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Chapter 23

Support Vector Machines

In this chapter we describe Support Vector Machines (SVM), alassibcation method
based on maximum margin linear discriminants.

23.1 Linear Discriminants and Margins

Let D be a classibcation dataset, withn points in d-dimensional space: D =
{(xi,yi)}_,. Further, let us assume that there are only two class labelsj.e.,
yi € {+1, -1}, denoting the positive and negative classes.

Hyperplanes A linear discriminant function in d dimensions is given by a hyper-
plane, debned as follows

h(x) =w'x+b (23.1)
= wixy +woxg + - +wgrg +b

Here, w is ad dimensional weight vector, and b is a scalar, called thebias. For points
that lie on the hyperplane, we have

hx)=w' x+b=0 (23.2)

In other words, the hyperplane is debned as the set of all padimsuch that w'x = —b.
To see the role played by, assuming thatw, # 0, and setting x; = 0 for all + > 1, we
can obtain the ofset where the hyperplane intersects the btsaxis, since by (23.2),
we have

—b
wixy =—-b or x;= w—l (233)
In other words, the point (V‘V—f’, 0,---,0) lies on the hyperplane. In a similar manner,

we can obtain the dfset where the hyperplane intersects eachf the axes, given by
w2 (provided w; # 0).
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Separating Hyperplane A hyperplane h(x) splits the original d-dimensional
space into two half-spaces. If the input dataset is linearly separable, then we can
Pnd a separating hyperplane h(x), such that for all points labeled 3 = —1, we have
h(xi) < 0, and for all points labeled yj = +1, we have h(xj) > 0. In fact, for
any given point x, h(x) serves as a linear classiber or a linear discriminant, which
predicts the classy for any point x, according to the decision rule

B {+1 if h(x) >0 (23.4)

C1-1 ifAx) <0

Let a; and a, be two arbitrary points that lie on the hyperplane. From (23.2)
we have

h(a)) =w'a; +b=0

h(ag) =w'as+b=0
Subtracting one from the other we obtain
w'(a; —ay)=0 (23.5)

This means that the weight vector w is orthogonal to the hyperplane, since it is
orthogonal to any arbitrary vector (a; — ag) on the hyperplane. In other words, the
weight vector w, gives the direction that is normal to the hyperplane, which bxes
the orientation of the hyperplane, whereas the biag bxes the dfset of hyperplane,
in the d-dimensional space. Since botlw and —w are normal to the hyperplane, we
remove this ambiguity by requiring that A(x;) > 0 wheny = 1, and h(x;) < 0 when
yi = —1L

Distance of a Point to the Hyperplane Consider a pointx € RY, such that
x does not lie on the hyperplane. Further letx, be the projection of x on the
hyperplane. Let r be the difset of x along the weight vector w, then as shown in
Figure 23.1, we can writex as a combination of two vectors

x=xp+r
w

p +r—HWH (23.6)

X = X,
Here r gives the directed distance of the point x from x,, i.e., r gives the dfset of x
from x, in terms of the unit weight vector ﬁ It should be clear that r is positive

if r is in the same direction asw, and r is negative ifr is in a direction opposite to
w. r thus gives the dfset or directed distance in multiples of theunit weight vector.
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Figure 23.1: Geometry of the Separating Hyperplane in 2D. Fats labeled +1 are
shown as circles, and those labeled-1 are shown as triangles. The hyperplane
h(x) = 0 divides the space into two half-spaces. The shaded region regists of all
points x satisfying h(x) < 0, whereas the unshaded region consists of all points
satisfying h(x) > 0. The unit weight vector ﬁ (in gray) is orthogonal to the

hyperplane. The directed distance of the origin to the hypeplane is given asﬁ

Plugging in (23.6) from above in the equation for the hyperphne (23.1)), we get

Twl

=w' <xp+rl> +b

[[wli

h(x) = h(xp+r

WTW

= WTXp +b+r—m-v
h(xp)

= h(xp) +r|lw||
———"
0
= 7||w|| (23.7)

The last step follows from the fact that h(xp) = 0, sincex, lies on the hyperplane.
From (23.7), we obtain an expression for the directed distace of the point to the
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hyperplane, given as
=—= (23.8)
To obtain distance, which must be non-negative, we can conwvdgently multiply »

by the label y of the point, since whenh(x) < 0, the label is —1, and whenh(x) > 0
the label is +1. The distance of a pointx from the hyperplane h(x) is thus given as

§=yr= LIIZE)IIC) (23.9)

In particular, for the origin x = 0, the directed distance is

_h(0) _w'o+b _ b

[[wl [[wl [[wl
as illustrated in Figure 23.1, and the distance is

5=yr=—1r=_—b
[[wl]

Example 23.1: Consider the example shown in Figure 23.1. In this two}
dimensional example, the hyperplane is just a line, which iddebPned as the set
of all points x = (z1, x2) that satisfy the following equation

h(x) =w' x+b=wz +wyare +b=0
Rearranging the terms we get

w1 b
w2 w2

T2

where—x—; is the slope of the line, and—v\,—b2 is the aoffset along the second dimension.
Given any two points on the hyperplane, sayp = (p1,p2) = (4,0), and q =
(g1, 92) = (2,5), the slope is given as

v_ ©®
4

2

_w1 _ 92— P2 _
w2 q1—P1

5_
2

which implies that w; =5 and wy = 2.
Given any point on the hyperplane, say(4,0), we can compute the éfset b
directly as follows

b=—5x1—2w2
~5.4-2.0=-20
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Thus w = g is the weight vector, andb = —20 is the bias, and the equation ol

the hyperplane is given as

wix+b=(5 2) <x1> ~20=0
T

2
One can verify that the origin 0 is at a distance ofﬁ = _f/_%o) = 3.71 from

the hyperplane.

o
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\

Figure 23.2: Margin of a Separating Hyperplane:—- is the margin, and the shaded

fTwll

points are the support vectors.

Margin and Support Vectors of a Hyperplane Given a training dataset of la-
beled points,D = {x;, y }{'; with y; € {+1, -1}, and given a separating hyperplane
h(x) = 0, for each point x; we can bnd its distance to the hyperplane by (23.9)

5 =Y h(xi) _ yi(w'xi + )
= =
[[wl [[wl

(23.10)

Over all the n points, we debne themargin of the linear classiber as the minimum
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distance of a point from the separating hyperplane, given as
A .
5 = min {M} (23.11)

Note that ¢* # 0, since h(x) is assumed to be a separating hyperplane, and (23.4)
must be satisbed.

All the points (or vectors) that achieve this minimum distance are also called
support vectors for the linear classiber. In other words, a support vectorx*, is a
point that lies precisely on the margin of the classiber, andt satisbes the following
equation

. _ YwTx +b)
W

5 (23.12)

Here, the numerator y*(w' x* + b) gives the absolute distance of the support vector
to the hyperplane, whereas the denominator|w|| makes it a relative distance in

terms of w.

Canonical Hyperplane Consider the equation of the hyperplane (23.2). It is
clear that multiplying on both sides by some scalars yields an equivalent hyperplane

shx)=sw x+sb=(sw) x+(sh) =0

To obtain the unique or canonical hyperplane equation, we choose the scalar such
that the absolute distance of a support vector from the hypeplane is1. That is,

syf(wix*+b) =1 (23.13)

1 1
= = 23.14
S T D) yhe) (23.14)

Henceforth, we will assume that any separating hyperplanesi canonical. That is, it
has already been suitably rescaled so thag*h(x*) = 1 for a support vector x*, and

the margin is given as
o = 1 (23.15)
[w]|
For the canonical hyperplane, for each support vectox; (with label y;"), we have,
yih(x) = 1, and for any point that is not a support vector, we have y;h(x;) > 1,
since, by debnition, it must be farther from the hyperplane han a support vector.

Over all the n points in the dataset D, we thus obtain the following set of inequalities
yi (w'x; +b) > 1, for all points x; € D (23.16)

Figure 23.2 gives an illustration of the support vectors andthe margin of a hyper-
plane.
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Example 23.2: Consider the separating hyperplane shown in Figure 23.2, gn
by the equation

-
N(x)= <g> x—20=0

Consider the support vectorx* = (2, 2), with class y* = —1. To bnd the canonical
hyperplane equation, we have to rescale the weight vector @nhbias by the scalar
s, obtained using (23.14)

1 1

(@ ) )

Thus the rescaled weight vector is
_1/5\ _ (5/6
Y=o l2) T \2/6

—20
b= —
6

The canonical form of the hyperplane is thus given as

T T
h(x) = <g§2> x—20/6 = <82§§> x —3.33 (23.17)

ol =

and the rescaled bias is

The margin of the canonical hyperplane is given as

v () ()]

1
5* = = =
Il V@2 + G 7

In this example there are bve support vectors, namely(2,2) and (2.5,0.75)
with class y = —1 (shown as triangles), and(3.5, 4.25), (4, 3), and (4.5,1.75) with
classy = +1 (shown as circles), as illustrated in Figure 23.2.

=1.114
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23.2 SVM: Linear and Separable Case

Given a datasetD = {x;,4 }'_, with x; € RY and € {+1, -1}, let us assume
for the moment that the points are linearly separable, i.e. there exists a hyperplane
that perfectly classibes each point. In other words, all paits labeledy; = +1 lie on
one side ((x) > 0) and all points labeled y; = —1 lie on the other side (.(x) < 0)
of the hyperplane. It is obvious that in the linearly separalle case, there are in fact
an inbnite number of such separating hyperplanes. Which onghould we choose?

Maximum Margin Hyperplane: The fundamental idea behind SVMs is to
choose the canonical hyperplane, specibed by the weight vec w and the bias b,
that yields the maximum margin among all possible separatig hyperplanesh(x) =
wix+b=0. If op, represents the margin for hyperplaneh(x) = 0, then the goal is
to bnd the optimal hyperplane h*

h* = arg mr?x {6p} = arg rrv1va8< {ﬁ} (23.18)

The SVM task is to bnd the hyperplane that maximizes the margn ”Tlﬂ subject to

the n constraints given in (23.16), namely,y; (w'x; +b) > 1, for all points x; € D.

Notice that instead of maximizing the margin m we obtain an equivalent for-

mulation if we minimize |w||. In fact, we can obtain an equivalent minimization
formulation given as follows

2
Objective Function: min {M}
w.,b 2 (23.19)
Linear Constraints: 4 (w'x; +b) > 1, Vx; € D
We can directly solve the aboveprimal convex minimization problem with lin-
ear constraints using standard optimization algorithms, & outlined in Section 23.5.
However, it is more common to solve thedual problem, which is obtained via the

use of Lagrange multipliers. The main idea is to introduce a Lagrange multiplier ¢;
for each constraint, based on the Karush-Kuhn-Tucker (KKT) conditions

Q; (yi(WTXi +b) — 1) =0

(23.20)
andaj >0

Incorporating all the n constraints, the new objective function, called theLagrangian,
then becomes

_ 1 A
min L = EHwH? = o (yi(wxi +b) - 1) (23.21)
i=1

L should be minimized with respect tow and b, and it should be maximized with
respect to q;.
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Taking the derivative of L with respect to w, and b and setting those to zero, we
obtain

8 n n
a—wL—W—Z;aiyixi =0 or W_iz:;aiyixi (23.22)
a n

L= i;ai yi =0 (23.23)

The above equations give important intuition about the optimal weight vector w.
Namely, w can be expressed as a linear combination of the data points, with the
signed Lagrange multipliers,ajy;, serving as the coéicients. Furthermore, the sum
of the signed Lagrange multipliers ¢;yi) must be zero.

Plugging these into (23.21), we obtain thedual Lagrangian objective function,
which is purely in terms of the Lagrange multipliers, as folbws

1 n n n
Lgua = EWTW—WT (Zm?ﬁm) b i+ a
i—1 i—1 i—1

w 0

2
i=1
n 1 n n
— T
= IZ; aj — > ; JZ_; Qi 04 Uiy Xi X (23.24)

The dual objective is thus given as

n n n
N : 1
Objective Function: mlax Lgua = E ai =3 E E Qi O Yi Y XiTXj
=1 I=11=1 (23.25)

n
Linear Constraints: «; >0 Vi € D, and Zaiyi =0
i—1

Lqual is a convex quadratic programming problem (note then;; terms), which can
be solved using standard optimization techniques. See Sémh 23.5 for a gradient-
based method for solving the dual formulation.

Weight Vector and Bias: Once we have obtained they; values fori =1,--- | n,
we can solve for the weight vectow and the biasb. Note brst that according to the
KKT condition (23.20), we have

ai (yi(w'x +b) —1) =0 (23.26)

which gives rise to two cases
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) o =0, o0r

i) yi(w'x; +b) —1=0, which givesyj(w'x; +b) =1
This is a very important result, since if o; > 0, then y;(w' x; +b) = 1, i.e., the point
x;j must be a support vector. On the other hand ify;(w'x; + b) > 1, then o =0,
i.e., if a point is not a support vector, then «; = 0.

Once we knowq; for all points, we can compute the weight vectorw using
(23.22), by taking the summation only for the support vectors

w = Z QO Yi X (23.27)
i,;>0

In other words, w is obtained as a linear combination of the support vectors, Wh
the o;Os representing the weights. The vast majority of points thaare not support
vectors haveq; = 0, and thus do not play a role in determining w.

To compute the biasb, we brst compute one solutionb;, per support vector, as
follows

Qj (yi(WTXi +b) — 1) =0
yi(wixi +b) =1
1

== —w'xi =y — W' X (23.28)
Yi
We can take b as the average bias value over all the support vectors
b= avg,,»{bi} (23.29)

SVM Classiber:  Our bnal SVM model is given as follows. For any new point,
we predict the class as

7 = sign(w'z+ b) (23.30)

where the sign(-) function returns +1 if its argument is positive, and —1 if its
argument is negative.

Example 23.3: Let us continue with the example dataset shown in Figure 23.2
The dataset has 14 points as shown in Table 23.1.

Solving the Lg,a quadratic program yields the following values for the La
grangian multipliers for the support vectors

Xj Ti1 | Ti2 Yi Qj

X1 35425 | +1 | 0.0437
X9 4 3 +1 | 0.2162
x4 || 45| 1.75 || +1 | 0.1427
X13 2 2 —1 | 0.3589
X4 || 25 0.75 || —1 | 0.0437
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Xj Ti1 Zi2 Yi
X1 35 (425 | +1
X9 4 3 +1

x5 || 4 4 || +1
X4 45 | 1.75 || +1
x5 || 49 | 45 || +1
X6 5 4 +1
x; || 55 | 25 || +1
X8 55 | 35 || +1
xo || 05 | 15 || -1
X10 1 2.5 -1
X11 1.25 0.5 -1
X192 15 15 -1
X13 2 2 -1
X14 2.5 0.75 -1

Table 23.1: Dataset corresponding to Figure 23.2

All other points are not support vectors, so they havea; = 0. Using (23.27) we
can compute the weight vector for the hyperplane

W= aiyixi

i,;>0

_ 35 4 4.5 2 2.5
=0.0437 <4.25> +0.2162 <3> +0.1427 <1.75> —0.3589 <2> — 0.0437 <0.75>
_(0.833
~\0.334
We can compute the Pnal bias as the average of the bias obtathérom each support
vector using (23.28)

Xi | Wix|b=y—wx
x1 | 4.332 —3.332
xo | 4.331 -3.331
x4 | 4.331 —3.331
x13 | 2.333 —3.333
x14 | 2.332 —3.332
b= avg{b } —3.332
Thus the optimal hyperplane is given as follows
T
_ (0.833 _
h(x) = (0'334> x—3332=0 (23.31)
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This is essentially the same as the canonical hyperplane weund in (23.17) in
Example 23.2. The bias is slightly diferent due to numericalissues.

23.3 Soft Margin SVM: Linear and Non-Separable Case

So far we have assumed that the dataset is perfectly linearlgeparable. Here we
consider the case where the classes overlap to some extentlsat a perfect separation
is not possible, as depicted in Figure 23.3.

Figure 23.3: Soft Margin Hyperplane: The shaded points arehte support vectors.

SVMs can handle such a set of points with overlapping classdsy introducing
slack variables & in (23.16), as follows

yiwixi +b) > 1—§ (23.32)

Here& > 0 is the slack variable for pointx;. First note that if & = 0, then the point

is treated the same way as before. In other words that point isat least - away

Twl]
from the hyperplane. If0 < & < 1, then the point is still correctly classibed, since it
will remain on the correct side of the hyperplane. However,fi§ > 1 then the point

is misclassibed, since in this case it appears on the wrongisiof the hyperplane.
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In the non-separable case, also called theoft margin case, the goal of SVM
classibcation is to bnd the hyperplane with the maximum marip, that also minimizes
the slack terms. The new objective function is given as

- | (| )
Objective Function: +
jective Function Vzng?{ ()Z(g.)
(23.33)
Linear Constraints:  y; (w'x; +b) > 1 — gi, Vxi € D
§>0Vx €D

where C' and k are constants that incorporate the cost of misclassipcatm The
term Ei”:l(gi)k gives the loss, i.e., an estimate of the deviation from the separable
case. C, which is chosen empirically, is aregularization constant that controls the
trade-off between maximizing the margin (corresponding to rmimizing ||w\|2 /2) or
minimizing the loss (corresponding to minimizing the slackterms Zi”:l(fi)k). For
example, if C — 0, then the loss component essentially disappears, and the ztive
defaults to maximizing the margin. On the other hand, if C — oo, then the margin
ceases to have muchfect, and the objective function tries to minimize the loss. The
constant k governs the form of the loss. Typicallyk is set to 1 or 2. Whenk =1,
called hinge loss, the goal is to minimize the sum of the slack variables, wheis
when k& = 2, called quadratic loss, the goal is to minimize the sum of the squared
slack variables.

23.3.1 Hinge Loss

Assuming that £ = 1, we can compute the Lagrangian for the optimization problem
(23.33) by introducing Lagrange multipliers «; and g; as follows

ai (yi(w'x +b) —1+&) =0with g >0 (23.34)
Bi(& —0)=0with 5 >0 (23.35)
The Lagrangian is then given as
1 n n n
L= §||W||2 +OY G- ai(uwWixi +b) —1+&) = > Fi§ (23.36)
i=1 i=1 i=1

We turn this into a dual Lagrangian by taking its partial deri vative with respect
to w, b and &, and setting those to zero, as follows

0

5 —L=w— E ajyixi =0 or w= g QiYiX| (23.37)
W
1 1
a . i= i=
%L = iE:1 QY = 0 (2338)
0
—L=C—-0a—3=0 or B=C-—aqj (23.39)
9§

DRAFT @ 2012-09-29 17:13. Please do not distribute. Feedback is Welcome.
Note that this book shall be available for purchase from Cambridge University Press and other
standard distribution channels, that no unauthorized distribution shall be allowed, and that the
reader may make one copy only for personal on-screen use.



CHAPTER 23. SUPPORT VECTOR MACHINES 568

Plugging these values into (23.36), we get

Lgual = %W wW—w <Zalylxl> _bzalyl +Za| +CZ§| Z(ai + 3i)éi
i=1

H—/%/—/

w 0

= _%WTW"'ZOH +CZ§i =) (i +C—a)g

i=1

=Za|—— Zalajylijl X

i=1]=1
(23.40)
The dual objective is thus given as
n 1 n n
Objective Function: ~ max Lqual = Zai -5 Z Zai 0 Uiy X)X
= ==t (23.41)

n
Linear Constraints: 0<a; <C, Vie D and Zai yi =0
i=1
Notice that (23.41) is exactly the same as the dual Lagrangia in the linearly sep-
arable case (23.25). The only dierence is the constraint oneach ¢;, since we now
require that «; + 5 = C, which implies that 0 < o < C. Section 23.5 describes a
gradient ascent approach for solving the dual objective fuation.

Weight Vector and Bias: Once we solve fora;j, we have the same situation as
before, namely,«; = 0 for points that are not support vectors, and «; > 0 only for
the support vectors, which comprise all pointsx; for which we have

y(wixi+b)=1-§ (23.42)
Notice that the support vectors now include all points that are on the margin, which

have zero slack § = 0), as well as all points with positive slack ¢ > 0).
We can obtain the weight vector as before

w = Z QUi X (23.43)

i,ai>0
We can also solve for thes; using (23.39)
G =C —q (23.44)

Replacing 5, in the KKT condition (23.35), with the expression from above, we
obtain

(C—-a)§ =0 (23.45)

Thus for the support vectors with «; > 0, we have two cases to consider
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a) C—q=0,0rq=C

b) C—a; >0, 0ra; <C. Inthis case, due to (23.45), we must havg; = 0. In other
words, these are precisely those support vectors that are otfie margin. Using
these, we can solve fob; as follows

ai (yi(w'xi +b)—1)=0
yi(w'xi +b) =1
bi = yi — W' X (23.46)

To obtain the Pnal bias b, we can take the average over all thé; values from
above.

The bPnal SVM model predicts the class for a new poing as follows

7 = sign(w'z + b) (23.47)

Example 23.4: Let us consider the data points shown in Figure 23.3. There &
four new points in addition to the 14 we considered in Example23.3, namely

Xj i1 | Ti2 Yi

X15 4 2 +1
X16 2 3 +1
X17 3 2 -1
X18 5 3 -1

Let £ =1 and C' = 1, then solving the Lq,q Yields the following support vectors
and the Lagrangian valuesq;

Xj Ti1 Ti2 Yi Q

x1 || 3.5 4.25| +1 | 0.0271
X9 4 3 +1 | 0.2162
x4 || 45| 1.75]| +1 | 0.9928

X13 2 2 -1 0.9928
x14 || 25| 0.75]|| —1 | 0.2434
X15 4 2 +1 1
X16 2 3 +1 1
X17 3 2 -1 1
X18 5 3 -1 1

All other points are not support vectors, so they havea; = 0. Using (23.43) we
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can compute the weight vector for the hyperplane

W= aigixi

i, ;>0

_ 3.5 4 4.5 2
= 0.0271 <4'25> +0.2162 <3> +0.9928 (1'75> —0.9928 <2>
2.5 4 2 3 5
—02(g7n) () + (5) - () - ()

_(0.834

~10.333
We can compute the Pnal bias as the average of the biases olitad from each
support vector using (23.46). Note that we compute the per-pint bias only for
the support vectors that lie precisely on the margin. These @pport vectors have
& = 0 and have 0 < o < C. Put another way, we do not compute the bias for

support vectors with o = C = 1, which include the points x5, x16, x17, and x;g.
From the remaining support vectors, we get

X | wWixi|b= Yi — w' X
x1 | 4.334 —3.334
xo | 4.334 —3.334
x4 | 4.334 —3.334
x13 | 2.334 —3.334
x14 | 2.334 —3.334
b = avg{b } —3.334
Thus the optimal hyperplane is given as follows
T
_(0.834 _
h(x) = <0'333> x—3.334=0 (23.48)

One can see that this is essentially the same as the canonidatperplane we found
in (23.3).

It is instructive to see what the slack variables are in this @ase. Note that§ =0
for all points that are not support vectors, and also for thog support vectors that
are on the margin. So the slack is positive only for the remaing support vectors,
for whom the slack can be computed directly from (23.42), asollows

G=1-y(w'xi+b)

Thus, for all support vectors not on the margin, we obtain

Xi |Wixi|wxi+b|&=1—y(w'x;+Db)
x15 | 4.001 0.667 0.333
X116 | 2.667 | —0.667 1.667
xy7 | 3.167| —0.167 0.833
X+z15-168 1.834 2.834
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As expected the slack variableg; > 1 for those points that are misclassibed (i.el,
are on the wrong side of the hyperplane), namelk;s = (3,3) and x5 = (5, 3).
The other two points are correctly classibed, but lie withinthe margin, and thus
satisfy 0 < & < 1. The total slack is then given as

> & = &5+ 16 + E17 + £15 = 0.333 + 1.667 + 0.833 + 2.834 = 5.667
i

23.3.2 Quadratic Loss

For quadratic loss, we havek = 2 in the objective function (23.33). Notice that for
guadratic loss, we can drop the positivity constraint; > 0. This is because, i < 0
is replaced by¢& = 0, then the constraint y (w' x; +b) > 1 — & is still satisbed, and
at the same time, & = 0 leads to a smaller value of the primary objectiveC >, 2.
Thus the optimal solution of (23.33) coincides with the revsed objective

i , ] [wl? L
Objective Function: — + i
jective Function:  min { 5 CiZ:;g,

(23.49)
Linear Constraints: 4 (w'x; +b) >1—¢&, Vxi €D
The Lagrangian is given as
1 n n
L= 3wl + Cgsﬁ - ;ai (i (w'xi +b) —1+¢) (23.50)

Differentiating with respect to w, b, and & gives the following conditions, respectively

n
W= aiyixi
i=1
n
> aiy=0
i—1

1
§=5a
Substituting these back into (23.50) yields the dual objecive

n n n n
1 T 1
Laual = ;:1 ai =5 > D aiajyiy X! xj — ac ;:1 of

i=1j=1

Qi

n

1 em o T 1
= Zai — E oo Yy | X5 x5 + %5”

i=1 i=1j=1
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where ¢ is the kronecker delta function, debned asd; = 1if ¢+ = j, and §; = 0
otherwise. Thus the dual objective is given as

n n n
1 1
Mo Lo =Y on 5 3 S vy (< + 560y )
= == (23.51)

n
subject to the constraints o; > 0,Vi € D, and Zai y =0
i—1

Once we solve fory; using the methods from Section 23.5, we can recover the weigh
vector and bias as follows

W= aiyixi

i,a;>0

b=avg .o {¥i —W'xi}

23.4 Kernel SVM: Nonlinear Case

Figure 23.4: Nonlinear SVM: Shaded points are the support \&ors.

In this section we will describe how to apply the linear SVM aproach to solve
problems with a non-linear decision boundary. This can be ddeved via the kernel
trick from Chapter 5. Conceptually, the idea is to map the original d-dimensional
points x; in the input space, to points ¢(x;) in a high-dimensional feature space via
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some non-linear transformation¢. Given the extra Rexibility, it is more likely that
the points ¢(x;) might be linearly separable in the feature space. Note howev that
the linear decision surface in the feature space actually cesponds to a non-linear
decision surface in the input space.

Example 23.5: Consider the set of points shown in Figure 23.4. There is norear
classibper that can discriminate between the points. Howevethere exists a perfect]
guadratic classiber that can separate the two classes. Tha, given the input space
over the two dimensionsX; and X5, if we transform each pointx = (z1,x2)" into
a point in the feature space consisting of the dimensiongX;, X», X7, X3, X1 X>),
via the transformation ¢(x) = (v2x1, V212, 22,23,/ 2x125)7, then it is possible
to bnd a linearly separable hyperplane in the feature spaceFor this dataset, it
is possible to map the hyperplane back to the input space, whe it is seen ag
an ellipse (thick black line) that separates the two classegshown as circles anq
triangles). The support vectors are those points (shown in @y) that lie on the
margin (dashed ellipses).

To apply the kernel trick for non-linear SVM classibcation,we have to show that
all operations require only the kernel function

K(xi, %) = ¢(xi)" ¢(x)) (23.52)

Let the original database be given ad = {x;, i }{'_;. Applying ¢ to each point, we
can obtain the new dataset in the feature spac®, = {¢(xi), yi }H-;-
The objective function (23.33) in the feature space is givems

w,b¢;

o . w2 AN
Objective Function: min { —— +C i
J { 5 ;:1(&) (23.53)

Linear Constraints: 4 (w' ¢(xi) +b) > 1, Vx; € D

where w is the weight vector, and & are the slack variables, all in feature space.

Hinge Loss:  For hinge loss, we can set up the dual Lagrangian (23.41) asli@vs

n n n
1
Max Laual = » o — 3 DO iy o(xi) ¢(x)
’ i=1 i=1j=1
- o (23.54)
=Zai—§ o o iy K (i, %)
i—1 i=1j=1

Subject to the constraints that 0 < o; < C, and Y[, aiyi = 0. Notice that the dual
Lagrangian depends only on the dot product between two vects in the feature space
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A(x)T #(xj) = K(xi,x;), and thus we can solve the optimization problem using the
kernel matrix K = {K(xi,xj)}ij =1,..,n. Section 23.5 describes a stochastic gradient
descent approach for solving the dual objective function.

Quadratic Loss: For quadratic loss, the dual Lagrangian (23.51) corresporgito
a change of kernel. Debne a new kernel functiof”’, as follows

1 1
K'(xi,xj) = X;I-Xj + iéij = K(xi,xj) + iéij (23.55)
which affects only the diagonal entries of the kernel matrixK. Thus the dual La-
grangian is given as

n n n
1
max Lguar = Zai ) Zzai o yiy K'(xi, %j) (23.56)
i=1 i=1j=1
subject to the constraints that «; > 0, and >{'_; ajyi = 0. The above optimization
can be solved using the same approach as for hinge loss, withsample change of

kernels.

Weight Vector and Bias: We can solve forw in the feature space as follows
W= ayi(xi) (23.57)
a;>0

Sincew uses¢(x;) directly, in general, we may not be able or willing to computew
explicitly. However, as we shall see next, it is nhot necessato explicitly compute w
for classifying the points.

Let us brst see how to compute the bias via only kernel operains. We compute
b as the average over the support vectors

b= (Z DY wT¢(xi)> (23.58)

n
sv a;>0 ;>0

wherengy is the number of support vectors witha; > 0. Substituting w from above,
we obtain the new expression fob as

b= (- 30 S o) 60x)

Nsy ;>0 C“i>0aj>0
1
=— > wi—D > aukxix) (23.59)
Nsy a;>0 ai>0a]->0

Notice that b is also a function of the dot product between two vectors in tle feature
spaceg(xi)’ ¢(xj) = K (xi,x)).
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Classiber: Finally, we can predict the class for a new pointz as follows

7= sign(w' ¢(z) + b)

= sign <Z aiyid(xi)" o(z) + b)

a;>0

= sign <Z oy K(xi,2z) + b) (23.60)
a;>0
Once again we see thafj uses only the dot product in feature space.

Based on the above derivation, it is clear that to train and tes the SVM classiber,
o(x;) is never needed in isolation. Instead, all operations can bearried out purely
in terms of the kernel function K (x;, xj) = ¢(x; )T #(xj). Thus any non-linear kernel
function can be used to do non-linear classibcation in the put space. Examples of
such non-linear kernels include the polynomial kernel??), and the Gaussian kernel
(5.12), among others.

Example 23.6: Let us consider the example dataset shown in Figure 23.4. The
dataset has 29 points in total. With C' = 4, and a polynomial kernel (??) of degree
g = 2, solving the L4y quadratic program yields six support vectors, shown ap
the shaded (gray) points in Figure 23.4.

xi || (zi1,i2) o(x) Vi Qi

< I @2 (1,1.41,2.83,1,4,2.83) +1 ] 06198
xo || (4,2) (1,5.66,1.41,16,1,5.66) || +1 | 2.069
xs || (6,45) | (1,8.49,6.36,36,20.25,38.18) || +1 | 3.803
xi | (@2 (1,9.90,2.83,49,4,19.80) || +1 | 0.3182
xs | (4,4) (1,5.66,5.66,16,16,15.91) | —1 | 2.9598
xs || (6,3) (1,8.49,4.24,36,9,25.46) || —1 | 3.8502

The quadratic polynomial kernel is given as
K(xi,xj) = ¢(xi)T () = (L +x x;)°
where the transformation ¢ is given as
P(x = (x1,22)) = (1, V221, V23,23, 23, V211 22)
The table above shows all the transformed points. For examp,
x; = (1,2)7
is transformed into

H(xi)=(1,vV2-1,v/2-2,12,22./2-1-2) = (1,1.41,2.83,1,2,2.83)7
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We can compute the weight vector for the hyperplane using (257)

0
—1.413
—3.298
W= aiye(xi) = 0.256
i,a;>0 .
o 0.82
—0.018

The bias can be computed by using (23.59)
b= —-8.841

Given the hyperplane in the transformed space ¢(zii,xi2) =
(1, V2zi1,V 2zi2, 72, %5,V 27i1712), how do we map the discriminant back
to the original space? Noting that the discriminant in the original space corre-
sponds to an ellipse, we can compute the coordinates of therger as well as the
values for the semimajor and semiminor axes of the ellipse.oF our example, the
center is given as(4.046,2.907), and the semimajor axis is2.78 and the semiminor
axis is 1.55. These values were used to plot the discriminant in Figure 23.

In this example we explicitly transformed all the points into the feature spacq
just for illustration purposes. The kernel trick allows us to achieve the same goal
using only the kernel function. Further, in this example, we explicitly computed
the weight vector w to illustrate the steps. However, depending on the kerngl
function, in general, it may not be possible to explicitly canpute w.

23.5 SVM Training Algorithms

We now turn our attention to algorithms for solving the SVM optimization problems.
We will consider simple optimization approaches for solvig the dual as well as the
primal formulations. It is important to note that these meth ods are not the most
efficient to solve the SVM optimization problem. However, sirte they are relatively
simple, they can serve as a starting point for more sophistated methods.

For the SVM algorithms in this section, instead of dealing exlicitly with the
bias b, we map each pointx; € RY to the point x| € R+ as follows

Xi/ = (xily"' 7$id71)T (2361)
Furthermore, we also map the weight vector toR%!, with wq,; = b, so that

W = (’(Ul, s, W, b)T (2362)

DRAFT @ 2012-09-29 17:13. Please do not distribute. Feedback is Welcome.
Note that this book shall be available for purchase from Cambridge University Press and other
standard distribution channels, that no unauthorized distribution shall be allowed, and that the
reader may make one copy only for personal on-screen use.



CHAPTER 23. SUPPORT VECTOR MACHINES 577

The equation of the hyperplane (23.1) is then given as follows

h(x):w'x'=0 (23.63)
Ti1
=:>h(x/):(w1 <o wy b) : =0
Tid
1

== h(x) :wizi1 + -+ wgzig +b=0

In the discussion below we assume that the bias has been inded into w, and
that each point has been mapped taR%! as given in (23.61) and (23.62). Thus,
the last component ofw will yields the bias . Another consequence of mapping the
points to R4+ is that the constraint "', ajyi = 0 doesnOt apply in the SVM dual
formulations given in (23.41), (23.51), (23.54), and (23.6). This is because there
is no explicit bias term b in the linear constraints given in (23.42). The new set of
constraints is given as

yiw x> 1-—¢ (23.64)

23.5.1 Dual Solution: Stochastic Gradient Ascent

We consider only the hinge loss case, since quadratic lossxdae handled by a change
of kernel, as shown in (23.56). The dual optimization objeate for hinge loss (23.54)
is given as

n n n
1
max J(a) = Qp — = aj o yiyi K(xi, Xj 23.65
(o) iz:;l Zgéljylyj (xi,xj) ( )
subject to the constraints0 < oy < C forall i =1,--- n.
Let us consider the terms inJ(«) that involve the Lagrange multiplier ax
n
— 1 2,2
J(on) = auc — 5o (i, Xie) — o > iy K (xi,xk) (23.66)
i=1
ik

The gradient at « is given as

-
V(o) = <8J(a)78J(a)’.” ’8J(a)> (23.67)
day Oag Oan
where the k-th component of the gradient is given as follows
8J(c) _ dJ(ax) _ N
Jor = da ST ;a yi K (xi, Xk) (23.68)
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Since we want to maximize the objective function/(«), we should move in the
direction of the gradient VJ(«). Starting from an initial «, the gradient ascent
approach successively updates it as follows

at+1 = ap + Vi (au) (23.69)

Instead of updating the entire o vector in each step, in the stochastic gradient
ascent approach, we can instead update each component indaplently, and imme-
diately use the new values to update other components. Thisan result in faster
convergence. The update rule for thek-th component is given as

o0J ()

Oay

= ay + 1K (1 Yo yiK(thk)) (23.70)

i=1

[ A—
ap = ak + g

We also have to ensure that the constraintsay € [0,C]. Thus in the update step
above, ifay < 0 we reset it so thatay = 0, and if ax > C we reset it so thatay = C.
The stochastic gradient ascent algorithm is given in Algorihm 23.1.

In Algorithm 23.1 we have to determine the step sizey for ax. ldeally, we would
like to choose a step size so that thé:-th component of the gradient at o, goes to
zero. This happens when

1

= oD (23.71)

Tk

To see why, note that when onlycy, is updated, the othera; do not change. Thus
the new o’ has a change only iny,, and we get

oJ(a) _ <

do

-y o yiK(xhxk)) — yk ey K (XK, Xk)
i 2k

plugging in the value of a; from (23.70), we have

8ﬂd)_<

do

1_ykzaiyiK(xi7xk)> - (ak + 1k (1 —ykZaiyiK(Xi,Xk))>K(Xk,Xk)

ik i=1

= <1 — Yk Z@iyiK(xhxk)) - nkK(xk7Xk)<l — Uk ZaiyiK(Xi,Xk)>

i=1 i=1

= (1 — M (xx, Xk)> (1 — Y iy K(xi, Xk))

i=1
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Algorithm 23.1 : Dual SVM Algorithm: Stochastic Gradient Ascent
SVM-DUAL (D, K,Ce¢):

. foreach x; e D do xj « (j‘) /I map to RI+!

2 if loss = hinge then

3 | K<« {K(xi,xj)}ij=1,..n /| kernel matrix, hinge loss

4 else if loss = quadratic then

5 L K + {K(xi,xj) + 5=0j }ij =1,..n /| kernel matrix, quadratic loss
¢ for k=1,--- ,ndo nKFM// set step size

7t+0

8 ag « (0,...,0)7

9 repeat

10 o — oy

11 for k=1 tondo
/[ update k-th component of «

n
ak <+ ak +77k<1 —ykzaiyiK(Xi,Xk))

12 i=1
13 if ax <O0then o+ 0
14 if ax > Cthen ax + C
15 ity — &

16 t+—t+1

17 until ||at — at_1|| <e

substituting nx from (23.71), we have

9J(c) 1 Y
aac: = (1 — mK(Xk, Xk)> (1 = Yk Z iy K (xi, Xk))

i=1

=0

Thus in Algorithm 23.1, for better convergence, we choosey according to (23.71).
Since the above description assumes a general kernel furmnii between any two
points, we can recover the linear, non-separable case by iy setting K(xj,x;) =

T .

Example 23.7 (Dual SVM: Linear Kernel): Figure 23.5 shows then = 150
points from the lIris dataset, using sepal length and sepal width as the two
attributes. The goal is to discriminate between Iris-setosa  (shown as circles
and other types of iris Bowers (shown as triangles). Algoritim 23.1 was used td
train the SVM classiber with a linear kernel K (xj,x;) = xiTxJ- and ¢ = 0.0001,
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Figure 23.5: SVM Dual Algorithm with Linear Kernel

with hinge loss. Two different values ofC' were used; hyperplanei;o usesC = 10,
whereashiggy usesC = 1000, specibed as as follows

hio(x) 2. 74z, — 3.74z5 — 3.09 = 0
hlooo(x) :8.56x1 — 7.1429 — 23.12 =0

h1o has a larger margin, but also has a larger slack; it misclagses one of the
circles. h1ggp has a smaller margin, but it also minimizes the slack; it is asparating
hyperplane. In other words, the higher the value ofC' the more the emphasis of
minimizing the slack.

Example 23.8 (Dual SVM: Quadratic Kernel): Figure 23.6 shows then =
150 points from the Iris dataset projected on the brst two principal components
(u1,us). The task is to separatelris-versicolor (in circles) from the other two
types of irises (in triangles). The Pgure plots the decisioboundaries obtained wherf
using the linear kernel K (xj,x;) = xiTx,-, and the homogeneous quadratic kerne
K(xi,xj) = (x{ x1)?, wherex; € R, as per (23.61). The optimal hyperplane
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in both cases was found via the gradient ascent approach in gbrithm 23.1, with
C =10, ¢ = 0.0001 and using hinge loss.

The optimal hyperplane h; (shown in gray) for the linear kernel is given as
h(x):0.16z; +1.920, +0.8=0

As expected, b, is unable to separate the classes. On the other hand, the optial
hyperplane hq (shown as clipped black ellipse) for the quadratic kernel igjiven as

hg(x) W' p(x) =0

(1.86,1.32,0.099,0.85, —0.87, —3.25) (22, /22122, 271, 23, v/225,1) " =0
1.862% + 1.87x 29 + 0.142; + 0.8523 — 1.2229 — 3.25 =10

hq is able to separate the two classes quite well.

us
A A A
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054 & Apat
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A
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—— .. hl
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- ‘ | ‘ > U]
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Figure 23.6: SVM Dual Algorithm with Quadratic Kernel

23.5.2 Primal Solution: Newton Optimization

The dual approach is the one most commonly used to train SVMshut it is also
possible to train using the primal formulation.
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Consider the primal optimization function for the linear, but non-separable case
(23.33). With w,x; € R%*! as discussed above, we have to minimize the objective
function

min J(w) = —HwH2 + CZ(s.)k (23.72)
i=1

subject to the linear constraints
yi(wx)>1-¢gandg§ >0foralli=1,---,n (23.73)
Rearranging the above, we obtain an expression fag;
§>1-yi(wx)andg >0
= & =max (0,1 -y (W' x;)) (23.74)

Plugging (23.74) into the objective function (23.72), we oltain

J(w) = —Hw\|2+CZmax (0,1 -y (w'xp))"
i=1
= 2w+ O3 (1 )" (23.75)

yi(wTx;)<1

The last step follows from the fact that & > 0 if and only if 1 — yj(w'x;) > 0,
i.e., yi(w'x;) < 1. Unfortunately, the hinge loss formulation, with k£ = 1, is not
differentiable. One could use a dierentiable approximation to the hinge loss, but
here we describe the quadratic loss formulation.

Quadratic Loss  For quadratic loss, we havek = 2, and the primal objective can
be written as

1 2
Jw) = Slwl*+C Y (1 - yi(w!x)
yi(wa,L-)<1

The gradient, or the rate of change in the objective functionat w, is given as the
partial derivative of J(w) with respect to w

_ 9J(w) _
Vw = “ow w— ZC<Z YiXi (1 — Y (WTXi))>
yi(whx;)<1
=w — ZC(Zy,m) +20(ZX|X| )
yi(wlx;)<1 yi(wTx;)<1
=w —2Cv +2CSw (23.76)
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where the vectorv and the matrix S are given as

V= Zyi Xi
yi(wai)< 1
S = in xiT
Vi (WTXi)< 1
Furthermore, the Hessian matriz, dePned as the second-order partial derivatives of
J(w) with respect to w, is given as

NVw =1+2CS
ow

Since we want to minimize the objective functionJ(w), we should move in the
direction opposite to the gradient. The Newton optimization update rule for w is
given as

H,, =

wiyr = wy — niHy! Vi, (23.77)

where n; > 0 is a scalar value denoting the step size at iterationt. Normally one
needs to use a line search method to bnd the optimal step sizg, but the default
value of n; = 1 usually works for the quadratic loss.

Algorithm 23.2 : Primal SVM Algorithm: Newton Optimization, Quadratic
Loss

SVM-PRIMAL (D, C,¢):
1 foreach xj € D do

L Xj <);'> /I map to RI*!

3t+0

4 wo < (0,...,0)T // initialize wp € RI+H!
5 repeat

V< Zyi Xj

6 yi(wix;)<1

S« in x|

7 yi(wixi)<1

V + (I+2CS)wy — 2Cv /I gradient

H <+ I+2CS // Hessian

10 wiy — wy — e H™'V // Newton update rule (23.77)
11 t+t+1

12 until ”Wt — Wt—lH <e

The Newton optimization algorithm for training a linear, no n-separable SVMs
in the primal is given in Algorithm 23.2. The step sizer; is set to 1 by default.
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After computing the gradient and Hessian atw; (lines 6D9), the Newton update rule
obtains the new weight vectorwy,; (line 10). The iterations continue until there is
very little change in the weight vector.
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Figure 23.7: SVM Primal Algorithm with Linear Kernel

Example 23.9 (Primal SVM): Figure 23.7 plots the hyperplanes obtained usg
ing the dual and primal approaches for the Iris dataset §epal length versussepal

width ). We usedC' = 1000 and ¢ = 0.0001, with the quadratic loss function. The
dual solution hy (gray line) and the primal solution A, (thick black line) are as
follows

hq(x) :7.472x1 — 6.3425 — 19.89 =0
hp(x) :7.47x1 — 6.3429 —19.91 =0

The dual and primal solutions are essentially identical.

Primal Kernel SVMs

In the discussion above we considered the linear, non-sepdnie case for SVM learn-
ing. We now generalize the primal approach to learn kernelssed SVMs, again for
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quadratic loss.

Let ¢ denote a mapping from the input space to the feature space; eh input
point x; is mapped to the feature point ¢(x;). Let K(xj,x;) denote the kernel
function, and let w denote the weight vector in feature space. The hyperplane in
feature space is then given as

h(p(x)) : w d(x) =0 (23.78)

Using (23.53) and (23.74), the primal objective function infeature space can be
written as

min J(w) = > HwH +CZL(y.,h(x.)) (23.79)
i=1

where L is the loss function L = max(0, 1 — v h(x;))¥.
The gradient at w is given as

OL(yi, h(xi)) 8h(ﬂfl)
w+C Z oh(er) 50 (23.80)

where

Oh(zi) _ Ow' ¢(xi)
ow Ow

= ¢(xi) (23.81)

At the optimal solution, the gradient vanishes, i.e., VJ(w) = 0, which yields

OL(yi, h(xi)) )
_CZ Oh(z:) (i)

= Z Bi p(xi) (23.82)
i—1

where j; is the codficient of the point ¢(x;) in feature space. In other words, the
optimal weight vector in feature space is expressed as a liae sum of the points
o(x;) in feature space.

Using (23.82), the distance to the hyperplane in feature spze can be expressed
as

yih(xi) = yiw' ¢(xi) =y Z,Bj K(xj,xi) = 4K 3 (23.83)
j=1

where K = { K (x;, X; )}i”j _, is the n x n kernel matrix, K; is the i-th column of K,
and 8= (B, ,6n)T is the codficient vector.
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Plugging (23.82) and (23.83) into (23.79), with quadratic bss (i.e.,k = 2), yields
the primal kernel SVM formulation purely in terms of the kernel matrix

min J(8) =5 33 il Kxixg) + €Y mar(0,1 - K] B’
i=1

i=1j=1
1
=SBTKB+C) (1-uK]p)’ (23.84)
y:KT#<1

The gradient of (23.84) with respect to3 can be computed as

Vi = ag—(ﬂm =KB-2C) uKi(l-yK/pg)
y:KT#<1
=KB+2C) (KiK)B-2C) uK; (23.85)
yiKl#<1 yiKT#<1
=(K+208)B-2Cv (23.86)

where the vectorv € R" and the matrix S € R"*" are given as

v=>Y 4K
y:KT#<1
S=> KK/
yiKT#<1
Furthermore, the Hessian matriz is given as
OV
Hy =— =K+2CS
We can now minimize J(3) by Newton optimization using the following update
rule
Bry1 = By — nH, 'V (23.87)

Note that if H is singular, i.e., if it does not have an inverse, then we add amall
ridge to the diagonal to regularize it. That is, we make H invertible as follows

H; =Hy + )1

where \ > 0 is some small positive ridge value.
Once B has been found, it is easy to classify any test poink as follows

7y = sign (wT <;3(z))

= sign (Z Bip(xi)T <25(Z)>

i=1

= sign (Z G K (xi, z)) = sign(BT K,) (23.88)

i=1
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where K, is the column vector of the kernel function of each pointx; with the test
point z.

Algorithm 23.3 : Primal Kernel SVM Algorithm: Newton Optimization,
Quadratic Loss

SVM-PRIMAL-KERNEL (D,K,C,e):
1 foreach x; € D do

L Xj (j‘) /I map to RI*!

K+ {K(xi,xj)}ij =1
t+<0
Bo + (0,...,0)7 // initialize By € R"
repeat
V4 Zyi Ki
7 yi(KT#)<1
S« Y KK/
8 yi(KT#e)<1
9 V « (K+2CS)B — 2Cv Il gradient
10 H < K+ 2CS // Hessian
11 Bii1 < By —yH'V /I Newton update rule
12 t+—t+1

13 until ”,Bt — Bt—l” <e

N

n /I compute kernel matrix

[o2 &2 B S V)

w

The Newton optimization algorithm for kernel SVM in the prim al is given in
Algorithm 23.3. The step sizen; is set to 1 by default, as in the linear case. In each
iteration, the method Prst computes the gradient and Hessia (lines 7D10). Next,
the Newton update rule is used to obtain the updated coficient vector G;1, (line
11). The iterations continue until there is very little change in 3.

Example 23.10 (Primal SVM: Quadratic Kernel): Figure 23.8 plots the hy-
perplanes obtained using the dual and primal approaches orhe Iris dataset pro-
jected onto the brst two principal components. The task is toseparate iris
versicolor from the others, the same as in Example 23.8. Since a linear kg
nel is not suitable for this task, we employ the quadratic kenel. We further set
C = 10 and ¢ = 0.0001, with the quadratic loss function. The dual solution hqg
(black contours) and the primal solution Ay, (gray contours) are as follows

ha(x) :1.42% + 1.34z 25 — 0.05 % 21 + 0.66x3 — 0.96 x5 — 2.66 =0
hp(x) :0.87x7 + 0.64x1 25 — 0.52; +0.4373 — 1.04 % 25 — 2.398 = 0
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Figure 23.8: SVM Quadratic Kernel: Dual and Primal
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boundary.

While the solutions are not identical, they are close, espéally on the left decision

Annotated References

DRAFT @ 2012-09-29 17:13. Please do not distribute. Feedback is Welcome.

Note that this book shall be available for purchase from Cambridge University Press and other
standard distribution channels, that no unauthorized distribution shall be allowed, and that the

reader may make one copy only for personal on-screen use.



