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10 points per correct multiple-choice answer. Circle exactly one answer.

GOOD LUCK!

20 points per correct answer to Problems 2-6.
For [Show Work] problems, you MUST show correct work to get credit.
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1. Suppose a function S(n) € O(n?). What do we know?

[A] 5(n) € 6(n) f?(n P @(n = *(p(n)
§(n) € O(n)
S(n)eo(n2) So < 9

S(n) € 6(n3)
None of the above.

2. What is the asymptotic behavior of the sum S(n) = Z 97

[A] ©(nf us;na ln{-—ﬁfﬂ(‘mh()n M%Od

)
(BPon") / ~ a7

e(nﬁ) 9 (K dx = ”‘“ o T et
[D] &(n?) |

None of the above,

' 5 5 ‘ 21 34v45= |3
3. [Show Work| What is the value of the sum § = Z Ez’j? [T
i=1 j=1 [
200 | (N c '
(B} 225 Constom+ rule r S= Z ( Z: J
250 L=
[D] 275 ~ S |5 =225
300
4. [Show Work] What is the asymptotic behavior of the sum S(n) = Z Z J?
i=] =1
[A] 6(n%) Stonrt "ngm '“Wmosk— sum |
8(n°) l , Co K
[C] o) < ] o= ¢ JEE IR A (iqno
X Jow-ordt et
H?zfms)

D| 8(n
Noneofthea.bove ft e é_n n'H)(-lVI'H) @,

5. [Show Work] We know that gcd(13 11) = 13z + 11y. Which of the following values are

ke e () gl (1) (2= 810

w=—4,y=5 - A [-\: ll-—fxz
3:=5,y——6 a(d ( ) —Tﬁxll ...5')(-13
:1:=—5,y=6 - i

None of the above.




6. What is the remainder when 141% is divided by 157
Ja—
157)

2 2 1 (mod
o 1o7s (1)= 4 (mos >
&) 2

7. Consider a graph G with degree sequence [3, 3, 3,3, 3]. How many edges does G have?
of y 15 odd |
C|8 - : £
=5, 5 216 o

[D] 10 ¢
/
@Noneoftheabove. CTFO‘[O[/' C{ﬂ?&h ( '€)<,l

8. Consider a graph G with degree sequence [4, 4, 4,4, 4]. How many edges does G have?

= 0= = =zl
19 (El= 10
11

None of the above.

9. Consider the graph below. What is the minimum number of colors needed to color this graph
so that no two neighbors get the same color, i.e., what is the graph’s chromatic number?

[A] 1
[B] 2

[D] 4
None of the above.

10. Consider the bipartite graph below. Is a left matching possible?

Yes.
No.

The graph is not bipartite.

@ Yes, because Hall’'s Theorem applies.

[E] None of the above. x| > “)(x)(




11. [Show Work| How many subsets of {1,2, 3,4, 5,6} contain at least three even numbers?

33 All subsets wnfoun all é")“’/ﬂd"(}”mm?
. o
Veed all subsets of Ho O TE0

None of the above.

12. Consider all 7-bit binary strings with a 1 in the second position and a 0 in the third position?
How many such strings are there?

16 __|O____I_q___

(B 32 - ‘ N nas
] ot Same as ol s> Lif e 9
[D] 128 - 2l

None of the above. L =

13. When making the exam, I initially came up with 20 multiple-choice questions. Now I need
to shrink that to 15 questions. How many sets of 15 questions (ignoring different orderings)

are there? .
() 290
IBt20x 19 x 18 x 17 x 16 {;brmquC!hOA) (<

et 200
B 250

None of the above.

14. In how many ways can you misspell SPRING, assuming yqu use the same letters? ]\) &
(o ?wmu%‘hons inelu \/Ij SPRI
[B] 2°
26— 1
6!—1 ?umm Latons gy c |H OL‘\/’K
|

None of the above,

SPRIVE

15. [Show Work]| What is the last digit of 1357

Ao =3 (mod (V)
o S o5 (ol 1)

None of the above.
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Problem 2. Prove using contradiction: Vi ¢ N, VE+ VE+ 1< VA + 2.
A,sSuW\,Q_, /Por 7 OOV)J(“(\G\ol.iC‘/iOA "H'\D({“ mea’f%S

T TR T |, (50%)
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Problem 3. Prove using induction: ¥a > 1: 1424 ... +n <n%
[Note: you are not allowed to use the identity 1+ 24 ---+n=Z(n+1)]

P(n) @ A4 24 .- +n £ n’, co o
gase Case‘.‘ P(A) IS ]é_,z. Trwe. . “
lnoluchve  Step it Assume Pln) . ‘f@%
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Problem 4. Recall the rooted binary tree (RBT) recursive definition:

(D The empty tree ¢ is an RBT. [base case]
@ If Ty and Ty are RBTs with roots r; and rg, then linking
r1 and 7, to a new root r gives a new RBT with root r. [constructor]

@ No other tree is an RBT. : [minimality]

Prove using structural induction that the degree of the root in any rooted binary
tree is at most 2.

Dase (gse! Trasreet—= T empiy ~

whach
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Problem 5. The diameter of a graph is the distance between the two vertices

that are furthest apart. Recall that C,, denotes a cycle graph with n vertices (Cy
is shown below). What is the diameter of C,?

[You don’t need to prove your answer but you need to provide sufficient reasoning to justify
the formula.}
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Problem 6. A graph is r-regular if every vertex has the same degree r. Suppose
r is even. Show that for all even r and for all n such that n > r, there exists an
r-regular graph with n vertices. Tinker, tinker, tinker.
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