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A Central Dogma

Junk DNA mutates at a background rate, but functional DNA exhibits conser-

vation.

Today’s Question

What is this conservation?
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Definition Possibilities

Sequence is said to be conserved across species . . .

Parsimony

if there are few base mismatches.

Statistical #1

if the best model shows reduced phylogenetic distances between the species.

Statistical #2

if the best model requires the incorporation of selection pressures.

Statistical #1 vs. Statistical #2

They aren’t necessarily the same!



Lee A. Newberg, page 3

Example: Selection Is Ten Times as Significant as Muta-
tion

• Mutation: Suppose background mutation rate is 1% per 106 years, with
each of A, C, G, and T equally likely to mutate.

• Selection: Suppose that after 105 years, the expected number of descen-
dents of a C genotype (or G or T genotype) is 1% less than the expected
number of A genotype descendents.

Change in Equilibrium

With a statistical model that incorporates selection pressures, we can compute
the population equilibrium exactly:

(A,C,G, T ) ≈ (0.90, 0.03, 0.03, 0.03) . (1)

No Change in Mutation Rate

However, even with these selection pressures and this skew equilibrium, we ex-
pect approximately one in 108 nucleotides to mutate each year.
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Conclusion?

“Conservation” would better be used to indicate the nonuniformity of an equi-
librium distribution rather than a reduced rate of substitution.

But This Isn’t the Popular Definition

So why do folks reduce the rate of mutation?
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Parsimony: Counting Mismatches

A skew distribution reduces the number of mismatches.

Example

With equilibrium distribution, e.g., (A,C,G, T ) = (0.7, 0.1, 0.1, 0.1), infinitely
evolutionarily distant species show joint probability distribution of











0.49 0.07 0.07 0.07
0.07 0.01 0.01 0.01
0.07 0.01 0.01 0.01
0.07 0.01 0.01 0.01











, (2)

regardless of the nucleotide mutation model.
This is 48% mismatches, compared to ≈ 75% for neutral sites.

Based upon parsimony criteria the species appear closer!
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Statistician would say previous example shows statistical independence →

still infinitely distant. But, . . . .

Statistical Phylogeny of Mixed Distributions

First codon positions are conserved. Suppose first codon positions come in four
kinds: A predominant with equilibrium (0.7, 0.1, 0.1, 0.1) and also C predomi-

nant, G predominant, and T predominant.
For infinitely evolutionarily distant species, the joint probability distribution

for the A predominant kind is as before:











0.49 0.07 0.07 0.07
0.07 0.01 0.01 0.01
0.07 0.01 0.01 0.01
0.07 0.01 0.01 0.01











, (3)

regardless of the nucleotide mutation model, and likewise for C predominant,
G predominant, and T predominant with rows and columns appropriately per-
muted.



Lee A. Newberg, page 7

Statistical Phylogeny of Mixed Distributions, cont’d

If each of the four kinds is equally likely than the mixed joint distribution is:











0.13 0.04 0.04 0.04
0.04 0.13 0.04 0.04
0.04 0.04 0.13 0.04
0.04 0.04 0.04 0.13











. (4)

This is the joint distribution one would get from:

• the model of Jukes & Cantor (1969); or

• the model of Felsenstein (1981) with uniform nucleotide distribution; or

• the model of Hasegawa et al. (1985) with uniform nucleotide distribution
and a transition / transverion ratio of κ = 1.

Regardless, the implied phylogenetic distance is ≈ 0.7662, not infinite.

Based upon statistical criteria the species appear closer!
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Conclusion?

Because of

• a focus on mismatch counts in evolutionarily distant species; and/or

• a focus on mixtures of distributions

folks have been misled (?!) into believing that conservation reduces the rate of
mutation.
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Where’s the Math? (Newberg, 2005)

Mutation Model

In a short generation time ǫ the nucleotide substitution matrix won’t be very
different from the identity:

I + ǫR . (5)

For example, RAC = RAG = RAT = 10−8/3 and ǫ = 0.02.

Selection Model

In a short generation time ǫ the selection model matrix won’t be very different
from the identity:

I + ǫS . (6)

For example, SCC = SGG = STT = −10−7 and ǫ = 0.02.
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Other Time Periods

Each generation has a chance to mutate and then a chance to be selected out.
Repeating for a time t gives

Mt = [(I + ǫR)(I + ǫS)]t/ǫ . (7)

Starting with an ancestor with distribution ~β, the joint distribution with a
descendent is given by

Jt =
D~βMt

~1D~βMt
~1T

, (8)

where

D~β =











βA 0 0 0
0 βC 0 0
0 0 βG 0
0 0 0 βT











, and (9)

~1 = (1, 1, 1, 1) . (10)
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Off-Diagonal Elements of Jt

For closely related species, the expected number of nucleotide mismatches is
proportional to the evolutionary distance. This constant of proportionality is
the mutation rate relative to background.

Equilibrium from Selection Pressures

If, due to selection pressures, the equilibrium changes from ~β to ~θ, then we can
show that

ods

(

∂Jt

∂t

∣

∣

∣

∣

∣

t=0

)

≈ ods
(

D~θR
)

, (11)

where ods(·) means off-diagonal sum. (Note, ǫ and S drop out.)

OrthoGibbs, PhyloScan, etc.

Note that even if S is not known, so long as ~θ is known (or estimated) we can
calculate Formula 11. (Recall that R depends on only the background model.)
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Calculating the Mutation Rate

ods

(

∂Jt

∂t

∣

∣

∣

∣

∣

t=0

)

≈ ods
(

D~θR
)

, (12)

• If R is the model of Jukes & Cantor (1969) then this gives 1, regardless of

the selection matrix S and the selection-sensitive distribution ~θ.

• With the model of Hasegawa et al. (1985), when the junk-DNA equilib-
rium, (βA, βT , βC , βG), equals (0.3, 0.3, 0.2, 0.2) and κ equals 3, the overall
instantaneous rate of Formula 12 will fall in the interval

[0.901, 1.148] , (13)

regardless of the selection matrix S and the selection-sensitive distribu-
tion ~θ.

For reasonable background models, the number of mis-
matches between closely related species is nearly the same
when considering functional vs. junk positions
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Extreme Selection

The analysis above discusses a fitness time scale of 107 years.
Q. What if the selection time scale is one to a few generations?
A. Mutation rates can go down.

The formula for the mutation rate, with error term, is:

ods

(

∂Jt

∂t

∣

∣

∣

∣

∣

t=0

)

= ods
(

D~θR
)

[1 + O (ǫ(R + S))] , (14)

Applicable to TFBSs?

Extreme selection also gives an extreme distribution for ~θ, e.g.,

~θ = (0.9999990, 0.0000003, 0.0000003, 0.0000003) . (15)

Do we see that?

Conclusion?

For TFBSs, selective pressures are sufficiently subtle, and conservation does not
significantly affect the mutation rate.
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