
AG andAT. The key difference between itemset and sequence miningyrims of the search space, is that
for sequences, order of the symbols matters, and thus wetbaeamnsider all possiblpermutationsof the
symbols as the possible frequent candidates, whereagfséts, we only had to considgzmbinationsof
the items. The subsequence search space is conceptuatijeingince it consists of all sequencesin
i.e., all sequences of length zero or more that can be cresiad symbols irx. In practice, the database
D, consists of bounded length sequences. | la#note the length of the longest sequence in the database,
then in the worst case, we will have to consider all candidatpiences from length one througtwhich
gives the bound

T[22+ 2 = o= (7.2)
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since for any intermediate lengjhthere ardZ|! possible subsequences of length

7.2.1 Level-Wise Mining

Like in the case of itemsets, we can devise an effective difgoithat searches the sequence prefix tree using
a level-wise or breadth first search. Starting at level Ongtiatermediate level, we generate all possible
sequence extensions candidatesat leveli + 1. We will next compute the support of each candidate and
prune those that are not frequent. The search stops when rofraquent extensions are possible.

For example, let us mine the database shown in Table 7.1 osimgy p= 3. Thatis, we want to find only
those subsequences that occur in all three database sequé&igure 7.1 shows that we begin by extending
the empty sequenceat level 0, to obtain the candidatésC, G andT. Out of theseC can be pruned since
it is not frequent. Next we generate all possible candidatdsvel 2. Notice that using as the prefix we
generate all possible extensiofi8, AG andAT. A similar process is repeated for the other two symi@dls
andT. One point worth emphasizing is that we can sometimes prwandidate extension, even without
counting. For example, consider the extensi®AAA obtained fromGAA We can see immediately that
GAAAhas an infrequent subsequerfe®A which implies thatGAAAcannot possibly be frequent. We thus
prune it without counting. The figure also shows other cadasre&vwe can prune based on an infrequent
subseguence.

In terms of the 1/O complexity of the level-wise search, siwee compute the support for an entire
level in one scan of the database, the total database acstss ©(l - ©), wherel is the length of the
longest frequent sequence. The computational complexi®(|Z|'+1), since we had to enumerate all the
subsequences of longest sequence of lehgjlving the number of candidates ﬁ;o 1z = ||+

7.2.2 \ertical Sequence Mining

Here we consider a vertical database representation foreseg mining. The idea is to record for each
symbol, the sequences and the positions, where it occur&deh symbok € Z, we keep a set of tuples of
the form (i, pogx)), wherepogx) is the set of positions ig where symbok appears. Let (x) denote the
set of such sequence-position tuples, which we refer toeasrthanced tidlisfor just tidlist). For example,
in Table 7.1A occurs ins; at positions 2, 4 and 5. Thus we add the tufdlg{2,4,5}) to £ (x). Figure 7.2
shows the enhanced tidlists for each symbol.

To enumerate all the frequent sequences, the idea is targerézursive sequential joins on the tidlists
to compute the support. For example, to obtai{\G), we perform a sequential join over the tidligt$A)
andz (G) as follows: Let(i, pogA)) € £ (A), and let(j, pogG)) € £ (G), such that = j, which requires that
both symbols appear in the same sequence. Next forgacpogG), if there exists a positioq € pogA),
such thaig < p, then this means th& occurs before th&, and we can adg to the set of positions fas;
in £ (AG). For example, for the tupled,{2,4,5}) € £ (A) and(1,{3,6}) € L (G), both the positions 3 and
6, for G, occur after some occurrence Afe.g., at position 2. Thus we add the tuple{3,6}) to 2 (AG).
Notice how we keep track of positions only for the last symhdhe candidate sequence. This is because
we extend sequences from a common prefix, so there is no néegparack of all the occurrences of the
symbols in the prefix. Figure 7.2 shows the complete workirtg@®algorithm, along with all the candidates
and their tidlists. The main advantage of the vertical apphos that it enables different search strategies
over the sequence search space, including breadth or degptbefarch.
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Figure 7.2: Vertical Sequence Mining: Infrequent sequeraze shown shaded

7.2.3 Projection-Based Sequence Mining

Let » denote a database, and et =~ be any symbol. Therojected databasevith respect tax, denoted
Dy, iS obtained as follows: For each database sequsnee, find the first occurrence ofin s, say jx.
Retain only the suffix ok starting at positiony + 1, and furthermore, remove any infrequent symbols in
the suffix.

The main idea in projection-based sequence mining is totcomly the individual symbols in each
projected databasey, and to mine all frequent sequences by performing recumivgctions on only the
frequent symbols in a depth-first manner. Figure 7.3 shoegthjection-based mining approach for our
example dataset from Table 7.1. Initially we start with theole database, which can also be denoted as
D¢. We compute the support of each symbol, and find @igtnot frequent. Among the frequent symbols,
we first create a new projected dataggt Fors;, we find that the firsA occurs at position 2, so we retain
only the suffixGAAGT. In s, the firstA occurs at position 3, so we look at the suffiRG. After removing
C (since it is infrequent), we are left with oniG as the projection oA ontos,. In a similar manner we
obtain the projection fogs asAGT. Now the mining proceeds recursively. We count the symbppetts in
D a, finding that onlyA andG are frequent, which will lead to the projectiama and thenp g, and so on.
The complete projection-based approach is illustratedgare 7.3.

7.3 Substring Mining: Suffix Trees

In the previous section we saw three main approaches fonminequent subsequences. We now look at
efficient methods for mining the frequent substrings. $be a sequence having lendthand letw be the
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Figure 7.3: Projection-based Sequence Mining

length of a substring. Then there are at mO@r) possible distinct substrings containedsjwhich can be
obtained by varyingv from one tol. For a given substring length, there ard —w+ 1 possible substrings
in s. Adding over all substring lengths we get:

[
Y (—wHD)=1+(1-1)+---+2+1=0(1? (7.3)
w=1
This is a much smaller search space compared to subsequandesonsequently we desire more efficient
algorithms for solving the frequent substring mining task.
Let > denote the alphabet, and leg% be theterminalcharacter, used to mark the end of a string. Given
a sequence = S1S,... S, theith suffix of s is represented a§i : Ng) = SS+1...S,. For convenience, we
append the terminal character to the string, and refer tp #,001. The suffix tree of the sequences in the
database, denoted a3,,, stores all the suffixes for eashe D, in a tree structure, where suffixes that share
a common prefix lie on the same path from the root of the tree.sTibbstring obtained by concatenating all
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characters from the root node to a naclés called thenode labebf v, and is denoted dsv). The substring
that appears on an edgea,v;), is called theedge label and is denoted as(v;,v;). A suffix tree has two
kinds of nodes: internal and leaf nodes. An internal nodéénsuffix tree, except the root, has at least two
children, where each edge label to a child begins with amdiffecharacter. Since the terminal character is
unique, there are as many leaves in the suffix tree as therwenapee suffixes over all the sequences. Each
leaf node thus corresponds to a unique suffix shared by one@ sequences.

Figure 7.4: Suffix Tree Construction: (a)-(g) shows the egsive changes to the tree, after we add each

new suffix ofs; from suffix 1 to 7.
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7.3.1 Naive Algorithm

It is straightforward to obtain a quadratic time and spadéixstiee construction algorithm. Initially, the
suffix treeT,, is empty. Then for each sequerge D, we generate all its suffixes j : ng], with 1 < j <ng,
and insert it into the tree by following the path from the rantil we either reach a leaf or there is a mismatch
in one of the characters (which can happen on an edge). If aghre leaf, we insert the pdir, j) into the
leaf, noting that this is th¢-th suffix of sequencs;. If there is a mismatch in one of the symbols, say at
positionp > j, we add a new edge labelsdp : ns| leading to a new leaf node, and then &dqg) to the leaf
node. As an example let us consider the database in TablEirsiwe focus ors; = CAGAAGT. Figure 7.4
shows what the suffix tree looks like after inserting kil suffix of s, into T,,. The complete suffix tree for
s is shown in Figure 7.4(g), and the complete suffix tree fothakke sequences is shown in Figure 7.5.

In terms of the time and space complexity, the naive algaritketched above requir€x1?) time and
space per sequence, wheis the longest sequence length. The time complexity follbams the fact that
the naive method always inserts a new suffix starting fromrdlee of the suffix tree. This means that in
the worst case it compar€X|) symbols per suffix insertion, giving the worst case boun®@#) over all
| suffixes. The space complexity comes from the fact that eaffix $s explicitly represented in the tree,
takingl + (I — 1) +--- +1 = O(I?) space. Over all tha sequences in the database, we ob@in-1?) as
the worst case time and space bounds.

A@T
AM : / >K o
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Figure 7.5: Suffix tree for all three sequence®ininternal nodes store the support of the substrings

Frequent Substrings Once the suffix tree is built, we can compute all the frequehssings by checking
how many different sequences appear in the leaf nodes undeteanal node, i.e., we compute the support
for each internal as well as leaf node. Those that have supptaastminsupare frequent substrings. For
example, ifminsup= 3, then the frequent substrings &eAG, G, GAandT. Out of these the maximal
ones arédAG andGA. If minsup= 2, then we will find that the maximal frequent substrings@fAGT and
CAG. The suffix tree can also support ad-hoc queries for findihthaloccurrences in the database for any
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query substring). For example, ifj = GAA then we would search for each characteg sfarting from the
root of the tree shown in Figure 7.5. In this case we will fine tjuery, since all characters match, and we
report the occurrenced, 3) and(3,1), which means thaBAA appears at position 3 is and at position
1 in s3. If there is a mismatch in any character, that means the qimeg not appear as a substring in the
database.

In terms of the query time complexity, since we have to maathecharacter i, we immediately get
O(|q|) as the time bound (assuming that is a constant), which imdependenbf the size of the database.
Listing all the matches takes additional time, for a totaicomplexity ofO(|q| + k), if there are&k matches.

7.3.2 Ukkonen’s Linear Time Algorithm

We now present a linear time and space algorithm for constgquisuffix trees. We will first consider how
to build the suffix tree for a single sequeree 515, -- 5, $.

/]‘\Q

D =%
v &o °®
Vo (1 1) 1,7
F B x 3
@ ) & @
(1,4) w} (1,.3) (1,6)
T 4
QL ®

Figure 7.6: Suffix Tree fos; Using Edge-Compression

Achieving Linear Space Let us first see how we can reduce the space requirements ffixatee. If
an algorithm has to write all the characters on each edgé labshown in Figure 7.4(g) for the sequence
s; = CAGAAGT, then we will not be able to achieve linear time constructither. The trick is to not
explicitly store all the edge labels, but rather to usesdge-compressiotechnique, where we only store
the starting and ending positions of the edge label. For pl@nsonsider the edge labBRGAAGTS for
the suffix(1,1) in Figure 7.4(g). We can compress this[&s3], since the edge label denotes the substring
s1[1: 8. Likewise, consider the edge lab®AGT$ leading to suffiX 1, 2), can be compressed pis8], since
AAGT$ =514 : 8. The complete suffix tree fag with all compressed edges is shown in Figure 7.6.

In terms of the space complexity, note that in the naive &lgor, when we add a new suffix to the tree, it
can create at most one new internal node. Thus across allffires, onlyO(ns) internal nodes are created.
Since we store only two indexes to represent each edge, veetgitl space complexity @(ns).
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Achieving Linear Time Given a strings= $1% - -- 5, $. LetTi_1 denote the suffix tree up to thie— 1)-th
prefix g1 :i — 1], with 1 <i < ng;3. Ukkonen’s linear time algorithm works in phases by cording T;
from T,_1, by making sure that all suffixes including tberrentcharacters are in the new intermediate tree
Ti. In other words, in thé-th phase, we have to insert all the suffiggf: i] from j = 1to j =i into the tree

T;. Each such insertion is called tleh extensiorof thei-th phase Once we process the terminal character
The+1 We obtain the complete suffix trdgfor s. Atfirst glance, this method has cubic time complexity since
to obtainT; from T;_; takesO(i?) time, with the last phase requirir@(n2) time. Since there anes phases,
the total time iSO(ng). Our goal is to show that this time can be reduced to@(sk) via the optimizations
described below.

e Suffix Links: This optimization avoids searching from the root, wheniiisg each suffix, via the
use ofsuffix links Given an internal nodg, we will maintain asuffix linkto the internal nodev,
whereL(w) is the immediate suffix of(v). For example, il_(v) = ACGT, then this node will point
to the nodew, with L(w) = CGT. Eitherw already exists in the suffix trég or it will be created in
the very next extension, so we can add the suffix link at thae ti

e Skip/count Trick: Assume that in the phasewe have just processed the— 1)-th extension, which
ensures that the suffig_1S;Sj.1---S_1S has been added to the tr&e When processing thg-th
extension sjSj,1---S-15, note that the string = s;sj1---5_1 must already exist in the tree (since
it would have been created in the previous ph&se. Thus instead of searching for each character
in y all over again starting from the root, vaduntthe edge length, sam, for the edge beginning
with charactess;, and therskip directly to the child node, say, and search for the remaining string
Y = Sj+m---S—1 from v; using the same count/skip techniquemif> y, theny ends inside the edge
labeled[s, €], and we can then insert theth suffix at positiors+ |y|. With the skip/count technique,
the cost of an extension becomes proportional to the nunfberdes on the path, as opposed to the
number of characters.

¢ Implicit Suffixes: This optimization states that in extensipn- 1 of phasd, if sj_1SjSj+1---S-15 IS
found in the tree, then all subsequent extensions will atséohnd in the tree, and thus there is no
need to process further extensions. In other words, thdBresualready exist in the tree implicitly,
and will become explicit the first time we encounter a new sulgsthat does not already exist in the
tree. This will surely happen once we process the termiraiagter $, since 8 2.

¢ Implicit Extensions: With the implicit suffixes optimization, when we are in th#éh phase, not all
suffixes up tog may be in the tree explicitly. Let the last explicit suffix bar fphasek, with k < i,
which means that all subsequent phases resulted in imgliffixes. Note that all explicit suffixes in
the tree have edge labels of the fofmi — 1] leading to the leaf nodes, at the start of tith phase.
Instead of explicitly incrementing all the ending posipmwe replace the ending position by a pointer
e which keeps track of the current phase or the current pash&ng processed. Thus we replace
[p,i — 1] with [p,€]. At phasel, we sete=i, and immediately all the existing suffixes get implicitly
extended tdp, i].

Let us look at the execution of the algorithm on the sequeneeCAGAAGT, as shown in Figure 7.7.
In phase 1, we process character= C and insert the suffiX1,1) into the tree with edge lab¢l, €. In
phases, 2 and 3, new suffix€k 2) and(1,3) are added. For phase 4, when we want to prosgssA, we
note that all suffixes up to 3 are already explicit. Seteng 4 implicitly extends all of them, so we only
have to make sure that the last extensipa:-@) consisting of the single charact#is in the tree. Searching
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Figure 7.7. Ukkonen’s Linear Time Algorithm for Suffix Treeo@struction. (a)-(g) shows the successive
changes to the tree after théh phase. The suffix links are shown with dashed arrows. Diubld-circled
leaf denotes the last explicit suffix in the tree. The lagh &enot shown, since the when= 8, the terminal
character $ will not alter the tree. All the edge labels amshfor ease of understanding, though the actual

suffix tree only keeps ths, €] indices for each edge.

from the root, we findA in the tree implicitly, and we thus proceed to the next phdeeghe next phase,
whene =5, suffix (1,4) will become explicit, when we try to add the extensi®dA, and find that it is not in

the tree. Foe = 6, we find the extensioAG already in the tree and we skip ahead to the next phase. At this
point the last explicit suffix is stil(1,4). Since fore=7, T is a previously unseen symbol, all suffixes will

become explicit, as shown in Figure 7.7(g).
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Figure 7.8: Extensions in the Last Phase

It is instructive to see the extensions of the last phase irerdetail, as shown in Figure 7.8. At the start
of the 7-th phase, we set= 7, which makes implicit extensions for all suffixes explicin the tree, i.e., up
to suffix 4, as shown in Figure Figure 7.8(a). Next we have &xrate the following extensions:

CAGG (T)s
AG(T)$

extension 5
G(T)s extension 6

5 extension 7

extensions 1-4 implicitly done

For extension 5, we begin at the last explicit leaf, and fedlats parent’s suffix link, and begin searching for
the remaining characters from that point. In our example sthffix link point to the root, so we search for
AGT from the root. We skip to nodes, and look for the remaining strin@ T, which has the first mismatch
at position 4 inside the edd8, €]. At this point we create a new internal node affgrand insert the explicit
suffix (1,5), as shown in Figure Figure 7.8(b). The next extens®h begins at the newly created leaf
node(1,5). Following the closest suffix link leads back to the root, argkarch foGT gets a mismatch at
position 4 on the edge out of the root to 1€&f3). We then create a new internal node at that paigtadd

a link from the previous internal nodgg to v, and add a new explicit le&l, 6), as shown in Figure 7.8(c).
After processing the last extension, the tree will be theesasithat shown in Figure 7.7(g). Ongehas
been processed, we can then proceed with the remainingrszesim the database. The final suffix tree
for all three sequences will be as shown in Figure 7.5, witlitamhal suffix links from all the internal nodes.
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In terms of the time complexity of the algorithms, it is imf@ort to note that we achieve linear time only
once all the optimizations are done in conjunction. We willyosketch a proof of why the algorithm has
time O(1) for a sequence of lengih and thus the total time over the entire database s#quences will be
O(n-1), if | is the longest sequence length. We will show that the algoritloes only a constant amount
of work to make each suffix explicit. Note that for each phasegrtain number of extensions are done
implicitly just by incrementinge. Out of thei extensions fronj = 1to j =i, let us say thak; are implicitly
done. For the remaining extensions, we stop the first timeessrfiix is implicitly in the tree, let’s call that
positionk,. Thus phasé needs to add explicit suffixes only for suffixies+ 1 throughk, — 1. For creating
each implicit suffix, we do a constant number of operatiortsctvinvolve following the closest suffix link,
skip/counting to look for the first mismatch, and insertingeav suffix leaf node. Since each leaf becomes
explicit only once, and the number of skip/count steps arentled byO(l) over the whole tree, we get a
worst-caseO(l) time algorithm.
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