
F O C S L e c t u r e 2 6 : Efficiencyltractability
- T i m e Complexity

- P : c l a s s o f efficiently so l v ab l e problems
- Extended Church-Turing T h e s i s

- A decidable problem t h a t i s n o t i n P

- O n t h e boundary b e t w e e n efficiently s o l v a b l e problems
and t h o s e t h a t a r e n o t (NP )

- Recap o f w h a t we've learned o n computation



LastTimes: Decidability and Unso l v a b l e Problems

- Un i ve r s a l Turing Machine 0pm, s i m u l a t e s a c t i o n
o f tearing mac h i n e M o n input w , given input

< m > # W

- L , = {Lm># c o : M accepts w } i s ondecideable
w e

- L##={Lm># w : M h a l t s given inputw } i s a l s o

undecidable b e c a u s e L t , ⇐ R LHA LT- .

✓
w e w o r k h e r e

99% o f t h e t i m e
a s practical computer

www.
%EE.i.ee#&.@.;..qEqiiia
aoges,



Today Efficiently s o l v a b l e problems

E x : L pr ime
= { w / w i s prime} i s t h i s efficiently

so l vab l e?

So lvab le , v i c e t r i a l d i v i s i o n :

prime@( w ) : #
f o r f E 12,0-131

i f w_%f=O:
r e t u r n R E JECT

r e t u r n A C C E P T

Naoeoalquestionsu
- T h i s i s a n algorithm, a n e m i a , b u t i s

i t efficient?
- I s t h e r e any algorithm t h a t s o l v e s t h i s and i s eff ic ient?



Howdowedefineerficient
- Usually: qu i ck , usinglittlememorg-.

E x : L = § on# I n f n 703

MtTuringmachinethatsolies
Input: Binarystring w

i . C h e c k t h a t input h a s c o r r e c t format and re t u r n t o *

2 . M a t c h e a c h 0 (left o f # ) t o a 1 (rightof#)
3 . I f a m a t c h fa i l s o r t h e r e a r e m o r e I s left, R E J ECT
E l s e A C C E P I #j e f f ✓

ACCEPT
w / * I o l o l o I # l l l l l l l w -



L o w e r - l e v e l description

1
Input: Binary stringw

1 . C h e c k t h a t input h a s c o r r e c t f o rm a t and
r e t u r n t o *

2 . M a t c h e a c h 0 (left o f# ) t o a 1 (righto f#)
y-Monarightandmooktheferstookedo

( i f n o n e , G O T O step 3 )
- M o v e rightand m a r k t h e f i r s t o marked

1
f
( i f n o n e , 17EJECT)

[mouelefftothefi
rstonmooted
3. I f t h e r e a r e any unmooked I s , 17

EJECT.

Otherwise ACC E P T

N e w w e c a n analyze t h e runtime o f M (number o f
m o v e s o f t h e mach ine head t o ACCEPT o r REJECT)



r u n t i m e o f M depends o n t w o factors :

- t h e "size" o f t h e input. E-g. h e r e w e m u s t c h e c k

longer strings by using m o r e m o v e s o f t h e ma c h i n e

h e a d .

- e v e n f o r f i xed s i z e inputs, t h e r u n t i m e depends o n

t h e specific input. E-g. i f w s t a r t s w i t h a 1 ,

M w i l l reject • i n s t e p 1 immediately.

T h u s w e l o o k a t wo r s t c a s e n runt imes f o r fixedinputsizesy
T o get t h e r u n t i m e o f M 8

t o identifya parameter defining t h e s i z e (o r complexity) o f
t h e input

2 . F i x t h a t s i z e n and identifyt h e w o r s t input w * (of s i z e n )

3 . Determine t h e numbe r o f m o v e s o f t h e mach ine head f o r

t h a t input w
*



r e s u l t s i n r u n t i m e

f e ( n ) ← a function o f t h e input s i z e

w e only c a r e a b o u t t h e asympotic behav i o r (afrowth r a k e
" )

o f F e w i t h respect t o input s i z e
n .

E-G.
Toy = O ( f ) m e a n s TM(n) £ f (n )

Toy = @ ( f ) m e a n s Toe(n) E f c n )

w e ignore c o n s t a n t s
b e c a u s e :

1 . Tracking t h em accurately requires a tedious low-level

(machine level) description of t h e algorithm
2 . Theychange w i t h e v e n slightchangeso f t h e machinery

3 . Theydon't m a t t e r ( i f small)
a s much a s t h e growth

r a t e d o e s



worst-caseruntimeanalysisfort
- t a k e o u r parameter definingsize, complexity

f o r

L = {on#In I n t o } t o b e 1 -
#

- n o t i c e t h a t t h e w o r s t
c a s e input o f s i z e n i s

•
* = O n # I n
-

a n y o t h e r string
w i t h t h i s complexity w i l l b e rejected i n step 1

S tep 1 o f M : check input h a s c o r r e c t format, c a n b e

d o n e i n 0 ( n ) steps

step 2 o f M : match e a c h 0 ( l e f t of#) t o a 1 (righto f # )

* I 010/010 I # I 1 1 1 / 1 1 1 / w
i t requires a b o u t 2 n

/ N steps t o ma t c h e a c h 0 - I p a i r
i n - n

2 h mo o e s and t h e re a r e n s u c h o - l pairs
s o i t t a k e s a b o u t 2 o f steps
t o complete s t e p 2



⇒ Toy (n) = G (n2)

w e s a y M
i s a quadratic-time algorithm f o r L .

€ i s t h e r e a m o r e e f f i c i e n t algorithm f o r t h i s problem?

H o w c o u l d w e get o n e :

- b e m o r e clever! s e e b o o k :
u s e a haloing t r i c k t o get a n

- OCnlogn) algorithm
-

- C h e r i e ! e .g. u s e a
machine o f two-tapes and

t w o independent machine h e a d s
¥ →

i n p u t * * o o o o # l l l l
w * 0 0 0 0 # l l l l → -

t a p e 1 - c o p y * 0 0 , 0 0 W . . -

t a p e 2 o r * w w - - - - G (n) ← go
g - m a e n t i g h t de
⇒ Q (n) algorithm m o e t e f t , matching
- a s they g o 0 (n )



Importeenthessonn I-2=9
0,

I ,# * 3

- I n t e r m s o f solvability, a l l re a sonab l e T M
architectures

[saymulti-tape o r w i t h m o r e symbols i n t h e inputset)

h a v e t h e s a m e power a s single-tapeT M s ,
a s b o t h c a n

b e simulated using UTm , a single-tape
T M . S e e chap 2 7

r u n t i m e
• Batintermsof-eeff.ci#y, theyc a n d i f f e r greatly

I R L : desktop computers ⇐ powerful t h a n supercomputers



¥ T h e c l a s s o f Efficienolysolvabterblems

w e w a n t a def in i t ion t h a t

-

definesefficiencgindependenthespecificTM
arch i te c t u re u s e d

-

doesnotdependontheelfficiengofangspecific

dlgorithmttatsoluesthepr
obleon-gi.ves a c l e a r d i v i de between

tractabledginto-actable

T h i s l e a d s to#the c l a s s o f polynomially s o l v a b l e problems

L E § i f f t h e r e e x i s t s a n algorithm (decider) M t h a t

s o l v e s (decides) L and sat is f ies FeCD=O(n#
fo r s o m e c o n s t a n t A



Things t o n o t e :

- L E P i f t h e r e e x i s t s a n M t h a t r u n s i n

w o r s t - c a s e polynomial t o n e j t h e r e may o f

c o u r s e b e i n e f f i c i e n t algorithms

'YshetfoamffiPfepfftoffhafffffeime
datsing



¥ trynddioision f o r Lprine
f o r F E [625-15]:
I f w#/gof= 0

R E J E CT
A C C E P T

Model 2

¥ 1 ¥ w e { 0 , 1 3 " a binary
cons ider W E N t o h a v e s i z e w > t h e n -

,¥¥E§'s-Id

%EEfozz.IE
?
81gyIofsEe
tUTmn)=

012¥
s o exponentialtimen



Extendedchurctringhesis (Thin)
I f a problem i s s o l vab l e i n polynomial t i m e

o n a n y
"reasonable" Turing Mach ine architecture,

t h e n i t i s solvable i n
polynomial t i m e o n a one-tape

Turing machine, a n d v i c e
v e r s a . I = { o , l ,# s

*}reasona
ble"=

T h e c l a s s P i s independent o f t he ,Turing Mach i ne

arch i tecture used t o m e a s u r e t h e [asymptotic) r u n t ime .



Decidablebutnon-efficientproblemsexi
- T o s h o w L E P , w e h a v e t o s h o w t h a t

any algorithm soloing
i t h a s s u p e rpolynomial

1Wh
length(w)#

r u n t i m e

c o n s i d e r

¥µ€×p = {<m># w / M accepts w w i t h i n a t m o s t

o f
2101 steps}
-

N o o e t h a t t h e boundedness o f t h e r un t ime here i s w h a t m a k e s

Lyn-exp decidab le e v e n though Lau i s o ndecidable:

w e simply r u n 0am(<MY#w) and keep t r a c k
o f t h e # o f

stepso f M t h a t a r e simulated, and R E J E CT i f m o r e t h a t

2101 steps a r e used .



Thnx LTM-exp ¢ § : t h e r e i s n o polynomial t i m e

decider f o r L t , - E X P

# (sketch)

B y cont rad ic t ion .
A s s u r e A -dec i d e s Lyn-exp and has

r u n t i m e £-6nA w h e r e n = ¥ # § i s t h e s i z e o f

g,h , >
(

t h e input string.
Construct D I E s u c h t h a t ✓

DEED = {ACC
EPT

if,sA,¥¥¥#mD

REJECT i f A K M T # <my) i s
A C C E P T

8h@Zneitsnnorhqsitsetf.Th i s i s a contradiction.
Conclude t h a t D does n o t ex is t , therefore A does n o t e x i s t .

# g



Ques t i o n : D o t h e s e e x i s t practically interesting
problems t h a t a r e n o t i n P ?

- wedon'thnocet

decidable
e o n s whose

s o n s c a n b e⇐€÷÷i÷÷÷÷
÷÷÷÷÷÷÷÷.

§q¥y



Recaps o f computation Theory

1 problems = dec i s i o n problems = languages2}
solvability depends o n t h e computational

model

%÷÷÷E:÷÷Ei€;:
⇒
3) algorithms = T M deciders

4 ) (Church-Turing Thesis) a problem
i s solvable.with a n algorithm

i f f t h e r e i s a T M dec i d e r f o r t h a t language

g ) tractable problems= P
= s e t o f languages f o r which deciders

w / polynomial w o r s t c a s e r u n t i m e e x i s t



T h a t ' s I T ! (for Fo c s )


