Foundations of Computer Science
Lecture 14

Advanced Counting

Sequences with Repetition

Union of Overlapping Sets: Inclusion-Exclusion
Pigeonhole Principle



Last Time

To count complex objects, construct a sequence of ingingctthat can be
used to construct the object uniquely. The number of pesstguence®f
Instructions equals the number of possible complex objects

@ Sum and product Rules.
@ Build-up counting: | , n-bit sequences witk 1's; goody-bags.
© Counting one set by counting another: bijection.

Q@ Permutations and combinations.

© Binomial Theorem.
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Today: Advanced Counting

@ Sequences with repetition.
@ Anagrams.

© Inclusion-exclusion: extending the sum-rule to overapgets.
Q Derangements.

© Pigeonhole principle.
@ Social twins.
@ Subset sums.
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Selectingk from n Distinguishible Objects

with repetition

no repetition
k-sequence T n!k)!
°nt |
k-subset @EA = k!(nn- 9!
(ky; ko; 5 ki)-sequence

(5; 4; 3)-sequence ob54e, 3o

1 2 3 4 5 6 7 8 9 10 11 12
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no repetition with repetition
n!

k- n K

sequence n K n
nt n! "k+n 1

k- @ A= B x
subset K~ Ki(n k) n o1

(ky; ko; 5 ki)-sequence

(5; 4; 3)-sequence ob54e, 3e Choose slots f@: ¥ ways

Then choose slots fer Z
|0o|®0|®0|®0|®|®|®] | |®|®]| |
1 2 3 4 5 6 7 8 9 10 11 12

ways

subset of slots used for each type
type -e  type -
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no repetition with repetition
k-sequence n n*
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no repetition with repetition
k-sequence n n
d n_ K
ont n! "k+n 1
k-subset @ A= & K
K kKi(n k)! n 1
(ky; ko 5 ky)-sequence
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Selectingk from n Distinguishible Objects

no repetition with repetition
k-sequence n n*
d n_ K
'nt n! "k+n 1
k-subset @ A= B K
K kKi(n k)! n 1
0 1
ki+ +k, k!
Ki; Ko; ; k. )-sequence @ k=
(i ke )-sed O ¢ Ki! k! K;!
5; 4; 3)-sequence obh54e, 3e Choose slots f@: 1* ways
( q 5
Then choose slots fer | ways
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1 2 3 45 6 7 8 9 10 11 12 Then choose slots fet g ways
Product rule:
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f1,3,4,7,11g 256,10y 8§;9; 1 _ 12 ! 3!
~ 51 71 41 31 310l
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~ 5l 41 3l
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Anagrams: All Words Using the Letters afardvark

A sequence of 8 lettersa'8, 2 's, Id, 1v, 1k.

Number of such sequences is

0

|
3 8 ¢ — 8!
321,11 3! 20 1 1t 11

1

= 3360

Exercise. What is the coe cient ofx?y®z* in the expansion dk + y + z)°?
[Hint: Sequences of length 9 (why?) with 2's, 3 y's and 4z's.]
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Extending the Sum Rule to Overlapping Sets

JAL Bj=]Aj+|B] | A\ BJ:

(BreaksA [ B into smaller sets.)

Example. How many numbers in; 1. :; 10 are divisible by @r 5.

A = fnumbers divisible by jAj =5: (JAj = b10=2¢)
B = f numbers divisible byd jBj = 2: (jBj = b1050)
A\ B = fnumbers divisible by @nd 5g: jJA\ Bj=1: (JA\ Bj=blCcm(25)c)

A [ B = fnumbers divisible by 2 or 5 g:

JA[ Bj=jAj+jBj j A\ Bj=5+2 1=6:
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Inclusion-Exclusion

JALL Al A = JA+ A+ A ] AN A ] AN Agl ] A\ Agl+ JALN A\ Ag):

Proof. Considex 2 A,\ A;. How many times ig counted? A1

JAYG + JA2 + JA3l ] AV Ay ] AN Azl ] A\ Azl + JALN As\ Ay
0 +1 +1 0 0 1 0

Contribution ofx to sum is +1. Repeat for each region. u A, As

Example (Derangements). Give 3 coats to 3 girls so that noone gets their coat. How mays/2w
A; = fgirl i gets her coat jA;j = 2!.

A; = fgirlsi andj get their coatg. jA;j = 1!.

A3 = fQirls1; 2 and 3 get their coatg. jA,4 = 1.
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Inclusion-Exclusion

JALL Al A = JA+ A+ A ] AN A ] AN Agl ] A\ Agl+ JALN A\ Ag):

A

Proof. Considex 2 A,\ A;. How many times ig counted?

JAYG + JA2 + JA3l ] AV Ay ] AN Azl ] A\ Azl + JALN As\ Ay
0 +1 +1 0 0 1 0

Contribution ofx to sum is +1. Repeat for each region. u A, As

Example (Derangements). Give 3 coats to 3 girls so that noone gets their coat. How mays/2w
A; = fgirl i gets her coat jA;j = 2!.

A; = fgirlsi andj get their coatg. jA;j = 1!.

A3 = fQirls1; 2 and 3 get their coatg. jA,4 = 1.

JALL Aol Ay = JAJ+ A+ JAG | A ] A | Axg + JAd
=2+2+2 1 1 1+1 = 4.

The answer we seek3s 4 = 2. (why?)

Exercise. How many numbers in 1,...,100 are divisible by 2,3 or 5?

# Croator: Malik Magdon-ismail Advanced Counting: 7/11
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Pigeonhole Principle

If you have more guests than spare rooms, then some guésis/aito share.

A > —u

~) —+]

e More pigeons than pigeonholes. ﬁ -——]
e A pigeonhole has two or more pigeons. ; ’?,E"E'

Proof. (By contraposition). Suppose no pigeonhole has 2 or maengsig
Let x; be the number of pigeons in hole; 1.

number of pigeons ~ x; 1 = number of pigeonhotes

Example. If you have 8 people, at least two are born on the same day oktie w

We have 8 pigeons (the people) and 7 pigeonholes (the dagsvedek).
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Pigeonhole Principle

If you have more guests than spare rooms, then some guésis/aito share.

A > —u

~) —+]

e More pigeons than pigeonholes. ﬁ -——]
e A pigeonhole has two or more pigeons. ; ’?,E"E'

Proof. (By contraposition). Suppose no pigeonhole has 2 or maengsig
Let x; be the number of pigeons in hole; 1.

number of pigeons ~ x; 1 = number of pigeonhotes

Example. If you have 8 people, at least two are born on the same day oktie w

We have 8 pigeons (the people) and 7 pigeonholes (the dagsvedek).

How many people do you need to ensure two are born on a Monday?

# Croator: Malik Magdon-ismail Advanced Counting: 8/11 o SocialTwinst
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Every Graph Has At Least One Pair of Social Twins

Two nodes arsocial twinsif they have the same degree.

Assume the graph is connected.

wow
NS oo o] |

degree:

Degreeq; 2;:::;(n 1), the pigeonholes. (Why no degree 07?)
Verticesvy; vo; @ @1V, the pigeons.

n pigeons an@n 1) pigeonholes, so at least two vertices are in the same dagree-
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Every Graph Has At Least One Pair of Social Twins

Two nodes arsocial twinsif they have the same degree.

Assume the graph is connected.

oe
NS oo o] |

degree:

Degreeq; 2;:::;(n 1), the pigeonholes. (Why no degree 07?)
Verticesvy; vo; @ @1V, the pigeons.
n pigeons an@n 1) pigeonholes, so at least two vertices are in the same dagree-

If the graph is not connected, no one has degred.

Non-constructive proof: Who are those social twins? Wisatheir degrees?

# Croator: Malik Magdon-ismail Advanced Counting: 9711 syl
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Subset Sums

10 numbers between 1 and 100. Two distinct subsets haveimgascibset-sum.

A subset's sum %, + x, + + X, 10 100 = 1000

subsetS with subset sunk
L)

I I
sum: 1 2 3 k 1000

Pigeonholes: bins corresponding to each possible sutmséf::: ;1000

Pigeons: the non-empty subsets of a 10-elemer®*$et1 = 1023
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Subset Sums

10 numbers between 1 and 100. Two distinct subsets haveimgascibset-sum.

A subset's sum %, + x, + + X, 10 100 = 1000

subsetS with subset sunk
L)

I I
sum: 1 2 3 k 1000

Pigeonholes: bins corresponding to each possible sutmséf::: ;1000
Pigeons: the non-empty subsets of a 10-elemer®*$et1 = 1023
At |least two subsets must be in the same subset-sum-bin.

Practice. Exercise 14.6. $100 matching subsets problem has a soRmdessor didn't set a wild-goose chase.
Practice. Exercise 14.7.

# Croator: Malik Magdon-ismail Advanced Counting: 11/11
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